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APPLICATION OF DIFFERENTIAL EQUATIONS IN THE STUDY OF
AEROHYDROMECHANICS

Abstract

The scientific report analyzes the historical origins of mathematical modeling of fluid and gas motion in
aerohydrodynamics, meteorology and oceanography, from Archimedes' equations to the Navier-Stokes
equations. Also, the equation of an incompressible fluid is derived and the motion of liquids and gases is
described using the Euler and Lagrange equations. The differential equations of Navier-Stokes and Euler are

presented, and their practical application is considered.

Keywords: aerodynamics, turbulent and laminar flow, differential equations, Euler equation, continuum
equation, Reynolds number, incompressible fluid, mathematical modeling.

Aapozudpomexanukanvt u3UI00000 OugdhepeHyuandvik

Tenoemenepoun Konoounynyuty

AHHOTAUSA

WNnmumuii OasgHgaMaIa AIPOTHUAPOTMHAMHUKAIA,
METEOPOJIOTUSAa KaHa OKEaHOJOTHAa CYIOKTYKTapJbIH
KaHa ra3zapibH KBIMMBLIBIH MaTeMaTHKAJIBIK
MOJIEJIOOHYH TapbIXbIH KEJIUII YbIThIIIb — ApPXUMEAIUH
TeHaeMesepuHeH TapThil HaBbe—CTOKC TeHaeMenepuHe
yeiinn — TangaHar. OIIOHIOKM 3¢  KbIChLIOAraH
CYIOKTYKTYH T€HIEMECH UYBITapBUIBII, CYIOKTYKTap MEHCH
ra3apAblH KbIAMBUIBI Diniep xaHa Jlarpanx TeHaeMenepu
apkbL1yy cyperteneT. Hape—CTokc xaHa DilnepauH
mupdepeHIanabIK TeHIeMeNIepr KEeITHPHIIHIL, alapIblH
HPAKTHKAIBIK KOJIIOHYIIYITy KapaaT.

Aukbly  co300p: adpONUHAMHKA, TYpOYJIEHTTYY JKaHa
NaMUHAPABIK arbiM, AupGdepeHInanablK TeHAeMenep,
Diiep TeHaeMecHu, KOHTHHYYM TeHJeMecH, PeiHonbc
CaHBI, KbICBUTIOAraH CYIOKTYK, MAaTeMaTHKAJIBIK MOJIEIIION.

Ilpumenenue ougpghepenyuanvuvix ypasuenuii npu
U3yYeHuu aIpocuOPOMeXanuKu

AHHOTALUA

B HayyHoM [JOKIase aHaIM3UPYIOTCS HCTOPUYECKUE
HCTOKM MaTeMaTHYeCKOTO MOJCTUPOBAHUS JBIKCHUS
KHUJIKOCTEH U ra30B B a9POTUAPOINHAMUKE, METEOPOIOTUI
U okeaHorpaduu, OT ypaBHEHHH ApXUMeza 10 ypaBHEHHN
Hagre-Crokca. Taxxe BBIBEJICHO ypaBHEHHE
HECO)KUMAaeMON  HJIKOCTM M  OIMCAaHO  JIBHXKCHHE
JKUAKOCTEH M ra3oB C INOMOIIBIO ypaBHEHHH Oiiepa U
Jlarparmxa. IlpuBenensr nuddepeHaibable ypaBHSHHUS
HaBbe-Crokca u DOinepa, a TakXKe pPacCMOTPEHO HUX
MIPAKTUYIECKOE MPHUMEHEHHE.

Kniwouegvle cnosa: adpoauHaMuka, TypOyJeHTHOE U
JlaMUHapHOe, nuddepeHIuanbHble ypaBHEHHS, ypaBHEHUE
Oiinepa, ypaBHEHHE CIUIOIIHON cpeipl, uncio PeltHombaca,
Hec)KuMaeMast KHUKOCTb, MaTeMaTHYecKoe
MOJIETTMPOBAHUE.
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Relevance of the study

Due to the rapid development of high-speed computing systems and methods for numerical
solution of nonlinear integro-differential equations, mathematical modeling is currently one of the
most effective research methods in various fields of science and technology. In this regard,
mathematical modeling significantly complements, and in some cases replaces, physical experiment.
Thus, mathematical modeling methods are the most effective methods for solving complex systems
of nonlinear partial differential equations.

The main objectives of the research are to determine the forces of resistance, lift, stability of
motion, heat exchange and characteristics of the flow of the medium around objects.

The objective of the research is to study the interaction of solids with the environment, analyze
flow characteristics, identify turbulence zones, optimally design shapes and profiles, minimize energy
costs and increase the efficiency of technical devices.

Research methods

The study of aerohydrodynamic processes is carried out using various methods, among which
are theoretical, experimental and numerical approaches. In this case, theoretical and numerical
methods were chosen.

The object of aerohydrodynamics research is bodies of various shapes moving in a gaseous or
liquid medium, as well as fluid flows around these bodies. A fairly wide range of processes occurring
in chemical and other technological processes, as well as many phenomena encountered in
meteorology, oceanography, hydrodynamics and hydraulics, can be described within the framework
of the Navier-Stokes equations for incompressible viscous fluids due to the low characteristic flow
velocity (AxmeroB & Hlkanos, 2009), (barenko & Tepexos, 2002), (benos, Mcaes & KopoOkos,
1989), (Babumesuy, IlaBnoB & YypbOanos, 1997), (BonkoB & Ewmenbsao, 2006), (I'apGapyk,
Crpenen & Ilyp, 2012).

Mathematical modeling of liquid and gas flows is a key element in solving complex engineering
problems (ITatankap, 1984). Phenomena such as vortex formation, wave propagation and mixing of
liquids arise as a result of nonlinear interactions.

In the field of hydrodynamics, engineering problems are solved in the following way:

Experiment Experimental data
E i i i . .
neiesting Analytical Analytical dependencies
challenge methods
Numerical i
Numerical results
methods

The first method appeared in humanity - this is the method of observation, i.e. experiment.
Based on them, people decided hydrodynamics. Analytical methods - this is the solution of the
hydrostatic equation, i.e. the Bernoulli equation. Analytical methods are one-dimensional, therefore
it is necessary to solve three-dimensional cases, i.e. to build rockets and so on - numerical methods
appeared. None of the methods is universal or ideal, so it considers all these three methods of solution
in interrelation, only in this way it is possible to solve all the problems of hydrodynamics quite
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reliably. Therefore, the experimental data is corrected by analytical dependencies, and the analytical
dependence is corrected by numerical methods. The obtained experimental data, analytical methods
and selection by numerical methods we will finally get the result. In this article we will consider only
numerical methods for solving hydrodynamic problems.
The main fundamental laws of physics are:
1. Law of conservation of mass — from it we get: Equation of continuity
2. Newton's second law — from it we get: 1. Euler equation.
2. Navier-Stokes equation
3. Law of conservation of energy — from it we get:
Energy equation
We will prove from the Newton equation, the Euler equation, i.e. the equation of an ideal fluid.
Let's take a continuous medium, i.e. an ideal fluid with a density of p, in it we will select an infinitely
small volume in the form of a parallelepiped from the side dx dy dz (a) and the coordinate axis xyz
(b), which is shown in Fig. 1.

R q
dz
i -bl - Ez"’ Zf’Ed.z:
opx /L - 7%
B e /¥
/
/ dy
A a= £
(a) (b)
Fig.1

As we remember from the previous lecture, the equation of motion is a formulation of Newton's

second law, i.e. this expression is in the following form:
YF=md (1.1

We need to describe what kind of force this is and how to describe mass and acceleration? That
is, we need to write an equation relative to the speed of a point. Let's consider the forces that can act
on a given element of liquid. This element of liquid will act - surface forces and mass forces. Surface
forces are those forces that act on the surface of a body, i.e. on the surface of a parallelepiped. This
can be, for example, the pressure forces of the surrounding particles that press on it with some
pressure. When considering the pressure forces in an ideal liquid, we do not consider the tangential
stresses, i.e. the tangential components, we consider only the normal components. Because, in a real
liquid, there is no friction, so considering tangential stress is meaningless. Mass force is a force that
is proportional to the mass of the body. Let's say this is the force of inertia or the forces of gravitational
attraction. Therefore, let us depict or consider at the beginning the surface forces, i.e. the pressure
forces. Let us designate the face ABCD on the parallelepiped. The pressure force acts on this face,
which acts along the x-axis, and the center of gravity is applied to the face ABCD. This pressure P_x
acts on the face ABCD. The force will be determined as the pressure acts on this face ABCD.

Pxdy dz is the force that acts on the face of ABCD. Further, given that we consider the medium
to be continuous and there are no voids in it, then we can say that the pressure functions are
continuous, 1.€.

P=f(x,y,zt) (1.2

Therefore, they are continuous, then it turns out that when moving to the EFGN face, we will
receive the following pressure, i.e. from this side, another particle exerts pressure, which presses on
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the EFGN elements. But this is a different pressure. This is the pressure that was on the ABCD face

plus some additional pressure.

AP,
Py + =2 dx (1.3)

The force will be defined as follows:

Pody dz-(P, + 22 dx )dy dz  (1.4)

Formula (1.4) is the pressure force, i.e. it is a surface force.

Now let's consider the mass force. The mass force is proportional to the mass of the body
applied to the center of gravity of this volume. It is applied somewhere in the center, which is shown
in blue in Fig. 1. The mass force will be denoted by — ( ﬁ Now we need to introduce concepts - the
concepts of the intensity of the mass force, the force per unit mass, i.e. if we divide u R by dm, then

we get the intensity force F.

F, =22 (24) R, =F, dm = Fpdxdydz (1.5)

am
dm=pdxdydx (1.6)
We add formula (1.5) to formula (1.4), and we get:

P.dy dz-(P, + 22 dx )dy dz+Fypdxdydz  (1.7)

Formula (1.7) is the sum of forces acting along the ox axis on the parallelepiped. We can
consider other forces in a different direction, but they have the same form. Let's rewrite formula (1.7)
by opening the button and get:

P.dy dz - Pdy dz - 22 dxdydz + Fypdxdydz  (1.8)

We understand that the first two members are mutually cancelled, i.e. reduced, and we will
write the remaining members:

- zl;" dxdydz + F,pdxdydz = pdxdydz - % (1.9)  \pdxdydz
(1 0P, du
1 0P, au,
1 0P, au,

This system is called the Euler differential equations of ideal fluid motion. This system can be
written in compact form as follows:

du

_lvp+E=X (1.13)
p dt

Brief description of the differential equation of Euler motion in an ideal fluid. It is also possible
to prove the continuity equation and the Navier-Stokes equation, which will result in the following
mathematical differential equations:

1dp d?u d?u d?u du

2y (S22 +S2)+ B =2 (1)
pdy dx, dy dz dt
1dP d?z = d?U d?u. dau

2y (S e+ )+ = 2 )
p dz dx, dy? dz? dt

_1lap d?Uy, | d?Uy dzUx) _ dUyx
pdx+v(dx2+dy2+dzz +Fx_dt ©)
Equations (1)-(3) represent a system of equations describing the motion of a viscous real fluid,
called the Navier-Stokes equations.
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The current level of development of mathematics allows for the efficient use of numerical
solutions of differential equations to construct realistic models of complex flows. New hybrid
methods combining analytical and numerical methods are becoming widespread, allowing for
accurate predictions even on large scales and under conditions of high geometric complexity.

Conclusion

Thus, the use of differential equations is an integral part of modern scientific knowledge about
aero- and hydrodynamic processes and serves as the basis for efficient design and engineering
calculations.

Solutions of differential equations, especially the Navier-Stokes equations, occupy an important
place in the analysis of aerohydrodynamic processes. Since most practical problems are associated
with nonlinear systems of complex structure, the development of efficient methods for finding
solutions is a key area of scientific and technical activity.
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