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Annomayun. B pabome ucciedyemcs obpamuas 3a0a4a ONpeoeNeHus Heu3BeCmHo20 UCHMOYHUKA

3asucaueco om epemenu 8 3aoaye Kowwu 0na ypaenenus ougysuu ¢ OpoOHbIMU NO 8peMeHU NPOU3BOOHbIMU C

nepeonpeoenenuem ¢ mouxke x = 0. [ua pewenus o6pamuou 3a0auu UCNOab3Yemcs QyHOamMeHmaipHoe peuenue

ypasHenus oupysuu ¢ OpodbubIMU NO 8pemeHu npou3800nbiMu. Obpamuas 3a0aya c80OUMCs K IKEUBAIEHMHOMY

JUHEUHOMY UHmezpanbHoMy ypaenenuto Bonvmeppa eémopozo pooda. C nomowpio memooa nociedo8amenbHbix

npu6ﬂu9fceﬂuﬁ 00KA3b16aemCsl cyujecmeosarue u eOUHCMBEEHHOCb pewenus paCCMampueaeMoﬁ sa0auu. Taxoce

nojiyyeHa oyerHka ycmozltmeocmu.
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Annomauwus. byn uwme ybaxeim-600Hua 60aueK myyHoyny ou@ysusnein menoeme yuyn Kowu
Mmacenecunoezu yoaKvlmka K63 Kapanovl 6oa2eon beneucus Oynax QyHkyuiacoin X = () yekumunoe2u Kaupa aHbIKMoo
wapmsl MeHeH aHbIKMOoo meckepu macenecu usundenem. Teckepu macenenu yeuyy yuyH yoaxvim 600OHYA 6OIUOK
MYYHOYY Ou@dy3usnvik menoemMecuHut QYHOAMeHmanoblK ubleapuliviiibl Kor0oHyiam. Teckepu macene SKUHYU
mypoecy 9KEUBANEHMMYY Cbl3blkmyy Bonvmeppanvin unmespandvik menoemeze keamupuinem. Kesexkmeau
HCAKBIHOOO BIKMACHIH KOJIOOHYY MEHeH Ou3 Kapaabln JHCAMKAH MACENEeHUH YeYUMUHUH 06ap SKeHOUSUH MHCaHd
VHUKANOYYY2YH 0anundetious. Yvieapolibliumsin mypyKmyyayKk 6aanoocy oa aiblHeaH.

Ypynmmyy cezoep: meckepu macene, Kowu macenecu, I'epacumos — Kanymo benuox myynoycy, Mummae —

Jleghprep gpyuxyusicel, unmezpanovik menoeme.

INVERSE PROBLEM OF DETERMINING A TEMPORARY SOURCE
IN THE HEAT EQUATION WITH TIME-FRACTIONAL DERIVATIVES

Ablabekov Baktybay Saparbekovich, doctor of physical
and mathematical sciences, professor, Kyrgyz National
University J. Balasagyn, Bishkek

e-mail: ablabekov_63@mail.ru

Ablabekova Asel Baktybaevna, postgraduate student
e-mail: aselya05@mail.ru

Rasulova Aizat Rasulovna, master student

e-mail: rasylovaaizat@gmail.com

Kyrgyz National University

J. Balasagyn, Bishkek

Abstract: . The paper investigates the inverse problem of determining the unknown time-dependent source in
the Cauchy problem for the diffusion equation with time-fractional derivatives with redefinition at the point x = 0.

To solve the inverse problem the fundamental solution of the diffusion equation with time-fractional derivatives is
7
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used. The inverse problem is reduced to an equivalent linear Volterra integral equation of the second kind. Using
the method of successive approximations, we prove the existence and uniqueness of a solution to the problem under
consideration. A stability estimate is also obtained.

Keywords: inverse problem, Cauchy problem, Gerasimov-Caputo fractional derivative, Mittag-Leffler

function, integral equation.

BBenenne. Tepmun npoOHoe wucuucinenue mnosiBuics Oomee 300 ner Hazax. 3To
0000menne o0bryHOTO NUBPepeHITUPOBaHUS U WHTETPUPOBAHUS B HELEIOM (IIPOU3BOIHLHOM)
HOPSJIKE.

B aroii pabote paccmarpuBaercss oOpaTHas 3ajaya ONpeseeHUs] HCTOYHUKA, 3aBHCALIee
OT BPEMEHU B YpPaBHEHMM TEIUIONPOBOJHOCTH C JAPOOHBIMH IO BPEMEHHM MPOU3BOJHBIMHU IO
HEKOTOPOU JTOMOJIHUTEIbHON HH(OPMALIUU O PEILIEHUH IPSIMOH 3aauu.

1. Onpenesienne ApOOHBIX NPOUBOAHBIX H HHTETPAJIOB.

BBenem HEKOTOpbIC MOHATHS, HEOOXOMMBIC IS JaTbHEHUIIIETO UCCIICTOBAHMSL.
Omnpenenenune 1. JlpoOHbiM auddepenunansueiM oneparopom Kamyro D mopsiaka

a,0<a <l mgna muddepenimpyemort GyHkimuu f  HasbpIBaeTcs omeparop, ONpeIe/ICHHBIN

BeIpaskeHueM [3,4]:

1 L »
DE[ M) =1[H'(1)]= mgf(r)(t—r) dr,0<a <1

£1(0), a=1

(1.1)

rae I'(z) -ramma GyHKIHS.
Onpenenenne 2. JIpoOHBIM HHTErpalbHBIM orepaTopoM Pumana-JImyswmuis D,

nopsagka «@,0<a <1 s wuHTerpupyemorn ¢yHkumu f  HasbiBaeTcs  omeparop,

OTpe/ieTCHHBIN BhIpakeHHeM [3,4]:

1 t f(r)(t-7)*"dr,0<a <],
_ I'(a)y
Dy f () =1[F(1)] =1, (1.2)
j f(z)dr, a=1.

Onpenenenne 3. JIpynapamerpuyeckas pynkuus E, ;(z) onpenensemas dpopmyioi [3]:

o0 Zn
E,,(2)=) ————, (>0, p>0) 1.3
() ;F(aﬂﬂ) (1.3)
HasbIBaeTcs Gpynkuueir Mutrar-Jleddepa.

[IpuBenemM HEKOTOPBIE COOTHOILICHHMS, TPUBECHHBIE B [3]:



e’ -1

E1,1(Z):ez1 E1,1(Z): 7 )

E,.(2)= chy/z, E,,(2) = M

i

Eyp0(2) = ——e erfc(—2),
T

N

[Ipu =1 nomyuum ogHOmapaMmeTpuyeckyro GpyHkiuto Murrar-Jleddnepa:

n

© 7 B
E,.(2)= gm =E,(2).

O6061menne popmyiel Hetotona-JleiOnuna, npu «, (0<a <1)

D, D z(t) = z(t) - % z¢(0).

2. MocranoBka 3agaun. [Tycte Q, ={(x,t):xeR,0<t <T}.

PaccMoTtpuM crienyromiee 0 JHOMEPHOE aHOMAITbHO-TU(PPY3UOHHOE YpaBHCHHUE:

Lu=Dfu—u, =F(x,t), (xt)eQ,,

C HaYaJIbHBIM YCIIOBUEM
u(x,0) =¢(x), xR,
rae @(X), F(x,t) -HekoTopbie 3amaHHbIC QYHKIIHH.

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

2.1)

(2.2)

Omnpeneaenune 1. Knaccuueckum pemenueM 3anaun (2.1)-(2.2) B obnmactu Q; HazoBeM

ypaBHeHuto (2.1) npu Beex (X, t) € Q; , HauanmpbHOMY ycnoBuio (2.2) mpu Bcex X € R.

Gyakomro U =u(Xx,t) m3 kmacca Dfu(x,t) eC(Q;), u,(X,t) eC(Q;), KoTOpas yIOBIETBOpPSET

Hns 3amaum (2.1), (2.2) cmnpaBennumBa Teopema CYIIECTBOBAHHS W €IMHCTBEHHOCTH

peneHus.

Jdemma 1. Ecmu F(x,t) € C,(Q,), ¢(x) € C2(R), To cymiecTBYeT eIMHCTBEHHAS (DYHKIHS

u(x,t) e C2(Q,) , ynosnersopsromee 3amaue (2.1), (2.2).

I[0K333T6JILCTBO. I[JBI JI0Ka3aTeIbCTBO ATOM JICMMBI, UCITIOJIB3YEM NIPCACTABIICHUC

cremyroniei 3agaun Komu [3]:

n ou
Lu=D"u— a. (X)——
‘ i,jz;l "( )8Xi(9Xj

u(x,0) =u,(x),x e R",

KOTOpOE omnpeaessiercs: GopMyInoi

—ébi(x)%—C(x)u —F(xt), (x)eQ,



u(x.t)= [ Z(x-&,u,()dé +
e 2.3)
[ [Y(x=¢&t-0) (& r)dédr,
rae

Z(x—&t) ="

X=¢

N 20 1 —a 2| (La)
H1,2 [Zt |X_§| (n/2,1/2)(1,1):|’

(a,@)
(/211 |

¢byukmus H seisercs H - ¢dyakmueit ®okca. Oynkmmm Y (X,t) u Z(X,t) cBs3aHbI

Y(x-&Et—1)=n""

X=¢

"o 0 ke

dopmymnoit Y (X,t)=DZ(x,t). (cm. [3]).

U3 dopmymet (2.3) mpu N =1, umeem
u(x,t) = IZ(X—§,t)¢(§)d§+IIY(X—§,t —7)F (& 7)d&dr. (2.4)

Otmerum, uto ans pynkuui Z(X,t), Y(X,t) crnpaBemnuBa olieHKa

i _a(l+) a2
M <Ct ? exp{—yit sz-a}, i=0,12, (2.5)
ox'
i _a(l+i) o a2
‘Q%gﬂzsCt 2 @@{#ﬂzmﬁﬂ},i:OLz, (2.6)
X

wis X2 >t g =2-a)®92%% Y w1 Moxer BHIOPaHO Kak L4 .

a(1+i)

‘M <ct 2, i=012, 2.7)
ox'
i _a(i-1)
‘M <Ct z , i=0,12, (2.8)
ox'
s X2 <t (x1)eqQ,.
Honst byskmm 7 (x,t) cnpaseunsa
j Z(x,t)dx =1, (2.9)
N BEPHO HEPABCHCTBO
j Y(xt)dx=Ct*, te[0,T], (2.10)
R

rne C, 3aBHCHT TOJNBKO OT .

Iycts @, =sup|e(x)|, F,:=|F|". Toraaus (2.3), (2.9), (2.10), nmeem
xeR
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Lu(x,t)JsI|Z(x—g,t)(p(§)|d§+”|v(x—§,t—T)F(g,r)|d§dfs

a

S(DO'FFO;.

AHaJ'IOFI/ILIHO, MO>KHO IIOKa3aTb, YTO IIPOU3BOJHBLIC Dt“U, U,, TOXE OrpaHUYCHBI.

[lepeiinem Teneps K UCCIEAOBAaHUIO OOPATHOH 3a/1a4H.

[Tycte F(x,t) = f()h(x,t)+g(x,t), h(xt),g(x,t) - wm3BectHpie ¢ynkmuu, a f(t) -
UCKOMasi PyHKIIHUS.

u(0,t) =(t),0<t<T, (2.7)

Onpenenenue 2. [lapy ¢ynxumit {u, f} HasoBem pernenuem 3amauu (2.1), (2.2) u (2.7),
eCITu

1) u(x,t) xmaccmueckoe pemenne 3agaun Komm (2.1), (2.2) B Q;,

2) u(0,t) =1(t),0<t<T.

Teopema 1. Ilycte (ynkuum ymosietBopsiorT ycnosusim h(X,t), g(x,t) e CZ**(Q,),

p(x) eC*(R), w e C*“[0,T] u Bomonneno ycinosue cormacosanus @(0)=w(0). Torma

petenue odpaTtHoit 3anaun (2.1), (2.2), (2.7) cyuiecTByeT U €AMHCTBEHHO.

Jloka3zaTeabCTBO. 3aMeTHM, 4TO Tak Kak 3amada (2.1), (2.2), (2.7) nuueiina, To ee
peleHre MOKHO UCKaTh B BUJIE

(u, f)=(v,0)+(w, f),
rne
Lv=g(xt), v(x,0) = ¢(x),
Lw= f (t)h(x,t),w(x,0) =0, w(0,t) = (t) —v(0,1).

Otcrofa cienayer, 4To IS JA0Ka3aTeIbCTBA TEOPEMbI paspemumoctu 3agaun (2.1), (2.2),
(2.7) mocraTo4yHO MOKa3aTh CYIIECTBOBAaHWE U €IMHCTBEHHOCTHh PEIICHHS OOpaTHOW 3amayuu
onpenenenus napsl Gpynkuuii {w, f} u3 ycnosuit

Lw= f (t) h(x,t), (x,t) €Q;, (2.8)
w(x,t)=0,x e R, (2.9)
w(0,t) = (t) —v(0,t) = ¢/, (t),0 <t <T. (2.10)

Tax kak mo0oe pemenue 3a1auu (2.8)-(2.10) u3 npoctpanctea H 2917 imeer BUJL
t
W(x,t)=IjY(x—§,t—r)f(T)h(§,z-)d§dr, (2.11)
0 R

TO IPUMEHUB oneparop K paBeHCTBY (2.11) D,", u monoxuB X =0, a Takxe yuuThIBas,

uro Diw=w, + f (t)h(x,t), moayuaum otHocutenpro f(t) nuHEliHOE MHTETpaTBEHOE

11



ypaBHeHue BonbTeppa Broporo poaa

D“V/o(t):[%”Y(X—é,t—T)h(f,f)d§]|x=of(T)df+ f(t)h(0,1), um

HDz}K@JH(ﬂmA{T%GVMQDﬁgtgT, (2.12)
rac
Kﬁﬂ)Z{ggiYU—fi—TﬁK%TNWﬁwﬂ/MQD. (2.13)

Kak u B pabote, MokHO ToKa3ath, uto spo K(t,7), onpenenennoe dopmynon (2.13),

YAOBJICTBOPACT HCPABCHCTBAM

|K(t,7)|<C,, (2.14)

%

K(t,7)— K, 7| <C,lt—t° (2.15)
| |<Cy

Orcroga crenyer, YTO PpELIEHHWE HWHTErpaJibHOrO ypaBHeHus (2.12) cymiecTByer,

€IMHCTBEHHO U MMEET BUJI
t
f (t) = Dy, (t)h™*(0,1) +.|. H(t z)D%,(r)h™(0,7)dr, (2.16)
0
rae ¢pyukuus H(t,7), paspemaromee sapo mist K(t, 7).
[okaxem, uro ¢ynkuus f(t), ompemenennas ¢opmynoit (2.16), npuHALTEKUT
IPOCTPAHCTBY C%[O,T]. Jnst aroro paccmorpum pasHocte f(t)— f(t'). Torna u3 (2.12)

MoJIy4yaeM

h@J)HD—hmi)fﬂ)=D%%a)—Dw%a)—ijrH(ﬂdr+

K (2 ()7 = Dy (0)- Dy (1) -

—J;‘[K(tm)— K, )] (r)dr. 2.17)

U3 (2.14), (2.15), (2.16), (2.17) u npeanonoxeHnuit TeOpeMbl IOJTy4yaeM HEPABEHCTBO

£ — F(t°) <C,ft—t7]* +C,t—t°|+C -t (2.18)

U3 (2.18) momyuum, ato f(t) e C%[O,T].

Tenepsr nokaxem, uto mapa ¢ymkuuit wW(x,t), f(t), rae ¢ynxums f(t) onpenenena
dopmynoii (2.16), a w(X,t)-bopmyioii
12



w(x,t) = “Y(x—g,t —7)h(&,7) f(r)dédr (2.19)

sBisieTcs pernendeM 3agadn (2.8)-(2.10). [leiictBurensHo, (yHkmms W(X,t), 3amanHas

dopmymnoit (2.19), sBisieTcsi eAMHCTBEHHBIM pemieHueM mpsimor 3amauu (2.8), (2.9), tak kak
dyskmus W(x,t) e C“*(Q,) u ynosnersopser ycnoBusam (2.8), (2.9). IIpoBepum, uTo ycioBue
(2.10) taroke BomonHeHo. [Tycts pynkuus () =w(0,t) ynoBmeTBoOpsieT paBEeHCTBY

D%y, (t) =%”Y(x—§,t—r) f(0)h(&,7)dédz|, o+ f (1) h(O,1), (2.20)

Tak kak f(t) - pemenue ypaBHenus (2.12), To u3 (2.12) u (2.20) OTHOCHUTEIBHO
byakuun  y, (t) =y, (t) —w, (t) nomyunm oObIKHOBeHHOEe mUddepeHnnaIbHoe ypaBHEHHE C

JTPOOHON TIPOU3BOIHOM:
D"y, =0,45,(0) =0. (2.21)

CnenoBarensHo, W/, (t) =y, (t) u ycnosue (2.10) BEIIONHEHO.
OTMmeTuM, 4YTO JIOKA3aHO HE TOJBKO CYIIECTBOBAHHWE PEUICHHS, HO M JIaH METOJ
HaxoxaeHus pynknuu f (t).
EnuHCTBEHHOCTD pelieHus 3aaauu [ cieayer u3 clienyromei JeMMBI.
Jlemma 1. [Tapa dynkmuit w(x,t), f(t) - pemenue 3amaun (2.8)-(2.10) Torma u TOJIBKO

torjaa, koraa Gpyakmus f (t) ecTh penieHre HHTErpaIbHOTO YPaBHEHHS
t

Dy (t) = [ K (t,7) f(1)d7+h(O,t) f (t),
0

rne K (t,7) =h(0,t)K(t,7), a pynkums w onpenensercst popmyaoit (2.19).
Jloka3ateabcTBO. bbuto mokazano, yro eciu f(t) pemennme (2.20), To 3amaua

(2.8)-(2.10) umeer pemenne. O6patro, nyctb W u f pemenune 3amaun (2.8)-(2.10). Tak kak

weC2 "% (Q), feC”[0,T], To dymkims W npexcrasmma B hopme

w(x, 1) =“Y(x—§,t—f)h(§,r) f(r)dédr.

U3 ycnosus (2.10) u ypasrenus (2.10) momyunm, uto f (t) - pemenne unterpansroro
ypaBHenus (2.20). Jlemma 1 mokazana.

TakuMm 00pa3zoM, MbI TIOKa3aJH, 4TO penieHne ooparHoi 3aaaqn (2.8)-(2.10) cymiecTByeT u
enuHCcTBeHHO. ClleoBaTeNIbHO, CYIIECTBYET €IMHCTBEHHOE perreHue 3amaqdn  (2.1)-(2.3).

Teopema 1 noka3zana.
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Annomayua:. B pabome 01 ne0OOHOPOOHO20 YPAGHEHUSI Yem8epmozo NOPsAOKA ¢ MAAOWUMU
YIEHAMU C NEPEeMEHHbIMU KOIDduyuenmamu paccmompena 00Ha Kpaeeas 3a0aid 6 NpsAmMOoY20JbHOU
obracmu. EOuUHCMEeHHOCb peuieHuss NOCMAGIeHHOU 3a0ayu 00KA3AHA MemoOOM UHMeSPATi08 SHEPSUlL.
Pewenue svinucano yepes nocmpoennyio ¢ynxyuio I puna. Ilpu 060ocroganuu pagnomepHou cxooumocmu
YCMAaHOBNEeHA OMAUYHOCb OM HYIA “Manoeo 3uamenamens’”.
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Abstract: : In this paper, for an inhomogeneous fourth-order equation with lower terms with variable
coefficients, one boundary value problem in a rectangular domain is considered. The uniqueness of the solution of
the stated problem is proved by the method of energy integrals. The solution is written by the constructed Green's
function. In substantiating the uniform convergence, the “small denominator” is established to be nonzero.

Keywords: fourth-order equation, multiple characteristics, lower terms, boundary value problem,

uniqueness, existence, Green's function.

1. BBeaenne (Introduction). M3ydenue MHOTMX 3a7ad ra3oBOH TUHAMHKE, TCOPUHU
VIOPYTOCTH, TEOPUHU IUIACTUH U OOOJIOUEK NMPHUBOJIUTCS K PaccMOTpeHUI0 IuddepeHInantbHbIX
YpaBHEHUH B 4YAaCTHBIX MPOU3BOJHBIX BBICOKMX MOPsSAKOB. C TOYKM 3peHus (QpU3NIECKUX
MIPUWIOKEHUN MPECTABISAIOT OONBIION MHTEpeC U nuddepeHinaibHble YpaBHEHUS YETBEPTOTO
nopsiaka (em. [1]-[4]).

B nmannoit pabore B obmactu Q={(x,y):0<x<p,0<y<q} paccmarpuBaercs

YpaBHCHHUEC 9YE€TBCPTOI'O IMOPAAKA B BUAC
U ~Uyy + A (XU, + A (XU, + A (XU, + A (X)U + AU, =F(x,Y),

rie p,g,AeR, F(xy), A (X), i =1,_4 — 3a/IaHHBIC JIOCTATOYHO TJIAJIKKE (DYHKIIHH.

3ameHoit
U(xy)=u(x, y)exp(—%jﬂi(f)dfjt% y}

OTO YPaBHCHHUEC MOXXHO ITPHUBECTHU K YPABHCHHIO

L[U]= Uy +2, (X) Uy, +a, (X)u, +a5(X)u—u,, = f(X,Y), 1)

rmue ai(x), i=1,_3 BBIpaXKaeTcs uepes Aj(X), i=L4 n A,

f(x, y):expBJ:Ai(g)df—%y}F(x, y).
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VpaBuenne (1), 0OBIYHO HA3BIBACTCS yPAaBHEHHEM YETBEPTOTO MOPSAKAa C KpPaTHBIMH
XapaKTEepUCTUKAMU, COZiepKalllee BTOPYIO POU3BOAHYIO 110 BpEMEHHU.

Monorpadust  Ixypaesa T.[., ComyeBa A. [5] mocesmeHa KiaccupuKamui
mubdepeHIMaNbHBIX YPaBHEHUNW B YAaCTHBIX NMPOU3BOAHBIX UYETBEPTOrO MOPSAKA U PELICHUIO
KpaeBbIX 3aj1a4 s Takux ypaBHeHui. CormacHo aemme 1.3 u3 [5], ypaBHenue (1) oTHOCUTCS K
napaboJIMYeCcKOMY THUITY.

B pa6orax [6]-[11] uzydeHbI psim KOPPEKTHBIX KPaeBbIX 3ajad JJisl YPaBHCHHU TPETHETO
MOpsAKa C KpaTHBIMH XapaKTepUCTUKaMH, pa3pabOTaHHYI0 B O3TUX paboTax METOIUKY
MPUMEHSIEM ISl YPaBHEHHSI YETBEPTOTO MOPSIAKA.

AwmanoB /I., Myp3zambetoBa M.b. B pabore [12] paccMmoTpenu 3amgady ¢ KpaeBBIMH
YCIOBHSIMU  JUISI  HEOJHOPOJHOTO  ypPaBHEHHS  YETBEPTOrO0  TMOPSJAKAa C  KPAaTHBIMHU
XapaKTePUCTHUKAMHU.

CabutoB K. b, ®aneesa O. B. B pabore [13] pemmnu 3amady ¢ HadadbHBIMU H
IPaHUYHBIMU YCIOBHUSMHU JIJISl BRIHYKJICHHBIX KOJICOAHUI KOHCOJIBHOH OaKu.

Uprames b. 0. B cratbe [14] uzydan kpaeByro 3a1a4dy sl ypaBHEHUSI BBICOKOTO MOPSIKA
C KPaTHBIMU XapaKTEPUCTUKAMU METOJIOM MOCcTpoeHus pynkuuu ['punHa.

YpunoB A.K., AsmzoB M.C. B pabore [15] wucciemoBanu 3amayy nAnsi ypaBHEHUS
YETBEPTOro MOPsi/IKa C HEM3BECTHOM MPaBOIl YaCThIO.

3amaua, u3ydyaemasi B JIaHHOW CTaTh€, BO MHOTUM OTJIUYACTCS OT YHOMSIHYTBIX BBIIIIE
paboT. Bo-mepBeIX, B ypaBHEHHE BKIIOYEHBI MIIA/IIINE YJIeHBl. BO-BTOPBIX, B BBIIICYMOMSIHYTHIX
pabotax coOCTBeHHBbIE (PYHKIIMM HAWJEHBI IO TEPEMEHHOW X, MO Y JENalT OCTaJbHbIE
BhIKJIaZKU. B Hamem pabGote coOCTBeHHble (YHKIMH HaXOAUM IO MepeMeHHoh Y, a mo X
pemiaeM 3amady TMpU TMOMOIIM TMOCTpoeHHs (GYHKUMM ['puHa W TONIydaeM HWHTErpajbHOE
ypaBHeHue PpenroyiibMa BTOPOTO PoOjia, pelias 3T0 YpaBHEHHE HAXOAUM PELIEHUE TOCTaBIECHHOMN
3a/1auul.

Jlnst ypaBHeHus (1) B o0mactr (2 M3yduM CIIEIYIONIYIO 331a49y.

Bagava A . Haiitu dymxmmo u(Xx,y) w3 kmacca Co(Q)NCYy (Q) :

yIOBJIETBOPsIONLYI0 ypasHeHuIo (1) B obnactu () M clieqyromuM KpaeBbIM yCIOBHAM:

u(x,0)=u,(x,q)=0, 0<x<p,

u(0.y)=pi(y),  u(py)=vy (yi’ 2)

U, (0.Y)=w5(y),  Uu(Py)=w,(y), 0<y<q,

rae v, (y) , 1=1,4 3agaHHBIC TOCTATOYHO IIIAAKHE QYHKIIHH.
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Otmernm, uto B paborte [12] paccmorpen cmydait & =a, =0, a, #0, a B paborax
[13], [15-17] uccnenoBaHbl KpacBble 3aau JJsl MOACIBHBIX YPaBHEHHU YETBEPTOrO MOPSIKA
CHEeKTpaIbHOM MeToioM. B pabotax [18-19], uccnenoBansl kpaeBbie 3a1aun st ypaBHeHus (1)
Koraa Bce koaduimeHTs! moctosiuabie. B crathe [20] nccemoBano nepBas Kpaesas 3a1a4a Juis

ypaBHeHus (1).

Teopema 1. Ecnu 3amaua A uMmeer pelneHue, TO P BHIIOIHEHUH YCIOBMIA ai(x) <0,

ai”(x) —-a, (X) + 2a, (X) >0, OHO €IUHCTBEHHO.
Jlokazamenscmeo. TlpenmnonoxkuM oOpaTHoe, MycTh 3agada A HMeeT aBa pelICHHS

u(x,y) ®u uy,(xy) . Torma dysxuus u(X,y)=u (X y)-U,(X,y) yroBIeTBOpsieT

OJIHOPOJIHOMY ypaBHEHHMIO (1) U OAHOPOAHBIM KpaeBbIM YCIOBHUSAM. [[okaxkeM, 4TO u(x, y) =0

B Q.

B obmactu () crpaBeIMBO TOKIAECTBO

UL[U]E
T.C.
0 1 8
&(uum—uxuxx+a1(x)uux—§a1( Ju?+= a Ju ] 5
+ufx—a1(x)uf+(a3(x)+%a1”( ) a(x )j _o o)

WnTerpupys toxnaectso (3) mo obsactd € M y4UThIBask OJHOPOJHBIE KPAaeBbI€ YCIOBHS,

MoJIy4uM

O =y T

q pq
qux (x,y)dxdy - J.J'a1 (x,y dydx+”u (x,y)dxdy +

0 00
p
2 {](a
2 0
13 TPETHETO UHTCIPAJIa MOJIYyYUM

u,(xy)=0 = u(xy)=h(x),

(x)+2a,(x))u®(x,y)dydx =0.

o'—..n

a u3 nepBoro I/IHTeraJTa
U, (X, y)=0 = u(x,y)=xb(y)+b,(y).

Otcrozia uMeeM CIEeAYIOIIUNA BBIBOJ, YTO
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u(x,y)=h(x)=xb,+b,, b,b,=const.
Yunrsas U(0,y)=0 u u(p,y)=0, nveem
u(0,y)=b,=0 = u(x,y)=bx,

u(p,y)=bp=0 = b=0.
Torna nmeem
u(x,y)=0.

Teopema 1 nokasana.
3ameuanne. OTMETHM, 4TO IPU HAPYLICHUH YCJIOBMi TeopeMbl 1, onHopoaHas 3aqaua A

IUIsL OAHOPOJHOTO ypaBHEeHHE (1) MOXET MMeTh HeTpuBHAlbHBIE pemieHus. Hampumep, jerko

(2n—1)7r

2
<0, 3agaua
20 J

2
MOXKHO yOenuTcs, Korja a, = (ﬁ—kj >0, a,=0, a, = —(
P

U (X, y){”—kT Uy (X, y)—(%jz u(xy)-u, =0,

p
u(x,0)=u,(xq)=0,
u(0,y)=u(p,y)=u,(0,y)=u,(p,y)=0,

HMECT HCTPUBUAJIbHBIC PCIICHUA BU 1A

un'k(x,y)=sin[”—sxjsin(wyj, nkeN.

2q

Otrcrona, cieayer, 4To €Clnu @, ABIAETCA MapaMeTpoM pasjeieHue, Toraa npu a, =0
3aJa4a KOPPEKTHO IOCTaBJICHA, IpU &, <0 3amaya He KOPPEKTHA, T.€. CYIECTBYET CIIEKTP.
Teopema 2. Eciu BBINOJIHAIOTCS CIEYIOIIUE YCIOBHUS:
3 ~2up\?
75 (1— e )
p(244 +34 (1+€*%)+3)

1) C<
2) v;(0)=w(a)=v(0)=0, y;(y)eC*[0,q], i=14;

3) f(x0)=f (x,q)=0, j-‘fw(x,y)‘dy<oo, jl

foy (X,y)|dy <0, 0<X<p,

TO pemenue 3aqaun A cymectByer. 31ech,
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_ (i) "(EV =13 j= - =
¢ = maxal’ () at(€).i=13.1-01), sa=,f70
Jokazamenscmeo. PaccMoTpuM ClieyIONIyIo 3a1a4y:

{Y”(y)+/1Y(y)=0,

Y (0)=Y'(q)=0. @

N3BecTHO, UTO HETPUBHAIBHOE PEIICHHE 3a7au (4), CYIIECTBYET TOIBKO IIPH

2
gzﬂnz(M] . neN.
29

OTH YucHa SIBISIOTCS COOCTBEHHBIMH 3HAYCHUSMH 3a71audl (4), a COOTBETCTBYIOIINE UMH

COOCTBEHHBIE (DYHKIIMHM, KOTOpBIE OOpa3yloT B LZ[O, p] MOJIHYI0 OPTOHOPMHPOBAHHYIO

CUCTEMY, UMEIOT CICAYIOIINN BU;

Pemenue 3amaun A wmem B Buje
u(xy) =2 X, (%)Y, (y): (5)
n=0

[Toncrasnss (5) B (1), yuuTsiBast rpaHUYHBIE YCIOBHS (2), OJIy4HM 3aa4dy:

{Xff‘)(x)+a1(x)xr’,’(x)+a2(x)xr:(x)+a3(x)Xn(x)+/1an(x)z f, (x), ©)
Xo(0) =y, X, (P) =20, X1 (0)=war, X7 (P)=¥4ns
raec
q R q
vio=|wi(n)Y,(n)dn, i=14, f.(x)=[f(xn)Y,(n)dn
0 0
BBenem o0o3HaueHME
V, ()= X, (x)-, (¥). @)
34ECHh
p—X X 3x°p—x° —2xp? x® —xp®
Po(X)=—y, +—V,, + .+ Wi (8)
( ) p 1 p 2 6p 3 6p 4

YuuTtsiBast (8), mogcrasum (7) B (6), mOIyduM 3a1a4y
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37€Ch

gn (X) = fn (X)+dln (X)l//ln +d2n (X)l//Zn +d3n (X)I//Sn +d4n (X)l//4n’

d, (X) , 1=1,4 —u3BecTHbIC QYHKIIUH.

Nem pemrenne 3aaauu (9) B cneayomieM BUIE:

V,(x)= [6, (x£)g, (£)de-
’ (10)

p

=[G, (% &) (@ (§)V, (&) + 2, (£)Vi (&) +a5 (§)V, (€))de,

0

rie G, (X, 95) ¢bynkus ['punHa 3ana4n

KOTOpast 001aaeT CIeAYIONMMH CBOMCTBAMHU:
G (%, €)+4,G,(X,8)=0, x=#¢,
Gn (O’é:):Gn ( p!é):anx (O,g)ZGnXX(p’f)IO,
G, (x,x=0)-G, (x,x+0)=0, G, (x,x—-0)-G,,(x,x+0)=0,

G (X, Xx=0)=G, (X, x+0)=0, G, (X, Xx=0)=G,,, (X, x+0)=1.

B pasenctse (10) uHTErpHpys BTOpO€ ciiaraeMoe 1o 4acTsM U BBelsl 0003HAYCHUS

p

B, (¥)=[G, (x.&)g,(£)d¢,

G, (x.&)=(a,(&)-a/(&)-a,(£))G, +(a,(&)-28/(£))G,. —a,(£)G,..,
HOJ'IleI/IM

Vn(x)=ﬁn(x)+JeC_5n(x,§)Vn(§)d§, (11)

SBIISAIOLIEECS] MHTErpabHBIM ypaBHeHHeM PpenroibMa BTOPOro pojia. 3arnuileM perieHue
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(11) ¢ moMoIIBIO PE30THBEHTHI
Vo (X) =B, () + [R, (x.£) B, (£)d¢, (12)
rac

Ry (%:€) =G (%.£)+ 3. Gon

(x,&)= Gpan(8,6)ds, m=1,2,..., Gon (%, &) =G, (%, &).

O'—ro

B cuny (5), (7), (8) u (12) pemenue 3agaun A umeer BuJ

u(xy) =2 (% ()+ 2, (X)) (v). (13

n=1
[TpoBepum (13) Ha cxomumocTh. B jmanmpHeiilieM MakcUMalbHOE 3HAUY€HUE BCEX
HAliIEHHBIX MOJIOKUTENILHBIX U3BECTHBIX YKCEN B OLIEHKaxX OyaeM 0003Hadath yepes M .

J17151 OLIEHKH Pe30JIbBEHTHI MAKOPUPYIOLIUN PSTl UMEET BU

m+1 14
pmzo (14)

rac
J=c (i +%(l+e4”°p)+%J(l—e2“°p )’
My  Ho Hoy
YcnoBue 1, TCOPCMBI 2 MOJKHO 3aITicaTh B BHUC
C[£+%(l+ e4”°p)+%J(l—e2“°p)_2 p<1,
Hy Hy Hoy

oTcroa
Jp <1,
Torga Maxkopupyromui psag (14) ssiusercs OecKOHEUHO YOBIBAIOIIEH TIE€OMETPHUUYECKOM

HpOl"pCCCHCfI. B stom cjIydac p€30JIbBCHTa paBHOMepHO CXOOUTCs, N €0 OICHKA UMCCT BU/]

R, (X, &)< . Jp <M. (15)

Tenepr onenum f3, (X) Chavana, y4uTbiBasi yCJI0BHS 2-3, TEOPEMBI 2, HHTETPUPYEM IO

qacTsM y,, Tpu pasa,a f,(X) XBa pasa i HAXOIMM CIIEIOIIHE OLCHKH:

|l//in| - |\P|n| 1’ '

(9= 5[0, (9], neN. (16)
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e ‘Pin:\/gj.t//'”(n)sm(Fann i=14, (I)n(x):]::fm](x,n)Yn(n)dn.

0

WurerpupyeM f3, (X) 110 4acTsM OJMH pa3 ¥ HAXOIMM OLICHKY

n

M
B, (%)< —3(|‘P| | g0 |+ [ W0 |+ W)+ O (7). (17)
Cormnacsao (15), (17) umeem
M _
V, (%)= —3(|\P |+ g0 |+ [ |+ ] )+ O (). (18)

Tlocite HEKOTOPBIX BEIMUCIEHHUIT HAXOMM OLEHKY
o0 (X)) < (I‘P.nl+|‘Pzn|+|‘P3n|+|‘P4n|)- (19)
yautsisas (18), (19) momyuny
u(xy) <M g%(|‘l’m|+|‘1‘2n|+|‘P3n|+|‘P4n|)+gO(n‘4) <o
TTocte HEKOTOPBIX BBIMUCIIEHHH HAXOMM OLEHKY
o ()| M D (9 1] o+ )+ SO (7).

I/ICHOHBSyCM HEpaBCHCTBA KOH_II/I'EYHSIKOBCKOFO u beccens u umeeMm

oo yf 2 (S +J2|w2n| il S ]Jz

S0(0) M (bbb v )+ 0(0) <
31€Ch
X o — =1 7’
Z|\Pm| _‘ L20q =14, ;F:F

VuureiBas ypasuenue (1), 3akimouaem, uto u U, Toxe cxoaurcs. Teopema 2 okasana.
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Annomayun: B nacmoswei pabome usyyaromcs npocmoeie aneedpuvl, He npuHaoaexicawyue K uU38ecmubiM

Kiaccam aneeop (accoyuamuhvim aneedpam, arbmepHamusHuim areeopam, areeopam Jlu, opoanosvim anceopam u

m. 0.). Taxumu aneebpamu A6AAIOMCS NPOCMble KOHEUHOMEPHble aneeOpbl HAO noaem xapakmepucmuku 0 6e3

KOHeuHno2o basuca mOJiC()ECWI@, nocmpoeHnHvle Hcaesvim u I(umuuqulM. B HaCI’I’IO}ZlMEIZ pa6ome Mbl

paccmampusaem makyio anee6py —npocmyio cemumepnyio aneebpy B . Mul dokasvieaem, umo kaxcooe nokanvnoe

oughpepenyuposanue ancebprr B asnsemcs ougpepenyuposarnuem u xaxcooe 2-noxanvroe ouggpepernyuposanue

ancebpr B maxoice sensiemes ougppepenyuposanuen.

Knrwouesvie cnosa: npocmas aneebpa, oudgepenyuposanue, iokaibHoe ouggepenyuposanue, 2-10KanvHoe

oughghepenyuposanue, 6azuc moicoecms.
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Abstract:: In the present paper we study simple algebras, which do not belong to the well-known classes of
algebras (associative algebras, alternative algebras, Lie algebras, Jordan algebras, etc.). The simple
finite-dimensional algebras over a field of characteristic 0 without finite basis of identities, constructed by Isayev and
Kislitsin, are such algebras. In the present paper we consider such algebras: the simple seven-dimensional algebra
B . We prove that every local derivation of the algebra B is a derivation, and every 2-local derivation of the
algebra B is also a derivation. We also prove that every local automorphism of the algebra B is an
automorphism, and every 2-local automorphism of the algebra B is also an automorphism.

Keywords: Simple algebra, Derivation, Local derivation, 2-Local derivation, Automorphism, Local

automorphism, 2-Local automorphism, Basis of identities.

1. BBeagenume. B Hactosmeid paboTe U3ydalOTCs JIOKaJdbHbIE U  2-JIOKAJIbHBIE
Tu(epeHIMPOBaHUs TMPOCTHIX KOHEYHOMEPHBIX airedp Oe3 KOHEYHOoro Oaszuca TOXKIECTB,
noctpoeHHble McaeBbim n Kucnuuuneiv B [3].

[TonsiTue nokanbHbIX nu(depeHIpoBaHuil ObUIO BBEIEHO U HccaenoBaHo Kaguconom B
[2]. Kagucon mokasai, 94To BCSIKOE HEMPEPBIBHOE JIOKaIbHOE TudPepeHirpoBanne anreopsl poH
Heiimana B 1BOMCTBEHHBIN OaHax0B OMMOyNb siBiseTcs auddepeHmpoBanueM. AHATOTUYHOE

HOHATHE 2-JTOKAJIBHBIX MPOM3BOJIHBIX ObUTO BBeneHo Illémpnem. Lémpn nokazan, uyro moboe

2-nokanbHoe muddepenunposanue anredpsl B () Bcex nmuHelHBIX OrpaHUYEHHBIX OTIEPATOPOB

B 6CCKOHC‘-IHOMepHOM cenapa6enLHOM FI/IHB6CpTOBOM IMPOCTPAHCTBE H ABIIACTCA

muddepennpoBanemM [7]. BrocnencTtBuum MOSBUIOCH MHOMKECTBO HOBBIX PE3YJIbTATOB,
CBSI3aHHBIX C OMMCAHUEM JIOKAJIBHBIX U 2-JIOKaJbHBIX IU(PepeHupoBaHul pa3IunyHbIX aareop.

B nacrosimeit cratbe Mbl po10JKaeM U3ydeHue 1uddepeHIupoBaHuii MpocThIX anredp. B
NaHHOM pabore wu3y4yeHbl U QGEpeHIMpPOBaHNs TNPOCTHIX anredp, He NpUHAIeKAIUX
U3BECTHBIM KilaccaM anreOp (KOMMYTAaTHBHBIM, aCCOI[MATHBHBIM, albTEPHATUBHBIM, JIHEBBIM,
KOPJAHOBBIM U T. 1.). Takumu anreOpamu SBISIOTCS MPOCThIE KOHEYHOMEpPHBIE anreOpsl Oe3

KOHEYHOTO 0asuca TOXIeCTB, moctpoeHHbie McaeBbiM 1 KucnumuaeiM (cM. [3]). A UMeHHO, MBI
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JIOKa3bIBaeM, 4TO JIH000E JIOKaTbHOE NU(GEepeHIIMPOBAHNE MPOCTON KOHEUHOMEPHOU anreOpsl
0e3 KoHewHOro Oasuca TOXxaecTB, mocrpoeHHoe McaeBpiM m KucnuiuaeiM B [3], sBisercs
muddepeHIMpoBaHNEM, a BCSAKOE 2-JToKalbHOEe Mu(dEepeHIMpPOBAHUE STOW anreOpbl TaKxkKe
sapisiercss  nuddepennupoBanneM. B [1]  uw3ydaroTcs  JIOKadbHBIE W 2-JIOKQJIbHBIE
nuddepeHIMpoBaHns APYTUX TaKuX anreOp, moctpoeHHbIX Kucnumuaeim B [5], [6]. OT™MeTHM,
YTO IEHTPaJbHBIC IPOCTHIE KOHEYHOMEpHBbIC aIreOpbl, HE HUMEIOIIME KOHEYHOro Oasuca
TOKECTB, paCCMaTPUBAIKNCH Takxke B padore [4] Mcaea n Kucnumuna.

2. Tlpocras KoHeyHOMepHasi ajnredpa Ge3 KoHeuHOro 6asmca ToxaecTB. IlycTs
B=(1,v,,v,,6,1,€2,855,0)F — anreOpa nax nouem [F xapaxrepucruxu 0, nenynesbie

IpOu3Be/ICHUS 0a3UCHBIX IEMEHTOB U3
{1,vy,v5,€11,815,825, 03 (1)

ONpPEACTAOTCA NpaBuIaMHu 14 €49 = V4,V €12 = V5, 175855, = Uy, V5P = 1. Torma
B —npocras anre6pa 6e3 koneuroro 6asuca toxaects [3]. [lycts @ —snement uz B. Torna mbl
MOXeM Hamucath @ = a1+ .V, + asv, +a,e;; +ase;, +age,, +a;p,
HEKOTOPBIX 3JIEMEHTOB (4, (o, (3, Ay, s, Ag, A B [F. Ha nporsbkenuu Beell craThi mycTh
a=(a,a,,a;,a,,0s,0s,a;)". U Haobopor, ecmn ¥ = (@, A5, A5, 0,,0s,05,07 )7 —
BEKTOP-CTONOCL € @1y, @5, A3, Oy, s, Ag, 07 B [F, o na nporspkenuu Beeii crathu uepes U
Oymem o6o3Ha4ath sieMeHT (41 + A,V +azv, +a,e;; + ase;, +age,, +a;p, to
ecth, U =a,1+a,v; +azv, +ase;; +ase;; +age,, +a;p.

Ilycte <4 — amrebpa. Jlumeiinoe oroOpaxenme D: A — A naseiBaercs
nuddepennuposanuem, ecnu D(xy) = D(x)y + xD(y) msa moObIX IByX DIEMEHTOB X ,
V € A . HamuM OCHOBHBIM HHCTPYMEHTOM JUIs OIUCAHMS JIOKAIBHBIX M 2-JOKAJIbHBIX
nuddepentmposanuit ‘B sBisercs cuenyroniee npuiokeHue.

Mpenaoxenne 1. JTuneiinoe omobpaxcenue D: B — B aenaemca ougpepenyuposanuem
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mozoa u moavko mozoa, kozoa mampuya D e cmanoapmmuom 6azuce (1) umeem credyrowuti 6uo:

(/D 0o 0 0 0 0 0 \
0 a, 0 0 0 0 0
0 0 ay; 0 O 0 0
00 0 0 0 0 0
0 0 0 0 =—a,+a;; 0 0
00 0 0 0 0 0
00 0 0 0 0

30ecw oeiicmeue D coomeemcmeyem ymmocenuio mampuyl Ha npaewiii cmonbey.

Jloka3arenbcTBO. JlOKa3arenbCTBO  IPOBOJAUTCA IPSAMOM  IPOBEPKOM  CBOMCTBA

nuddepennupopanus Ha anredpe B. [

[Mycts A — anreGpa. Jlumeitnoe oroOpaxenue V:ed — oA HaspiBaeTcs J0KaNbHBIM
nuddepeHIupoBaHUEM, eClii 11 IF000ro sneMenTa X € A cymectsyer auddepenuuposanue
D: A — A rakoe, uro V(x) = D(x).

Teopema 2. Kaxnoe nokansHoe auddepeHupoBaHie Ha MpocToii anredpe B asnsercs
nudepeHIpoOBaHUEM.

Jokazateancrso. [lycts V — nokansnoe nuddepennuposanve na B, u mycts

7
A=(a;;);;-, —marpuua V. Torna
Vv =a.ty, = Vv = (a%, + a2 =
(vy) = a, ., = a0y, (v;) = (ag,g "15,5]1?2 = U330y,
V(e,,)=a."%e,,=as-e;,,V(p)=—(a’, +a’ Ip=a
120 =0 €15 = 055815, VIP)= 55 s 5 JP = @7 7 a OCTaJbHEIC

KOMITOHCHTBI MaTpUIbI x‘q PpaBHBI HYIIIO. B 10 ke BpeM4,

V(v +v, + e, +p)=V(v)+V(vy) +V(e,,)+V(p), 2)
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'G’(vl—l—vg—l—eu—kp)— vy + (a, +a, ’ v, +

1-’J_+1J2+3J_Jz+p _ l:- VJ_+V2+3J_ z+p Vl+Vz+3‘lJz+p)

+a_.

3.5 3.3

B cuny (2), umeem
UJ_+UZ+E‘J_ 2+]‘J

UJ_+U2+EJ_2+]SI vy Vs +8) +D

a,, T ( +a. . =), +
ﬂ_ljl_+1)2+gl’2+p _(- UJ_+1.:'Z+EJ_ z+]‘J + ﬂ_ljl_+1)2+gl’2+pj
P s P e

= 1w 12 & .
= a,,v; +(a,; +ag)v, + a;; €12~ ( 5T ﬂ— p.

Orcrona, a +a__— —|—fl__,f1p —I—ag

2 + a_ = . Ilostomy, B cuny

5T

npemnoxenus 1, V asnserca mudpepenumposanuem. J[0Ka3aTeabCTBO 3aBEPUICHO. [
B cnenyromieit TeopeMe MBI 1aeM €IIe OJIHY XapaKTepUCTUKY muddepeHIIMpoBaHUI Ha

anredbpe B. Ilycts A — anre6pa. Ortobpaxkenue (He obszarensHo munennoe) A:cd — A
Ha3bIBAECTCS 2-JIOKAbHBIM IU(dEepeHIPOBaHIEM, €Cld Il JIFOOBIX 3JeMeHTOB X, V € oA
cymectsyer  mubdepenmmposanne D, 1A = A rtakoe, uwro A(x) =D, ,(x) ,
A(y) = Dy, ().

Teopema 3. Kaowcooe 2-noxanvhoe ougpgpepenyuposanue na npocmoii arzebpe B
a671emcst OugdepeHyuposanuem.

Jokazateancrso. [lycte A — 2-nokansnoe nuddepenumposanue Ha B, u mycTs as
snementos @, b € B D_; — muddpepenumnposanue na B Taxoe, uto D, (a) = A(a),

D_,(b)= A(b),u,uycts A, = (a — marpuna quddepennmposanus D, 5. Tycs

i ..f 1
a= )11 1 + )12 1?1 + j.,g Ug + }14‘81“1 + )15 ellz + 1662.2 + )q..?'p — HpOI/I?)BOJ'IBHBIﬁ DJICMCHT
u3 B. Jlna kaxnoro v € B cymectsyer mupdepenuuposanue D, . Takoe, uto

A(w) =D, (v), A(a) =D,,(a). Tormaus D, ,(vi) =D, ,(v,), v €B crenyer
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.0

2 HoaTOMy,

A )
4. Orcrona, a,, =a

attv, =a
qaro i, 5, Vg = 22

Aa) =D, .(a) = a}5 2,0y + (a8 + al*)Asv, + al Ase, , — (a3 +

ag);p.

Awnanoruuno, w3 D, (V,) = D,,_,(v;), v €D crenyer uro

&(a] = u a(ﬂ] = {lvz G;‘Lg vy + (ﬂuz u vz v)lg Vs + avz al 5612 — (a;:—ga +

az );p.

TouHO TakXe MBI UMEEM

Ala) = DglJz.a(a] = ajff'aiz v, + (ajf;'a + a?f'a)lgvz + a?f'uiaellz —

&y ,z.00 &y ,2.0
(a,5" +a. . )i:p,

Aa) =D, (a) = ab5A,v, + (abs +abd)Av, + aledse,, — (abs +

ﬂ- _]}L?p

OrTcrona,
ﬂl:ﬂ) = Dul.a(aj = Duz.a(aj = DelJz.a(aj p a(aj = avl vﬂ*?”l + I:avz -

arZ"VAav, + st Asey , — (@) f+aPDHAp

i mo0eIX 17, W, Z, T € B. 3aMeTHM, YTO KOMIIOHEHTHI 3TOM MOCIIETHEN CYMMBI HE 3aBHUCSAT

oT anementa @. [losTomy oTo6pakenue A THHEHHO U ABIAETCS TOKATBHBIM
TuQpepeHIIMPOBAHUEM.
3 A(v, +p) = A(v,) + A(p) v

MOJIyYUM
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(a3 + a2 ), — (a5 +as ™ )p = (a3 + al2™)v, — (a

it
a.'-)p.
OrTcrona,
a,Va+p aVz+p VW vo.w Bt p.t
a,, +a.. =a,, +ta;. =a,,+a_.. (3)
U3 Av, +v, +e5) =AMy +A(vy) +A(e; 5) MBI TOJTy4UM
Qv +vz+e; ;v A +rate o MV Ve 2 VW Vo W
2,2 T 2z + Qs s T2z + Ass »
a1+ +& a. v, .17 2. ¥4
BT 02 _ gf2f [TosTomy, @ v+ a_ . =a,, + a_?". B cuny (3), MbI Takxke
pu e pu e ' pu e
UJ_-U €1,2.
MOJIyYUM YTO a + a_ c =y, T a. . . llostomy, B crily HpeaOKCHHS 1, A sBnserca

muddepeHpoBaHEeM. DTO 3aBepIlaeT J0Ka3aTeNlbCTBO. ||
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Abstract:: In the present paper we study simple algebras, which do not belong to the well-known classes of
algebras (associative algebras, alternative algebras, Lie algebras, Jordan algebras, etc.). The simple
finite-dimensional algebras over a field of characteristic 0 without finite basis of identities, constructed by Isayev

and Kislitsin, are such algebras. In the present paper we consider such algebras: the simple seven-dimensional

algebra EB. We prove that every local derivation of the algebra E is a derivation, and every 2-local derivation of
the algebra B is also a derivation. We also prove that every local automorphism of the algebra B is an

automorphism, and every 2-local automorphism of the algebra B is also an automorphism.
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1. Bsemenue. B HacTosmeil paboTe wu3ydaroTCs JIOKANbHBIE W 2-JIOKAlIbHBIE
muddepeHIIMPOBaHUS MPOCTHIX KOHEYHOMEPHBIX anreOp Oe3 KOHEYHOro Oa3uca TOXAECTB,
noctpoeHHblie McaeBbim u Kucnununeiv B [3].

[TonsiTrie mokanbHBIX nudepeHIpoBaHuil OBUTO BBEIEHO U HccienoBaHo KaarcoHom B
[2]. Kagucon mokasan, 9To BCSIKOE HEMPEPhIBHOE JIOKabHOE AuddepeHnnpoBanue anreops! GoH
Helimana B n1BOMCTBEHHBIN 0aHaxOB OMMOY/b sABIseTCs AuddepeHInpoBaHueM. AHAIOTHYHOE

MOHATHE 2-JOKAJBHBIX MPOM3BOIHBIX ObUTO BBeaeHo Illémprem. émpn nokaszan, uto noboe

2-nokansHoe muddepenumposanne anredbpel  B(H) Bcex muHeWHBIX  OrpaHMYEHHBIX
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OIEPaTOpPOB B OECKOHEYHOMEPHOM cCenapadei-HOM THIL0epTOBOM TpocTpancTBe H sBistercs

mubdepennpoBanemM [7]. BmocnencTtBuum MOSBUIOCH MHOMKECTBO HOBBIX PE3YJIbTaTOB,
CBSI3aHHBIX C ONMCAHHEM JIOKAIBHBIX U 2-TIOKATBHBIX TU(GEepEeHIIMPOBAHNI pa3IMYHBIX anreop.

B nHacrosimieii cratbe MbI IpoI0IKaeM u3ydenue nuddepeHnupoBanuii 1 aBToMopPr3MoB
npocTeix anredp. B nannoit pa6ore u3yuens! auddepeHInpoBaHus U aBTOMOP(PHU3MBI TPOCTHIX
anredp, He MPUHAJJICKAIIMX M3BECTHBIM KilaccaMm airedp (KOMMYTaTHUBHBIM, acCOIUATHUBHBIM,
aIbTEPHATUBHBIM, JMEBBIM, XOPAAHOBBIM U T. A.). Takumu anreOpaMu SBISIOTCS NPOCTHIE
KOHEYHOMEpHbIe anreOpbl 0e3 KOHeuHoro Oaszuca TOXKAECTB, IMOCTpoeHHble VcaeBbiM u
KuciumuaeiM B pabore [3]. A WMEHHO, MBI JIOKa3bIBa€M, UYTO JIFO0OE JIOKAJIbHOE
muddepeHIpoBaHe MPOCTOH KOHEYHOMEpPHOU anreOpbl 0e3 KOoHeyHoro Oas3uca TOXAECTB,
noctpoernoe McaeBbiM u KucmmumasiM B [3], sBisercs muddepeHIMpoBaHHEM, a BCIKOE
2-nokanpHOe Au(depeHIIMPOBAHIE YTON alreOpsl Takke sBisieTcs nuddepeHmpoBanuemM. Mer
TaK)Ke JTOKa3bIBA€M, 4TO JIO00M JIOKaIbHBIA aBTOMOP(GU3M MPOCTOW KOHEYHOMEPHOW anreOpsbl
0e3 KOHEYHOro Oasmca TOXACCTB, mocTpoeHHOW McaeBbiMm m KucmummuaeiM B [3], siBiseTcs
aBTOMOP(GU3MOM, a BCSKUU 2-JOKaIbHBIA aBTOMOp(H3M 3TOW anreOpbl TaKkKe SBISETCS
aBToMoppusMoM. B pabore [1] m3yueHsl JIOKaIbHbIE U 2-JOKaIbHbIC AU(QepeHIIPOBaHUS U
aBTOMOp(U3MBI APYTUX TaKUX anredp, nmocrpoeHHbIx KucnmuuuueiM B [5], [6]. OTMeTHM, yTO
LIEHTpaJIbHbIE MPOCThIE KOHEYHOMEPHBIE alNreOphl, HE UMEIOIME KOHEYHOro 0a3uca TOXIECTB,
paccMatpuBanuch Takxke B padore [4] McaeBa u Kucnununa.

2. Tlpoctasi KOHe4yHOMepHas ajredpa 0e3 KOHe4yHOro 0Oasuca ToxkaecTB. [lycThb
B=(1,v,,v,,6,1,€12,855,P)F — anreOpa Hax nonem [F xapakrepucruku 0, Henynesbie

NPOU3BEACHUS 0A3UCHBIX 3JIEMEHTOB U3

{1,v,,v5,€;1,€15,€55, 0} (1)
ONPENENAIOTCS MPABUIAMH Uy €y, = Uy, V€15 = U5, V56,5, = U,, U, P = 1. Torma B -
npocTas anrebpa 6e3 xkoHeuHoro 6aszuca toxzaects [3]. Ilycts @ — snemenT us B. Torma Mmel
MOKeM Hamucath = a;1+a,v, +ayv, +a,e;; +ase;; +ase,, +a,p, mu

HEKOTOPBIX JJIEMEHTOB (14, @5, O3, Ay, 5, g, A7 B [F. Ha MPOTSKEHUU BCEH CTAThU

oo

yCTh a=(a;,a,a;,a,,as5a,a,;)" : u Hao60poT, eciu
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v = (a,a,,a,;,a,as,a,,a,)" — Bexrop-cTonben ¢ @,, A,, @, Ay, As, Ag, A7 B [,
TO Ha NPOTSHKEHMHM  BCE  cTaThbu  4epe3 17 OymeM  0003HA4aTh  DIEMEHT
a,l1+a,v, +a;v, +ase,, +ase,, +ag,e,, +a;p, TO €CTh,
P=a,1+a,v, +asv, +a,e,, +ase,, +aze,, +a;p.

Iycte A —  anreOpa. Jlumeiinoe  orobpaxkenne D:cA — oA naseiBaercs
muddepentmposanuem, ecin D(xy) = D(x)y + xD (V) mnsa mo6bix AByX 3I€MEHTOB X,
V € A . HammMm OCHOBHBIM HMHCTPYMEHTOM /Ul OIMCAHWS JIOK&JIBHBIX M 2-JOKAJIbHBIX
nuddepennupopanunii ‘B apisercs ciepyroniee IpeiIokKeHuUe.

Ipenaoxenne 1. Jluneiinoe omobpadicenue D:-B— B aenaemcs

oupgepenyuposanuem moz0a u moavko moz0a, kozoa mampuya D 6 cmandapmuom 6azuce

(1) umeem cnedyrowuii 6uo:

00 0 0 0 0 0
0 a, 0 0 0 0 0
0 0 asz 0 O 0 0
0o 0 0 0 0 0 0
0 0 0 0 —as,+azz; 0 O
o0 0 0 0 0 0
0O 0 0 0 0 0 —asa

30ech Oeticmeue D coomeemcmeyem ymmnooicenuio mampuysl na npaswiii cmonodey.

JokasarenbcTBO. [l0Ka3arenbCTBO  IPOBOAUTCA IPSMOM  IIPOBEPKOM  CBOMCTBA

nudpepenumpopanus Ha anrebpe B. [

[Mycte <A — anreGpa. Jluneitnoe oroOpaxenue V:cA — oA HasbiBaeTcs JOKaTbHBIM
QG epeHIMpOBaHUEM, eciu s J1r000ro JJIEMEHTA x €A CYILIECTBYET
nuddepentmposanne D: A — A rakoe, uro V(x) = D(x).

Teopema 2. Kaxnoe nokansHoe auddepeHnupoBanue Ha mpoctoil anrebpe B sapngercs
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nuddepeHIpPOBaHUEM.

NokasareabcrBo. Ilycte V' — nokanbhHoe auddepennupoBanne Ha B, U mycrs
= (a; ;): J=1 — Marpuia v : Torna
v =a,Lv, = v = (a), +a’ =
(V1) = a0y = a;,v,, V(vy) = (a,5 + a535)v, = az30;,
— g1z — —
V(e,,)=aZe,=as5e,V(p)= ( ,+ a_ Jp=a;;P a ocrambHbie
KOMITOHEHTHI MaTpubl A paBHBI Hym0. B TO ke Bpems,

V(v + v, e +p)=V(v) +V(v,) + V(en) + V(p), (2)

u

I -

V(v, + v, + e, + p) = ay’, vy + (a,

vy o +8 o +D vy +1o +8 o +D
J. z2tez +{15J'5 ztez ]1?2

ul+u2+elz+p _l: ul+u2+elz+p _|_ﬂuJ_+1‘=z+£‘!J_z+1:|jJ
3.5 5.5

B cuny (2), umeem

vy #0782+ vy #0782+ vy V548 o+
1Tz +& 2 1'.?"1+I: J. T8 2 4 giLTveTELz )L._.E
2,2 3.5
vy g e o+ vy s +e o+ vy s e o F
yqoLtTV2TEL2 F' _I: 1 zt& 2 T0 4 giiTizTEL F'J
pu e ] pu s

z 2 o [
v1—|—(a —|—a--]v2—|—a--eu—(azlz—i—aa.i]p.
Orcroza, a -|- a = -|- a2z a? 4 ab.=a.t + a 'z IMosromy, B cun
A 5.5 5.5'%2.2 5 2,2 5,5 Ys y

=

npemnoxenus 1, V apngerca mudpepertmposanueM. Jl0ka3aTenbCTBO 3aBEPIIEHO. [
B crnenyromeli TeopeMe MBI JJaeM eIle OJHY XapaKTEepUCTUKY AuddepeHInpoBaHUN Ha

anre6pe B. Ilycts <A — amre6pa. Ortobpaxenue (He obsszaTensHo nuHeiiHoe) A:cA — A
Ha3bIBAETCS 2-JIOKAIBHBIM Ju(hEPEHIMPOBAHIEM, €CIU Ul JIOOBIX JIEMEHTOB X, V € oA

cymectsyer auddepenumposanne D, A = A raxoe, wro A(x) = D, (x)

AY) = Dyey ().
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Teopema 3. Kaowcdoe 2-nokanvhoe oOughpepenyuposanue na npocmoi anzebpe B

a6715emcst OupdepeHyuposanuem.

Jokazarenberso. [lycts A — 2-nokanbnoe nuddepennuposanue Ha B, u nycrs s
snementoB @, b €B D, — mabdepennmposanune na B takoe, uro D, p(a) = Ala),
D_,(b)=A(b), u, nycre A, = (a 7 j=1 — Marpuna uddepenumposarns D j, .
Oyce a=A,1+A,v; + A0, + A8, + Aseo+ Ages; + AP —  npoussonbHbIi
snement u3 B. Jlns kaxmoro ¥ € B cymectsyer muddepenumposanne D, , Takoe, uro

ﬂl:l?j = Du.a I:'I.?], .ﬂl:(ljl = Dv.a I:ﬂ,) Torz[a u3 Dvl.u(vl] = Dvl.a(vl)- vE B

v,V
2,2

v, V.0

17,.a
cuenyer 9TO a,, v, =a, v 5 Vg Orcrona, a,, =a,, . [TosToMmy,

Aa) =D,  (a) = a5 2,v, + (a5 + aly®)A,v, + agiAsey, — (a0 +

vy .0
VY
AHanornyHo, 3 D, ,(v.) =D, o(v;), vED creyer 4TO

Aa) =D, ,(a) = a}3 " A,v; + (a3’ + a2’ )A,v, + at2Ase, — (a5 +

Vo,
v ") Ap.
TouHO TakXe MbI UMEEM

Aa) =D, (@) = a2 4,v, + (a52 + aZ2*)A,v, + al'2 " Ase;, — (@52 +

3.5 2

&) a.0

a2 )A,p,

Ala) =D, (a) = a5 A0, + (a?j + a;':);lgvg +alidse,— (all +

al ) A;p.

Orcrona,
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ﬂl:ﬂ) = Dul.a(aj = Duz.a(aj = Delz.a(a) pa(aj = avl v"sl'ﬂ U1+ (avzw

Vo W

a;. )A;v; +a.

SJ.Z ¥

Aseqn — ( + a_ -)}LTP
U MI00eIX 17, W, Z, T E B. 3aMeTHM, YTO KOMIOHEHTHI dTOH MOCHEIHEN CYMMBI HE

3aBUCAT OT dieMeHTa (. [Toatomy oTobpaxkenue A NMHENRHO U SABJIAETCS JOKAIBHBIM

nuddepeHIpPOBaHUEM.

Uz A(v, + p) = AMv,) + A(p) mbt monyunm

.15+ i, u2+p . vz+p a u2+p Vo, W uz.w . p.t
(az.z +a; )FZ (a )P - (a Qg5 Vs (az.z +
.t
a’a.ajp'
Orcrona,
a,Ve+p aVz+p VW vo.w Bt .t
as s +asg =a,, Ta5;; =0a,,+ ags. (3)
U3 Alvy +v, +ey5) =Avy) +A(v,) + Aleys) MBI TOJTYYHM
avy s +teys VWAl g e g avy +iote s Vo W
2,2 =035 ,0;, +ags - Y+ Ass »
a, vy v +e &1 .2 Ve W Vo W 7.1 &y n,Z
SR =a 2 Tootomy, @, +as =a,,, +a'Z". B cuny (3), MBI Takxke
2.5 3.3 2,2 3.5 2,2 3.5

o pt v .w &) 0.2
NOJIyYuM 4TO (1, , + a-.-. = a5, + a; . . IlostoMy, B CHITy IPEATIOKCHUS 1, A sBnsercs
TuddepeHMpoBaHueM. ITO 3aBepllaeT J0Ka3aTeIbCTBO. [

Mpennoxenne 4. Jluneiinoe omobpasxcenue €:B — B sasnsemcsa asmomoppuzmom

moz20a u monvko moz20a, kozoa mampuya L e cmandoapmuom 6azuce (1) umeem credyrouuii

8UO0:
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ﬁ 0 0 0 0 0 0 \
0 a, O 0 0 0 O

0 0 an,ass 0 0 0 0

0 0 0O 1 0 0 0

0 0 0 0 as< 0 0

0 0 0 00 1 0

0 0 0 0 0 0 :

\ Gg.z ﬂ5,5/‘

20e @4, Q55 — Henynesvie nemenmvl uz [F. 30ece Oeiicmeue € coomeemcmeyem

YVYMHOOSHCEHUIO Mampuyvl Ha npaeblﬁ CmOJl6€L;.

7

Hoxazatenscrso. Ilycrs B = (b;;);;,—; — wmarpuua asromoppusma P . Toraa

cymectByer nuddepennupoanne D ¢ matpunoii A = (a; j]? j=1 TaKoE, 4To

e e TR s T s T

B =e“,

W3BecTHO, UTO
et =E+A +‘2—?+‘z—?+

rac E — CAUHNYHAasA MaTpula. CJ'IeI[OBaTeJ'IBHO,
B=E+A+2+% 4. @

B cuny (4) m npeqnoxenus 1 B pasHO cnexyromeit MaTpuie

0 0 0 0 0 0 \
o2 0 0 0 0 0

0 ?ig {az,ztas,s]z 0 0 0 0

0 0 1 0 0 0

0 0 0 X2, 0 0

0 0 0 0 1 0 | |

0 0 0 0 0 w = ljz{az,z"'aﬁ,ﬁ]z

B
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1 0 0 0 0 0 0 \
/D g2z 0 0 0 0 0
0 0 ef22ss (0 0 0 0
10 0 0 1 0 0 0
o o0 0 0 e®%s 0 0
0 0 0 0 0 1 0
\D 0 0 0 0 0 e‘{ﬂzasz-ﬁ]/

[Tocnennsis maTpuLa sBISETCS UCKOMOM MaTpuLel. Jl0Kka3aTenbCTBO 3aBEPLICHO. [

[ycts A — anre6pa. Jluneiinoe orobpaxenue V:cA — oA mnaspiBaercs noKanbHBIM
aBToMopdu3MOM, ecinu mIA  Jmoboro sneMeHTa X E A cymectByer  aBTOMOpQH3M
¢,: A — A rakoit, uro V(x) = ¢,.(x).

Teopema 5. Kaowcowiti nokanvuvlii aémomop@usm na npocmoii anzeope B sensemcs
asmomopghuzmom.
Joxkazarenberso. [lycts V — nokanbusiii asromoppusm va B, u, nycre A = (ajlj]]?fj: .
—matpuna V. Torga
V(v,) = ﬂ;lgvl = a,,V,V(1;) = a;?g ﬂ;i-‘”z =3 3V;,
V(e;;) = ajl: €12 = U55€;;,V(p) = p—lpp =07;7pP
az,zas,s

a OCTAJIbHBIC KOMITOHCHTBI MaTpPHUIIbL A PaBHBI HYJIIO. B 10 xe BpeMs,

V(v +v, +e,+p)=V(r) +V(v,) + V(e +V(p), (5)
u
+Ugte o+ +rgte o+ +Ug+e o+
Vv, + v, +ep +p)=a), 272 Py + a2 02 Pl y, 4+
vy +Vs+E o+ 1
5.5 812 + a!’J_'H’z'l'ﬂlz'l"pa!’l'l'!:'z'l'ﬂlz-f]? p
2.2 5.5

ITo (5) umeem

2,2 a

vy + az.z 5.5

vy +
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ul+u2+elz+p 1

5,5 12 + a!’l+!’2+€lz+p !’J_+!’2+§J_z+pp
2.2 5.5
-} g1z
—ﬂz +{1 ﬂ__l?2+£1__€12+ pp
zz Bg5
CrnenoBaTeiabHO,

(ENR P T o - BN 1Y VgtV tE a0V HUptE o tP Vo Vg
2,2 - a?.ﬂ' 2,2 ﬂ'.i..i - a?.? ﬂ'.i..i'
1V +Va+8 - +P a 1V Vs 8 -+ 1y U +E oD . B
Uy ¥z %812 _ a_J.:'?. 1 V2T 27D V) FU2 T8 2 =a’. d_.
5.5 2,2 5.5 22755

Ortcrona cineayer, 4To

a?za';za = a a?l‘z'ﬂ a_ s = @y za?sz
%1
/1 0 0 0 0 0 0 \
0 a 0 0 0 0 0
0 0 aa® 0 0 0 0
0 0 0 1 0 0 0
A=1o0 0o o 0 a* 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 .

vy Bi3z
\ Bo2lss /

CnenosarensHo, 10 mpemioxkenno 4 V. — asromopdusm. Ha 5TOM 10Ka3aTenbcTBO
3aKaH4MBaeTcd. [

Orobpaxkenne (He obs3arensHo nuHeitnoe) A:eAd — <A HaseBaeTcs 2-nMOKaNBHBIM
aBTOMOP(HU3MOM, €CIM JUisl JIOOBIX JIEMEHTOB X , V € A cymectByeT aBTOMOp(U3M
Gy A = A Takoit, uro A(x) = ¢, (%), AY) = ¢, (V).

Teopema 6. Kaowcowiii 2-noxanvuuiii asmomopgusm na npocmoii aneebpe B sensemcs

asmomopghusmom.

JokazareabcrBo. Ilycte A — 2-nokanbHbiii aBToMophusm wa B, u nycts s

onementoB @, b €EB, @, ; — asromoppusm ma B rakoii, uro D, ;(a) = A(a),
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@, (b) = A(b), n myers Agp, = (@), — varpuna @y, Torsa amx moGHX v,

z € B cymectsyer asTomoppuszm @, . Takoii, uto

A() = D,,:(v), A(2) = @, (2).

[ycrs A, . = (a — marpuna asromopdusma D, .

‘..f 1
ITycts a=A1+A,v, + A0, + 4,8, + Ase .+ Age, HAp -

IPOM3BOJILHEIN d1emMenT U3 B. Jlng kaxaoro 7 € B cymecrsyer asromoppusm @, . Takoi,

4qTo

AW) = @, q(v), Ala) = @,q(a).

3areMm u3

qjul.u(vl] = (I'.ul.al:yljv veEB

CIIEZIyET, YTO

1,0 1.0

azlz 1?1= (122 1?1.

CrnenoBaTeiabHO,

v 1g.a

az.z - az.z .

ITosToMYy,

Aa) =D, o(a) =, 1+ a}y v+ art a i Av, + Agey,

vl a 1
Asey; + Agess + DLa_vLa Azp.

2,2 3,5

TouHo Tak xe u3
qjuz.u(vzj = (I)uz.a(vzjv veEB
CIIEJTYET, 4TO

Aa) = @, o(a) = 4,1+ a3 A0y + a5 ass A v, + A4ey

R 1
a;. Ase ; + Agey + —mama ArD-
Bon Gzg

To4HO Tak e y Hac ecThb
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Aa) = @, _.(a) = +A; 1+ a3 Avy + a3 a2 A5 v,
2 G2 ) A 12
+A,844 +a. 5612 T Ag€y + LFl20_F120 70
2.2 5.5

Ala) =D, ,(a) =, 1+al A0 +abal tA;v,

+A ell—i—a_ %A s€, +Age,, + p!,lp!,;l?p

ZZ 55

CrnenoBaTeabHO,

A@) =@y q(a) = Dy, 0(a) =D, o(a) = Dpe(a) =

Vo W Vo W

L1+ at v+ as  alt Av, + Auep + alt

BJ_Z.Z
Ase, +Agey +— tap TA7p.

I moobx 1, W, Z, t € B. 3aMeTuM, 4TO KOMIIOHEHTHI 3TOH MOCieIHeH CyMMBI HE
3aBUCAT OT o»jiemeHta (. IlostoMy oroOpaxkenue /A IMHEHHO M SBIAETCA JIOKAILHBIM

aBToMopdusMoM. JlunelHbIi oneparop A MMeer creayronlyo MaTpuily

/1 0 0 0.0 0 0
0 a’ 0 00 0 0

0 0 a=%™=" 0 0 0 0

0 0 0 1 0 0 0
A=lo 0o o 0 a®* 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 —r

p.r _pt
\ By nlzs /

Uz A(v, + p) = A(v,) + A(p) mbt monyuaem

a.Vo+p .V +p 1 VoW VoW 1
a?.ﬂ ﬂ-ila 1""2 + i !:lz+p a !:Iz+p p az 2 a-— = 1'-"2 + p_lr erp.
a5" " Ags 2293
CrnenoBaTeiabHO,
aVe+p alVe+p VoW VoW pf Bt
s,z 5.5 =0y, Q55 = Gy,055. (6)
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m A(vy +v, +e5) =A(vy) +A(v,) + A(e;, ) mbl nonygaem

a0y g teye 10 ﬂ-l’1+1’z+ﬂlzaﬂ-1’1+1’z+ﬂlz_ Vo W oW
2,2 T Y22 M2z 5.5 - *22 ‘55
5.5 - “Ys55

CrnenoBaTeiabHO,
VoW VW 10 827

Uy, Q55 = @y, G55 -

B cuiny (6) Takxke umeem

/1 0 o0 0 0 0 0 \
0 a" 0 0 0 0 0

0 0 a%%2* 0 0 0 0

0 0 0 1 0 0 0
A=1o0 0o 0 0 a®* 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 -

R S S
\ a 2.2 o 5.5 /

CnenosatenbHo, o npeaioxkennto 4 A — apromopdusm. Jl0ka3aTenbCTBO 3aBEpPIIEHO. [
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AnHoranusi. VccnenoBana 3ajmada pacrpelelieHusi JOOBIBAEMOTrO ChIPhs MEXIy MepepadaThiBAIOIIMU
MPEANPHUATHAMU U TOTPEOUTETSIMH C YI€TOM JIOTOBOPHBIX yclI0oBHi. PaccMaTpuBaemas 3agada OTHOCHTCA K Kiaccy
3aga4 MaTeMaTU4€CKoOro nporpaMmMupoBaHus € JIMHEHHBIMU IICJICBBIMU (byHKL[I/IHMI/I. HpI/IBOI[I/ITCSI, qyTO OJI4A }:[aHHOﬁ
3a/laud MMEET MECTO YCJOBHE Pa3peIIduMOCTH 3aha4yu. [IpUOIIKEHHBIM METOAOM B IPEAMOJIOKEHHH, YTO UMEET
MECTO, YCJIOBHE Pa3peliMMOCTH 33/laud MOJIyYeHO ONTHMAJIbHOE pachpesielieHHe 00bIBAEMOTO ChIPbS MEXKAY
npeanpusTuaMu. IlomydeH MakCHManbHBIM JOXOJ TepepadaThIBAIOIIMMU HPEANPHATHAMHU NPU peaju3aliu ee
nocie nepepaboTKy.
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AHHOTanMs. AJBIHTaH YMHKK 3aTTHl Kaiipa MINTETYydy HIIKaHAJIap MEHEH KEePEeKTeedylIepAYyH OpTOCYHIa
GenymTypyy Maceiecu KeTUIIMMAMK IIapTTapAbl 3CKe allyy MEHEH M3WIAeHUN karaT. Kapansin jxaTkaH macesne
CBI3BIKTYYy MakcarTyy (QYHKLUMsJIap MEHEH MaTeMaTHKaJbIK MpPOrpaMMalloo Macejiejepd KiacChlHa KupeT. byn
Macejie YUYYH MAaceJIeHUH 4euwlyy LIapThl OPYH ajraHbl KOpPCOTYJIreH. Boinkoyayy BIKMaHBI KOJIIOHYY MEHEH
MaceJIeHMH YEeUWIUIIM MIapThl OpPYH anrad JeH 3CeNTel, Ka3bUIbIl alblHIaH YMHWKM 3aTThl HIIKaHaJIapAbIH
OpPTOCYHJa ONTHMANIYy OeNYLITYpPYJIyIly aJblHAaT. DH KONl KUpEIICHW Kaipa HWINTEeTYYy HIIKaHaJapbl Kaipa
UIITETKEH/ICH KMWHH caTKaH/a alraH.

YpyHurryy ce3nep. Uuiiku 3aT, Ka3blll allyy IYHKTY, Kailpa HMIITETYY4Yy MIIKaHaIap, KepeKTeedysep,

MaKcaTTyy QpyHKIMsIIap, 06IYIITYPYY, KUpelle, YeumTyy MapThl.

THE PROBLEM OF ALLOCATION OF RAW MATERIALS BETWEEN
CONTRACTUAL CUSTOMERS

Asankulova Mayramkan, Dr Sc
may_as@mail.ru

Eshenkulov Payaz, ¢.-m.u.x.
pajazbek@mail.ru

Iskandarova Gulzynai Samandarovna
iskandarrova@gmail.com

Institute mathematic NAS KR
Bishkek, Kyrgyzstan

Abstract:. The problem of distribution of extracted raw materials between processing enterprises and
consumers is studied, taking into account contractual conditions. The problem under consideration belongs to the
class of mathematical programming problems with linear objective functions. It is shown that for this problem the
condition of solvability of the problem takes place. By an approximate method, assuming that the condition for the
solvability of the problem takes place, the optimal distribution of the extracted raw materials between enterprises is
obtained. The maximum income was received by processing enterprises when it is sold after processing.

Keywords. Raw materials, extraction point, processing enterprises, consumers, objective functions,

distribution, income, solvability condition.

BBenenne. B Henpax Keipreiscrana uMeroTcst pa3HOOOpa3HBIE BUABI PYIHOTO U HEPYTHOTO
CBIPbsI, KOTOPBIE WCIIOIB3YIOTCS B €CTECTBEHHOM WJIM MEepepabOTaHHOM COCTOSTHUU B OBITOBOM
chepe W B PANMMUYHBIX OTPACHSAX TMPOMBIIUICHHOCTU. J[7s IEMEHTHON MPOMBIIIEHHOCTH
CBIpBEBOI 0a30if SBNSIOTCA 3amachkl KapOOHATHBIX M TJIMHUCTBIX TIOPOJ, a 3amachl
BBICOKOJICKOPATUBHBIX ~ TPAHUTOB W  TPAHOJUOPUTOB  SBISIOTCS  CHIPhEBOM  0azoi
KaMHeoOpaOaThIBAIOIICH  MPOMBIIUICHHOCTH.  bOJIbIIOE  KOJMMYECTBO  MECTOPOXKICHUM

[IECYaHO-TPABUMHON CMECH, MECTOPOXKICHHMM THUIICA, MECTOPOXKACHUN TIUH U CYTJIMHKOB,
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MECTOPOKICHHS CTPOUTEIHLHOTO KaMHS SIBIISTFOTCSI CHIPbEBOM 0a30i ISl HYXKIIbI CTPOUTEIHLHON
uHAycTpun. JIJIs MHIEBOH M XMMHYECKON MPOMBIIUICHHOCTH, a TaKKe B JKUBOTHOBOJICTBE
UCTIOJNIE3YIOTCSI MECTOPOXKACHHUSI KAMCHHOM COJIHM U JIp.

J1oObI4a STHX BHIOB CBIPbS M JIOCTABKA UX MepepadaThIBAIOIINAM MTPEIIPUATHIM, a TAKIKE
MOTPEOUTENSIM TP MUHUMAIBHBIX CyMMapHBIX 3aTpaTaXx HMEET Ba)KHOE 3HAYCHUE JUIs
TOOBIBAOIIIMX KOMITAHUH M MOXKET CYIIECTBEHHO YIYUIIUTh paO0OTy JOOBIBAIOIINX KOMIAHUH. .

B paborax [1,2] aBropamu pa3paboTaHbl SKOHOMHKO-MAaTEMaTHYECKHE MOJCIU T00bYn
CBIPbsI, OTIPENICIICHUS] TEXHOJIOTHYECKOTO CIIOC00a TOOBIYH ChIPhSI B COOTBETCTBHH C 3aTPATaMH.

B aro0ii pabore chopMyamMpyeM SKOHOMHKO-MAaTeMAaTHYECKYF) MOJEb 3ajiadd  OMpPEICIICHHs
ONTUMAITBHOTO 00BeMa JOOBIUM W TIEPEBO3KH CHIPhSI C MUHUMAJBHBIMU 3aTpaTaMH U C y9eTOM
BBITTOTHEHUSI JIOTOBOPHOTO YCIIOBHSL.

IlocTaHoBKa 33124, HYCTL KpyIHasi KOMIIaHUA PErHOHa, COCTOAIIAA U3 M ITYHKTOB )IO6BI‘H/I CbIpbs

Ai,lel={1,2,...,m} cocTaBmII IOrOBOP O MOCTABKE CHIPhsI C MPEANPUSITHAME accormaru [Ty, k=1,2,...,p.

OOBeM 100BIBAGMOTO CHIPhSI 32 TUIAHUPYEMBIN ITEPHO]] Ha KKIOM ITyHKTE JTOOBIYHM IPEIITOIaraeTcst
HEM3BECTHBIM X , HO OFPaHMYEHHBIM CBEPXY BEMUMHON &, , iel, t=1,2,...,T.
B xaxmom mnepuone O00BITOE CHIPhE HA OCHOBE JOTOBOpa JOJDKHO TMEPEBO3UTCS

nepepabaTHBAIONMM TIPSANPUATHM acconmamun [k, k=1,2,....p B 00beMe He Goee dem dr,

k=1,2,...,p,t=1,2,...,T , a 3a BeCh IUTAHUPYEMBIil TEPUO]] TOJHKHO OBITH MepeBe3eHO B 00beme Qo.
Takoke KOMITaHUS 3a BECh IJIAHUPYEMBIi TIEPHOJT JOJIKEH MIEPEBE3TH ChIPbs B 00beMe bo

norpedurensm Gy, r=1,2,...R atoro pernona, a B kaxaom nepuoje t , t=1,2,...,T -00beM CBIpbs
ne 6onee uem bf, r=1,2,.. R t=12,..T

CrIpbe, H0CTaBIsIEMOE MPEANPHUATHSIM aCCOIMAIINH, TTepepadaThIBAETCS B IPOIYKIIUIO U
peanu3zyercs B ToM xe nepuone t, t = 1,2,...,T.

[IpenmonararoTcsi, 4YTO 3aTpaThl Ha J00bIUy EAMHHUIIEI O00bEeMa CHIpbS U €€
TPAaHCMIOPTUPOBKA, HA TIEPEPA0OTKY CHIPhSI B MPOAYKIIMIO M II€HA peaiu3aIlii eMHUIBI 00beMa
MPOYKIIUK 3aBUCUT OT MEpUOa TOOBIYU CHIPhS U €T0 MepepaboTKH.

Tpebyercst onpeaenuTs 00bEM TOOBIYH CHIPbS I MYHKTOB KOMITAHUU

t

x; =0, iel, t=1,2,...,T, mian pacrpeaeieHus ChIPbst MEKIY MPEANPUATHIME acCOIMAIIAN

U MIOTPEOUTENSIMUA PETHOHA TaK, YTOOBI CyMMapHbIE 3aTpaThl HA 100bIUY, IEPEBO3KY ChIPhs ObLTH
Obl MUHUMAJIBHBIMU, a Ui NPEINpHUATHI accolMalliyd ONpeaenuTh 00beM nepepadaThiBaeMOro
CBIPbsI, JOCTABJIAIOUIMNI MAKCUMYM J10X0/1a MIPU peau3alii TOTOBOM NMPOIYKIINH.

Jdns  GopMynupoBKM MareMaTW4ecKOoW MOJEIM 33Jayd  BBEIAECM  CIEAYIOIIHE
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0003HaYEHMSL: | -UH/IEKC ITYHKTOB JJOOBIUM CHIPhsSI KOMITaHUH, | €;
|-MHOK€CTBO MHJIEKCOB ITYHKTOB JIOOBIYM CHIPHS;
r-uHIeKC MoTpeduTeneit colpbs peruoua, r=7,2,...,R;
K-uHIeKc nepepabaThIBAIOIIMX MPEANPUATHIl accouuanun, kK=1,2,...,p;
t-uHIekc nepuoja I0OBIYM ChIpbS KOMIIAHUH, I/I€ ChIPbE JOCTABIACTCS NMpeN-IPUATUAM
accolManuu 1 norpedurensm peruona, t=7,2,...,T.

W3BecTHBIE MapaMeTpbl U QYHKIHH:

a — MAaKCUMAIbHBIA 00bEM JOOBIMU CHIPbS I-TO IYHKTa KOMIIAHMH B t-OM MEpPHOJE,
t=1,2,... T, iel;
dff — MAaKCHMaJIbHO BO3MOXHBIH OOBEM CBHIPbS, IEPCBO3UMBIN KOMIaHHEH K-my

HpPEANPUATHIO accoranuu 3a t-wiii meproa mo morosopy, k=1,2,...,p, t=1,2,...,T; Qo — o6beM
CBIPBS, TIOCTABJISIEMBI KOMIIAHUCH MPEANPHUATHSIM aCCOIIUAINY 32 TUIAHUPYEMBII MTEPHO]I;

bo — 00BEeM ChIpBS, MOCTABIIAEMBII TOTPEOUTEISIM PETHOHA 38 TUIAHUPYEMBIN TIEPHOI;

bﬁ — MaKCHUMAaJIbHBI OOBEM CBIpbS, MOCTAaBJISIEMbI KOMIIAHHWEH I-My HOTPEOUTEINIO
peruvoHa 3a t-p1it nepuon, r=17,2,....R, t=1,2,....T;

cit — CTOMMOCTbH €MHHUIIBI 00beMa J00BIBAEMOTO CBHIPhs B I-OM MyHKTE B t-oM mepuose,

iel, t=1,2,...T;

t t
Cipy €

ir — TPAHCHOPTHBIC PACXOAbl Ha NECPCBO3KY CAWHHIIBI o0Bema ChIpbs M3 I-TO

NYHKTa J00bIYM B K-0€ TpeAnpusaTHE acCOIMAINU U I-My TIOTPEOUTENI0 perroHa B t-oM mepuo/e

COOTBETCTBEHHO, i €l, k=1,2,...,p, r=1,2,...,.R, t=1,2, ..., T;
c' - onroBas_lieHa peanu3aluy roTOBOM mpoaykuuu B t-om nepuoge, t=1,2,....T; ?Lff —

HOpMa pacxojia ChIpbs Ha EIUHUILY OObeMa TOTOBOM MPOAYKIHH B K-OM MpEaIpUATHH
acconanuu B t-om nepuone, k=1,2,...,p, t=1,2,....T;

HckoMble EpeMEHHBIE:
Xitk — o00BEeM ChIpbs, TEPEBO3MMBIM KOMIMAHWEW U3 I-TO0 TyHKTa J0ObIUM K-my
nepepadaTbIBaroIeMy MPEANPUATHIO acconuanuu B t-om nepuone, i el, k=1,2,...,p, t=1,2,...,T;

X — 0OBEM CBHIPBS, TIEPEBO3UMBIN KOMITAHUEN W3 i-TO TyHKTa H0OBMH F-My MOTPEOUTENIO

peruona B t-om nepuone, iel, r=1,2,...,.R, t=1,2,...,T;
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X, — 00BEM CBIPbs, JOOBIBACMBIH I-bIM TYHKTOM KOMIaHuu B t-om mepuoze, iel,

X, — 00BEeM ChbIpbs, mepepabarhiBaeMblii K-bIM MOpEaNpUATHEM accolManuk B t-om
nepuone, k=1,2,....p,t=1,2,...,T;
Y, — 0ObeM TOTOBOM MpPOAYKIMH K-ro NpEanpUATHM acColMaliu B t-OM IIEpHOJIE,

k=1,2,...p,t=1,2,...,T.

3aMeTHM, YTO IOCTaBJIEHHAs MpoOjeMa MOXET ObITh Hail/leHa U3 pelleHUs CIeTyILINX
JBYX IIOCJIEA0BATENIBHO PEIIAEMBIX 3a/1a4.

B cooTtBeTcTBUM C NPUHATHIMM O0O3HAUYEHHUSMU MaTeMaTHYecKas MOJENb OINpeAeTCHUS
ONTUMAJILHOTO 00BbEMa J00BIYM ChIPbSi KOMIIAHUEH U €€ paclpe/IesIeHne MeX Ay OTpeOUTENIMU
[0 KPUTEPHIO MUHUMYMa CYMMAapHBIX 3aTpaT Ha JOOBIYY ChIPbs U IEPEBO3KY 3aIUIIETCS B BUJE.

Hailitn Munnmym

L) = 3L ek + D chx )+l o
iel t=1 k=1 r=1
IIpH YCIIOBUAX
ixi‘r +ixfk =x, iel,t=1,2,..,T, 2
r=1 k=1
D> X <dy, k=1.2,...p, t=12,..T, (3)

YK =Q, @

Yo% <bf r=1,2,.,R t=12,..T, )

Y Y% =b, ©)

0<x <a, iel, t=1,2,..,T, (7
x. >0, x >0, iel,k=12,..,p,r=1,2,..., R t=1,2,...,T, (8)
rie x:‘x.t‘ ‘x.t t=1.2,..T|.
ik “"p’ ir “‘YR’ IE=TRELY]

Hpe)monaraeTCﬂ, 4TO UMECT MECTO YCJIOBUEC
R

B+Q <Y Y, Q<Y Ddl, b <Yk ©

t=1 iel t=1 k=1 t=1 r=1

IA

CornacHo MMPUHATBIM 0003HAYEHUSAM MaTeMaTHYecKas MOZACIIb 3aJaurd OIpCACIICHUA
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ONTUMAIBHOTO 00BEMa TOTOBOM MPOIYKIIUU MPEANPHUATHIMUA aCCOIUAIUN, TOCTABJISIOMINAN
MaKCHMYM JI0XOJ[a MOTYT OBITh 3aIIICaHa B BHJIC.

Haiitn makcumym

T .p
Ly)=2 > c'y, (10)
t=1 k=1
MIPH YCIOBUAX
Ayt =xt, k=1.2,..,p,t=12,...T, (11)
Y >0, k=1,2,...,p,t=12,...,T, (12)

e X =Y X, k=12,..p,t=12..T

iel
M3 moctaHOBKHM 3aja4d JIETKO 3aMeTuTh, 4to 3amada (1)-(8) m (10)-(12) moxxer OBITH
peleHa mocie10BaTeIbHo.

Pemienue 3agaun. Metoaom, pUBEICHHBIM B [3] ornpeesisieM ONTUMAaIbHBINH 00bEM ChIPhs

MEPCBO3MMOI'0 OT KaXXAO0I'0 ITYHKTA I[O6BI‘II/I B KaXXAOC IMPCANPHUATUC aCCOLNMAINU U KaKIAOMY

MOTPEOUTENIO U 00BEMBI TOOBIYH ChIPbS KaXK0T0 MyHKTA B t-oM nepuoae, t=1,2,...,T.

Janee, ucnonb3ys pemenus 3agaun (1)-(8), T.e. X, iel, k=1,2,.., p, t=1,2,...T, rue

X, = ZXitk, k=1,2,..., p, t=1,2,...,T, pemaem 3amauqy (10)-(12).

iel
Penms 3amagy (10)-(12), monyunM ontuManbHeii mran Yy, >0, k=1,2,..., p, t=1,2,...,T

BBIIIYCKa TOTOBOM MPOAYKIMHM KaXKIOTO MPEANPHUATHS AacCOoMalli Ha KaXJI0M IepHo/E,
JOCTABJISIIOIIMN MaKCUMAaJIbHBIN TOXO/ IIPH pean3aliy FrOTOBOM IPOIYKIIUH.

JUis neMOHCTpalluu METoJa M ajJropuTMa peleHHs 3aJadd CPOpMYJIUpYeM M PELInM
YHCIIOBOW ITPUMED.

[pumep. IlycTe KpymHasi KOMITAHUSI PETHOHA, COCTOSINAS M3 JIBYX ITyHKTOB JOOBIMM CBIPBS Ai ,
i={1,2} cocTaBII JOrOBOP O MOCTABKE CHIPbS C TPEeMsI MpeapusTrsiMu accormaruu [k, k=1,2,3. Oobem

I[O6BIB8.CMOTO CbIPbA 3a HJIaHI/IpyeMBIﬁ NICpUOJ HA KAK/IOM ITYHKTC I[OGBI‘H/I TpearojIaracTcsa HCM3BECTHLIM

X| , HO OTpaHMYEHHBIM CBEPXY BEIMUMHON &, , 1=1,2, t=1,2, T.e.

‘ ﬂ (23000 15000
22 {20000 15000/

Ha ocnose AOT0OBOpa, 3a BEChb I'IJ'IaHI/IpyCMHﬁ nepruoa CoIpbC NOJIKHO JOCTABIIATHCA

accormaiuu B 0o0beme Qo =50000, B TOM yuncie KaXA0MYy IiepepadaThIBAIOIIEMYy TPEANPUITHIO
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I, k=1,2,3 accomuanuu 3a nepuon t , t=1,2 -B o6beme He Ooiee yeM ‘dﬁ‘ k=1,2,3,t=1,2, T.e.

11000 9000
d'l =[/9000 10000 |.
ki3 2

7000 8000

A Taxke KOMIIaHHS 3a BECh l'IJ'IaHI/IpyeMHﬁ nepruoa A0JKEH JOCTABJIATH ChIPEE B o0BbeMe bo

=10000 notpedburensim Gy, r=1,2 3Toro pervona, a B kaxaom nepuoje t, t=1,2, -o6bem chipbs
He Oosiee ueM bﬁ, r=1,2,t=1,2, t.e.

t
r

2,2

(5000 4000]
4000 3000

CoIpbe, J0CTaBIsAEMOE MPEANPUITHSIM aCCOIUAIMHU, TIepepadaThIBACTCS B MPOAYKIHIO U
peanu3zyercs B ToM ke nepuone t, t = 1,2,...,T.

H3BecTHBI 3aTpaThl Ha CIAUHHUIY obbeMa )IO6LIBaCM01"0 CbIpbs B i-om IIYHKTC B t-oM

. 100 150
nepuoge, i=1,2, t=1, , t.e. ‘C‘t‘zz :(

. Taxyke U3BECTHHBI 3aTpaThl HA TPAHCIIOPTUPOBK
150 150} P PARCHOPTHPOREY

€AMHUILIBI 00BbEMA ChIPbs OT Ka)/J10ro IMyHKTa JOObIYM 10 NepepadaThiBAOIIUX NPEANPUITUN U
JI0 TIOTPEOUTENICH pEeruoHa, T.¢.

- 2 3 2 1o 2 3 2 1 2 1 2
‘Cik‘ = , ‘Cik‘ = , = , = u
227 (3 2 3 23 (3 2 3 22 |2 2 22 |2 2

[CHa pcain3alluu €ANHHUILIbI o0Bema MMPOAYKIUU 3aBUCUT OT IICpHUOIa I[O6I:>I‘-II/I ChIpbA U €TO

t=1
ir

t=2
ir

nepepaboTKU B MepepadaThIBAIOIIUX MPEANPUITHIX C|t( , k=123,

12 9

t=1,2, e. || =|10 8
3,2

9 8

Tpebyercs onpenenuts 00beM 00BN CHIPHS U1 MYHKTOB KOMIIAHUH
Jr:f >0, 1=1,2, t=1,2, mnaH pacrupeaesneHus ChIpbs MEXKAY NPEANPHATUIMHA acCOLUALNN U

NOTPEOUTENSIMU PErroHa TaK, YTOOBl CyMMAapHBIE 3aTpaThl Ha JOOBIUY, EPEBO3KY CHIPbs ObLIN
Obl MUHUMAJIBHBIMU, a JJIs IPEINPUITHI acCcolMallii ONpeAeNuTh 00beM MepepadaTbiBaeMoro
CBIPBS, IOCTABIIAIOIINNA MAaKCUMYM JI0XO/A ITPH peaJIn3allii TOTOBOM MPOTYKIIUH.

Ha ocHoBe BbIIIIe TPUBEICHHBIX JAaHHBIX CHOPMYTUPYEM YHCIOBYIO MOJEIb 3a4a4H.

Halitn MuHIMYM
L()=2 X1, +3 Xpp +2 X343 Xy +2 Xy +3 X +2 X[y +3 X +2 X33 +3 X5, +2 X5 +3 X5+
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X A2 X, 42 X5, +2 X, + X A2 X5 +2 X5, 42 X2, +100 X, +150 X7 +120 X3 +130 x> (13)
IIpU yCJIIOBUSIX
1

1 1 1 1 1 _
X11+X12+X13+X11+X12_Xl’

1

1 1 1 1 1 _
X21+X22+X23+X21+X22_X2’

2 2 2 2 2 _y2
X11+X12 +X13+ X11+X12_Xl’

2 2 2 2 2 2
X21 + X22 + X23 + X21 + X22 - X2 ’ (14)

0<x'<21000, 0<x:<20000, 0<x’<15000, 0<x?<15000, (15)
X+ %L, <8000, X, +X, <6000, X, +X5, <7000, x2+x2 <9000,

xZ +x2, <8000, X2 + X% <6000,
(16)
XA+ X+ X+ X+ X+ XA+ XE + X + X2, + X2, + X2, =50000,
17

XL + X5 <5000, X, +X, <4000, x2 +X2, <4000, X3 +x%, <3000, (18)
X}, + X5, + X5, + X5, + X3 + X5, + X5, + X5, = 6000, (19)

x>0, i=1,2,k=1,2,3, t=1,2. (20)

3amauy pemuM crnocodOom, u3iaoxkeHHbIM B [3]. TlomydeH onTHUMalbHBIN TMJIaH JOOBIYU

ChIpbA B ITYHKTAX ,Z[OGBI‘-II/I KOMIIaHHH, T.C.

X={x;,=9000; x;;=7000; X;,=11000; x;=1000; xZ=10000; x=4000;
X2, =8000}, ipu 3TOM IeseBas pyHKIMs npuHsiIa 3HaveHne L(x) =7333000.

JMaee wucrnonb3yeM pemrenune 3amaun (13)-(19) , T.e. Xitk, i=1,2, k=1,2,3, t=1,2,

chopmynupyem 3anaay Buaa (10)-(12). Tak kak u3BecTHaA ¥ ONMTOBASI_IIeHA peATU3aI[UU €AMHHUIIBI
06beMa TOTOBOH MpOAYKIHH B t-oM mepmone ¢!, t=1,2, t.e. c'=(c'.¢®* )= (10, 12) u HOpMa

pacxoza ChIpbsi Ha CIUHUILY 00bEMa TOTOBOM MPOIYKUUH B K-OM NMpEINpHUsITHN acCOLUaliU B
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t-om nmepuone QLL , k=1,2,3,t=1,2, 1.e.

10 8
sl =112 10

3,2
11 12

Hcnonb3ys npuBeleHHbIE JaHHbIE, CPOPMYIUPYEM YHUCIOBYIO MOJEb.

Haiitn makcumym
L(y)=10 y; +10 y, +10 y; +12 y; +12 y; +12 y; +12 y; (21)
IPHU YCIOBUAX

12 y;=11000, 10 y; =9000, 11 y; =7000, 8 y/ =1000, 10 y; =10000, 12 y =4000,
8y =8000, (22)
Y, >0, k=12, t=1,2. (23)

Pemue 3amauy (21)-(23) monydum ONTHMAIbHBIA IUTaH y|t(, k=1,2,3, t= 1,2, BbImycka
TOTOBOW MPOAYKIIMU KAKIOTO TMPEANPUATHS acColMali B KaxkaoMm mepuome, T. e. Y={
y; =916,7; y,=900,0; y:= 636, 4, y’=1250; y>=1000,0; yZ=333,3; y;=1000,0}, u

CYyMMapHBbIi JOXO/[] ITPU JOrOBOPHBIX ycIoBusix paboTsl L(y) = 54030,3 ycu. en.
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ITocTanoBka 3agaun

Mertoa IeKOMIIO3MIIMHM IIUPOKO NPUMEHSIETCSs B Hayke W mpakTuke. OH NPUBOIUT K
JOCTH>KCHUIO 1I€JIM, €CJIM LEIbI0 y/IaeTCs PACUICHUTh Ha HE3aBUCHUMBIC JIPYT OT JApPYyra 4acTu,
MOCKOJIBKY B 3TOM ClIy4ae MX OTAEIbHOE PACCMOTPEHHUE MO3BOJISET MPaBUILHOE MPECTaBICHUE
00 mx Bkjiaae B obmui 3¢dekr. Dpanmy3ckuii Mmarematuk P. Jlexkapt mmcan: «Pacunmenure
KOKIYI0 U3y4aeMyl BaMU 33Jaqy Ha CTOJBKO YacTel, CKOJIKO MOTpedyercs, 4To0bl UX OBLIO
JIETKO PELIUTHY.

Hama nenp moctpouts M Marpuily BBICOKOTO IOpSIKA, HalpuMmep, MaTpuily 48ro

MOpsIKa MPUMEHSIS BBILICYKa3aHHBIA METO/, T.€. Pa3MECTUTh HaTypasibHbIe yncia oT 1 1o 2304

(48°=2304) B M marpuuy 48 mopsuka, Tak, 4To6bl S KOHCTAaHTa KBApara (MArMYecKoe
ymcio) 6su1 55320:

2 2
_n 2+1-n _ 482+1-48:55320.

Byz[eM HCII0IL30BaTh 0003HaueHue: N -MHOXKECTBO HaTypaJIbHBIX YUCCII; R -MHO€eCTBO

S

JEUCTBUTEIILHBIX YUCCII, C -KOMIIJIEKCHOE TI0JIE.

Onpenenenne 1. Kpaaparnas martpuna A=(aij): j HasbIBACTCS M  marpureit, eciau

a; €N, i, =1, n mpuyeM BHITIOIHEHBI CIIENYIONINE YCIOBHUSL:

1) Bce n® umcna a; €N, i, J=1, N pasnuuHbl U SBIAOTCA DIEMEHTOM MOJMHOXECTBA

N, < N, nocjienoBaTenbHO paciooKeHHbIX N’ uncen or M+1, 10 M+n® B MHoxkectBe N ;
_ ___n
2) Zl"a“ =S, Vj=1n, leajj =S, Vi=1n ,Zl:aij =S, Zlaij =S.
i= j= i= i+j=n+

Onpenenenne 2. Marpunma A=(a;);,, HaseBaercs M, wmatpuiei, ecnm

; €R, I, j=1, n, mpuduem BBIOJHEHBI CIEIYIONINE YCIOBHS:

1) Bce n® umcma a, 1, =1 pa3NUYHBl W SBISETCS DIIEMEHTOM IIOJMHOXKECTBA

R, € R (MHOXeCTBO IEHCTBUTEIBHBIX YHCEN);

2 Xa,=s, vi=1n, ;aijzs, vi=1in, >a=5. ¥ a,=5.

i+j=n+l

ITo onpenenenuto sICHO, YTO M MaTpUILBI ABISAIOTCS MOAMHOXKECTBOM M, MaTpuil.

BYILCM HCXOAUTHh U3 TOI'O, YTO M MaTpulbl 3 u4ro nopsaKa HaMH IOCTPOCHLI, HAIIPpUMED,
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13 2 12 7

6 7 2
15 9|, @ 13 9 614 1)
, (@ .
1 14 8 11
8 3 4
4 15 5 10

MoxHO Oyner ucroyib30BaTh U apyrue Buasl M matpur 3 u 4ro nopsiaka. Kak u3BecTHO,
konmmuecTBO M matpuir 3ro mopsiaka -8, a M -marpur 4ro nopsinka -880, a M -matpurn Sto
nopsika -6omnee 1 000 000.

CBoiicTBa KOHCTAHT KBajgpaToB B M MaTpumax

Teopema 1. Ilycte A - M wmarpuna ¢ koHctantoil kBaapara S . Torma umcno S

SABISIETCS COOCTBEHHBIM 3HaueHunem M MaTpulbl A, C COOTBETCTBYIOIIIUM COOCTBEHHBIM

BEKTOPOM
x =c-colon(y, 1, 1),

rae C -npousBosbHAs KOHCTAHTA.
Jloka3aTebCTBO.
Jlist onipenenenHocT OyieM cuautaTh, uTo C =1. Torma paBeHCTBO
AX=Sx
OyzeT BBIOIHATHCS B cuuty onpeaencaust 1 M marpuipsl. Uto u TpeboBanach J10Ka3ath.

Hanpumep, mis M wmarpunst (1) (mim (2)) uncno 15 (cooTBEeTCTBEHHO 4YHCIO 34)

SIBIISICTCS. COOCTBEHHBIM YHUCIIOM, a COOCTBEHHBINH BeKTOp X =C-colon(l, 1, 1) (cooTBETCTBEHHO

x =c-colon(y, 1,1, 1)).

Teopema 2. Ilycts mnocnenoBatensHOCTh, {&, 1€ N} HekoTopas apudmerHyeckas

nporpeccus, rae @ € R. BeiienuMm n3 3toi apuMeTndeckoi nporpeccuu NOoAMHOXKECTBO R
nocnesoBaTeNbHa PacroNoKeHHbIX N° WiIeHoB: OT @, [0 a .. Torma 3 3THX YICHOB
MOXHO noctpouts M, marpuiy N ro nopska.

: 2
JokazarenscrBo. Jlna scroctn mycte M=0 . Tak xak a;, J=1 n° wumen

. 2
apudmeTHueckoii mporpeccun To B M matpurie N ro nmopsizka HaTypaibHBIX 9rcen oT 1 mo N

BMECTE HATYPATIBHOTO YHCIa | pacronoxkuM wieH a;. Toraa KoHCTaHTa KBaJpaTa MOTyIeHHOH

M, marpuna BeluucaseTcs o Gopmyie



NI

S=2a1+d(n2—1).n. @)
2
Uro u TpeboBanack A0Ka3aTh.
Hampumep, M marpumna Buna
32 37 12
7 21 47
42 17 22

no ¢popmyne (2), rne @, =7, d =5, n=3 umMeer KoHCTaHTY KBagpaTa S =81.
Teopema 3. Eciu A -M wmatpuna, D, = (m)ir}:1 nocTosiHHas marpuua, o A+ D

Tak ke Oyner M wMatpureii. B 3ToMm ciydae koHCTaHTa KBajipaTa onpenensercs: GopMyIioi:
S=S,£mn, 3)
S, -KOHCTaHTa KBagpaT MaTpuubsl A.
Jloka3aTenbCTBO JIaHHOM TEOpeMbl MPOBOJUTCS C HUCIOIB30BaHUEM (POPMYIBI CYMMBI
apuQMEeTHIECKOIN MPOTPECCHH.
Tak ke cienyer OTMeTUTb, 4T0 B M, MaTpuie 31eMeHTaMU MOTYT OBITh U BEIIECTBCHHBIE
(KOMIUIEKCHBIE) YnCIIa, SIBJISIONIMECS YWieHaMH apu(pMETHIECKON TTPOTPECCHH.

Hampumep, matpuisl Buga
9 -16 -6 -3
-5 -4 -10 -15|
-12 13 -7 =2 |
-8 -1 -6 -14

16 19 04
01 13 25|
2,2 0,7 10

6+12i 7+14i 2+4i
1+2i 54101 9+18i |,
2+16i 3+6i 4+8i

HUMCHKOT COOTBECTCTBCHHO KOHCTAHTHI KBa;[paTa paBHBIeZ
S =-34,
S=30:
S =15+30i, i=+-1

IMocTpoenne M MaTpui BHICOKOrO MOpPSiAKA
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[Tpu moctpoennn M MaTpwIl BBICOKOTO IMOpsaka OyaeT HCIonb3oBaTh M MaTpwuiry
HU3KOTO MOPSJIKA U CBOMCTBA apr(PMETHUECKOHN MPOTrpecCHr KOHCTAHT KBajpara.
Hpumep 1. CornacHo MeTONy AEKOMIIO3UIIMU OMPEACIIUM JEPEBO ILEJNEH CIEIYIOINUM

obpazom

Hatypansabie gncna ot 1 1o

2304 xoHcTaHTa KBajapara 55320

Becero 16

Puc. 1. binok-cxema moctpoenuss M marpuiisr 48 mopsiaka

Tenepsr HaunmHaem ¢ 1ro moabmoka 1ro 6;oka. B Hem Haxoastes uucna ot 1 1o 16. M3 Hux
MOXXHO mocTpouTh M wMmatpuiy 4 mopsiika B 4acTHOCTH Kak (2), ¢ KOHCTaHTO# KBajapaTa
S =34. Jlanee u3 2ro moxbnoka 1ro Gioka noctpoum M matpuiy B cuiny Teopemsr 3 m=16, ¢
KOHCTaHTOM KBajpara

S=5,+16-4=34+64=98,

U T.J.

9 mon6mnok 1 6y10ka UMeeT KOHCTAHTY KBajipaTa S =34+128-4 =546 u caMblii ocieHUHA
nmomook 9 Onoka WMeeT KOHCTaHTy kBaapara S =34+2288-4=9186 . Ormerum, dYTO

KOHCTaHTBI KBaJIpaTOB MOJ0J0KOB lro Oj0ka camMu 00pa3yroT apuPMETHIECKYI0 TPOTPECCHI0
{ai, a1:34, i Zﬁ, A=064}: 34, 98, ... , 546. B cuiy Maru4HOCTH KaXKias KOHCTAaHTa

KBaJIpaTa BBICTYINAeT KaKk OT UMEHHU 1Moaoioka. Torma mo TeopemMe 2 Mbl MOXEM MOCTpouTh M
Marpuily 3ro mopsaka mo oOpasumy (1) ¢ koHcranTod kBangpata paBHod 870 (n=3):

2.34+64-8

S -3=870 (cm. puc 1).

Hrak, 1 6ok ectb M 0ok Marpuima 12ro mopsijaka ¢ o0IIel KOHCTaHTOH kBazapata 870,
T.€. 1 GJIOK MOKHO paccMOTPETh KaK 01HO yuciio 870.
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AHaJIOTUYHO, KOHCTAHTBHl KBAJApPATOB TOMOJIOKOB 2ro Oloka Tak ke 00paszyrT
apudmernueckyro mnporpeccuto {a, a =610, i=10, A=64} . Jlia KOHCTaHT KBaJApaTOB

non0iokoB 2ro Oj0ka MOXeM MocTpouTh 1o obpasmy (1) M wmarpuny 3ro mopsiaka, ¢
KOHCTaHTOM KBajpara

 2-610+64-8

S -3=2598,

uu o popmyie (3)
S=5,+tmn=870+144-12 = 2598.
[ToBTOpSISt TOYHO TAKUE KE aNTOPUTMBI ¢ KOHCTAHTAMHU KBAJ[PaTOB BO BCEX OCTAIBHBIX 14

M ©O10KOB, OKOHYATEIBHO TOMYyYUM 16 wieHoB apudmernueckoit mporpeccun 870, 2598, ... ,
26790, t.e. a,=a +d(n-1),rme a =870, d=1728, n=1, 16.

Tenepb 3TH 16 Yrcen KOHCTAHT KBaPAaTOB Mbl PACIIOJIOXKHM, B YaCTHOCTH, HA M marpuiry
o o6pasiy (1) (MOKHO MX TOCTPOUTH B JPYTOM BUJIE).

Jlanee BMeCTO Ka)/I0il KOHCTAHTHI KBaJpaTa pacCMaTpHBaeM Kak HACHTU(PUKATOPH H
BBINIUILIEM cOOTBeTCTBytomme M OGmoku marpury ¢ M, marpunamu (HOAOIOKH) M MOIY4UM
uckomyro M matpuily 48 nopsiaka.

Tak ’xe OTMETHMM, 4YTO MHOXECTBO 3HAYEHHMH KOHCTAHT KBaJpaToOB MOJAEIUPYETCS
Pa3HOCTHBIM ypaBHEHHEM BTOPOTO MOPSAIKA BUJA

u,,, =2u

n+

—u, n>1 (4)

n+1 n

C Ha4YaJIbHBIMH YCJIIOBUAMHA

a) u=34 u,=98

©)
6) u, =870, u,=2598.

CornacHo MeTony Ditniepa ob1iee penieHue ypaBHeHus (4) uMeeT BUJ

u(n)=c, +c,n
TaK KaK KOPHH XapaKTepHCTHYECKOTo ypaHerus A° —21+1=0: A = A, =1cosmagaor.

Torna, pemenue 3anaun Komu (4), (5), a), 6) umeet Buj
a) u(n)=-30+64n; ®)
6) u(n)=-858+1728n.

B cuny (6) a) monydaem 3HaueHus (5)

u() =34, u(2)=098, ..., u(43)=9122, u(144) =9186,

u B cuity (6) 6) umMeeM

u(@) =870, u(2) =2598, ..., u(d5)=25062, u(l6)=26790.
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TomnoJiornyeckasi CTpyYKTypa 4 cBoiictBa M maTpuig

[Tycts HamMu noctpoera M marpuna N-ro mopsaka A. J[ns scHOCTH B JanbHEHIIEM
matpuily A npencTaBMM B BUJE MArMYECKOTO KBaApaTa H 0003HAYMM OMSATH Yepe3 A.

[Ipoussenem romeomopduoe orobpaxkenue f:A—>B, rme B konsno m Bepxmss
CTOpPOHA KBaJipaTa B3aMHO OJTHO3HAYHO U HEMPEPBIBHO OTOOpa)xaercs B IPAaHUILy OKPYKHOCTh
BHEIIHETO KPyTa, a HIKHSISI CTOPOHA KBajipaTa 0TOOPaXXaeTcsl B OKPYKHOCTb BHYTPEHHETO Kpyra.
SlcHo, uro mpu 3TOM CTpokH M MaTpuil OAHO3HAYHO W HENPEPHIBHO IMpeodpaszyercs B
napasuiesiy, a CToJ01bl B Mepuauanbl. M mosToMy KOHCTaHTa KBaJpaTa COXpaHsIeTcs A KaxIon
napajuiesiu, 1 JUIs Kaxa0i mepuauansl. Jlanee, B 3ToOM ciiydyae 0OHapyKUBAETCsl HOBOE CBOICTBO
KoJIblla. B KoJblie MOSBISAIOTCS CIMPAIH, AJI1 KOTOPBIX TaK XKe COXpaHseTcsd KOHCTaHTa KBapara.
[TprueM 1MonoOBHHA U3 HUX BPAIIAOTCS [10 YaCOBOM CTPEJIKE, OCTAIbHbIE IPOTUB YaCOBOU CTpEIKe
(cm. puc. 2).

OTU JIOTIOJHUTENIbHBIC CBEpX CBOWMCTBA M MaTpuil MOXHO OOHAPYXHTH CIIETYIOLIHIM

obpazom. Ecnu k HeMy MpHUCTaBUTH CIpaBa Takylo ke M marpuily, TO Ipu CyMMHPOBAHUH IO
BCEM JIMaroHaJbHbIM HaIlPaBJICHUSM I0Jy4yaeM KOHCTaHTY KBaJpaTa, a UX OKa3blBaeTcs Bcero 4

ABa U3 HUX CBCPXY BHU3, U 2 CHH3Y BBCPX.

NN NN
13 2 12 7|13 2 12 7
16 3 9 616 3 9 6
1 14 8 11j1 14 8 11
4 15 5 104 15 5 10

A
[TpoBepum mst M maTpun Sro mopsaxa.

NONON N N

16 5 14 23 716 5 14 23 7
24 8 17 1 15|24 8 17 1 15
2 11 25 9 18)2 11 25 9 18
10 19 3 12 2110 19 3 12 21
13 22 6 20 413 22 6 20 4

AT

B sToM ciiyuae 9HMCIO KOHCTAHT KBAJpPATOB 10 JHArOHAIBHBIM HAIMpPABICHHUSIM DPaBHO
2-5=10, 5 u3 HUX CBepXY BHHU3 H 5 CHU3Y BBEPX.
OueBHAHO, YTO TPH TOMOJOTHYECKOM IpeoOpazoBaHmM M wmaTpum B KOJBLO, 3TH

AWAaroHaJIbHbIC HAIIPABJIICHUA W OAKOT CIIKMpaJiv, BpallarolmHeCs Kak I10 4acoBOit CTPCJIKC, TaK U
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MPOTUB YaCOBOM CTPEJIKE.

IIpuiaoxenus

nebANNER
YERP

i%»‘l
zyﬂifl‘/‘fij
(AN

LD

Puc.2. Tononornueckas ctpykrypa M matpurst 9-ro nopsiaka.
AKTyanbHOCTBIO TOCTpoeHHMss M  MaTpuil BBICOKOTO TOpsiAKa OOYCIOBIMBAETCS e

npUMeHeHHeM B HH(PpOpMaIMOHHOW 0€30MaCHOCTH, 8 UMEHHO B KPUIITOTpaduu.
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Annomayusn. B >moil cmamve O00KA3bIBACMCS MeopeMda CYWecmeosanusi 0000WeHHbIX peuleHull
oughpepeHyuanbHbIX YpagHeHUll ¢ ROCMOSHHBIMU KO3 uyuenmamu, onpedeseHHoe 8 HeKOMOpol OKPeCmHOCmU
00veOuHeHUss mpex eparell napaiieienuneod.

B xnaccuueckux epanuunvix 3a0avax [apoy-Iypca-booo snauenusn pewenus u e2o npouzseooHvIX 3a0armcst
HaQ mpex NepeceKarnujuxcs Xapakmepucmuyeckux 2UNnepuioCKOCMAX U UWEmCs HYJHCHOE YUCTO NPOU3BOOHbIX
3A0AHHBIX HA 9MUX SUNEPNIOCKOCHAX KOMOpble U3-3d XAPAKMEPUCMUYHOCIU SUNEPNIOCKOCMAX 0000ujeHHble
peutenus OupdepeHyuanbHo2o ypasHeHuss MO2ym He UMemb OSPAHUYeHUl HA 2UNepRIOCKOCmAX. Aemopom
paccmampusaemcs. HeCcKOJIbKO UHAS (POopMa NOCMAHOBKU 3a0a4u m.e. NpOOOIdCeHUs 0600ueHHoe peuieHue
paccmampusaemvix cucmemvl OnpedeseHHoe 8 OKPeCIMHOCMU Mpex 2epaMell napaiienenunedd 6 OKPecmHOCHb
bonvwezo napannerenunedda. Eouncmeennocms Hudice paccmampugaemou  3a0auu  0000WeHHbIX  peuleHull
oughpepenyuanbHbIX ypasHeHuil 00KA3aHo 8 NPedbloywux pabomax asmopa.
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Abstract:: In this article, we prove the theorem of the existence of generalized solutions of differential
equations with constant coefficients, defined in some neighborhood of the union of three faces of a parallelepiped.

In classical Darboux-Goursat-Bodot boundary value problems, the values of the solution and its derivatives
are given on three intersecting characteristic hyperplanes and the desired number of derivatives given on these
hyperplanes is sought, which, due to the characteristic hyperplanes, generalized solutions of the differential
equation may not have restrictions on the hyperplanes. The author considers a slightly different form of problem
statement, i.e., the continuation of a generalized solution of the system under consideration defined in the
neighborhood of three faces of a parallelepiped in the neighborhood of a larger parallelepiped. The uniqueness of
the problem under consideration of generalized solutions of differential equations is proved in the author's previous

works.
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BBeaenue

Paccmotpum cucremy nuddepeHnnanbHbIX ypaBHEHUH

.................................. (D)

rae Pij(D)i =1t jzl,_s nuHeitHble auddepeHnranbHbple ONepaTopbl C MOCTOSHHBIMU

kodd¢unmenTamu, aunciaa { U S MPOU3BOJIBHBI

urne u=(u,u,...,Ug)-HeN3BECTHas BEKTOP-(QyHKIIHS.

O6o3naunM yepe3 N XapakTepHCTHYECKOE MHOXECTBO  oOIeparopa P(D) ,TO
MHOXkecTBO N :{ZEC“;rangp(z)<s} rae  p(z) -xapakTepuUCTHYECKash MaTpHlla orepaTopa
P(D), a uepes N -xomyc B C",00pa3oBaHHBIA KOMIUIEKCHBIMH MPSAMBIMH, OTBEYAIOIIMMU
HECOOCTBEHHBIM TOYKaM anreOpamdeckomy mHoroooOpasust N . Iloxg cumBoiiom [Df ]s MBI
OyneM TOHUMATh TPSIMYI) CYMMY OHK3EMIUISIPOB JTOTO MPOCTPAHCTBA, a SJIEMEHTHI [Df T
MHTEPIPETUPOBATH KaK CTOJOLBI BBICOTHI S ,00pasoBanubie Gynkuusmu u3 DY . Tloa HOpmoOi

S
Bektopa 9=(9,9,...9,)€[-] MbI Oynem moHHMaTh HAHGONBLIYIO M3 HOPM €ro KOMIIOHEHT

9 e[~]s,i:1|3.

ITocTanoBKa 3agauu

[lyctes 7 -mapamienenunex B R", N -rpaHeil KOTOPOro JieKaT B KOOPJHUHATHBIX

noanpoctpancTBax & =0 , i=12,..,n.
O0o3HaYnM uepe3 7, €ro (n —1) -MEpHYIO I'PaHb, JCKAIIYIO B IOATPOCTPAHCTBE

&=0,1=123.
B oroii crathe wuccienyercs cieAyromas 3ajadya: IOpu  KaKUX YCIOBHUSIX BCSIKOE

0000IICHHOE PEIICHUs] YPAaBHEHHS B YACTHBIX IMPOU3BOIHBIX C MOCTOSHHBIMH KO3 uUIIneHTaMu

68



OTpEIJICHHOE B OKPECTHOCTH TPEX COCEAHHX TpaHel mapamtenenunena BR" ,Moxer ObITh
IPOJIOJKEH B HEKOTOPYIO €0 OKPECTHOCTb.
JlokaxkeM psi  JeMM IS WCIIOJIB30BAaHHMS B JAJIbHEUIIEM I JIOKA3aTeIbCTBO

chopMyTUPyEMYIO TEOPEMY HIDKE.
Jlemma 1. CymectByror koucrautel C>0 u h<1 Takue, uto p(z, N') < C(|z|h +1) I

moboro zeN .

HoxazarenbcTBo cM.B [1].

Jlemma 2.
3
D’ CZD;;M_
[U”k] k=1
k=1
Jloka3zaTebCcTBO: BBEJIEM 0003HaYCHUS
G =(x), & =(=) \(x), . & =(w) M), oAxt), o e =2 @ () - o

OKPECTHOCTh MHOKECTBA 7" .
Paccmorpum  ymkimmu g, =y, *¢ rae @eD’(R"), Supppc {§ eR";|& < g} , H

3
J‘ @(&)dE =1.TokaxkeM ,4TO Ha MHOXKECTBE U;rk“ BBITIOJIHSIETCS] PABEHCTBO
R k=1

gl+gz+93:l (3)

3
Ouepuano, urto 1-9, -9, -0, =1- 5 *¢ e G=|JG*.

k=1

Tak kak 1*@=1 ,ToumeeM 1-0¢,—0,—0,=(01— ;) *¢. Dynknns 1- X, oOpamaercs

3
B HyJb Ha MHOXECTBE U(;rlf)g , @ HOCUTENIb ¢ TPUHAMIEKHUT & -OKPECTHOCTH HYIIA,
k=1
3
nostomy (1— ;) *¢ oOpamaercs B HyJIb Ha MHOXXECTBE U;rlf’ ,dTO JTOKa3bIBAET YTBEPIKICHUE
k=1

a+l

(3). 13 cBoiicTB cBepTKU caexyeT, uto SUuppg, < (Gk) c (7[5) =7

2e

B
[lycte w mnpousBonbHas ¢ynkuus us D’

U=

.. ObosHavast y =g, -y, Oyaem umeTh

a+l

Suppy, < Suppg, < 7, . OueBunHo W, -OeckoHeuHo auddepeHuupyemas GyHKIUA.

[Tooromy y, € DfM . "3 (3) cnenyer, uto0 W =y, +y, +y;.
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JlemMMa mokasana.
Jlemma 3.J[ns 1r00bIX HEpaBHBIX HMHICKCOB |, j,K mpuHMMarommx 3Havyenus 1, 2, 3

olepaTtop yMHOXKEHHs Ha h. HempephIBHO JeHCTBYeT:

a) u3 Sf;mc'a‘ B SfE;D

o I/I3$ﬁD+Ca' B SPP
) (ﬂ,ﬂzz)

B) u3 7074 g SPP
(ﬂjﬂﬂk)a (ﬁiﬂﬂjﬂﬂk)a

JlokazarenbcTBO cM. B [3].

Jemma 4. Vfe (SFﬂ'D )IP nu Vye [Sf‘ng]S rne  £>0 -npousBonbHOE Majoe
ancio ( f,hy)=0. Jlokasarenscrso. (cm.bepanmyparos [2])

Jlemma 5. Jlns mobGoro xommakta F c—R" u npm mo6om B>0, (Df’B) cSFﬂg'D',

- < C-||(0||ﬂ'B,rI[e D =
m,F,

*

o £(2v+1 _ B),%

npudeM V¢ e DF*® BBINONHAETCS HEPABEHCTBO 5

JHoka3zatenbctBo. B cunmy mpennoskenue S.cm.[1](rnasa.V,§3,mpennS,ctp.279) BbiTekaer

npsimoe npeodpazoBanune Dypbe onpeaenseT onepaTop

*F. DL® S8y me D =£(2"-B)”

7, . ' 1
okaxem ,uro  S;" < S° ,rne D =2"7-D.

vf(z) e Sy JF B cuity HepaBercTBa Komn ‘D’ f (z)‘ <, max | f (w)].

—1n

nveem D' (z)|<c; max [l - Ro(W)Te(y) rae y = Imw

i=L,n

[Ipu ‘y, — yi‘ <1 , i=i,n Oynem UMETh

Je(y) =supexp(¢, y)<supexp(§ y)exp(&,(y —y)) <c-T(y).

pas
Jlanee  wumeem 2" <(w+|z—w") <27 (W +]z-w")  ,  orxyma
—|wf? <27 |2 + [z wp
H, CIICJIOBATEIBHO, TIPH|W, — 7, <1 i =i,n,
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exp(—D|W|%)Sc-exp(—D-Z_%|z|%) T0 ectb Ry (W)<c-R_(2). Jlma mo6oro j u mpu

; 7 DI f(2) .
Ar000M  Z  TOJYYUM ‘Djf(z)‘gc-cj”f”R:-RD.(z)jF(y) OTKyJa supJij(‘wﬁcj|
D

z

JTr

e , .
< m<aﬁ)l(s Zp Ry (Z)JF(y) ” f ” ,Toecth  Spf < S .

CJIEIOBATEIIBLHO ,

W3 BEIIIE N3105KEHHOTO CJICOAYET HEMMPEPBIBHOCTDL OIIEPATOPOB BIOKCHUA

A.D
<c o™
m.F,

s

®

* j s
(Df 'B) — & = 8PP u cnenosarensHo,

CieacTBue. (Df) S’ e Sf = ﬂSFﬂ'D‘ .

D>0

Jloka3atenscTBo. CIeACTBHE BBITEKAET U3 TOTO ,4To, Korna B>0,10 D — .
) 3
Teopema.llycte N =U{z eC";z, =0}, Torjga cymectByeT umcino Nh<1, 3aBucsmiee
k=
JMIIb OT omeparopa P, Takoe, 4To uis J1I000ro /3, yIOBIETBOPSIONIETO yCiaoBuio £ >1 npu

h<0 u 1<ﬂ£% npu h>0 u moGoro B>0 u mis mro6oii okpectHocTH L KommakTa

3
U;rk CYIIECTBYET OKpECTHOCTh L mapamnenenurnena s Takas, 4TO BCSIKYIO OOOOIICHHYIO
k=1
S
byHkuo U €|:Z/{Lﬂ } JSBISIONIytocs pemeHueM (1) Ha L, MOXHO NPOJOIDKUTH (PYHKIIHMEH

Je [Z,{f ]S , spnsiontyrocst (1) wa L, m ||l9||fB < C-||u||f’B

rie KOHCTaHThl B 1 cHe 3aBucar oT U. Yucio h,yuacTByromee B (opMysiHpOBKe

TCOPCMbI, 3aBUCUT JIMIIb OT OIICpaTOpa P u HaxoauTCcs C MOMOIIBIO BBImerHBeHeHHOﬁ

JIeMMBI .
JokazaTteancrso. Ilycte F u F © F xommaktel B R", h<1 -uucno, onpejensemoe

nemmoi 1.
B S
[Tycts mpou3sBoibHas o0oOImIeHHass ¢GyHKUIUsS U E[UL] IIpY HEKOTOPOM LEJIOM ¢
apnsieTcss pemenueM cuctemsl (1) B kmacce U’ TOT/Ia B CHJY BBIIIEH3JI0KEHHOTO,

3 a
()
k=1

o0oOmieHHass (QyHKIOUS U NPUHAUIEKHUT HPOCTPAHCTBY D/ IIPY  HEKOTOPOM

()
nonoxutensHoMm B. Tpumensis reopemsr [Tanamonosa, em.[1],(rn. V1,8 4,teop.2) k pyHKIMOHATY
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U W K KaXIOMy H3 BBIOYKIBIX KOMIIAKTOB 7Z'ia Io OTACIBHOCTH, MBI IIOJYUYUM TpHU
MMpEaACTaBICHUA

(#0)=>

= (,uf",...,yé") TaKOBBI, YTO

-1
TT;

di(z,Dz)go*yl'i,Vgoe[D’i;BlT , i=12,3 , npu4eM BEKTOPHHIE MEpEHI

=0

B .
ﬁu , 1=1,2,3 roe B, He3aBucutror U U «.

( . ' '
> [ exp(-2(E)")-T . (y)| < Ju

A=0 N

*

i ) n .
BeeneMm 060011I€HHBIE QYHKIMU 14 = AL’ —Z(%) A

s=1

i D
OueBugHO, YTO U e(Sf;f) . YuutsiBas onpeneieHuss (yHKIMOHATIOB ;(1’2 U TO, YTO
i
p

s 1 2
Xis = —Xs¢ HOKaXKEM, HA QYyHKIHUAX IPOCTPAHCTBA [S(ﬂ'DZ*Zg } , M =p . JleCTBUTEIBHO:

mNr,)

S
i j
AHaJIOTUYHO TIOKa3bIBAETCS , YTO 4 = 4/ HA MPOCTPAHCTBE [S(ﬂ ’?272 4} .
ﬂ-l

7
* S
B cuny cinenctBus jemmsl 5. (Dfa,s) cha,4 HO3TOMY TpH J1I000M (pe[Dz,g)]

byHKLMsA (0* € [S fa_s ]S .YuutsiBas ,uto V¢ e [Dfa_s ]S HOCTPOUM (DYHKIIMOHAT (T(p) = ( y73 go*) .

' s
Hanee ,yuuTbIBasi TaKXKe ,4TO0 U € (S fﬁa) MOKaXkeM, 4To I € [Z/{ ”’i,s] .
p

B CHILY HEPABCHCTBA JIEMMBI 5. Voe [Dﬁz . T
rveen ‘(‘9_40)‘ :‘(“ ’gp*) Sm””:j v iD: = Cu ||U||ES ]||€0||ﬁ’B e B =(£)ﬂ 27+
k=1

5.8
3

(O]
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r7e KOHCTaHThl B u C,, HE 3aBUCAT OT QyHKIHOHAIa U.

Hokaxem, uro ¢GyHKIus & sBiseTcs pemeHueM cucteMbl (1) B OKpEeCTHOCTH

napasuiesenuIie1a T Taxk Kak HE (S 5. ) , TO Ve [Dﬂa,s t
T p v
HMeeM:(P(D)g,go):(s, P*(D)go)=(y,(P*(D)¢)*)=(y,p'(p ):o.
[TokaxeMm, uro Vi € [Sﬂ,ﬂﬁzg T HMEET MECTO DPaBEHCTBO (,u,l//) = (yi,l//) , 1=12,3.

7Ti

i
Ha ocHoBanuu iemmbi4. Ha QYHKIUSAX YKa3aHHOTO MPOCTPAHCTBA ( Y7 hol//) =0. YuursiBas 310,

S
i i s
U JeMMY 3. M TO , 9TO 4 = 4 Ha (QYHKIMIX [IPOCTPAHCTBA [S(i rD;:;f 4} ,Vwe[éﬁ,ﬁ“zg} :
iz

(#,V/)éi:(ﬂj,hﬂ//)=[ui,ihiw}=(#i,(ho+h+hz+h3)l//)=(ﬂi,w)=0 , i=123 . Teneps

3 a—6
IIOKa>XXE€M, 4YTO O606H.[CHHLIC Q)YHKHI/II/I COBIIaJAalOT Ha KOMIIAKTEC [Uﬁkj . I[J'IH JIF000Tr0
k=1

Qe [Dfa,s} OyzeMm UMeTh

)= {us o) Sl 2o o)l
Z(ﬂi@*):(@)-

Ha ocnoBamum nemmbl 2. Vge D'i

U]

UMeeM I Q=@ +@Q,+¢@, TIe
e[ D | i=123.

ITosTomy V¢ e D’Z

[g”k]ﬁs HMeEEM: (S,q)) = Z(S,(pi ) = Z(Uv(/’i ) _ (u,go) .

Teopema dokazana.
3akjaoueHue

[TomyyeHo ycrioBHe Ha XapaKTEePUCTHUECKOE MHOXKECTBO U (HEepeHIHAIBHOTO oneparopa
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Abstract: In this paper, we study a boundary value problem with a shift for a mixed parabolic-hyperbolic
equation with a fractional order operator in the sense of Gerasimov-Caputo. The theorem of existence and
uniqueness of a strong solution of the formulated problem is proved. An estimate of the solution is obtained. In
addition, the completeness and Riesz basis property of a system of root functions of a boundary value problem with
a shift for a parabolic-hyperbolic equation of mixed type of fractional order is proved.

Keywords: problem with shift, basis property of root functions, Riesz basis property, parabolic-hyperbolic
equation, equation with Gerasimov-Caputo operator, eigenfunctions and associated functions, classical solution,

strong solution.

1. BBenenue

Brnepseie 1962 rony kpaeBas 3amaua amis ypaBHenus JlaBpeHTbeBa-buianze ¢ rpaHudHbIM
YCIIOBUEM, CBSI3BIBAIOLIUM  3HA4YeHHs HMCKOMOW  (yHKIMHM HA JABYX  HE3aBUCHMBIX
XapaKTEPUCTHKAX B THIEPOOINYECKOi yacTn 06aacTu, Obuta copMyIupoBaHa M UCCIEI0BaHA B
pa6ote [1].

B pa6orax [2]-[3] A.M. HaxyieB uccieq0Bal HeJOKaIbHbIC KpacBble 3aa4u (3a1auu CO
CMEILEHUEM) JUTsI BBIPOKJAIOIIErOCsl YpaBHEHUS TUIIEPOOIMYECKOTO U CMEIIAHHOTO TUIIOB.

CnexTpanbHbiM BompocaMm auddepeHInaIbHbIX OMEpaTopoB M 0a3UCHOCTH KOPHEBBIX
(GYHKIMIA KpaeBbIX 337a4 MOCBSIIICHBI paboTh [4-6]. A.C. Bepapimies [7] mokaszan 6a3uCHOCTS 1O
Puccy cucrembl  KOpHeBBIX  (YHKIMI  KpaeBOM  3ajauM  CcO  CMELICHMEM  JJs
napabos10-TUIepOOTMYECKOr0 YpaBHEHUS CMELIAaHHOTO THUIIAa BTOPOTO MOPSIKA.

CrnexTpanbHble BOIPOCH! KpaeBbIX 3a/ad AJid Napadoso-TUnepOooIndeckoro ypaBHEHHUs €
onepaTopoMm ['epacumoBa-KamnyTo He H3y4EHBI.

B Hacrosmeilt pabore u3yuyaeTcs KpaeBOW 3agade CO CMEIIEHHEM Il CMELIaHHOTO
napabosIo-TUNepOOIMYECKOr0 YPaBHEHHSI C OIEpaTopoM JPOOHOro TMOpsaKka B CMBICIE
['epacumoBa-KamyTo. JlokasbiBaeTcsi 0a3uCHOCTH CHCTEMbl KOPHEBBIX (COOCTBEHHBIX U

MPUCOEAMHEHHBIX ) QYHKIIUI MOCTaBIEHHOM 3a/1a4H.

2. [TocTaHoBKA M pa3pemIMMOCTh 3a1a4H
[Iycte Qc R? - koHewyHas o6macth, orpaHmueHHas npu Y >0 OTpe3kaMm TNpAMBIX
AA :x=0, AB, : y=1 BB : x=1, a npu Yy<O0 xapakrepuctukamu AC:X+y=0 un
BC:x—-y=-1
PaccmorpuM ypaBHeHHE
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Lz(x,y)=9(X Y), 1)

rnie
CDng(X’ y)—Zyy(X, y)l (X! y)EQov
Lz(x,y) = )
ZXX(X’ y)_zyy(xa y)l (X’ y) EQl,
a . Dg,[+]- uHTerpambHeli  omepaTop  APOOHOrO  MOpsAKA X B CMbICIE
I'epacumoBa-Kamyto [8] u umeer Bux:
1 X
x—t)"%h'(t)dt, O<a <1,
D&h(X) =< T(1-a) i( e @)
h'(x), a=1.
3agmaua S . Haiitu pemienue ypaBaenus (1), ynioBiaeTBopsiolee KpacBbIM yCIOBUAM
z(X, y)|y:0 =0, 0<x<1, 4)
2,(xy)|, =B 2 Y], 0sxsL )
dz|g,(t dz| & (t
[0()]:ﬁ [1()], O<t<l. (6)
dt dt
¥ Ha JIMHAY U3MEHEHHOTO THIIA YJIOBJIETBOPSET YCIOBUIO CONPSIKEHHUS
lim z(x,y) = lim z(x,y), (0,y)eJ,
y—+0 y—>—0 (7)

lim y=“z,(x,y) = lim z,(x,y), (0,y)elJ.
y—+0 y—>-0

e 6, (1) =G,—%j; 6,(t) :(%%

XapaKTCpUCTUKAMH X—Y =t m X+ Yy =t COOTBETCTBCHHO, ﬂ - IPOU3BOJIBHOC KOMIIJICKCHOC

j touku mepeceuenns AC u AB ¢

YHUCJIIO.

BeeaeM 0003HaueHUSI

Q,=Qn{x>0, y>0}, O =QnN{x>0, y<0}, J={(x,y): 0<x<1, y=0}.
Yepes W2I () o603naunM mpoctpancTso C.JI. CoboneBa co CKaNsIpHBIM IIPOU3BEICHAEM
(), u HOpMOii ””I , W) (Q) = L, (Q) — mpocTpaHCTBO KBAIPATHIHO CyMMHPYEMBIX (DYHKIIHA.

Onpenenenne 1. KiaccuyecknM peleHneM 3agadn S, Ha30BeM (yHKIIHIO

H3 Kjacca

77



P, ={z(x,Y): 2(x,y) € C(Q) NC}(Qy) NCIE(Q)]

Y

YZIOBJICTBOPSIIOILYIO KpaeBbiM ycioBusM (4), (5) m (6) 3amaum S, u oGpamiarontyro

ypaBHeHue (1) B ToxkIecTBo.

3amerum, uto u3 knacca Z(X,y) € CY(Q) c yuerom (3) cnenyer | DgXZ eC(Q).

Onpenenenne 2. Oynknumio z(X,Y) €L,(Q) HazoBeM cunbhbiv pewenuem 3aoauu S,
€CIIM CYILIECTBYET IOCJIEOBATeNIbHOCT (GYHKIMH Z,(X,Y) € P, yIOBIETBOPSIONIYIO KpPaeBbIM
ycnoBusm  (4), (5), (6) szamaum S, Takas, uro mocIeqoOBaTeNbHOCTH Z,(X,Y) H

a

Lz, (x,y) cxomsarcsi B L,(Q) k dynkmmsim z(X,Y) u g(X,Y) COOTBETCTBEHHO, T.C.

2,06 Y) =206 V), 20, Lz, (x.y)-g(x.)|, >0, mpn n—>occ.
Teopema 1. [lycmo B#0 unpuescex KeZ evinoaneno yciosue

A @=P) (@) + 4 %0, 9)

20e A, -cobcmeennvle snavenus CtgA = B°A ypaenenuenm.

Torma s mo6oit ¢ynkmmuun  g(X,y) €L,(Q) cunpHoe pemenne 3agaunm S

a

CYICCTBYCT, CAMHCTBCHHO, YAOBJICTBOPACT HCPABCHCTBY
209, <cllgtx y)l,- (10)

" IpCACTaBUMO B BUJIC

2(x,¥) = [[ KOG Y, %, ¥)9 04, ;) dxdy,, (11)

rae K(x,Y,%,¥;) € L,(QxQ).
Teopema 2. Ilycmv [ #0 u evinoanenst ycnosus (9). Toeoa cucmema KopHesvix

@ymryuii 3a0avu S, noana u obpasyem dazuc Pucca 6 L,(Q).
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VCMAHOBLEHO, YMO UCKOMOE ONMUMALbHOE YRPABIeHUe ONPedelsiemcs, KaK peueHue 6eCKOHeUHOMEPHOT CUCMeMbl
unmespanvLblx ypasuenuti dpedeorbma nepeoco pooa u HAUOeHbl O00CMAMOUHbIe YCA08USL CYUWECMBOBAHUS
peutenust 9Mou HeKOPPeKmHoU 3a0au.

Knrwouesvie cnosa: xpaesas sadaua, 060Owjennoe peuwenue, uHmezpan dHepeuld, QYHKYUOHAN, ZPAHUUHOE

ynpaejieHue, onmumaibHoe ynpaejileHue.
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Abstract:: The paper studies the solvability of the optimization problem for oscillatory processes described by
partial integro-differential equations with an integral Fredholm operator while minimizing the energy integral of the
control force. The study was carried out using the concept of a generalized solution of the boundary value problem of
a controlled oscillatory process. In the optimization problem, it is required to find a control that transfers the
oscillatory process from one state to another given state. In the course of the study, it was established that the desired
optimal control is defined as a solution to an infinite-dimensional system of Fredholm integral equations of the first
kind, and sufficient conditions for the existence of a solution to this ill-posed problem were found.

Keywords: boundary value problem, generalized solution, energy integral, functional, boundary control,
optimal control.

ITocranoBka 3aga4M ONTHMM3AIMM M ee pa3pemuMocTb. PaccMoTpuMm 3amauy

TpPaHUYHOI'O YIpPaBJICHUSA KoJIe0aTeIbHBIMH nmponeccamu, rac Tpe6yeTca MHWHUMH3UPOBATH

(byHKIHOHAT
Ju(®)] = [u*@ydt, (1)

OHCPIrun YyHnpaBJICHUSA (yr[paBJ'ISIIOIJ_II/IX CI/IJ'I) Inpu 1nepeBOAC YIPaBIACMOTIO IIpoIecca,

ONKMCHIBAEMOTO KPaeBOM 3a7aueit

.
V, :VXX+/1_[K(t,r)V(r,X)dT, O<x<l O<t<T 2)
0

V0, =940, V(00 =w,(x), 0<x<1 (3)
V, (,0)=0, V, (,1)+aV(t,1)=u(t) 4)

u3 HayaneHoro coctostaus V (0, X) =@, (X) B 3agaHHOE IPYyroe MoJ0KeHUE
V(T,x) =¢(x) ®)
3a 3amanHoe Bpems T . K(t,7) —3amanHas ¢yHKuMs, ompeieneHHas B OOIACTH

D={0<t<T,0<7<T} u ynoBIETBOPSET yCIOBUIO

82


mailto:carterbek@mail.ru
mailto:doulbekova25@mail.ru

TT
”Kz(t,r)drdt =K, <,

00
te. K{t,z)eH(D),; &(X), wi(X), w,(X) 3amanHble (YHKIMH W3 MPOCTPAHCTBA
H(0,1) , mpuuem ¢ynkuus w;(X) umMeer 0OOOUIICHHYIO NPOU3BOIHYIO MEPBOTO IOPSJIKA,

A -tiapameTp, T -(pHUKCHPOBAHHBIA MOMEHT BpeMeHH, mocrosuHas ¢ >0,H(Y) -runsGeproso

IPOCTPAHCTBO KBAPATHYHO CYMMHUPYEMBIX (DYHKIIHMH, ONPEICICHHBIX Ha MHOYeCTBE Y .
O0o001IeHHOE pelieHHe KpaeBoii 3amauu. V3BectHo [1,2], uro kpaeBas 3amaua (2)-(4)

IIpHU 3a1aHHBIX YCIIOBUAX UMECT CAMHCTBCHHOC O606H_ICHHO€ pEeIICHUE

V(t,x) =2V, 1)z, (6)
n=1
y 2042 +a?
rae cucrema QyHkumMi  z,(X) = % COSA,X TpH KakIoM (PUKCHPOBAHHOM
A +a +a
n=1,273,..., oneaensercsa Kak pelieHue KpacBou 3a1auu

2n(X)+A4:2,(x)=0, z,(0)=0, z (1)+az,(1)=0,

n
U 00pa3yliT MOJHYI0 OPTOHOPMHPOBAaHHYIO CHCTEMY B THIHOEPTOBOM IPOCTPAHCTBE
H (0,1), a COOTBETCTBYIOIIME COOCTBEHHBIE 3HAYECHUS A, ONpENEeNAIOTCS KaK pELICHUs
TPaHCLIEHJEHTHOIO ypaBHEHUs1 AlgA =@ WU yIOBIETBOPSIOT CIEAYIOIINUM YCIOBUSIM

vn=1,23,., limi = (n-Dr<i <=(2n-1), n=123..;

n—oo 2

A <A,

n+1?

A xoadpdunmentsr Dypse V. (t) onmpenenstorces COOTHOMEHUSIMH

;
Y, =y, (64)+ [ D, .7 )z, udr, 0
n o
t 1 t
v, A) =y, coslns+ij'Bn(t,s,;t)cosinsds}ﬂ—%n {sinlnt+/IIBn(t,s,/1)sin/1nsds , (8)
0 n 0

t
sin 4, (t—7)+ [ B, (t,5, 2)sin4,(s—7)ds, 0<r<t,
D, (t.s.4)=1 ° )
jBn(t,s,/”t)sin/ln(s—r)ds, t<z<T,
0

B,(t,s,A)=> 217K, (t,s), n=123.. (10)

i=1
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-p€30JIbBEHTA SApa

K,(t,s)= %j‘sin/in (t—7)K(z,s)dz, K,(0,s)=0,

n o

a mnosropusie sapa K (t,S) npum xaxmom Qukcuposammom n=1,23,...,

OTpeNeNAIoTes o hopMyIam

]
Ko (t:8) = [K (DK, (7.5)dz, =123,
0

(11)
K, (t,5) =K, (,9)
Cormnacuo paBerctBam (10) -(11) umeer MecTo cieayroIas olneHKa
T
|Bn(t,s,z)|sL- [K?(z.9)dr, (12)
Ay =4 KoT? o

KOTOpasA BBIIIOJHACTCA AJIA 3HAYECHUN A YAOBJICTBOPAOIIUX CICAYIOIICTIO HCPABCHCTBA
|/1|/11\/K_0<1, n=123,.. (13)
"
Hcnons3ys HepaBeHncTBa (12) mosryyaeM OICHKY:
K,T
(4 -IIT YRS

Psin Heiimana (10) aOCOMIOTHO CXOIUTCS MPH KaxaoM GukcupoBanHom N=1,2,3,... mns

]|Bn (t,s,2)| ds < (14)

3HaYeHUH nmapameTpa A YAOBJIETBOPSIOLIUX YCIOBHUIO
Aﬂ

TJK,

3aMeTUM. YTO paguyC CXOIUMOCTH |/1|<

A<

(15)

n

TJK,

poctoMm M wu pesonbBeHta B, (t,5,4) sBusercs HempepblBHOH (yHKIMEH, Kak cymma

A
T, T

Heiimana aOCOMIOTHO CXOMUTCS K HenpepbiBHOU (yHKIwmu ay1st modoro (1) n=1,2,3,....

psana Helimana yBenmnuuBaercs ¢

abCOMIOTHO CXOZsmerocst psina. OTMETHM, YTO NPH 3Ha4eHHsX mapameTpa |A| <

Jlokazano, uro moctpoenHas (ynkmus V (I, X) sBIseTcs SIEMEHTOM MPOCTPAHCTBA

H(Q) wu 06001eHHbIM pelienneM Kpaesoi 3anaun (2) -(4).

Pemenne 3agauu ontumusanuu. O6o0uieHHoe peieHue (6) mojacrapisieM B (5) mocrue He

CJIO’KHBIX BBIYMCIICHUH IIOJIyYHM YPaBHEHHE
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)
Ja,pu@dn=h, n=123..
0

rac

a,(n)= %(sin A (T —-n)+ /1} B,(T,s,A)sin 4, (s —n)ds} z,(); (16)

T T
h=E -, {cosinT +A[B,(T.s,2) cosﬂnsds}—%{sin AT +A[B,(T,s,2)sin ﬂnsds}. @
0 0

n

7)
Takum 00pa3oM, HMCKOMOE YIPaBICHUE CIEAYET HAXOIUTh KaK PEIICHHE CUCTEMBbI

HHTCIPpaJIbHBIX ypaBHeHI/Iﬁ che,Z[FOJ'IBMa IICpBOIro poJaa. 9Ty CUCTEMY, BBCIs O603Ha‘leHI/I$I
a(t) = (@, @),.... a, () ...),
h=(h,..,h,..)

MepenuIIeM B MaTPUIHOK hopme
T
j a(t)u(tydt =h. (18)
0

Teneps uccnenyem pazpemmMocTh HHTETpAIbHOTO ypaBHeHus (18).

Pemenue umem B BUE:

0
ut)=a'[t)-a+p=> a b +p; (19)
k=1
2%
rme a=| | -HEM3BECTHBIH BEKTOp, @ 3 -NPOU3BOJIBHE MOCTOSHHOE , CHMBOJ * -3HAK
a,
TPAHCIIOHUPOBAHMUAL.

[Moacranas  (19) B (18) momyunm OECKOHEUHOMEPHYIO CHUCTEMY  JIMHEHHBIX

HEOJTHOPOJIHBIX aIreOpandecKuX YpaBHCHUN BUA :
a,(1) o, a,(1) l,

di + ! an:(t) Bdt = | (20)

2

T

I (t) '(al(t)...an(t)_“)_ "

oan 2

BBeneM 6eckoOHEUHOMEPHYIO KBaIPAaTHYIO MAaTPUILY
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a,(1)

A:}aa)aYUm:I @) a () )t =

a0
[@®-a@d - [@O-a00d . (21)

oy
T g,
q=[a(t)dt=

0 qn

Cuctemy NUHEWHBIX HEOJHOPOIHBIX anreOpanveckux ypaBHenuit (20) mepernuiieM B

MaTpu4HOi popme
Aa=H, H(B)=h-paq, (22)

[Tockonbky B cucreme (22) marpunia A OeCKOHEYHOMEpHAs, TO TMPH HCCIICAOBAHUH
pa3pemmMocTi cuctembl (22) OyaeM MOJIb30BaThCsl BAPUALIMOHHBIMU METOJAaMH, T.K. B 3TOM
CIy4ae METOJbl PEIICHUs] KOHEYHOMEPHBIX CHCTEM HE MPUTOJIHBI. B 3TOM CBs3M Hmke Oynem
JIOKa3bIBaTh HECKOJIBKO YTBEPKICHUI:

Jlemma 1. Bextop H sBusiercs anemenTom npocrpancrsa |, .

Jlemma 2. [Tpu mobom o €1, BexTop Acr sBiseTCS 2I€MEHTOM IpocTpancTea |,.

JlokazaTenbcTBa MM TPOBOJUTCS HEMOCPEICTBEHHO BBIYHMCICHUEM W HE MPEACTABISIET
Tpyna.

Jlemma 3. beckoHeunoMepHast MaTpuiia A SBISETCS MOJOKHUTEIBHO OMPEICTICHHOM.

JokazarenbctBo. [lycth y €l, -mpom3BonbHBIA dneMeHT. Torga misl  CKaJsIPHOTO

IMPON3BCIACHUA B |2 HMECT MCCTO HEPABCHCTBO

T

(Ary)=7"Ay =y [aydty = [yama’ ®)ydt =[]a"®)y] dt=0,

OTKy,Z[a CJICAYCT MOJOKUTCIIbHOCTh MaTPHUIIbL A. I[anee H3 paBCHCTBA
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C yuerom toro, uro Gpynkun a,(t), n=212,3,... ABIAIOTCS IMHEHHO HE3aBUCUMBIMH Ha

a O =o,:»k§(ak ()7, ) =0,

orpeske [0,7], paBencrBa a,(t)y, =0, BBIIONHAIOTCS TOTAa M TOJBKO TOIZA KOTIAa BCE
7. =0, k=12,3,.... CirenoBarensHo, MaTpuna A -sBISETCS HOJIOKHUTEIBHO ONPEAEICHHOM.
Teopema. AnreOpanueckass cucrteMa (22) mpu KaxiaoM (QUKCHPOBAHHOM [3 HMEET
eIMHCTBEHHOE PelIeHHe B IIPOCTaHCTBE |, .
HoxazarensctBo. B mpoctpanctee |, ompenemum omepatop D[a]=Acx, D:l, —>1,.
Tornma onepatop D[cr] sBiS€TCS MOJOKHUTEIBHO -OMPEACICHHBIM, YTO cieayeT u3 JleMMsbr 3,

T.C.

(a, D(0¢)>I2 =(a, Aa) = i a a0, 20.

ik=1

Omneparop D[] sBisiercs NUHEHHBIM, T.€. Ul JIOOBIX IIPOM3BOJIBHBIX MOSTOSHHBIX C, U

()]

CZI/I IIPOU3BOJIBHBIX BEKTOPOB « "' U a(z)HpOCTpaHCTBa |2 HMCCT paBCHCTBA

D[C,a® +C,a® |=C,D[a"]+C,D[a®].

W3 nuueliHOCTH cienyer, u4to omepatop Dl[a] sBisercs B3aMMHO -0JHO3HAYHBIM
omepatopoM. ClleZI0BAaTENBHO, CYIIECTBYeT oOpaTHBI omepatop D '[a], KoTopslii cormacHo
TeopoeMe H3 (DYHKIIMOHAIBHOTO aHaju3a [3] SBIAETCS OrpaHWYEHHBIM OIEPaToOpPoOM, T.€.

OLICHKA

HD’l[oz]HI <D, ||05||I2 , D,>0 -nocrosaHas (23)

MIMEeT MeCTO JJIsl TF000ro BekTopa « € l,.
Takum oOpaszom, perieHue ypaBHeHus (22) onpeaensercs no popmyiie
a=D"'[H]=D"Th+Aq]

Orto pemenne mnoacTaBisas B (19) momyuyum pemieHUsT HMHTETpajJbHOIO ypaBHEHUS

®pearonasma nepsoro poaa (18) B Bume
ut)=a'(t)-a+p=a {t)D'[h+ £q]+ 3, (24)

rae f -Npou3BOJIbHAS MOCTOSHHAS.

Takum 00pa3zoM, yCTaHOJIEHO, YTO HMHTErpaibHOe ypaBHeHHe (18) mmeer OGecKOHEUHO
MHOTO pemeHnii Bupa (24), Cpeaum KOTOPHIX MOXET OBbITh HcKomoe ympasmenme U°(t) ,
MUHAMI3HpYIoIiee GyHkimonai (1).

Janee, n1s onpesenenus ynpapienns U°(t) paccMoTpuM GyHKIHOHAT
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Ju(t, )] = [u’(t, B)dt = [ (a"())D'[h+ q] + ﬂ)2 dt, (25)

Y rapaMeTp £ HaxOoJHUM KaK PEeIIeHUEe SKCTPEMAJIbHOM 3a1a4u BUIA

@(4)=J[u(t,f)] > min, BeR, (26)

[TockonbKy perraercs 3a1a4a Ha 0€3yCIOBHBIN SKCTPEMYM, TO IS PYHKLIUU

T

©(B)=[u(t, Ayt = [[a ())D*[h]+ B+ a’(®D[q)) | dt;

0

IMPpUMCHAA KJIaCCUYECKHUIM MCTOJ PCHICHHA, HAaXOAWUM CHadajla KPUTHYCCKYIO TOYKY U3
yCJioBUsA

T

®'(B)=2[[a"()D*[h]+ AL+a’()D*[q]) ](1+a"(t)D[q])dt =

0

_ Zj.a*(t)D‘l[h](1+ a*(t)D‘l[q])dt+2,B]'(1+ a'(t)D[q]) dt =0;

T.C. KpHTH‘ICCKOﬁ TOYKOH SIBIISICTCS

j a’(t)D*[h](1+a"(t)D "[q])dt
p===

T : @7)
j (1+a"(t)D'[q]) dt
0

[anee, n3 HepaBeHCTBA

T

"(B) = 2j[a*(t)D-1 [h]+ B@+a"®D*[q]) |(1+a"(t)D*[q])dt =

0

= 2](1+ a (t)D’l[q])zdt >0;

Crenyer, 4to 3HaueHne f3° ABIAAETCS TOYKOH MUHEMyMa GyHKIHH O ( p ),

TOT/a [UTs1 JTFOOOTO YIIPABICHUS] HMEET MECTO HEPaBEHCTBO
0
Ju(t, )< Ju(t, A
[pudem, paBeHCTO uMeeT MecTo mmmb npu S =" . Takum o06pa3soM, HCKOMOE
yrnpasnerne U°(t) Ha koTopom ¢yHKImoHan (1) NpUHEMaeT HAUMEHBIIEE BO3MOXKHOE

3HAYEHHE OpEAENsIeTcs Mo hopmyIie
uw’(t)=a"(t)D*[h]+ A A+a (t)D*[q]). (28)

Teneps mNpoBEpHM, 4YTO HalijieHHOE oONTUManbHoe ympaBieHme U°(t)  sBisercs
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aJIeMEHTOM TuikOepToBoro npoctpanctBa H(0,T) kBampaTuuyHO CyMMHUPYEMBIX (YHKIIHH, T.€.
SIBIISIETCS IOMYCTUMYM YIIPaBJICHUEM. JTO CIeIyeT U3 HEAaBEHCTBA

T T

H“O(t)HZH[o,T]: J(v®)dt=[(a"®D*[h]+ g @+a" ®D[q)) dt <

< 2@(\(61(0, D [h])\2 + 2% (1+ (a). D [q])\2 )jdt <

]
<2 j (||a(t)||f2 ,D? ||h|||22 +2,8% (1+ ||a(t)|||22 D? ||q||i ))dt <o,
0

O
o

KOTOPOE€ UMEET MECTO B CHITY CJIEAYIOIIUX COOTHOIICHUH:

3akiarouenue.

B 3axiroueHre OTMETHM, YTO TMOJYYEHHBIE PE3yJIbTaThl MOKET ObITh HCIIONb30BaHbI Ha
MPOU3BOJICTBE, 4 TAaKXKE IMPHU pPa3padOTKe HOBBIX METOJOB PEIICHUS 3a/Jad ONTHMAaJIbHOTO
VOpaBJICHUS CHUCTEMaMHU C paclpeeleHHbIMU Mapamerpamu. PaccmaTtpuBaemasi 3amava
ONTUMM3AINH SBIISETCS HE KOPPEKTHOM, YTO CIEAYEeT U3 CUCTEMBbl MHTEIPAIbHBIX YpaBHEHUM
O®pearonbma MEPBOro poja, MOITOMY MOJIYUYECHHBIE PE3yNbTaThl B YaCTHOCTU pa3pabOTaHHBIN
QITOPUTM IIOCTPOCHHUs PEUICHUS CHCTEMbl MHTETPAJIbHBIX ypaBHeHuN @Dpenronbma INEpBOro

poJa NpeACTaBIIIET NPAKTHYECKUN U TEOPETUYECKUI HHTEPEC.
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2PAHUYHO20 B030€licmBuUs. HeluHellHo 3asucum om @Qyukyuu ynpaenenus. Hcciedosanue nposedeHo HA OcHoge
0000WenHo20 peuenuss Kpaesol 3a0auu YHpaeisemozo npoyeccd. Ycmanoenen zpanuya u3mMeHeHusi 3HaYeHusl
napamempa UHMeSparbHO2O Onepamopa, npu KOMOpuIX cyujecmeyem 0600wenHoe peutenue. B 3adaue
onmumuzayuu mpeoyemcs MUHUMUSUPOBAMY KYCOYHO-TUHEUHbII DYHKYUOHAL U ThpeOyemcs Hatimu ynpaeieHue 8
3a8UCUMOCIU O COCMOAHUSA YNPABIAEMO20 Npoyeccd. YCmano8ieno, Ymo Haiudue uHmespaibHo2o Onepamopa 8
VPAGHEHUU CYUeCNBeHHO 6NUAEeM HA PAPEUWUMOCb 3A0aYU HeTUHEUHON ONMUMU3AYUY, 8 YACTHHOCIU, CUTLHO
VCIOdCHAEMCS cmpyKmypa ypasuenus muna beinmana. Paspaboman anzopumm nocmpoeHus CUHmMe3upyouezo
ONMUMATLHOZO YNPABIEHUSL.

Knrwouesvie cnosa: Kpaesas 3adaua, ob6obwennoe pewenue, @ynxkyuonan, cxema benimana-Ezoposa,

unmezpo-oughgpepenyuanvroe ypasnenue muna benimana, cunmes epaHuyHO20 YNpasieHusL.
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Annomayusn:  DpedzonomOyn  UHMESPANOLIK  ONEPAMOPYH — KaApMA2aw — Jcekede — MYVHOYLYY
uHmMe2panobik-oudpepenyuanrobix meHOemenep MeHeH MYHO300.126H JHCBLTYYIVK npoyeccmepuH
ONMUMATOAUIMBIPYYOQ  YeK apanbiK ONMUMAnOYy OAuwiKapyyHyH CUHmMe3 MACENeCUHUH yeuyumee 33 00ayuy
HCOHYHOO2Y Ccypoonop usundenzen. UYex apanvik maacup Gepyyuy GyukyuAcel Oawkapyy QYHKYUACHIHA
CanbIUmvIpManyy Cbi3blKmyy smec 60aecoH yuyp Kapaiean. M3unoee Oauikapuliyyuy RpOYecCcmuH YeK apanblik
MACENeCUHUH HCATNBUIAHSAH YEUUMUHUH He2UsuHOe XHCypey3yneon. HMHmeepanovik onepamopoyH napamempuHuH
0326pYy ueKk apacel awvikmanean. Onmumandauwmeipyy maceiecunoe meMOHKYAopdy madyy Manan KblibIHaAm:
0O6IYKUO-COI3BIKIYY  (DYHKYUOHANObL MUHUMALOAUWIMBIPYY JHCAHA OAUIKAPBLIYYYY NpOYecCmun abaibiHaH Ko3
Kapanovl mypoe 6awxapyyny mabyy. Tewoemeoecu unmezpandvix onepamopoyH 6ap 0601yuLy Cbi3bIKMYY 3Mec
ONMUMATOAUIMBIPYY MACENECUHUH YbleAPbLIbIUbIHA maacup 0Oep3dpu anvikmanean. XKexeue yuypoa Beniman
mubuHoe2u meyoeMeHun mys3yayuy aboan mamaanoanam. Cunme300006 OnmMumandyy 6aukapyyHy mypey3yyHyH
An2OPUMMU ULUMETUN YbIKKAH.

Ypyummyy co3zoop: uex apanvix macene, dxcarnviianzan wewum, @ynxkyuonan, Beniman-Eeoposdyn cxemacul,

Bennman mubunoeau unmezpanovik-ougpepenyuaniovik menoeme, 4ek apaivlk OAUKAPYYHYH CUHME3U.

SYNTHESIS OF THE OPTIMAL BOUNDARY CONTROL IN
MINIMIZING THE PIECEWISE -LINEAR FUNCTIONAL

Kerimbekov Akylbek, Dr., profeccor,
akl7@rambler.ru

Kyrgyz Russian Slavic University,

Bishkek, Kyrgyzstan

Mombekova Gulnaz Berenovna, Senior Lecturer,
gmombekova78@mail.ru

Osh State University,

Osh, Kyrgyzstan

Abstract:: In the paper solvability of the optimal boundary control synthesis problem was investigated in the
optimization of thermal processes described by partial integro-differential equations with Fredholm integral
operator when the boundary influence function nonlinearly depends on control function. The research was carried
out on basis of generalized solution of the boundary value problem for controlled process. Boundary is established
of change in parameter values of the integral operator, in which generalized solution exists. In the optimization
problem, it is required to minimize the piecewise -linear functional and to find control depended on state of the

91


mailto:gmombekova78@mail.ru
mailto:akl7@rambler.ru
mailto:gmombekova78@mail.ru

controlled process. It has been established that the presence of integral operator in the equation significantly affects
the solvability of the nonlinear optimization problem, in particular, complicated the structure of the Bellman-type
equation. An algorithm has been developed for constructing a synthesizing optimal control.

Keywords: Boundary value problem, generalized solution, functional, Bellman-Egorov scheme, Bellman-type

integro-differential equation, boundary control synthesis.

Beeoenue

Pemienne 3amaum cuHTE3a M MPOBOAMTH HAYUYHBIE HCCIIEIOBAHHUS B 3TOM HaIpPaBJICHUHU
CTaj0 BO3MOXXHBIM TMocie mosiiaeHuss padbotrel A. W. Eropoma[l]. IlosBumuck HeOosbImoe
KOJIMYECTBO pabOT TMOCBALICHHBIX HCCIENOBAaHUSAM 3a7ady CHHTE3a TMpU ONTUMHU3ALUU
KOJeOaTeIbHBIX W TEIUIOBBIX  IPOIIECCOB, OINKMCHIBAEMBIX YPABHCHHSIMH B  YaCTHBIX
MpPOU3BOJAHBIX. B 1MaHHOW cTaThe HCCIEIOBAaHBI BOIMPOCHI PA3PEIIMMOCTH 3a/ladyd CHHTE3a
ONTUMAJIBFHOTO TPAaHUYHOTO YIIPABJICHUS NPHU ONTHMHU3AIMU TEIUIOBBIX MPOIIECCOB B clyyae,
KOrJla TIpOIleCC OMMCHIBACTCS HMHTErpo-AudQepeHnanbHpIM  ypaBHEHUEM U (QyHKIUSA
IPaHUYHOTO WCTOYHHWKA HEJIWHECWHA OTHOCHTEIbHO (YHKIMU ymopaBieHus. Pa3paboran
AITOPUTM MOCTPOCHUSI CHHTE3UPYIOIIETO ONTUMAIBHOTO YIIPaBICHUS.

Ilocmanoeka 3a0auu cunmesa.

PaCCMOTpI/IM 3alavy MUHHUMHU3allun (1)YHKI_II/IOH8.J18.

Ju®]=

O ey —
O ey

T

[V (t, %) - £(t, )] dxdt + A [u(®)]dt, >0 1)
0

Ha MHO>KECTBE 000OIIIEHHBIX PEIICHUN KpaeBoOM 3a/1auun

]
v, :VXX+yIK(t,r)V(t,x)dr, 0<x<10<t<T
0

V(0,x)=¢(x), 0<x<1 2
V. (t,0) = f[t,u(t)], V,(t,1)=0,0<t<T

rac

g(t,X) < H(Q)’Q ~ (Oll)X(OYT)’ l//(X) < Hl(o’l)’ - 3aIaHHBIC (I) KIIUHU, ABJIIAONINUCCA
f[t,u)] e HO,T),K(t,r)e H(D),D=(0,T)x(O0,T) YHIHH, -

3JIEMEHTaMH COOTBETCTBYIOLIMX THJIBOEPTOBBIX IPOCTPAHCTB KBAJPATUYHO CYMMHUPYEMBIX
bynxmit H, u(t)]e H(0,T)- dyakuus ynpasnenus, npudeM QyHKIHS TPAHUYHOTO HUCTOUYHHKA
f[t,u(t)] ynoBieTBOpSIIOT YCIOBHIO MOHOTOHHOCTH TO ()YHKIMOHAIBHOH mepeMeHHO# U(t),
T.C.

f[t,u(t)]=0,vte(0,T) (3)

B 3amaue cumTe3a TpebyeTcs HaliTH mckomoe ympasienus U°(t) B 3aBHCHMOCTH OT
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cocTosiHUs ynpaBisiemoro mporecca V (t,X), B Buae pyHkuuu (mim QyHKIIMOHATIA)
u’(t) = olt,V (t, x)] (4)
[Toy 0000IIEHHBIM peleHueM KpaeBoit 3anaun (2) monumaercs pynkus V (t,X) € H(Q),
nMeromas 06o6mennyo npoussoanyo V, (t,X) € H(Q) u ynoierBopsitomas HHTEIpaIbHOMY
TOXKIECTBY

(V(t, x)(t, x));2 dx = tJ%j‘[v (t, X)D, (t, X) =V, (t, X)D, (¢, x) [dxdt +
t 0 (5)

+tjj(7j Kt 7)V(z, X)erCD(t, x)dxdt _Tq)(t’ 0) f[t, u(t)]dt

1
t 0 4

O e

npu mooeix te[t,t,] u ma moboit pynxmmun D(t,x) € H,(Q), a Takke HavampbHOMY

YCIIOBHIO B C1a0OM CMBICIIE, T.C.

lim ][V (€. ) - @), (x)dx =0 Vd,(x) € H(0.1). ©)

t—0

O0600611eHHOe perieHrne KpaeBoil 3a1auu (2) crpouM B Buje psaga Oypoe
) 1
V(t,x) = DV, (02,00, V(1) = [V (t.x)z,(x)dx, )
n=0 0

rc a Zn (X) ABJIACTCA pCHICHUCM KpaeBoﬁ 3aJa4u BUIa

2" (X)+A’z.(x), 2, (0)=0,z, (1) =0 (8)
U UMECT BU/T
=" ©
Z (X)=
" J2c0sAx,n#1,2,3,... A4, =nx

Kosdpdummenter dypoe Vv, (t) ompenensiercs Kak penieHHs HHTETPAIBHOTO ypaBHEHUS

O®penaronpma 2-poja BUaa

Vo () = 7] K, (t,8)V, (s)ds +a, (t) (10)

rIie sapo

K. (t,s)= je-ﬁf“-ﬂK(r, s)dz, (11)

a ¢cBOOOIHBII YJIeH
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t
a(t)=e ™ - | eIz (0)f (r,u(z))dr (12)
0
CornacHo [4] ko duruenTsr Dypbe onpeaessroTces Mo GopMmynam
T
V(0 =7[R,(t.5,7)a,(s)ds +a, (1) (13)
0

TAC pC30JIbBCHTA

R(ts.7) = 77K, (t,5),

i=1

HHTETPUPOBAHHELIC gApa
t
Koia(t:5) = [ K, (67K, (7,5)dn, K, (t,5) =K, (t,5)
0

ABJIAKOTCA NU3BCCTHBIMUA q)YHKHI/IHMI/I.

Jloka3aHsl CeIyIOIINe OICHKU

i-1 71
K, @ 9) SMIKZ(LS)dr, n=012,..
0

(222)
]. K?(r,s)dr

R.(t,s,p) <
| | ,/Z/If —|y/|«/KOT

_ KO
(V27 VKT ) (Vo2 —IrVReT )

Ha OCHOBE KOTOPBIX YCTaHOBJIEHO, 4yTo psia Heiimana (14) cxomguTcst K HempepbIBHOM

0T
”Kz(f,s)drds
00

:
[Ro(ts.)ds <
0

(GYHKIIMY NIPU BBITTOJIHEHUHN YCIOBHS

KoT .
222 <L [|7| < \/ﬁ >°°] (14)
n 0

Hanee mokazano, uro ¢yukmus V(t,X), ompenensemas mo dopmyne (7), sBasercs

7]

KBaJpaTHYHO cymMMupyemoi ¢pyuknueit, T.e. V (t,X) € H(Q).
Pazpewtumocms 3a0auu cunmesa
PazpemuMocTh 3agauM CUHTE3a HCCIEAyeM corjacHo cxeme bemnmana-Eroposa.

Oyuknuonan bennmana onpenensem mo Gopmyie
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T T1 2
S[tV (¢, x)] = min B[ P*[z,u(z)ld7 + [ [[V (7, x) - &(t, X)] dxdt (15)
;JSErPgT t 00
BBIBO,I[ YPaBHCHUS THIIA bemnmana. HeHOCpeHCTBeHHHM BBIYUCJICHUEM IIOJTYYUM
uHTErpo-auddepeHraIb-Hoe ypaBHeHHe Tuna bemMana cienyromero Buaa
CASILV(tX)]
ot

T

1 (16)
= TEIFO {ﬂ|u(t)| —m(t,0) f[t,u(t)] +j[—mx(t, XV, (t, X) +(}/J. K(t,7)V(r, X)dz’]m(t, x)]dx}

0

rae M(t,X) -rpaguent pynkuumonana S[t,V (t,X)].
DT0 ypaBHEHHE CIICAYET pacCMaTPpUBaTh BMECTE C YCIOBHS

2

S,V (t, X)] = j.[V(t,x)—f(t,x)] dx, (17)

O ey —|

KOTOPOE TOJIY4SHO COTJIACHO ompeieeHuio Gynkunonana bemmana mo popmyie (15).
3anaua (16)-(17) massiBaercs 3amaucii Kommu-bemimana. Ona pemaercst B aBa 3tana. Ha
HepBOM JTane pemaeM 3aaady Min. [Tockoibky MHOKECTBO JOMYCTHMBIX 3HAYCHUH OTKPBITOC

MHOKECTBO, TO 33/1a4d MUHUMH3AIUH (YHKIIUH
11, u) = Blue)| = m(2,0) Tt u(®)]

perraeTcs KJIaCCHYECKUMHU METOJIOM. Y CJIOBHE ONTHMAIbHOCTH TEPBOTO MOPSIKA MOJYyIHM B
BHJIE PABEHCTBA
I1,(-,u) = Psignu(t) —m(z,0) f [t,u(z)] =0, (18)
a yCJIOBHE BTOPOTO MOPsAKA MOAYYnM B BUje Au(hepeHIInaibHOr0 HEpaBEHCTBA
11, (u) =—m(t,0) £, [t,u(r)] > 0,

Kotopoe B cuny (18) MokHO mepernucarh B BUJE
1, (u) = B, (6 u@) (£, ¢,u(2)), signu(r)>0. (19)

Jannas 3amaua umeet crnenuduaeckue 0CoOOEHHOCTH.

B o6mactu u(t) >0 ycnosue (18) nmpumer Bu

L-—m(t,0)f,[tu(t)]=0 (20)
a ycnoBus (19) 3ameHsieTcsi HepaBEeHCTBOM
B, Lu®)(f, (@, u(t))u >0. (21)

B obmactu u(t) <0 ycnosue (18) npuHUMaeT ClieAyIOIINN BU
L+m(t,0)f,[tu()]=0 (22)
95



a ycnoBus (19) 3ameHsieTcsi HepaBEeHCTBOM

B, (tu®)( fu‘l(t,u(t))u <0. (23)
Hanee B 3amade (20)-(21) B cuny (21) cymectByer oaHo3HayHass GyHkius @(-) Takas,
4TO
u°(t) = ¢,[t, m(t, 0), A1. (24)
[TockosbKy

m(t,0) = gradS[t,V (t, x)]
TO 10 opmyiie (24) OCYIISCTBIIACTCS CHHTE3 IPAaHUYHOTO yrpaBiieHus U(t).
AHajlorn4HBIM  00pa30M yCTaHaBiMBaeTcsi, 4ro B obOmactu U(t)<0 cuHTe3

T'PaHUYHOTI'O YIIPABJICHUA OCYHICCTBIIACTCS 11O (bOpMy.]'Ie

u’(t) = ¢_[t,m(t,0), 5] (25)

rae @ [t] -omHo3HAYHAas M3BeCTHAS (PYHKIIHSA.
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OB O/IHOM 3AJTAYE INPECJIEJJOBAHUSI
NTUO®PEPEHIIUAJIBHO-PASHOCTHBIX YPABHEHUM
HEWUTPAJIBHOI'O TUIIA

Mamaoanues Hymanoicon A., 0. ¢p.-m. H., npogheccop
e-mail: m_numana59@mail.ru

bexnuszos Acan Ecbocunosuu, npenooasamerns
e-mail: bekniyazov.asan@mail.ru
Hayuonanvnoui Ynusepcumem Yzoexucmana umenu Mup3zo Ynyebexa

Tawkenm, Y36exucman

Annomayus. B nacmoswel pabome 0CHO8HOe HUMAHUE YOCISLEMCS UCCLe008AHUIO 3A0a4U NPECIed08aHUs.
ONUCLIBAEMOL  CUCIEMOU  JUHEUHBIX OUP@EPEHYUATbHO-PASHOCTIHBIX  YPAGHEHUL HEUMPAIbHO20 MUna npu
UHMESPANbHLIX OSPAHUYEHUsX Ha ynpasienus uepoxos. Ilpu uccaredosanuu 2motl 3a0a4u NOAYYEHO HOBOE
docmamoyroe yciosue Oisl 3a8epuleHUs Uspuvl 3a onpedesieHHoe KoHeyHoe pems. Hacmosuyas paboma npumvikaem
k nyoauxayusm [1]- [3].

Knwouesvie cnosa: upgepenyuanvuas uepa, uepa npeciedosanus, UHMeSPAIbHOE O2PAHUYEHUE,
paspewarowasi  QYHKYUs, KOHOIUKMHO-YIPAGIAEMbI NPOYEcc, MHO203HAYHOE Omobpadicenue, ynpaeielue,

npeciedosamenn, yoe2aouull.

IToctanoBKa 3ajgayvmu. A. I[I/IHaMI/IKa KOH(I)JII/IKTHO'YHpaBJISICMOFO nponoecca B

KOHEYHOMEPHOM  €BKJIMOBOM MPOCTPAHCTBE R"  ONUCHIBAETCS CUCTEMOW  JIMHEMHBIX
Qg depeHIMaIbHO — pa3HOCTHBIX YPAaBHEHMH HEHTpaJbHOTO THUIA, COJAEprKallell HEM3BECTHYIO

(YHKIUIO U €€ IPOM3BOIHBIE B PA3INYHBIE MOMEHTHI BPEMEHU
2(t)=3 Az(t—h)+> Bz(t—h)-Cu(t)+ Dv(t), t>0, 1)
i=1 i=0
TIe Z(t) eR", n>1 A (i =12,.., m), B (i =0,12,..., m)— MOCTOSIHHBIE ~ KBaJpaTHBIC

MaTpPHUIIBI TOPSAKA (nxn), (nxn); C,D— mocTosHHBIE MAaTpPHUIBI MOPSAKA (nx p) u
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(n X q) , coorBeTcTBeHHO; 0=h, <h <...<h — nelicTBuTEenbHBIE YKCNA; U— YNPaBIAIOMIUIA

mapaMeTp IpeciefoBaHWs, V— ympaBmiommii napamerp yOeramms. Omm  U(t), v(t)

BBIOHMPAIOTCS B KJIACCe M3MEPHUMBIX BEKTOPHBIX (DYHKIMH YAOB-JETBOPSIOLUIUX HHTErPaIbHBIM

OrpaHU4YCHUAM

+00

[lu(t)f de<p?, T|v(t)|2 dt < o2, @)

0

rne O U O - HEOTPULATEIbHBIE KOHCTAHTHI.
W3mepumebie Gpynkmuu U =U (t), V= V(t), 0 <t <+o0, yIOBICTBOPSIOIINE OIPAHUICHUSIM

(2), HazoBeM OonycmuMbviMu YNpagieHusMu TPECISAYIOUIEro H yOeraromero HrpokoB,

COOTBCTCTBCHHO.

n
KpOMe TOro, B MpoOCTpPpaHCTBE R BBIJICJICHO HCITYCTOC HNUIUMHAPHUYCCKOC TCPMHUHAIIBHOC

mHOxectBO M =M, +M,, rne M, — nuMHEHHOE NOANPOCTPAHCTBO MPOCTPAHCTBA R", M, -
KOMIIAKTHOE IOJMHOXKECTBO HoanpoctpancTBa L, rme L — oproroHambHOE HOMONHEHHE K
noanpocrpadctey M, B R" (1.e. M;@®L=R").

HavaneHubiM monoxenueM Juist mpecienoBaHust (1) siBisercs N— MepHas abCONIOTHO
HenpepbiBHas Qynkumst ¢(t), onpenenennas na orpeske [—h,,0]. Orpesox —h <t<0, na

KOTOPOM 3alaHO HAYaJIbHOC II0JIOKCHHC (q)YHKI_II/IH), Ha30BCM HaA4YaJbHBIM MHOXCCTBOM H

o06o3HauuMm yepe3 X, T.e.

X = {(p() : (1) —abcomnroTHO HenpepbIBHast yHKLWS,
OIpe/iesIeHHast Ha OTpe3Ke [—h,O], 2(0)=p(0)eR"\M } 3)
Onpenenenne 1. Ilycms K (t), O0<t<7,— eouncmeennas mampuunas @ynkyus,
obnadarowas credyrowumu ceoticmeamu [3]: a) K (t) =0, t<0, 0— wyresas mampuya

nopsoka N ; D) K(O)zEn, rne E,— edunuunas mampuya nopsoxa 0N, C) yukyus

m

ZCiK(t—hi) nenpepvisna na [0,+0); ) mampuunas @ynxyus K(t) yoosemeopsiem

i=0
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mampuyHomy ougppepenyuanrbHomy ypasHeHuo

K(1)=2 AR (t-h)+ 2 BK (1-h,). @

i=0

npu t>—h, tgS°= SU(—h,+oo), e S ={t 't =Z jihy, J; —uenbie qncna}.

i=0

CymectBoBaHue u €IMHCTBEHHOCTD MaTpUYHOU byHKIUN K (t) ,—oo<t<T,

VIOBJICTBOPSIONICH yCIOBHSIM a) - b), MOTyT OBITh JOKa3aHbl OOBIYHOM METOIOM

[I0CJIEZI0BATEILHOIO HHTETPUPOBAaHUS ypaBHEHUs (4).

Marpuunasi GyHKIUS K(t)HpI/IHaIlJIe)KI/IT knaccy C, mpu t>0, teS° Ho B oGmem

0
CJIydac UMECT pa3pbIBbI IIEPBOI'0 poaa B TOUKAX MHOXKECTBA S”.

[Tycts pomycTumbie yrnparieHus U :u(s), V:V(S) BBIOpaHBI Ha OTpE3Ke [O,t], t>0.
Torma mua  peueHus Z(t) ypaBHeHuss (1) npu HayaabHOM  YCJIOBHH (0() e X,

(Z (S) = (p(S), —h<s< O), B crity (hopmyasl Komm mmeeT MecTo cieyroliee peacTaBieHue

z(t):—ZK(t—hi)A(p(o)+_

m m
i=0 i=0

j:; K(t—s—h)[ Ag(s)+Bg(s)]ds—

t

—jK(t—s)[Cu(s)—Dv(s)]ds, (5)

0

rne Aj=-E,, E,— enunnunas marpuua nopsaka N.

Omnpenenenue 2. bydem cosopums, umo 6 uzpe (1),(2) mooicno 3aeepuums npeciedosanus

us nauansnozo nonodcenus @(-)€X sa epems T((p(-))>0, ecnu cywecmeyem Qynkyus
u=u(t), 0<t<oo, veR?, u(t,v)eRP’, umo ors npoussonshoil cymmupyemoli ¢ Keadpamom
dymryuu (), 0<t<oo, V(t)eR?, yoosremsopsioweii nepasencmey |V(-)|<o. yuryus
u(t)=u(tv(t)), 0<t<oo,  semtemca  Qyuxyueii  cymmupyemvin ¢ Keadpamom,
yoosremsopsiem nepasencmey |u(-)|<p. u pewenue z(t), 0<t<oo, ypasuenus (1) c

VUemoM HaAUaIbHO20 YCcaosus (3) 00 momenma epemenu | (qo()) nonadaem Ha MepMUHAIbHOE
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mHoocecmeo M > m.e. Z(t) € M npu nexomopom t=t*e [O,T ((p())]
Yucoo T ((p()) >0, Ha3BIBACTCS 2APAHMUPOBAHHBIM BPEMEHeM NPecied08aHUs. U3 TOUKU

(0() e X, a QyHkums u(t,v), 0<t<oo, veRY, u(t,v) eRP, - ¢dyskumeidn mnpecnemoBaHmus,
TaKKM€ HA3bIBAETCS CTPOOOCKONUYECKOM CTpaTeruei.

n
O6o03HauNM yepe3 77 — MaTPHILy ONepaTropa OPTOrOHAIBLHOIO IPOEKTHpOBaHUS M3 R

Ha L, uepes *— 0603HaUMM reoMeTpPUUYECKYIO pa3HOCTb [1].

Ilycte 7 — DPOU3BOJIBHOE YHUCIIO.
Tenepp chopmynmupyeM [OCTaTOYHOE YCIOBHE JUII BO3MOMKHOCTH  3aBEpIICHHS

npecnenoBanus B urpe (1). 3aBepiueHue npecie1oBaHus TOHUMAETCS B CMBICTIE OIpeieieHue 2.

Ipeanono:xenue 1. 1) s 6cex te [0, z'] UMeem Mecmo GKAI0YEHUE
7K (t)CRp > zK (t) DRY.

2) Cywecmesyiom uucio T >0 u mampuunas @ynxyus F(t): RY ->RP, 0<t<r, ¢
CYMMUPYEMBIMU C K8AOPAMOM dJleMeHMamu maxue, 4mo.

a) npu kaxcoom te [O, T] u WeR"Y umeem mecmo pasencmeo

7K (t)Dw=7zK (t)CF (t)w; (6)

b) cnpaseonuso nepasencmeo p >y 20e

- lEO RO [l bz @
0
HYCTB H2) IMPECATIOJIOKCHUA 1 BBITIOJIHCHO. BBC,I[CM B PaCCMOTPCHUC MHOXKCECTBO G(T)

cocTosliee M3 BEKTOPOB BHIA j 7K (t)Cw(t)dt, rme w(t), O0<t<r7,— npoussonbHas
0

CYMMHPYEMBIMU C KBaJAPaTOM (PYHKIIMSI, YIOBIETBOPSIOIIEE YCIOBUIO

O =l at< (o 27" ®
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npu Bcex te [O,T].
Janee, BBeIeM CIIEIYIOIIEE MHOKECTBO
W, (7) =M, +G(7). 9)

CornacHo nepomy npsimomy metoay JI.C.IloHTpsiruaa 1715 KOHMIUKTHO — YIPABISIEMOTO
npouecca (1), BBegeM rapaHTUPOBaHHBI MOMEHT BpPEMEHHM TMOMMKH IpecieaoBaTelieM

yberaromiero urpoka [3]:
T(p(-))=inf{t=0:Q(t)p(-) eW,(z)}, (10)

m

rae Q(t)e(-)= —Zﬂ'K (t—h)Ap(0)+

m
i=0 i—0

fhﬁK(t—s—hi)[A(p(sﬁBigo(s)]ds.

Ipennosoxkenne 2. Cywecmeyem uucno cywecmeyiom uucio t, €(0,T], umo onsa

HA4YAjJlbHO2CO NOJIOJHCEHUA (D() e M umeem mecmo exnrouenue

Q(z,) () eW, (). (11)

Teopema. Ecnu BbInonHEHb! cOPMYITUPOBAHHBIE BHIIIE MPEANONIOKEeHUs 1, 2, TO B UTpe

(1) mpu orpanmyeHusix (2) MOXHO 3aBEpIIUTh MpPECIEAOBAHUS U3 HayalbHOW IOJIOKEHUU

(P() e X 3a HEKOTOpOE KOHEYHOe BpeMs T ((p()) =1,

Joka3aTeabcTBO. A. B COOTBETCTBUU C OmpeeneHrueM onepanuu “+” u ¢popmynou (9),

(11), cymectBytor m eM, u g€ G(Z’l) TaKue, 4To

Q(7,)e()=m +g. (12)

B cooTtBercTBUU € (8) cyliecTByeT cymMupyemas ¢ KBapaToM (PpyHKIIH w(r), 0<r<g,

JUIsL KOTOpOH
[z ()ew(t)dt=g, |w()|<p-2 (13)
0

Beenem B paccmoTpenne QyHKITHIO

F(r,—t)v+w(r,—t), 0<t<t,

14
0, 7, <t<omo, (14)

u(t,v):{

0<t<ow, veR".
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Teneps nokaxkem, uto ecan V(t), 0<t<co— nponssonbHas cyMMHpyeMasi C KBaPaToM
bymxuns,  V(t)eRY  wu  ynoenetsopser mepasemctsy  |V(-)|<o, 1o dymxums
u(t)=u(t,v(t)), 0<t<oo, ((11), cm. (14)), cymmmpyema c xsagparom, U(t)eRP®, Ju()|<p
n pemenne Z(t),0<t<oo, ypapenus (1) ¢ ydeToM Hauanb-HOro yciuoBun (3), B MOMEHT
BpeMeHH T((o(-)):z'l nomnazieT Ha TepMUHAIbLHOE MHOkecTBO M.

JleiictButenbHo, To, uro ¢yskums U(t), 0<t<oo, cymmmpyema ¢ KBampatoM u
u(t)eR®, crenyer us ee sroro Buxa (14). anee, Tax Kak

[FerwlOI (PO + WO < 2+ o= 2= p,

TO Hu ()H < p. Hakownel, umeeT MecTo cBoicTBO (cM.(6),(12)-(14))

EZ(T1)=—§;72'K(71—hi)A(p(O)+

mo T 7K (1'1 —t—h, )[Aq)(t)Jr Bi¢(t)] dt —

_IEK(Tl—t)[Cu (t)-Dv(t)]dt =

5]

=Q(Z’l)(0(~)—.|.{7[K (Tl—t)C[F (7, —t)V(t)+W(rl—t)]—7zK (7,—t) Dv(t)} dt=

0

:Q(Tl)(p(.)_];;m(Tl_t)c[F(Tl_t)v(t)w(fl_t)]du;f;zK(Tl_t)ov(t)dt _
= Q(Tl)(p(-)—:fﬁK (z,—t)CF (z,—t)v(t)dt —IEK (,—t)Cw(z, —t)+

+]l7zK (Z’l —t) DV(t)dt = Q(z’l)(o(.)—]lﬁK (2’1 —t)CW(Tl —t)dt =m =m,.

CnenoBatensHo, B cmiy (15), 3To o03Hadaer, dYTO Z(rl)eM. Teopema nokazaHa

IIOJIHOCTBIO.
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Aunomauus: B Oaunoii cmamwve uccredosama obpammuas 3a0aua 01 00HO20 KIACCA
nCcesOONapaboOnUecKux YpagHeHUuti mpemve20 NopsioKa ¢ NePeMEeHHbIMU Kodpduyuenmamu ¢
Heu38ecmHou npaeoi uacmolio, npedcmasgnouen cobou cymMmy HECKONIbKUX
NPOCMPAHCMBEEHHO-TIOKANUZ0BAHNHBIX UCMOYHUKOS, UHIMEHCUBHOCTNU KOMOPBIX MEHAIOMCS CO BpEeMEHeM U
HeusgecmHuvl. B kauecmee oOononrnumenvnou ungopmayuu 3a0aiomcs 3HAYEHUs. MeMnepamypuvl 6
HeKomopuIx moukax, kax ¢ynkyuu gpemenu. C nomowwio pyuxyuu I puna cmewannoi Kpaesou 3adaiu
07151 OOBbIKHOBEHHbIX — OUPDOEPEHYUATLHBIX — YPABHEHUNl  8MOpo20  NOPAOKA C  NepeMeHHbIMU
KO3 puyuenmamu, a makdice mMemooom pe3onveenm u memooom Qyukyuu I puna HalideHvl ycio6us
Cywecmeosanus U eOUHCMEEHHOCMU peuieHsl 00pamHo 3a0a4u.

Knroueswvle crosa: obpamuas 3adaua, nces0onapaboiuieckoe ypasHeHue mpemve2o nopsiokd,

pesonveenma, unmezpanvHoe ypasuernue Borvmeppa 6mopozo pooa, pyuxyus I puna.
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Annomauyus:. byn Mmaxkanrada  yuyHuy —mapmunmezu  0320pMONYY  KOIDpuyuenmmyy
ncegoonapabonanvik meHoemenepour oup Kidccol YuyH OyiakmapObl aHLIKMOO MecKepu maceiecu
usundenzer. Oy dncazvl YOAKbIMMbIH OMYULY MEHEH 6326pYN MYpP2aH dHcana benzucus 00120H bup Heue
MEUKUHOUK-TIOKANOAUKAH OYIAKMAapOblH CyMMAcsl MypyHOe bepuneeH. Kowiymua maansimam xamapol
K99 Oup uexummepoezu YOAKbIMMbIH QYHKYUACHL OON2OH MeMNepamypansbiy Maanuiepu Oepuiemn.
IKunuu mapmunmezu 0320pMOAYY Kodpduyuenmmyy Kaoumxu ouppepenyuanovix mendemenep yuyH
apanaws wekmux maceienun I pun QOyHKYusColHbIH HcapOamvl MeHeH,  OUWOHOOU e Pe30IbEeHma JHCaAHA
Tpun @ynryusicol bIKMAIAPvIH KOLOOHYN, MeCKePU MACENCHUH YbleaPbLILIUBIHbIN JICAULAUUBIHBIH JICAHA
HCANI2HIZOBICLIHBIH JHCEMUUWMYY WAPMMAapbl MAObLIObL.

Aukbly ce300p: meckepu Macene, YUYHUY mMapmunmezu Nces0onapadonaivik menoeme,

pesonveenma, Bonemeppanwin 2-mypoezy unmezpanovik meyoemecu, I pun hynkyuscol.

DETERMINING SOURCES PROBLEM IN A PSEUDOPARABOLIC
EQUATION OF THE THIRD ORDER

Matanova Kalyskan Bazarbaevna, Cand.Sc., Associate Professor,

kalys.matanova@manas.edu.kq.

Kyrgyz-Turkish Manas University,
Bishkek, Kyrgyzstan

Abstract: In this paper, the inverse source problem for a class of third-order pseudo-parabolic
equations with variable coefficients is investigated. The right part is the sum of several spatially
localized sources whose intensities change over time and are unknown. As additional information, the
temperature values at some points are set as a function of time. Using the Green function of a mixed
boundary value problem for second-order ordinary differential equations with variable coefficients, as
well as the resolvent method and the Green function method, the conditions for the existence and
uniqueness of the solution of the inverse problem are found.

Keywords: inverse problem, pseudoparabolic equation of the third order, resolvent, Volterra
integral equation of the second kind, Green's function.

B Teopum ypaBHEHMI € YAaCTHBIMM MPOW3BOJHBIMH BaXXHOE MECTO 3aHUMAIOT
WCCJICIOBAHMS, TIOCBSIICHHBIE OOpaTHBIM 3ajadaM. OOpaTHbIE 3a7addl  BO3HUKAIOT B
CUTYallUsIX, KOI/la CTPYKTypa MaTeMaTU4eCKOM MOJEIM HCCIEIyEMOro Ipolecca U3BECTHA,
HY’KHO CTaBUTb 33Jja4M OIPEIEICHHs TapaMeTpOB caMOil MaTeMaTHuecKoi Mozaenu. K takum
3aJjayaM OTHOCSTCS 3aJaud ONpPENENICHUs Pa3IUYHbIX KO3(PPUIIMEHTOB YypaBHEHUH, JTHOO

BHEIITHETO BO3JCHCTBHSL, JINOO TPaHMYHBIX MM HAYaJIbHBIX YCIOBHI U mp. [1].
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Oco0bIi, JOCTaTOYHO MIMPOKUHN KJIACC MPEACTABISAIOT OOpAaTHBIC 33/1a4M JJI YPaBHEHUN
B YaCTHBIX  IPOU3BOJHBIX, TIOCKOJIbKY  TakMMH  YpPaBHEHHUSIMH  OIUCHIBAIOTCA
MaTeMaTHYECKUE MOJICJIM CAMBIX Pa3HOOOPa3HBIX MPOLECCOB BO MHOTUX 001acTAX (GU3UKH H
TexHUKU. Hanpumep, npu U3ydeHUH ABHXKEHUS AUCIIEPCUOHHON BOJHBI, IJIA3MEHHOM BOJIHBI,
BOJIH B YIIPYTO# cpeje [2], IMIyI5CUBHOTO JIBH)KEHHS TUIOCKOW IIJIACTUHBI [ 3], MpU M3y4eHUHN
3aJa4  MOJCNUPOBaHMS (UIBTpAMKM SKUIKOCTH B TOPUCTBIX CpeJax M Ipolecca
BJaronepeHoca B 1ouyBe [4] BO3HHMKAIOT YpaBHEHHS B YAaCTHBIX INPOM3BOAHBIX TPETHErO
nopsaka. Bompockl pazpemmMocTi oOpaTHbIX 3a1a4 A quddepeHInaabHbIX YpaBHEHUHN ¢

YaCTHBIMU TIPOU3BOIHBIMHU U3y4EHBI MHOTMMH aBTopamu [5-8].

Kak I[MpaBuJjIO, B 3aJa4ax IO ONPCACIICHUIO HCU3BECTHOI'O MCTOYHHKA MMPEAIIOIaracTcs,
YTO OH OIpeACIACTCA MPOU3BCACHUCM JIBYX (1)yHKIII/II\/JI, OoAHa M3 KOTOPbBIX HCHU3BCCTHA, a
Apyras 3adaHa. Bmecte ¢ TEM, BO3MOXHBI ClIydau, KOrJa HCTOYHUK OHNPCACIACTCIA

HECKOJIBKMMH HCU3BCCTHBIMHU q)YHKI_II/IHMI/I.

B nanHoil paGote uccnenyercst oOpaTHas 3ajada JUlsl ypaBHEHUS TPETHETO MOpsAKa C
YaCTHBIMU TPOW3BOJAHBIMH U TEPEMEHHBIMH KOX(PQPHUIMEHTAMH C HEU3BECTHOH MpaBoOit
YacThlO, MPEJICTaBIAOLIEH COOOH CyMMY HECKOJBKHX IPOCTPAaHCTBEHHO-JIOKAIM30BaHHBIX
HUCTOYHUKOB, NHTEHCUBHOCTH KOTOPBIX MEHSIOTCS CO BPEMEHEM M HEU3BECTHBL. B KauecTBe
JOTIOJIHUTEBbHOW ~ MHpOpMAIMM  HEOOXOTUMOM  AJii  OMNpeAeNieHUs  HEU3BECTHBIX
MHTCHCUBHOCTEN 3a/aloTcsd 3HAYEHMsI TeMIepaTypbl B HEKOTOPBIX TOYKaX Kak (YyHKIUU

Bpemenn [9].

IMocranoBka 3amaum. TpeOyercs Haiith ¢yHkoum U (X,t) u Q@ (t) (i=Ln) B
obmactu G={(x,t): asx<b, 0<t<T}, yIOBICTBOPSIOIINE YPABHECHHIO

U (x,t) =a (Au(x.t)) +B(Au(x.t))+b (xt) azlgs:,t) e 8ué>;,t) .

" @
+b2(x,t)u(x,t)+iz_l:goi (OF (x,t)+F(xt),

Ha4YaJIbHOMY YCJIOBHIO

u(x09=u( k. « 4. @
W I'paHUYHBIM YCJIOBUAM
u,(at)=0 u(bt)=0 te[0,T] 3)

10 U3BECTHBIM CJIe/IaM pelIeHus uckoMoit ¢pyHkmmu U(X, t) B Toukax Xi, 1=1, 2,... n,
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u()(i t F o} t(, O<x1<xe<...<xn<l, te]0,T], (4)

M0 Kt (o))

a, f - 3a/laHHbIE quca, a#0 : bO(X,t), bl(X,t), bz(X,t),
fi(X,t), gi(t)(i :ﬁ), F(X,t), U, (X), p(X), q(x) - 3a/laHHBIC HENPEPBIBHBIC (DYHKIIHH,

KO3 PHUITUEHTHI p(X) u q(x) npeacTaBuMBI B cieayromiem Bujae [10]:

(0= K (047 )+ K (0 -Z08K ().

(o)1 20|

371€Ch K'(X), ,B'(X) - NIpou3BOAHBIE (YHKIMIA K(X) u ,B(X), ,B(X);éO ans  Bcex

X €[a,b]. IMycTs Takxke BBHIMOMHAIOTCS YCIOBHS COTNIACOBAHUS

Uy (2)=uy(b)=0, u {x)=g(0 ,i= i
Jnis perienust oOpaTHOM 3a1a4M BBeJIeM 0003HaUeHUE
v(x,t) =u, (1)

Torna
u(x,t):jv(x,s)ds+uo(x) (5)

v ypasHenue (1), rpanuunsie ycnosus (3) orHocurensro V(X,1) 3anmumyres B BUIE:

v(xt) =a(Av(x,t))+ﬂi Av(x,5)ds + B( A, (x))+bo(x,t)@ ava(xx °) ds+u”§x)]+

(6)

+b1(x,t)[javgx’s)ds+ug(x)]+b2(x,t)U (%,5)d5+ g ( J+z¢, (x1)+F (x.),

0 0

v, (at)=v(bt)=0. (7)

YpasHenue (6) BbIpazum uepes AV:
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Av(x,t) = —gj;Av(x,s)ds+§v(x,t)—§Auo (x)-

—ij{wm(x,t)+%x’s)b1(x,t)+v(x,s)b2(x,t)}ds— ®
——Zgo, (xt ——[b X,t)ug (x )+b1(x,t)uc',(x)+b2(x,t)u0(x)]—éF(x,t).

(8) otHOcHTeNBHO AV(X, t) SIBIIIETCSA UHTErPATIbHBIM ypaBHeHUEM BosbTeppa BToporo poja

B B
C IAPOM-KOHCTAHTOM — . IIpumenss ero pe3onbBEeHTy R (t, S) =——¢€
a a

A (xt)=1 (xt)——![azv(x Dy (x,t)+ Mbl(x,t)w(x,s)bz(x,t)}ds-

a a ox? OX

, HaWgem

—ii% (t)fi(x,t)+éjR(t,s)\/(x,s)ds—
) ° ()

1L oA(x, v(x.
_;‘([‘([R(t,s){ \(;(XXZ T)bO(X,S)+ g;z-)bl(X,S)-i'V(X,T)bZ(X,S):|deS—

-é"ths)gp (x,5)ds + F, (x.1),
e -
R (xt =——[ﬂAU by (x,t)ug (%) +by (X, t)ug (X) +b, (X, t)u, (%) + F (x,1) ]~
LRt ), (3) 1By (1, 5)05 )+ (500 ()b, ), ()4 F ()]s

0

[Ipumensis Kk JBoMHOMY wuHTerpany Qopmyny Jlupuxie U3MEHEHus Mopsaka

UHTETpUpOBaHus, ypaBHeHHE (9) npeobpa3zyeM K BUILY

AV 1) — S v(x, 1) = —lj{[bo(x,t) ; j R(t, 7)b, (X, r)dr} az"(f 5) 4
a a g OX
by (X, )+ j R(t, 7)b,(X, r)dr} N(x.$) {bz(x,t)—R(t,s)+jR(t,r)b2(x, r)df}v(x, S)}ds—

——Zqﬁ(t)f (X, t)—— jR(t s)¢(s) f,(x,s)ds + F (x,t)

i=l o

" BBCICM 0003HaYCHHS

£(0,s) = —l{bo(x,t) +jR(t,r)bo(x,r)dr}
a S
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r(xt,s)= —l{bl(x,t) +jR(t, 7)b, (X, Z')d‘[:|
a S

6(x.t,5) = —i{bz(x,t) _R(t,5) +jR(t,r)b2(x, T)dZ':| .
a S

Torz[a IMOCJICAHEC YPABHCHUC IIPUMET BU]

( ,S) 5W ,5)

Av(x, t)——v(x t) = Hr (x,t, s) +r(xts)———=

+1,(X,t,S)V(X, s)}ds -
(10)
——Zqﬁ(t)f (x, t)——ZJR(t S)¢ (s) f.(x,s)ds + F(x,t)
i=l o

Ecnu paccmatpuBaTh mNpaByr0 4acTh Kak H3BecTHyO ¢yHknuioo, 1o (10) BMecte ¢
ycnoBusiMU (7) ipeacTaBisieT co00i KpaeByro 3a7ady sl HEOTHOPOIHOTO Au(depeHIIMATHLHOTO
ypaBHEHUS BTOPOTO MOPSIKA OTHOCUTEIIBHO V(X,1) 10 TIepeMEHHO# X ¥ €ro pelIeHHe ¢ TOMOIILI0
¢byukiun 'puna [11] 3anumercs B Buze

0% (SS)

+1,(,t,5)

V(D)= HG(X §>{r (et T o

+r,(&t, s)v(g,s)}dfds
(11)

——Z¢<t)je(x a(& t)dg——zws)JG(x ER(t.5) f (£, s)dfds+je(x R (£.0dE,

Ilo

rae G(x,&) - dynkuust ['puna, koTopas onpesessercs u3 cieayrotueit hpopmymst [12]:

o]

b

ﬂ(f)[K(a)sin[Jﬂ(s)dsj+ﬂ(a)cos@ﬁ(s)dsﬂ

,B(S)dsﬂ

, asx<E<b,

G(x,¢) =

_e‘i“”"ssin@ /;(s)dsj[ﬁ(a)cos@ ﬂ(s)ds]+ K(a)sin@
ﬂ(f)[K(a)Si”Uﬂ(s)dsj+ﬂ(a)COSU/3(S)dsH

a a

st yripotneHust 3anicy BBeIeM 0003HAYCHUS

K, (t9) == [B(x ORE.S) (&9

R(x1) =§ e Of(E0dE (1) =[G R (& 1)dE,
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azv(x t)

vl(x,t):&):(’t), e

v, (x1) =

Torna Beipakenue (11) mpumer Bu:

V(X,t)+ZH: P(xt)g(t)= ”G (X EN R (E L SV(E,S) + (& L, SV, (&, 8) +
0a (12)

+1,(&,1,5)V,(&,5)}d&ds +Zn:j' Ki(x,t,8)¢, (s)ds + F,(x,t).

i=1l o

[Mpomuddepenuupyem (11) mo x aBa pasa, yuuThIBasg HpPU ITOM, YTO HPOHU3BOJHAS

¢byukuu I'puna B Touke X =¢& HCHBITHIBAET CKAuOK, PaBHbBIN €IMHUIIE!

vi(x )+ A FOR

n aP L89G (x
0=J1=

i=1

(13)
HL(E, LSV, (E,8) + 1 (E,1,5)V, (£,5) ) dEds + ZJaK ((X.1,9) o(s )ds+aF2(X’t),

i=1 o X 8X

82 aG
(x0)+ S, jj DS e tsmes

+1(E,1,5)V,(E,9) + 1, (&, 1,5)V, (&, 5)} d&ds +

E#X

t 14
+I r (X, t,s)v(X,8) + (X, t,s)vl(x,s)+ro(x,t,s)vz(x,s)}ds+ (4

0°F, (x,1)

ds +
Ox?

+

”j-@K(xts)

B cuny nepeomnpeneneHus npu X = X; (j =H) u3 (12) umeem

O ey T

x t(p, Jt' G(x r(§ts)v(¢j s)+nr(&.t,s)v,(E,8)+

+r0(§,t,s)v2(§,s)}d§ds+ZI Ki(x;,1,9)¢ (s)ds + F,(x;,t) - g (t).

i=1l o

(15)

Takum o0pa3zom, obpatHas 3amada (1)—(4) skBUBaJIEHTHA Cleayroled cucreme u3 N+3

ypasaenwuii (12)-(15) ¢ n+3 Hen3BeCTHBIMHU, KOTOPasi B MAaTPUIHON (OpME HMEET BUI:
t
0

rae y(xt)=colon(v(xt),v,(Xt),V,(Xt), & (t),...., ¢, (1)),

D Sy T

B(x,&,t,8)y(&, s)dgds+jc:(xt s)y(x,8)ds+D(x,t), (16)
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1 0 PR(xt) P.(x,t)
0 0 OP,(x,t) oP. (x,1)
OX OX
0 1 O°P,(x,1) 0°P, (x,t)
P(xt)= OX? Ox?
0 0 R(x1) P, (x,.1)
0 0 R P.(X;.1)
0 O I:?L(Xn’t) Pn(xmt)
G(x, O ts)  G(xn(Sts)  G(x RS ts) 0 0
LD g ey By o 0
B(x£15)=| Sor S ts) aGﬁ(Xf) iets) 8y o 0
G(x, O ts) G, ts) G, )R ts) 0 0
............................................................... 0 0
G(x,, (5 ts)  G(x,9nEts) G(x, 8 ts) O 0
0 0 0 K,(x,t,s) K, (xt,s)
0 0 0 oK, (x,t,s) oK, (x,t,s)
OX OX
0°K,(x,1,5) o°K, (x,1,5)
C(x,t,s): rL(xts) n(xts) r(xts) o o
0 0 0 K, (x,t,s) K, (x,t,s)
0 0 0 K,(X,,t,s) K, (X,,t,s)
0 0 0 K,(x,,t,S) K,(x,,t,53)

D(x,t)=colon ( F,(xt), 5':26(;(, t) 1 62!2)((;(,'[)

’FZ(XUt)"--; Fz(xn,t)J.

HpeﬂnonaraeM, 4qTo
det P(x, t)=0 a7
npu Beex (X, t)€G. Toraa cymectByer obparnas Matpuua P (X, t), yMHOXHB Ha KOTOPYIO
o0e yactu (16) cneBa, MOMYyYMM CHUCTEMY JIMHEWHBIX HMHTErpajibHBIX ypaBHeHMH BonbTeppa

BTOpPOTI'O poJa C ABYMs HC3aBUCUMBIMU TICPEMCHHBIMU
tb
=[]P(
0a

KOTOpasi UMEET €IMHCTBEHHOE HEMPEPhIBHOE penieHue. B cuny o6o3HaueHus (5) Haxoaum

(% &L8)y(E, s)dgds+jp (%,t)C(x,t,5)y(x,8)ds +P*(x,t) D(x,1),

uckomyro Gpyukiuio U(X,t). Takum 06pa3om, JoKa3aHa CIeAyIOIast
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Teopema. Ecimun 3aJaHHbIE byHKIIN MIPUHAIJIEKAT [IPOCTPAHCTBAM
p(x), a(x)eCla,b],

b(x.t), b(xt), b(xt), b(xt), f(xt), F(xt)eC(G), U, (x) e C*[a,b],

gi(t)eCl[O,T],i=ﬁ u BhINoNHAeTcs ycnosue (17), To obpartHas 3amgada (1)—(4) umeer
C/IMHCTBCHHOE  PEIICHUE {u(x,t), o, (1), ..., @, (t)} ,  TpUHAAJICKAIIEEe  MPOCTPAHCTBY
C*(G)xC,[0,T].

Ipumep. Jloka3aTh CyIIECTBOBAHME M EIMHCTBEHHOCTb PEIICHHS B HPOCTPAHCTBE

c* (G)XC[O,T], G= {(X,t) 1<x<4,0<t<T, } CIIeIyIomIeH 00paTHOM 3a1a4n:

ut(x,t):(Au(x,t))’t+(Au(x,t))+2q)(t)+8, (18)
u'(Lt)=u(41)=0, (19)

u(x,0) :%2———1,
u(2,t)=t*-1, (21)

Au(x,t):u;’X(x,t)+2iu;(x,t)+(£+1ju(x,t).

X X
Pemenne. 3pecy a=1 f[=1 b(X,t)zO, f(X,t):Z, p(x)zzi, q(x):l,
X X
X X )
F(X,t)=8, UO(X)=§—Z—1, X, =2, g(t)zt —1.  Bce 3amamHble  QyHKIMH

YI[OBJ'ICTBOpHIOT YC.HOBI/ISIM TCOpCMBI U UMCHKOT MCCTO YCJ'IOBI/IH COTJIaCOBaHU4.
14
U, (1)=u(4)=0, u,(2)=g(0)=-1.

Heo6xoaumo npoBeputs BoinoHeHHE yenoBus (17).  ®dyukius ['puna umeeT Bu

_\/gsin(4_2\/g)cos(2x/;—2) L<xsE<a
G(x2)= 0032- J_ T
_\/Ecos(z\/gc—oi)zsm@—z X), 1<g<x<4
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Haitnem pynkuuo P ( X, t)

P(xt)= Zj‘G(x,g)dg =—MI\/ECOS(2\/E—2)d§—

1 c0s2

2cos(2\/;—2) 2sin(4—2&)—7cos(2&—2)

jf\/gsin(4—2\/g)d§:2x—l+

cos 2 cos 2
U €€ 3HA4YE€HUE pu X, = 2.
30052+25in(4—2\/§)—7cos(2\/§—2)
P(%,t)= ~9,94 % 0.

cos2

Takum obOpasom P(Xo,t);tO pH BceX te[O,T] u g obparHoii 3amaun (18)-(21)

BBITIOJIHAIOTCA BCC YCJIOBUA TCOPEMBI U B 3aJaHHOM IIPOCTPAHCTBE CYIICCTBYCT €€ CIUHCTBCHHOC

pelieHue.
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Aunomayua. J[na ypasuenuss CMEWAHHO20 DIIUNMUKO-SUNEPOOIUYECKO20 MUNA ¢  CUHSYIADHbIMU
KO3 puyuenmamu 6 HeOSPAHUUEHHOU 00NACMU UCCIe008AHA HELOKAIbHAS 3a0aud ¢ 0000UeHHbIMU ONepamopamu
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CUH2YTIAPHO20 UHMEZPANbHO20 YpagHeHus ¢ adpom Koww. Peeynapusosag eco memooom Kapnemana—Bexya
HAX0OUMCS peuienue 6 s16HOM 8uoe.
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Yuldasheva Nargiza Taxirjonovna,

nyuldasheva87@gmail.com

Institute of Mathematics Academy of Sciences of the Republic of Uzbekistan,
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Abstract: . For an equation of mixed elliptic-hyperbolic type with singular coefficients in an unbounded
domain, a nonlocal problem with generalized fractional differentiation operators whose kernels generalized
Gaussian hypergeometric functions is studied. Applying the method of integral equations, the consideration problem
is equivalently reduced to solving a singular integral equation with the Cauchy kernel. Regularizing it by the
Carleman—Vekua method, we find the solution in an explicit form.

Keywords: boundary value problem, singular coefficient, singular integral equation with Cauchy kernel,

mixed type equation, index of equation.

PaccmorpuM ypaBHeHHE

; a
signy|y[" u, +U, +—>=—u +&u =0,

1 mox y
[z Y

1)

B oomacru D=D"UD Ul xommnekchoii o6mactu Z =X+ iy, rme D" —

HOJIYIUIOCKOCT Y >0, D™ — koueunas obmacth nonymnockoctu Y <0, orpanuuennas
xapakrepuctukamu OC u BC ypaBHEHHS MCXOIAIMMHU U3 TOYEK O(0,0) u B(L0) u

orpeskom OB mpsimoit Y =0, | ={(X,y):0<x<1, y=0}.

B  ypaBuenume (1) m, o,, B,— HEKOTOpbIC  JICHCTBUTENbHBIC  YHUCIIA,

m+2’ _%<ﬂ0<1.

yrosieropstomme yemosusm M >0, | <

BBenem crnenyromue 0003HaYSHUS:
I, ={(x,y):—0<x<0,y=0}, I, ={(X,y):1<x<oo,y=0}.
CaolicTBa pemennii ypasuenus (1) cymecTBeHHO 3aBHMCAT oT kod(pduumentos Xy wu
ﬁo npu MiIagqmux wieHax ypaBHeHus (1). Ha mockoct mapamerpos 0500,80
paccMaTpuBaeTcs TPEYroJbHUK A) BoCo ) OrpaHUYEHHBIN IPSIMBIMU
BCy:fy—ay=—ml2 AC,:B+a,=—m/2, AB,:5,=1, u B sasucumoctn or
MecToHaxoxkaenus Touku P(,, ,) B 3ToMm TpeyronbHuke GOpMyIHPYIOTCS U HCCIELYIOTCS

KpaeBble 3a/1auu 11 ypaBHeHus (1).
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Iycts P(eyy, £,) € ABC,-
3agauya. Haiitu B o6mactu D ysKIuio U(X, Y) CO CIICYIOUIUMU CBOMCTBAMM:

1)u(x,y) eC(D)nC*(D), rme D=D" uEul_luE ;

2) ynoBnerBopsier ypasuenuio (1) B o6mactu D™ U D™ ;

3) BBINIOJIHSIFOTCSI PaBEHCTBA

. 4
limu(x,y)=0,R? =x*+———— y™2 y>0:
R—w ( y) (m+2)2 y y (2)

4) U (X, y) YIAOBJIETBOPSET KPAEBBIM YCIIOBUSIM

u(x, ) o= (x), vxel, 3)

A 177 u[OMD(X) + Au(x,0) = g(x), (4)

a TaK’KC YCJIOBHUIO COIIPSKCHUA

im v 9= lim (-y)4 X, xel, ©)

y—+0 ay ay '

npuuem >ti npexensl mpu X =—1, X=1 moryr umers 0coGeHHOCTH MOpsIKA HMKE

m+2(5, +a,) m+2(8, —a,)
l-a—-pf, tne a= 2___0- =— M0 “ol X) , o (X) — 3amaHHBIC
p . 2(m+2) B 2 +2) g(x) . @(x) I
byakuun, GpyHkuun @, (X) L 1=12 YIOBIIETBOPSIIOT yCIIOBUIO [ enbepa Ha JHOOBIX OTpe3Kax

[-N,-1], [LN], N>1 u ana nocrarouno 6Goabmmx ‘X‘ YIOBJIETBOPSIIOT HEPABEHCTBY
(X)<M|x]”°

@; = , tie 0, M -momoxurensusie mocrosambie, ©y(X) - Touka

NIEPECEUCHUS] XapaKTEpPUCTUK ypaBHEHHA (1) BBIXOASIIMX W3 TOYKHU (x,00el | ¢

xapakrepuctukoit OC, A, A, — nocrosHHbIE YnCIa.

(15277 £)(X) —omeparop 0606mIeHHOr0 APOGHOrO HMHTErPO-AUGBEPEHIMPOBAHUS  C

runepreomerpudeckoit pyukimeii Taycca F(@,0,C;Z), Bremennsiit M.Caiiro [1, C.326] u

MMEIOIMi npu AeicTBUTenbHbIX Ay O31] u X > O sun
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X HP
j(x t)* lF(,u+p, i 1--} f(t)dt, u >0,
(w4 X
(152”7 £)(x) =
( j (157 ) (), <0 =[] +1.
(6)
3amerum, uto ecin M > 0| to cipaBemBbI hopMyIIBI
(loy ™" £)(x) = (15, £)(), (127 £)(x) = (Dg, £)(%), @)
B YaCTHOCTH
(1577 £)(x) = .(x), (1277 F)(x) = f (%), (8)
rre (15 F)(X) w (Dg. f)(X) — omepatopel mpOOGHOrO MHTETPUPOBAHHS U
nuddepertmposanus Pumana—JInysumis nopaaka 4 >0 [1, C.85];
1 X
(5. ) X)=—— (x—t)“* f(t)dt, £>0, x>0,
i F(ﬂ)'([
" 1 h n—u-1 _
(Bl £)(x) = (dxj F(n—y)!(x_t) f@)dt, >0, n=[u]+1.
Pemenne Bunonsmenennoi 3agaun Komm, B oomactu D™ umeet Bup [2]
1 m+2
u(x, y)=ylj'r{x+m (2t-1)(~y) 2 Jt‘”(l—t)‘”du
0
1 m+2 (9)
41@(—yff%jv2[x+-m (2-1)(-y) j“(l—t)ﬂdn
0
y, = I'a+p) ) = 2 l—a—p)
e "= ' /2= -
= T@r(s) (M+2)T(L-a)[ (- p)

Hcnonb3ys popmyny (9) u cooTHomeHue (6) nmeeM

-«
m+2

] T A)(IEP“ 720 (3),

u[e,(x)1= 71F(a)(|“°ﬁlf)(x)+72(

TMoncrasmsn U[®,(X)] B kpaesoe yenosne (4), B cuny (7) u (8), monyunm
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m+ 2
4

l-a-p
(AnI(a) + Ay)z(X) + Aﬁ/zl“(l—ﬂ)( j (1o, "v(®)(X) = 9(x). (10)

l-a-p
[IpuMeHHB K 06CHM YacTsIM paBeHCTBa onepatop Dy, , ¢ ydeToM

(D2 (18 H®) () = F(x), a>0

2
(AL () + A)D5 "z (t))(x) + AVZF(l—ﬂ)(mZ j v(x) = (D, " 9)(x).
Bripasum u3 nocineaHero BeIpaxKeHUs V(X) , TOTJla UMEEeM

v(x) =4 (DL () (x) + F (), (11)

rac
1-a-p
hoe ART@A gy OETOW
arra-p| "2 arra-p| "2

Pemenne 3amaun Jupuxie B obmactu D', ymoBaerBopsiomiee ycmoBusMm (2), (3) u
yciosuio U (X, O) = T(X) , Xe I , IpeIcTaBuMO B BHJIE [3]

1

u(x, y) =k, (1 B,)y*" [ 7(t)(r2)** exp(-2barcsin

0

t—

X
; )dt+F.(x,y), (12)
0

rac

4 m
ry I(X—t)2+my 2,

t—Xx
rO

F(XY) =k, (- )y ( [ 0,002 exp(-2barcsin=%)at +

+_[gpz (0)(r2)** exp(-2barcsin t;x)dt],
1 0

Q,
m+2°

1( 4 jz_zal“(l—l)l“(l—l_)

=— = 2a= = I, b=-
T —— re_1_1) @ 2@=a+h l=a+hi,
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Huddepennupys (12) no Y u yuutsiBas paBeHCTBa

a-1
9 y {(x —t)* + yM} exp(—2b arcsin = X) =
oy o

4
(m+2)°

- m;rZ y %((x—t){(x—t)2 +

a-1
y”‘*z} exp(—2barcsin t ; X)J ,

4
(m+2)° 0

IIOJIyYUM

ou m+2 _, ¢
oy A yﬂolr(wx

a-1
ym”} exp(—2barcsin’ ; X)}dt + W

0

xQL(x—t){(x—t)2+

4
ot (M+2)?

(13)
BbImonHUB omnepanuio WHTErpUPOBAHUSA MO YacTsAM B MpaBod yacTu paBeHcTBa (13) c

Y4ETOM T(O) =0 , T (1) =0 , ¥ TIOCJIC HECIOKHBIX BEIYUCICHUH NMEEM

1

ou m+2 _ ,
PR O yﬂolr(t)(x—t)x
{(x—t)2 + (ij)z y””z} _ exp(—Zbarcsin t;X)dt+%Fl(x, y).

(14)

YMmHOXkast 06e yactu paBeHcTBa (14) Ha y'BO , 3ateM mepexos K npeneny npu Y —> +0

MOJIYYUM

m+2 ¢ .

v(X) =k, —— | Z/()(x—1) | x =t |[**% exp(—2barcsin

09 =~k == [F OO0 -t exp( ox] -
xe(-11),

rac

. 0
D(x) = lim y» —F (x,¥) =k,(1- ,)° x
() =lmy® — R y) =k 1-/5)

x(eb” T @, ()(x—t)**dt + e_b”ofgoz (t)(t— x)z“]dt.
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PaBencTBo (15) ecth (hyHKIIMOHAIBPHOE COOTHOIICHUE MEXAY HEU3BECTHBIMH () YHKIIHSIMHU

T(X) u V(X) , TpuHeceHHOe Ha | w3 smmnrudeckoit wacth D' cmemranHoi o6iactu

D.
B cuiy (5) ucknrouast pyukuuro V(X)) u3 (11) u (15), moayunm
A (g r(0)(x) =
m+2

fr’(t)(x —t) [ x—=t[*? exp(—2b arcsin

0

t—
=k, §|)dt+®1(><), (16)

| t-
x e (-1,1),

rie D, (X) =D(X)—F(X). Ipumenns omeparop ['(l—a—B)DS7 ™" k obenm

yacTaM paBeHCTBa (16) U yduThIBas 4ToO, (Dgfﬁ_l(Dé}“_ﬂr) (t))(X) = T(X), nMeeM

Al (1-a—p)r(x)=

1
rl-a-pB)D¢" j '()(x=t) | x =t ][> exp(—2b arcsin

0

t—X

m+2 )dt+
[t—x|

2

=k,

(17)
+T(l— - B)DEP 7D, (x), X e(-11).

HerpynHo y6enuThest B TOM, 4TO

rl—a-p) Dg*jﬁ‘ljr'(t)(x —t)* exp(—2b arcsin | : —X |)dt =
—X
0

ﬁeb”z'(x) (18)

“sin((a+ f)7)’

1
[(-a—ADL? 71t -x)"" exp(-2barcsin | :

X

—X
_Xl)dtz

1 l-a-p
=rectg((a + B)r)r(X)—e™ j Gj Tt(t_)?(t : (19)

[Moncraemnss (18)-(19) B (17), umeem
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m+ 2

X

AT(L-a - B)e(x) =k,

o) (XY (bt
Lin((a 57 zectg((a + B)x)r(X) +e !(t j - } + (20)
+T(L-a - B)DX"D (x), xe(-11)
PaBenctro (20) 3anumiem B Bue
fOx T 2 (t)dt
f0-2f(X] 0% g0, xepo 2
9 —X

rac

e—b/[

T 24T (—a-B) . T
k,(m+2)  sin((a+B)x)

A

(eb” —e " cos(a + ,8)7[) |

bz 2 a+p-1
do(X) = 1e (mr(l—a—ﬂ)Dmﬂ q)l(X)J'

a+f-1

[Monaras XDHﬁ_lT(X) = ,O(X) , X d,(X) =09,(x), ypaBHenue (21) nepenumem

B BUJIC

p00-2[ 228 = .00, x< 0.1 @

Pemenue ypapHenus (22) GyeM HCKaTh B Kilacce QpyHKIH, YI0BIETBOPSIOIIUX YCIOBUIO
Tenbnepa Ha (0,1) u orpanmuenmbix mpu X —1, a mpu X —0 Bo3moxHO ob6pamarommxcs

B GECKOHEYHOCTh Topsika MeHbiie 1—a — . B sToM Kilacce uHIeKC ypaBHeHus (22) paBeH

HYJIIO, a ero pemenue metonom Kapnemana - Bekya ([4], ¢.320) HaxoauTcs B SBHOM BUJIE

() = g 4 (1—xj I( t j gl(t)dt’

1+ %77 1+2%2° 0 x ) s\1-t) t—x

raec
arctg(Ar)
T

0= . 0<@<1/2.

OrTcroza, BO3BpAIasich K MPEKHUM (YHKILUAM, TOTYYUM

01 0 a+p-1
- B (1)
1+ A7 1+ A°x X 1-t X t—Xx

0
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Annomayun: B cmamve paccmampusaemcs 3adaya neperoca u QGuibmpayuu 8 08YX30HHOU
YUTUHOPUYECKOU NOPUCIOTL cpede ¢ HeOOHOPOOHbIM nojlem ckopocmell. Ha ocnoge ypasnenus nbezonposoonocmu
AHAIU3UPYIOMCSL PA3IUYHbIE NAPAMEempbl KOIDOUYUEHMOE NPOHUYAEMOCIU TUHUL YPOGHS OAGNeHUsl, CKOPOCU
Gurbmpayuu u IUHUU YPOGHSL OMHOCUMENbHOU KoHyenmpayuu. Mcciedosano euusnue usmenenus Kosgphuyuenmos
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Abstract: In the paper deals with the problem of transport and filtration in a two-zone cylindrical porous
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medium with an inhomogeneous velocity field. On the basis of the equation of piezoconductivity analyzed by various
parameters of the permeability coefficients of the pressure level line, the filtration rate and the line of the level of
relative concentration. The influence of changes in the permeability and diffusion coefficients on the solute and
filtration of the fluid was studied.

Keywords: porous medium, substances, inhomogeneous liquid, macropore, micropore, pressure fields,

velocity fields, filtration.

1. BBEJAEHUE

[Ipu mepeHoce BemecTBa B HEOJHOPOIHBIX IOPHCTHIX cpenax oOpasyercs
HEOJHOPOAHOE T0JIE CKOPOCTEH (PUIBTpaIlK, YTO CYIIECTBEHHO BIIMSET Ha KOHBEKTHBHBIC U
mubdy3uoHHble cocTapisitomue obmiero mnepenoca [1,2,3,4]. HeomHopomHocTh cpenbl mpu
MOJICJIMPOBAHUM ITIpollecca MOKeT OBITh YyuT€Ha pa3JIM4HbIMH crnocobamu. OgHUM U3
BO3MOXHBIX  TYTeH  SIBIISAIOTCS ~ KOHKpPETH3alusi  30H  CpeAbl  C  Pa3IUYHBIMH
(GMIBTPaIMOHHO-EMKOCTHBIMI XapaKTEPUCTUKAMU. [Ipu 3TOM yYHTBHIBAETCS TEOMETpPHUST ITHX
30H. B 4acTHOCTH, MOTYT OBITH PAacCMOTpPEHBI CpeAbl B BUJE KOAKCHAIBbHBIX IMJIMHIPOB C
pa3IMYHBIMH XapaKTepucTukamu [5,6,7]. B nanHoii paboTe paccMaTpuBaeTcs MEPEHOC BEIIECTBA
B TaKOHU Cpesie C YI€TOM HEOJHOPOTHOTO PACIpEAeTICHHS OIS CKOPOCTEH.

2. OFBEKT U METO/bI

PaccmarpuBaercss IMIMHApPHYECKas TOpHCTas cpega C  paguycoM b ¢
WIMHAPUYECKON “Makpornopoii” (mopucras cpefa ¢ BBICOKOW MPOHMIIAEMOCTBbIO) B IIEHTpE C
pamuycom a (Puc.1). Takum o0pa3om, o0nacTh HMCCIENOBAaHUS 3aJa4l COCTOUT U3 JIBYX
sacreit, Q{(r,x);0<x<w,0<r<a}l u Q,{(r,x;0<x<ow,a<r<b}, xoropse
OTIMYAIOTCA ApYr OT gApyra ¢unbTpannonHo-emkocTHbiME cBoiictBamu. C Touku (0, 0)
TIO/IA€TCs JKUJIKOCTh C TOCTOSHHBIM JaBaeHueM [P, = const. IIpu stom B cpene oOpasyercs
HEOJHOPOJHOE JIBYXMEPHOE paclpesieieHue CKOpocTe  (GUIbTpallid W JIaBJICHHUS.
IlepBoHavanpHO B cpesie OBbLIO MOCTOSIHHOE JaBleHus P,, P, < P,-

IIpenmonoXuM, 4TO BHEIIHSS LMIMHApHYEcKas oOmacTs (2, MMeeT NMPOHHIAEMOCTb
k,,aBuyrpennss Q. - K, rme K, << Kk,. BHemHsist 60KoBasi IOBEPXHOCTh LIHIIMHIPUIECKOM
nopuctoii cpexsl (2, He mpoHmIaeMa. HeoOxoaumo ompenennTh pacupenencHHe NaBICHHS,
MoJie  CKOpOCTeH (MIBTpalny, KOHIICHTPAIIMIO BEIIECTBA B IMJIMHIPUYECKHX O0OJacTAX B
pa3jMyYHblE MOMEHTBHl BpeMeHU. B omimume oT [ByX30HHOro mnoxaxonza [8,9] 3mece B
MaJIONpOHUIaeMol 30He (), JKMIKOCTb CUMTACTCS IMOJABIDKHOM, HO C MalbIMH CKOPOCTSIMH
bunbTpanuu.

KommnonenTsl ckopoctr punbrpamum B ), u (), ompenensiorcs Kak
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Vi, :_ﬁﬁv Vi, :_ﬁ%’ (r’X)EQP 1

o or

Vo :_ﬁ%’ Vor :_ﬁ%’ (I’,X)GQZ, )
M OX i or

rae P,, P,— aaBiaeHus B oomactax 2, Q., 4 —Kko>QOHUIMEHT BI3KOCTU BENIECTBA.
Jins  onpenenenus faBnenus B oOmactax  (2; , (), wucHomb3yeM ypaBHEHHE

nbe3onpoBoanoctH [1,11]

op, 10( dp ) O°p,

o s e 2 =2 (o x)eQ, 3
ot %{r&( arj+aﬁ}>( )e )
op, 10( dp,\, 0P,

Pe_ 120 P ) TP (e, 4
ot '%{rar(rarj+'aﬁ:}(rx)e )

K K
M= K= ow

* *
X X, — KodQOULIHUEHTHl IbEe30MPOBOJIHOCTH, B, B, — xoshduuments

yIpyroeMkocTu cpeanl ( ,Bl =(91,ch + ﬂcl , ,32 =92,39,c + ﬂCz ), p,. — KodpdummeHt

00BEMHOM yNPYrocTH KHUJKOCTH, 491, (92 -nopucroctd cpeapl Q; uw Q, ,Bcl .

ﬁcZ -k03(duIMenTs 00beMHOM yrpyrocTtu cpeg 2, n Q.

Puc.1 Cxema obsactu puiabTpanuu

Hauvanbupie u I'paHUYHBIC YCJIOBUSA UMCIOT BU!

p.(0,r,x)=p,(0,r,x)= p,, p, = const p,(t,0,0)= p,, p, =const, p, > P,
©) (6)

op, op

—X(t,r,0)=0, O<r<a (7 —L(t,r,0)=0, O<r<a (8

ax( ) < (7) ax( ) < (8)
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P:1,0,4)=0,0<x < (9 P (1r0)=0, a<r<b (10

%(t7r,oo)=0,a<rsb (11) aapz (t,b,x)=0, O<x<owo (12)
X r

pl(tlaix): pz(t,a, X), 0<Xx<w
(14)

op op
k, 2L (t,a,x)=k, =2 (t,a,x),0<
1ar(ax) ar(ax) X <00

(13)
Cucrema ypaBHenuil (1) — (4) ¢ HadajdbHBIMM W TpaHW4YHbIMH yciaoBusmu (5) — (14)
TI03BOJISIIOT ONPENENIUTh M0JIE AaBICHUI, CKOPOCTEH (PHiIbTpaIiu.

s pemenus 3ampaun (1) — (14) npuMeHHM METOJT KOHEUHBIX pazHocTed [10].

B o6nactu Q1UQ2 BBEJIEM KOHEUHO — Pa3HOCTHYIO CETKY

thhZZ{(tk’Xl’r])’tk:Tk’ T:%l sz; X|:|h11 h]_:TL1 sza
i a . _7g - b-a .
=0, hp =2 J=1S, rj=1h,, by =7, J=3+1’J}’ (15)

rae T - War ceTkd mo BpeMeHW, N, - miar ceTku mo HampaeieHuro X, N, - mar cerku
no HampasieHuto I, T - MakcuMambHOE BpeMsi, B TEUCHHH KOTOPOTO MCCIICAYIOTCS MPOIecc,
S - KoNMYeCTBO MHTEPBAJIOB MO PaAMyCy B Makpomope, R — paguyc oxpyxaromeii cpens, L —
JUIMHA InHApa, K — KOJIM4ecTBO MHTEPBAJIOB CETKH 0 BpEMEHH, | — KOJIM4ecTBO MHTEPBAJIOB
1o jyiuHe, J — o011ee KOJIM4ecTBO HHTEPBAJIOB 110 painyCy JUIsl CPEIbl.
3. PE3YJIBTATHBI

Ha ocHOBe 4mCIIEHHOTO pemicHud 3aJadyu IPOBEACHA CCPpUSA BbBIYUCIIUTCIBbHBIX

DKCIEPUMEHTOB IIPH  CIEAYIOUIMX 3HAYEHHUAX MCXOJIHBIX IapaMeTpoB: L =10" Tla-c,
B =10" Ma', k =10 +25.10™ w2 k, =10™ +25-10™ M p, =15-10°

Ma, p,=0 MMa, T=2700 ¢, h=01 m, h,=005 m, 7=1 ¢, a=0,75 w,

1

b=125 m.
Ha puc.2 oTpaxeHsl H300aphl Ipu BpeMeHax [ = 900 (a), 1800 (6) 1 2700 (8) ¢ . Kak

BHIHO U3 PUCYHKa, B oOmactu (), 1aBieHHe pacTeT 3amMeTHO ObicTpee uem B (). M3ru6
JTUHAHA TOKa3bIBaeT, YTO B OKpykKarommil cpeme (), mpomecc HIET MeIJICHHEE, YEM B
makponope. Takast e kapTHHa HAOJIIOAAETCs U JJIs pacipeesIeHUs CKOPOCTEH.

a)
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Puc.2. U306apsi (MI1a) mpu t =900 (a), 1800 (6), 2700 (6) ¢, k, =10**m?, k, =107°Mm?,
(BepxHsis mosI0OBHHA BEPTUKAIBHOTO ceueHus oomactu ().

Ha puc.3 mnpencraBieHbl JIMHUM YPOBHS JaBJCHUS IIPH YBEJIWYCHUU 3HAUYEHUM

Kod(p¢uIMeHTa NPOHUIIAEMOCTH B 2,5 pa3a uisi OJHOrO 3HadeHus BpemeHbl, t=900 c.

CpaBHuBas pe3ynbTaThl, IPEACTaBICHHbIE Ha puc.2(a) U 3 MOXXHO 3aMETUTh, YTO YBEIUYEHUE

3HadeHni ko3 durmeHToB npoHnnaeMocTd K, u K, NPHBOAMT K yCKOPEHHIO MPOIBIKCHHUS
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¢ponTa nasienus. Ha puc.4 mpencraBieHbl JUHUU YPOBHSI CKOpOCTEH (MIBTpaAK IJi ABYX
nap 3uadenuit K, u K, . CpaBuuBas puc.4(a) ¢ puc.4(0) MOXKHO 3aMETHTb, YTO YBEIHYCHHC
MPOHUIIAEMOCTH TMPUBOJUT K YBEIUYCHHH CKOPOCTH (GuibTpanuu. Mcxoms, u3 3TOro MOXKHO
cleNaTh BBIBOJI O 3HAYUTENIbHOCTH BIIMSHUS MPOHHUIIAEMOCTH Ha pacIpelieleHUe JaBICHUS U

CKOpPOCTH B€LIECTBA B HOpHCTOﬁ cpeac.

M

0.5

0.25

0 025 05 075 1 125 15 175 2 225 25 275 3%M
Puc.3. U306apsl (MIla), t=900c, k, =2,5-107"Mm?, k, =2,5-10°m?.

(BepxHsist OJIOBUHA BEPTUKAIBHOTO ceueHust obnactu Q).

a)
r, M
N
14—y L
E-OOS Qz
0.75
Ql
0.5 =
0.25- 3 ~
0 T T T T T T T T T >
0 0.75 1 1.25 1.5 1.75 2 2.25 25 2.75 3 X, M
0)

129



A
| | | |
1_ \1 B
£-906 Q,
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Puc.4. Jluruu yposHs ckopocts ¢umsTpamuu V-10° (m/c), t=900c,
k, =107 M?, k, =107°m? (a), k, =2,5-107M? k, = 2,5-10 > M? (6).

(BepxHsist 10JI0BHHA BEPTHKAIBHOTO ceueHus oomactu ().
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Auuomtmuﬂ: Pasznocmuvie ypasHerusl  AGIAIOMCA  3amedameslbHbiM  UHCIMPYMEHMOM UCcae008aHus

OprDICLZiOu,;eI; yenoseka oevicmeumensuocmu. OHu 6 NOAHOU mepe UNTIOCmMPUpyrom 6blCKA3bl6dHUE 6ElTUKO2O

mamemamuxa XKrons AHpu HyaHKape: «Mamemamuxa — smo UCKYyCcCmeo HA3bledmb pa3Hble 6euju OOHUM U meM dce

UMEHEM)). HeCMOmpﬂ HA 2mo, K COMCAJTIeHbIO, OHU HE 3aHUmMarom 00CmotiH020 Mecma 6 npoepammax o6yueﬂuﬂ

qbusukoe, IKOHOMUCMOS6, NOJUNOJI0206 U Opyeux YVUEHbLX. BOS’MOD!CHO, oeno 6 mom, 4mo Hem 00CMAaAmMoyYH020
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npedcmaeﬂeHanZ Mamepuadi 6 Kaxkoti-mo mepe nomoastcem npeodoﬂemb 2Mmom HedOCmamox.
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YpaBHEHHH.
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Annomayusn: Aiieipma menoemenepu a0amovl Kypuan mypean YoupoeHy usuioee yYuyH 34
conyn Kypan. Anap ynyy mamemamux XKoo Anpu Ilyankapenun: «Mamemamuxa — ap Kanoail
Hepcenepou Oup e am MeHeH amai OULyy eHepy» Oe2eH CO3YH MOyK uazvliovipam. byea
Kapabacmaw, muiekke Kapuvl, anap Guzukmepou, IKOHOMUCIMMeEPOU, caacam maauyyuyiapobl
JdHcana bawika OKyMywmyyiapovl 0aspooo NpocpaMMAlApblHOA MAMbIKMYy OpPYHOY 23271ebel
acamviwiam. barkum, 0y pakm muewenyy mema OO0HYA MAK HCAHA KbI3LIKIMYY HCAZLLISAH
mMamepuanoapovii xcemuuicuzoucuner. bepuneen mamepuan 6yn KemMuurukmu KaHoauowvip oup
Odenerande ducoioyea dcapoam bepem oen uuieHeoOus.

Ypynmmyy ce30ep: ChI3bIKTYY aiibipMa TEHAEMENIEpH, OMPUHYN JapakaJarsl TEHIEeMeep,
4yeayy ¢opmynacel, OH TapaObl XKaJIbl TYpA® OEpWwIreH TEHACMEIEPIUH YSYHMH, albIpMa

TEHJIEMEJIEPHUH YbIIapyy1arbl )KaHbl bIKMA.

FIRST ORDER LINEAR DIFFERENCE EQUATIONS
WITH APPLICATIONS

Urdaletova Anarkul Burganakovna,

Candidate of Physical and Mathematical Sciences, Professor,
anarkul.urdaletova@manas.edu.kg

Kyrgyz-Turkish University "Manas",

Kydyraliev Syrgak Kaparovich, Doctor of Economics, Professor,
kydyraliev_s@auca.kg

Burova Elena Sergeevna, Senior Lecturer

burova_e@auca.kg

American University of Central Asia,

Bishkek, Kyrgyz Republic

Abstract: Difference equations are a wonderful tool for studying the reality surrounding a
person. They fully illustrate the statement of the great mathematician Jules Henri Poincaré:
"Mathematics is the art of calling different things by the same name.” Despite this, unfortunately,
they do not occupy a worthy place in the training programs of physicists, economists, political
scientists and other scientists. Perhaps the fact is that there is not enough clear and interestingly
written materials on the relevant topic. We hope that the presented material will help to overcome
this shortcoming to some extent.

Keywords: linear difference equations, first-order equations, solution formula, solution of

equations with general right-hand side, new approach to solving difference equations.
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BBenenue

K coxanenuto, noaasistomiee OOJBIIMHCTBO JIOACH CUUTAIOT, YTO MaTeMaTHKa SIBIISCTCS
OUYCHb CIIOKHBIM MPEIMETOM M CTapaloTcs n30eXaTh CHUTyallMil, B KOTOpBIX Tpedyercs
UCIOJIb30BaHNE MAaTEMAaTUYECKUX METO/IOB.

B pe3ynbrare oHM 0OKa3bIBalOTCA B ABOMHOM IIpoUrpbIiie. Bo-nepBrix, mpupoia u 00111ecTBO
YCTPOEHBI TaK, YTO OOOUTHCH 0€3 MaTeMaTUKH HEBO3MOXKHO.

Bo-BTOpbIX, MHOTHE MpPOOJIEMBI PEHIAIOTCS MPOINE, a PEe3yJIbTAThl PEIICHUS MPUHOCAT
OOJIBIITYIO BBITOAY, €CJIM IMPU ITOM HCIONb3yeTcs maremaTtuka. [1-3]. Konedno, HeoOXxomum
OTHOCUTEIIbHO TPOCTON, YIOOHBIN B HCIONBb30BAaHUM MaTemaruueckuid ammapar. [lo Hamemy
MHEHHIO, 3aMETHOE MECTO B apCeHalle HayyHbIX PaOOTHUKOB JOJDKHBI 3aHUMAaTh Pa3HOCTHBIE
ypaBHEHUs. B naHHOMN cTaThe MBI MOKa3bIBAEM, YTO JIaXKE OTPAHUYUBASACH TOJIBKO JIMHEHHBIMU
YPaBHEHUSMHU IEPBOTO MOPSIKA MOXKHO CMOJICTHPOBATH OOJBIIOE KOJIMYECTBO Pa3HOOOPA3HBIX
SIBJICHUU.

1. PaccmatpuBaroTcs TMHEHHbBIE pa3HOCTHBIC ypaBHEHUS

Xn = aXn1 + b(n), )
rzie a — HeKoTopoe uncio, b(n) — 3amannas GyHKIHS.

OO6b14HO [4 - 6], B paboTax, HalleJIEHHBIX Ha IPUMEHEHNE JIMHEHHBIX Pa3HOCTHBIX
ypaBHEHUIA, N3y4alOTCs YpAaBHEHUS BHIA Xn = axn-1 + b u

Xn = PXn-1 + qr™L. B mannol paboTe M3ydaroTcs U Apyrue ypaBHeHHs cemeiictna (1).

KnroueByro posib B HallleM UCCIIEA0OBAaHUM OYyJIET UTpaTh JJOBOJIBHO ITPOCTOE YTBEPXKIECHUE,
KOTOpPO€E MBI Ha30BEM

JJEMMA

Ecnu umeeT MecTo pa3HOCTHOE YpaBHEHHE

U, -u.,=f(n),n=12 ., )

N
TO CIIPABEMIMBO PaBEHCTBO Uy - Uy = Z f(n).
n=1

JOKA3ATEJIBCTBO.

PaccraBuB ckoOKU B TOXACCTBE

Uy - Up = Uy Uy F Uy, -Uy, FU, - Uy HUg -+ U, -U + Uy - Uy, momyanm

Uy - U :(UN “Uyg )+(u|\|-1 -Uno )+(UN-2 -Uys )+ ---+(u2 - u1)+(u1 - U )

JHanee, 3aMeHUB KaXKIyl0 CKOOKY €€ 3HaUeHHEM U3 ypaBHEHU (2), TOIyduM Tpedyemoe:
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Uy Uy = f(N)+ f(N -1)+...+ f(2)+ f(1) .
2. Haunewm c anemenTapHoro npumepa ucnosb3oBanuss JIEMMBI. OkassiBaercs ¢ ee
MTOMOIIIbIO0 MOKHO JIOBOJIBHO JIETKO CIIPaBUTHCS C HEKOTOPBHIMU 33/1auaMU Ha CYMMUPOBaHHUE,

KOTOPBIC YaCTO IMpeajIararoT Ha pa3JIM4HbIX MaTEMAaTHYCCKHUX OJIMMIIMAaaX U KOHKYpcCax.

3agaua 1.
1 1 1 1
Beruucnutes cymmy S, =——+ + .
37 711 1115 (@n-1)-(4n+3)
Pemenue.

[TpeoOpaszyem uncauTenu:
_(7-3)/4,(11-7)/4 (15-11)/4 ((4n+3)-(4n-1))/ 4

S
3.7 7-11 11-15 (4n-1)-(4n+3)

n

Tenepp, 10CTaTOYHO Pa3OUTH KAXKIYI0 IpOOb HA JBE:

11 1) 1(1 1),1(1 1 1/ 1 1
S,==| == |+ =-— |+ == |[+..+= - .
4\3 7) 4\7 11) 4\11 15 4\4n-1 4n+3

3. Hacrano Bpems Bocronb3oBathes JJEMMOM juis nonyuenns pemenns ypapaenns (1) -

ypaBHEHHS Xn = aXn-1 + b(n). Jst aToro, pasnenum ypasHenue (1) Ha @", u BBegeM

X b(k
0003HauEeHUs a—iz Uy %: f(k). Torma, U, —U, ;= f(n) wu, cormacao JEMME,

n b
Uy -Uy = Z f(k). BepHemcs k HCXOQHBIM 0003HAUYEHHAM: —“ —X% = Z (k) . Takum obOpasom,

k=1 = a*
MOJIy4aeM, uTo perieHueM ypaBHeHus (1) ssisiercst pyHKuus
n
X, =a"%+ > a" b(K). (3)
k=1
3agaua 2.
Hcnons3yem (bopMyny (3) anms TOro, YTOOBI MONYYUTH (GOPMYITY JUISL PEUICHHS
YpaBHEHHUSA xn = aXn-1 + qr
Pemenne. Mrtak, B nanaom ciryuae b(n) = qr't. Iosromy, cornacuo (3),

n
X, =a"g+y a"grit<=> x, =a +q(a™ +a"r+a"rt + +ar"? 41 <=>

2 3 n-2 n-1

r2 r3 rn-2 I,n-l
a a a’ a

i r
x, =a"x,+ga" 1(1+—+—+—+,_+—+
a

Tak xak BHYTpPHU CKOOOK CTOMUT CymMMa N 4JICHOB FeOMCTpH‘{eCKOﬁ nporpeccuu co
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n1l-(r/a)"

. Ocranoch nepenucarb MOIy4YEHHYIO
1-(r/a)

3HAMEHATeleM I/a, momydaeM X, =a"x,+qa

dbopmyiy B BUIE
an _ rn
a-r

X,=a"% +q (3G)

(G — ot cnosa Geometric, Tak kak B maHHOM ciydae b(n) = qr*! sensiorcs unenamu
reOMETPUYECKOW IPOTPECCHH. )
3amgaua 3.

B 150 TeicsiuHOM roposie ecTeCTBEHHBIN MPUPOCT UMEET OTpULIATENNbHbIN 3HaK: (-4%). U3
JPYTUX MECT B 3TOT ropoj] B mepBblii rox nepeexano Ha 10 000 gemoBek Ooblle, yeM yexaio.
[Ipeanonaras, 4To B KaKAbIH MOCIEAYIOMUNA TO 3TO YKHCIO Oyner pactu Ha 2%, onpenenure
KakuM OyzieT HaceleHue yepes 8 JeT.

Pemienne.
O0603HaYMM KOJIMYECTBO KHUTEJIEH TOpo/a B KOHIE rojja ¢ HOMEPOM N Yepe3 Xn, MOTyIHM

ypasuenne xn = (1 — 0,04)Xn-1 + 10000(1 + 0,02)"! ¢ mauambHEIM ycrmoBueMm xo = 150000.

(102)°-(0.96)"

[Tostomy, X5 = (0,96 )8 -150000+10000
1,02-0,96

Wtak, ecnu mpeanonokeHus onpaBIaloTcs, yepe3 § JeT B 3TOM ropojie OyayT MpoKUBaTh
183253 yenosek.
4. J1is Toro yToObI pa300paThCs B CIEAYIONIEH CUTYAIlUH, UCIIOIb3yeM CaMbliil TPOCTOH U

NOMYJISIPHBIN BapuaHT ypaBHeHus (1) — ypaBHeHue

n
xn = axn1 + f. TloHsTHO, 9TO €e pemrenue ectb GyHKIMA X, =a "X, + f

, IBJISTIOIIIASCS

vyacTHbIM ciiydaeM (3G) mpu q = f; r = 1.

3anaua 4.

Paccka3zpiBaroT, uTo HEKOTOpOe Bpems Xomka Hacpeqaua pabotan yauteneM B MIKOJIE.
B onun U3 nHEH, OH 3a1a)1 CBOMM yY€HUKaM Ha JIOM CIEAYIOUIYIO 3a7aqy.

Bonka namnanu nacmu ogey. B umoze, uepes mecsay omapa ymenvuiunacy Ha 40% u ewe 6,4
osyvl. To dce npoucxoouno 6 nocredyowue mecayvl. CKoIbKo osey ObLIo 6 Hayane, eciu Yepes 5
Mecsayes ocmanoco 227 osey?

Ha crmenyronmuii 1eHp B IIKOJNy NpHUIUIA Tpylnna BO3MYIIEHHBIX poautesed. OHU
roBopuiiu: «KoHeuyHO, Mbl IOHUMAEM, YTO 3TO MaTeMaruueckas 3anada. Ho naxe B HUX JOMKEH
OBITh Kakoi-TO cmbIci. Kak 3TO oTapa oBell MOXKET yMEHbIIUThCA Ha 6,4 oBIBI?» B oTBer,
Hacpennun ckazan, 4to Bce ¢ 3TOM 3amaded B mopsiake. M mpemiokua 3TUM POIUTENIM

CJICMYIONIYIO CAENKY: €CJIM B 3a7a4e OIIMOKa, TO OH IIeNBIN ToJ1 OyaeT paboTaTh O6€3 OIIaThl, a
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€CJIA BCE B IIOPSAIKE, TO KaXKAbIM U3 HUX NIPUBENET €MY IO OBLE.
Kak Bpl nymaere, ueM 3aKOHYMIIACh 3Ta UCTOPUS?
Pemenne.
Ha nepsbiii B3rsaa Xopka He IpaB: KOJIMYECTBO OBELl B OTAPE BCEr/A LIEJIOE YUCIO —
nostoMy, uuciaa 6,4 oBupl ObiTb He MoxkeT. Ho He OyzneM TOpONUTBCS, M INPOBEIEM

MaTeMaTHYeCKUM aHaIu3 CUTyalluH. O0603HaUNB YCpe3 Xn KOJHUYCCTBO OBCI] B KOHIC MECALla C

HOMEpOM N, moTy4nM pasHocTHoe ypasrenue X, = 0,6X , - 6,4 u ycnosue X, =227 .

Hanee, pasnenum ypasaenue Ha (0,6)", u BBe1eM 0603HaYeHUS

% -=U,; 6'—4k =a(k) .Torma, Bocmonp3oBaBmmch JIEMMOWM,  momydmm:
(0,6) (0,6)
501 X 6,4 (1/0,6)°-1 1-(0,6)°
u5-u0:6,42[—J & _55 eI St A AP X5:X0(0’6)5+6,4—’
=\ 0,6 (0,6) 06 (1/06)-1 1-0,6

& 227 = %,(0,6)° +16(1 - (0,6)° ¢ x, = 241,75584 / 0,07776 = 3109.

I/ITaK, W3 HAIMX BBIYMCICHUM CJICAYCT, UTO NEPBOHAYAIIBHO B OTape osu10 3109 OBCII.
IlocnenoBarenbHO MOJACTABISSA 3HAYCHUS B YpaBHCHUC (2), NpuxXoaAuM K HCOXUIAHHOMY

BBIBOAY: 3aa4ya Xomxku HacpennnHa odeHb gaxe npaBionofo0Ha, Tak Kak B oTape ObLIO Mocie

1-ro mecsma: X, =0,6 -3109 -6,4=1859 ogen

2-ro mecsina: X, =0,6 -1859-6,4=1109 oseu,

3-ro mecsna: X3 =0,6 -1109 -6,4 =659 oser,
4-ro Mecsna: X, =0,6 -659 -6,4=389 oger,
5-ro Mecsna; Xs =0,6 -389 -6,4=227 osew.

5. [IpomomkuM u3y4aTh ypaBHEHHUE Xn = aXn-1 + b(n).

3amaua 5

Temup B KOHIIE KaKa0T0 roja noodasiser Ha cuet $500, AlizaHa B KOHIIE

1-ro roma caumaet co cuera $1000, B KakIbIi MOCIEAYIOMINN To1 Ha 5% Oosblie, 4eM B
npeapiaymuid. CKOJBKO JeHer OyneT Ha MX COBMECTHOM cueTre yepes 12 JeT, ecnu CTaBka
unrepeca 10%, a B Ha4aNbHBI MOMEHT BpeMeHH Ha cuere $5000?

Pemenue

O0603HauuM 4yepe3 xn KOJUYECTBO JACHET Ha CUYETE B KOHIIE TOZla C HOMEPOM N U TMepeBeIeM
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3a/1a9y Ha SI3BIK MATEMaTHKH:
xn = (1 + 0,10)Xn1 + 500 — 1000(1 + 0,05)™%; xo = 5000; X12 = ?
KoHeuHo, MOKHO CKa3aTh, YTO MBI HE YMEEM peIllaTh Takke ypaBHeHHs. Ho 3TO TONBKO Ha
IIEPBBIi B3I, B 1aHHOM cilydae, B ypaBHEHHH Xn = aXn-1 + b(N) cmaraemoe b(n) umeer Bu bi(n)
+ b2(n). IToBTOPHB BBIKIIAIKH, KOTOPBIE MTPUBEIH K popmyiie (3), OIydrM, 9TO PEIICHHE HMEET

BHU]I
X, =a"% + > a" b )+ > a" b, (K) . (3S)
k=1 k=1

CJICI[OB&TCJIBHO, PCIICHUC 3a1a4Yu:

(LY"-1 1 50p @D -(1,05)" _
01 1,1-1,05

=17261,36 +10692,14 - 26851,44 =1102,06 .

X, = (1,1)*5500+500

CraeacrBue
Ecnu B ypaBHeHHH Xn = aXn-1 + b(N) cmaraemoe b(n) umeet Bu

bi(n) + b2(n) + ... + bm(Nn), perrenne 3amumercs B Bue

X, =a"% + > a" b (K)+ > a" b, (k) +...+ > a" b, (K).
k=1 k=1 k=1

n
WUrax, pemenne OyaeT uMeTh 001y 0 4acTh @ X, M ClIaracMble, ONpEIensieMble

KOHKPETHBIM BHIOM (yHKImi bj(n), coctaBmstomux Gpynkuuto b(n).

6. Paccmorpum Oostee oOIIHil BApUaHT 3a1a9d M3 TPEIBIIYIIETO pa3iena.

3anaua 6

Hactsa npemnaraer monens, cornacHo kotopoit BBII ctpanst Ha 70% onpenensercs BBII
npomwioro roga. K 3roMy 3HaueHHIo A00aBISAIOTCS BEIMYMHBI MHBECTULMM M 3KCIOpTa, U
BbluMTaeTcs BenuunHa ummnopra. Kakum Oyner BBII uepes 5 ner, ecnu ucxonnoe BBII paBHo
500, mo wWroraM mNEpBOro roja HWHBECTHIMM paBHsuMCh 135, skcmopt 45, umnoprt 427
[Ipeamonaraercsi, 4To €KETOAHO HHBECTUIIMH OyIyT pacTH Ha 5%, skcropT — Ha 3%, a BeTMInHA
uMIopTa OyeT HEeU3MEHHOM.

Pemenue.

O603HaunM yepe3 Yn BEIMUMHY BaJOBOIO BHYTPEHHETO IPOAYKTa B TOJ] C HOMEPOM N.
Tornma,

Yn =0,70Yn1 + 135(1 + 0,05)™ + 45(1 + 0,03)"! - 42; Yo=500; Y5 =?

IToaTomy, pewienue 3aaauu:

5 5 5 5 5
(1,053,35(0,7) a5 (1,033,3:50,7) 42 1 é('),37) _
=84,035+427,453+135,164 - 116,47 =530,2.
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3akiro4enue

PasHocTHBIE ypaBHEHHs ABISAIOTCS 3aMeyaTelIbHbIM HHCTPYMEHTOM MOJEIMPOBAHUS
SIBJICHUW TIPUPOJIBI M OOIIECTBEHHOM >XM3HU [4-6]. X IIEeHHOCTH MOBBIIIAETCS OTHOCHTEIBHOM
IPOCTOTOM M YyHOOCTBOM B HCHOJb30BaHMU. B naHHON paboTe paccMOTpeH psl 3ajad, Ipu
pELICHUH KOTOPBIX HCHOJIb3YIOTCS PA3HOCTHbIE ypaBHeHUs. Cpeam HUX €CTh, KaK YHUCTO
MaTeMaTUYECKHUEe, O BBIUUCICHUM CYMMBbl 3JIEMEHTOB UHCJIOBOM MOCJIEN0BAaTEIbHOCTH, TaK U
3a[a4u Ha IPUMEHEHNE MaTeMaTHKH B ieMorpaduu, SJKOHOMHUYECKOM Teopuy, ... . Hageemcs, uro
0COOBIf MHTEpEC BBI30BET MCTOPHUS, INIABHBIM I'eépOe€M KOTOPOH Mbl BBIOpaU JIUTEPAaTypHOIO

reposi Bcex TIOPKCKHUX HapoaoB Xomky Hacpenauna.
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PACYET U3I'NBA MEMBPAHBI HA YIIPYT'OM OCHOBAHHUU
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Annomauusn: Onucana 3a0aua 0Jisi IKpaHuposanno2o ypasnenus Ilyaccona 6 L-obpasnou obracmu, ko2oa
Ha 08YX GONLUUX CIOPOHAX BbINONHAEMCs. 00HOPOOHOe yeaogue Heilmana, a na ocmanshblx cmopouax obracmu
3a0ano 00HOpOoOHoe ycaosue [upuxie. Ilpeonacaemcs memoO uUmMepayuoOHHbIX PACUWUPEHULl 01 HAXOHCOeHUs
npubnudicenno2o peutenus 3a0auu. Peanuzosana npoepamma na OBM, evluucisiowas maccus noisi nepemeujeHu
mouex memopanvl. HcxoOHbIMU OAHHBIMU ABNAIOMCS 3A0AHHbIE OJUHbI CIMOPOH 001ACMU, 3HAYEHUS MACCU8d
8bIOUPAEMOll NPABOIL YACMU IKPAHUPOBAHH020 YpasHeHust Tlyaccona 6 y3niax 3a0aHHOU K8AOPAMHOU CemKu U
sblOUpaeMasi MOYHOCMb PEueHUss PAZHOCMHO20 AHAL02a peulaemoll 3adauyu. B mpoepamme peanuzosamwi:
2paghuueckoe npedcmagieHue Maccusa noJisi NepemMeuyeHull mo4ex MeMOPanbl U 3anuch pe3yibmamos 6 OmoelbHblil
aiin.

Kniouesvie cnosa: 3adaua Heiimana, 3aoaua Jupuxne, sxpanuposannoe ypasuenue Ilyaccoma, memoo

DUKMUBHBIX KOMINOHEHN, MEMOO UMEPAYUOHHBIX PACUUPEHUIL.

CALCULATION OF MEMBRANE’S BENDING ON ELASTIC BASE
Ushakov Andrey Leonidovich, Cand. Sc., Associate Professor,
ushakoval@susu.ru
Eremchuk Maksim Pavlovich
et2222emp32@susu.ru
South Ural State University
Chelyabinsk, Russian Federation

Abstract: Problem for screened Poisson equation in L-shaped domain with homogeneous Neumann
boundary condition on larger sides and homogeneous Dirichlet boundary condition on the rest of sides described.
Method of iterative extensions for finding an approximate solution proposed. Computer program for calculating an

array field of membrane point’s movement implemented. Input data are lengths of domain sides, array of right-hand
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values of screened Poisson equation in grid nodes of predetermined size, and accuracy of solution of difference
analogue of the problem. Program implements visualization of array field of membrane point’s movement and
writing this array into file.

Keywords: Neumann boundary condition, Dirichlet boundary condition, screened Poisson equation, method

of fictitious components, method of iterative extensions.

1. Bsemenue (Introduction) PaccmarpuBactcs cMemiaHHas KpaeBas 3ajada Juis
9KpaHUPOBAaHHOTO ypaBHEHUs [lyaccoHa B OrpaHWYeHHOW O0OJACTH C KPacBbIMU YCIOBHSIMU
Hupuxne u Helimana. [IpoGiieMbl B pelieHUM 3JUIMNTHYECKUX YPAaBHEHHH OOBIYHO BO3HHUKAIOT
U3-3a CJIO)KHOW TeOMETpUH 00JIaCTH, MPHUCYTCTBUS KpaeBOro ycioBus Jlupuxiie U BBICOKOTO
nopsinka guddepeHnmanbHbIX  ypaBHeHu [1-3]. Jlna  pemieHus MOCTaBIGHHOW —3aaadud
MPUMEHUM METOJI HTePAIIMOHHBIX PACIIUPECHHM, SIBIISIOMUICS 00001MeHneM MeToAa (PUKTUBHBIX
KOMIIOHEHT [4-5] u yierko peanusyemblii Ha DBM. JlaHHBII MeTO[ sBIsSeTCS JorapuMudecku
ONTUMAJBFHBIM UM ONTUMAJIBHBIM IO KOJMYECTBY apu(PMETUYECKUX OIeparuii, He0OXOAUMBIX
JUTSL TOCTHOKEHHMS 33/IaHHOM OTHOCUTEIBHOM MOrperHoCcTH [6-7].

2. IMocranoBka 3amauu (Problem formulation) ITycte 3amaHa mepBas orpaHuveHHas

TJIOCKAs 06J1aCTh U BEIOMPAETCS BTOpasi OrpaHUYeHHAs IUI0CKas 001acTb.
2
Q,cR* we{l 11}.

TpeOyercs, 4TOOBI MepeceueHue HTHUX obOnacTeil ObUIO MyCcTO, a OOBEAMHEHHE WX

3aMBIKaHUH OBUIO 3aMBIKAHUEM HpﬂMOYFOJ'ILHOfI 00J1acTH.

['panuna kaxaoi u3 Tpex 00JacTeil COCTOUT U3 3aMbIKaHHs OOBbEINHEHUS ABYX OTKPBITBIX

HEIEPECEKAIOIIMNXCSl YaCTEN.

GQm = Sa)’ Sa) :Fa),l Urw,Z’ 1_‘m,lml_‘a),Z =(.
HonaraeM, 4dTO IEPECCUCHUC TI'paHUIL] HCpBOﬁ )51 BTOpOﬁ 06H3.CTI/I ABJIACTCA 3aMBbIKAHUEM

HEITyCTOT0 TIEPEeCEUEHUs MePBOM YaCTH TPAHUIIBI TIEPBOM 00JIACTH CO BTOPON YACTHIO TPAHUIIBI

BTOpOil 06sacTu.

Bce paccmatpuBaemple 4acTH TpaHHMII y BCeX oOnacTed SBIAIOTCS OObEIWHEHUEM
KOHEYHOIO YHUCJA HENEPECEKAIIMXCA OTKPBITBIX Ayl JIOCTaTOYHO TIJIAJAKUX KPHUBBIX.
PaccmarpuBaroTcst 0671aCcTH, TPaHUIIBI KOTOPHIX HE UMEIOT CaMOTIEPECEUCHU U CaMOKaCaHHi.

Paccmotpum cregyromniue o61acty B IpsIMOYTOJIBHON CUCTEME KOOpIUHAT.
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O =(0;b) < (0; b)\[a; b)x[a;b), Q;; = (a;b)x(a;b), IT=(0;b) x (0;b).

ITepBas o6sacte mo popme sBisercs L-oOpa3Hoit 001acThio, a BTOpas 00JacTh SBISCTCS

KBaJlpaToM.

I'; = {b}x(0;b) U(0;b) x{b}, I', = {0} x (0;b) U(0;b) x {0},
Iy, ={b}x(0;a)U(0;a)x {b}U{a} x(a;b) U(a;b) x{a},
I, ={0}x (0;b) U(0;b)x {0}, Iy, = {b}x(a;b) U(a;b) x {b},

Iy, ={a}x(ab)U(a;b)x{a}.

B mnepBoii obnactu paccMaTpuBaeM CMELIAHHYIO KpaeBylO 3agady Julsl ypaBHEHUs
[Tyaccona. Bo BTOpoii 001acTH BBOAMM CMELIAHHYIO KpaeBYIO 3ajady JUisi OJHOPOIHOTO
SKpaHUpoBaHHOTO ypaBHeHus Ilyaccona. Ha mepBbIXx wyacTsax rpaHul] oOnacted 3amgaem
onHoponHoe ycioBue Jupuxsie. Ha BTopbIX uacTax rpaHul] oOjacTed paccMaTpuBaeM
onHoponHoe ycioBue Heiimana. 3agadya Ha mepBOil OOJACTH SIBIIAETCS pEIIaeMON 3aJaueid.
3amady Ha BTOPOH 00JIAacCTH paccMaTpUBaeM B KauyeCTBE HYJIEBOTO (PUKTUBHOTO MPOJOJLKEHUS

pemaemoii 3aaun. ChopmyarpyeM Hally 3aJady Ha paHee 3a/laHHbIX 00J1acTaX:

—AU +0 = f; B (0;b)x(0;b)\[a;b)x[a;b),

U, =0 na {b}x(0;a)U(0;a)x{b}U{a}x(a;b)U(a;b)x{b}, (1)
ouy . :
P 0 ma {0}x(0;b)U(0;b)x{0}.

Pemienne 3amaum  — (QyHkus nepemenieHus Touek L-oOpaszHoii  memOpaHsl,

pPAacCIIOJIOKEHHON B TOPHU30HTAIBHOM IIOJOKEHHUH II0J JCHCTBUEM HArpy3KH ONpEIeiasieMoi
IIPaBOM YaCThIO YPAaBHEHHUS.

HeoGxomumo paspaborate nporpammy st OBM, BBIYHCHSIONIYIO MPUOIHKEHHOE
pelieHre ONMMCaHHOM 3a7aun. BXOAHBIMU JaHHBIMH AJI IPOTPAMMBI SIBISIOTCS JUIMHBI CTOPOH
obmacTed, pasmep KBaJpaTHOW CETKH, 3HAYCHHS MacCHBa BBIOMpAeMOW TMpaBON YaCTH
DKpaHUPOBAaHHOrO ypaBHeHus IlyaccoHa B y3max CETKM M TOYHOCTb peuieHus. Pesynbratom
BBITOJIHEHHS TIPOTPAMMBI JIOJDKEH OBITh MAcCUB IOJIS MIepeMeIleH i Touek MeMOpaHbl. JI0IKHO
OBITH peann30BaHO rpauUecKoe MpeACTaBIEHWE MAacCHUBa PEUICHHUS W BO3MOXKHOCTH 3aIllUCU
pe3yJbTaTOB B OTAEIbHBIN (haii.

3. MeTtoa urepannonnbix pacmupennii (Method of iterative extensions) Paccmorpum

pemaemyto 3amauyy (1) B marpuyHoit ¢opme. ANNPOKCHUMHUPYS 337ady B KOHEYHOMEPHOM
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HOMPOCTPAHCTBE, TIOJIYYUM CHCTEMY alreOpandecKux ypaBHECHHIA.
TgeRN:Bo="f, f eRV. (2)

s pemienus 3anaud (2) MPUMEHUM METOJI MTEPALMOHHBIX PACcIIMpPEeHH Kak 0000IIeHne

MeTo/a (PMKTUBHBIX KOMIIOHEHT B MaTpUYHOH Gopme.

BBenénnbie MaTpUIIbl UMEIOT ONPEACTIEHHYIO CTPYKTYPY.

A, A, O 0 O 0
A=Ay Ay O, A =0 Ay Agl|
0 0 O 0 Ay Ag

OnpenenyM paclIMpeHHYI0 MaTpuIly, Kak CyMMY IEpBOM MaTpHIbl B BTOPOH MaTpHIIbI,

YMHOKEHHOW Ha MOJIOKUTEIIbHBIN apameTp.

Cy Cp, 07 [A4y 4, 0] [O 0 0
C=4+y4|Cy Cp Cpg|=|4py Ay O|+7|0 Ay Ay | ye(0;+m).

Toraa nrepatuBHbIN Hpolecc Oy1eM UMETh BUIL:

o eRN:C(T* —0*) =y (BT ), keN,

v’ eV, 7o =L oy = (T 7 )/ (7774 ), ke N\ {1 3)

I[J'IH HAaXOXKIACHUA UTCPALIMOHHBIX IMAPaMCTPOB HCO6XO,I[I/IMO HaluTH HCBA3KY, IOIPABKY U

DKBUBAJICHTHYIO HEBA3KY.
ret=Bu* -, Wt =Ccirf T M = BRE T ke
Jlns MeTosia uTepalluOHHBIX paciiupeHuil (3) BHIIOTHAETCS HEPABEHCTBO:
o -0l. <2|o° -]

[TogpoOHee pacnuieMm airopuT™ pemieHus 3agadn (2). B Hamei kBaapatHoi o0iacTu u
Ha OMOSCHIBAIOIIEH TMOJOCE BBEAEM CETKY C y3laMH W OyaeM MpeICTaBiIsITh MPaBYIHO YacTh

ypaBHeHuUs (2) B BHJIE CETOYHOM (QYHKIIHH.
f_i,j = f_(xiin)ER i=12.,n, j=12..,n.

1) Brerumcnsgem BenmWYuMHY KBaJpaTra HOPMBI HadajdbHOW aOCOJIFOTHOM OIIMOKH, KOTOpas
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COXpaHseTCs B TEUEHHE BCEX BBIUMCIICHUI.
E, =(f, f)h2.
2) Haxoauwm nepBoe npuodInKeHHE.
o eRN: AT =T,
3) Beiuncisiem HEBSI3KY.
=B - = AT, ke N\{1).

4) BeruuciisieM odepeiHyro BeJIMUNHY KBaJpaTa HOPMbl aOCOJIFOTHOM OIIUOKH.

E =L hh? ke N\ {1).
5) Haxoaum momnpaBky.

Wl eR : AR =TFT, ke N\ (L.

6) Berunciisiem S5KBUBaJICHTHYIO HEBSI3KY.

7t =BW T = AW ke N\ {1},
7) Beruncisiem utepaliioHHbIN apamerp.

=T/ @, ke N Y.

8) Haxomum HOBOE MPUOIIIIKEHHIE.

9) IlpoBepsieM ycinoBHUE OCTAHOBKU UTEPALIUH.
Ey 1 <E’Eg, ke N\ {1}, E€(0; ).

Ecnu ycroBre 0cTaHOBKHM HTEpAIUii HEe JOCTUTAETCS, TO BCE TIOBTOPSIEM C ITyHKTa 3.
4. Tlpumep mnNpUMeHeHUs] 3aNPOrPAMMHPOBAHHOIO0 MeTOAa HTEPALHOHHBIX
pacumpenunii (Example of applying of programmed method of iterative extensions)

[TpuBoauTCs mpumep perieHus 3aaa4u (1) st ciaenyromeit odbnactu:

I, ={2,5}x(0;2,5)U(0;2,5)x{2,5}, T', = {0} x(0;2,5) U(0; 2,5) x {0},
I'1; ={2,5}x(0;1,5) U(0;1,5)x{2,5} U{1,5} x(1,5;2,5) U(1,5;2,5) x {1,5} ,

Ty, ={0}x(0;2,5)U(0;2,5)x{0}, Ty, ={2,5}x(15;2,5)U(L5;2,5) x{2,5},
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T ={L5}x(15,2,5U(L52,5) x{L5}.

BBoautcs Qynkums, ompezensiomas Harpy3ky Ha MeMOpany, u (QyHKUHS, SBISIOLIasCS

HCKOMBIM PCHICHHUECM, KOTOPYHO MBI 6y;[eM HCIIOJIB30BATh JIA MOATBCPKACHUA IMPUMCHUMOCTU

MMpEaAJIOKCHHOTIO MCTO/1A.
f, = ((392—384x)(64y° —196Yy? + 225) + (64x° —196x + 225)(392 — 384y)),/184% +

+ (64x% —196X% + 225)(64y° —196Yy? + 225) /1842

0y = (64x° —196x2 + 225)(64y° —196y? + 225)/1842 .
Haiinennoe nocnegnee npuOnmkeHue K pemieHuto npu N =254 otoOpasum Ha rpaduke

BMECTE C pelieHueM (cM. puc. 1).

Puc. 1. I'paduk pemieHus 1 mocieIHEro MPUOIKEHHS

Tenepb BBIUMCINM BEIUYMHY MAaKCHUMaJIbHOM OHIMOKM Ha camMOW MEJIKOW CeTKe Mpu

max (uf; —0; ;
_2<i,j<n1l 7

max
2<i,j<n-1

n=502
i

=0,00021.

ui,j‘

[Moctpoum rpaduk (yHKIMHM KOJNMYECTBA HUTEpaAllMii B HMTEPAllMOHHOM IpOLecCe B

3aBUCUMOCTH OT YHCJIa Y3JIOB IO HAIPABJICHHSIM OCei (CM. puc. 2).
k =k(n), n=4, 54,104, 154, 204, 254.
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18 A
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10 A

0 50 100 150 200 250
Puc. 2. 3aBHCHUMOCTb KOJIMYECTBA UTEPALIMA OT KOJTUYECTBA Y3JI0B
5. 3akmouenue (Conclusion) PeanusoBannyto nporpamMmmy Ha DBM i mpuOIHKEHHOTO

pemeHust SKpaHupoBaHHOTO ypaBHeHHs [lyaccona c 3amaHHON TOYHOCTHIO Ha L-00pasHoit

001aCTH MOYKHO INPUMCHATD JIA pacdeTa n3ruda MeM6paHLI Ha yupyromM OCHOBAaHHHU.
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ABTOMO/I€NbHBIE pelleHus AupdepeHIHalIbHbIX YPaBHEHUH B YaCTHBIX MPOU3BOJIHBIX
BTOPOTO MOPSAJKA UIPAKOT BAKHYIO POJIb IIPU UCCIIENOBAHUM KPAeBbIX 3a/1a4, a aBTOMOJEIIBHOE
pELICHUS] CHHTYJISIPHBIX YPaBHEHHI BBIPAXKAIOTCS Yepe3 crienuanbHbie GyHkimu [1-7].

B sTom nmoknane paccMaTpruBaACTCA BBIPOKAAOMINCCA Hapa60J'II/I‘leCKO€ YpaBHCHHUEC

2
u (x,t)= uxx(x,t)+%ux(x,t)—%u(x,t), v = const, 1)

B oOactn Q= {(X,t) —o0< X< 40,t > O}.

s ypaBHeHus (1) mocTpoeHs! Cleayrolne aBTOMOJIEIbHOE PEIIeHHUS.

ul(X,t)=Gjut_[l+;]lF1£”+l;l+%*Z_:}’ (2)

o et

rae |V (Z) - pynkuus beccens MmHMMOro aprymenTa [8].
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Annomayusn. Kax useecmuo, ecunepeeomempuueckas @ynkyust I'aycca 00H020 nepemenno20 00CKOHAIbHO
HOOPOOHO Uccied08ana 60 6cex omuouteHusx. Iloamomy npu usyueHuu C8OUCME 2UNEPLCOMEMPUYECKUX PYHKYUTLL
MHO2UX NepeMEeHHbIX 00bUioe 3HAUeHUe UMEIOM (HOPpMYIbl PA3NONCEHUs., NO3GONAIOWUE NPEOCMABUMb (DYHKYUIO
MHOSUX NEPEMEHHbIX 6 BUde OEeCKOHeUHOU CYMMbl NPOU3EEOCHULl HECKOIbKUX 2SUNEP2eOMEMPUYecKUX QyHKYuUL
Taycca, a smo, 6 c6010 ouepedsb, obnezuaem npPoyecc U3YYeHust CE0UCME (QYHKYUU MHO2UX nepeMeHHbIX. B
aumepamype uzeecmuul 34 eunepeeomempuyeckue GyuKyuu 08yx nepemennvix 2-20 nopsoxa (cnucox I'opua) u ons
11 uz nux 6 1940-1941 2. bepunenn u Yenou nonyyunu b6onee 15 nap pasnodicenuit ¢ NOMOUDBIO CUMBOIUYECKOSO
memooa. Hzeecmuas ghopmyna Ilyna cviepana 8axchyio ponv 8 ucciedosanusx bepunanna u Yenou, no oonoti smoti
Gdopmyavl 6b110 HeOOCMAMOUHO 05 paznodcenus 6cex Gyukyutl uz cnucka I'opua. [losmomy 0o nedasne2o epemeHu
opyeue eunepzeomempuyeckue @yukyuu I'opna om 08yxX NepemeHHbIX 0CMABANUCH Hepa3lodCceHHbIMU. B cmambe
68005IMCsL  HOBble  CUMBOAUYecKUe onepamopvl muna bepunanna-Yenou, usyuaiomcs ux ceoucmea u
VCMAHABIUBAIOMCS  pA3NIoJICeHust 0asi S-mu  eunepeeomempudeckux @yuxyutl u3z cnucka lopua. Ilokazano
npunodcerue 0OHOU U3 POPMYL PA3IONCEHUSL K Meopulu NOCMpoeHust PyHOAMEHMATbHbIX PeuleHUll CUHSYTAPHBIX
QLUNMUYECKUX YDAGHEHUIL.

Knrwouesvie cnosa: runepreomerpuueckne (GyHKIMH JBYX IEPEMEHHBIX, CHHCOK ['OopHa, KOHQIIIODHTHAS
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runepreoMeTpuyeckas GyHKIus, popMyIa pa3ioKeHHs, CHMBOJIMUECKHE orieparops! Thna bepunera-Yenmu.

EXPANSION FORMULAS FOR DOUBLE HYPERGEOMETRIC
FUNCTIONS AND ITS APPLICATION TO THE THEORY OF SINGULAR
ELLIPTIC EQUATIONS

Ergashev Tuhtasin, Dr Sc, professor,
ergashev.tukhtasin@gmail.com

National Research University “TIIAME”,
Tashkent, Uzbekistan

Arzikulov Zafarjon, teacher,
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Fergana Polytechnic Institute,

Tashkent, Uzbekistan

Khalmirzayev Mamirjan, teacher,
mamirjonkholmirzayev@gmail.com
Al-Fraganus University, Tashkent, Uzbekistan

Abstract. It is known that the Gaussian hypergeometric function of one variable has been thoroughly
investigated in all respects. Therefore, when studying the properties of hypergeometric functions of many variables,
expansion formulas are very important, which make it possible to represent a function of many variables in the form of
an infinite sum of products of several hypergeometric Gauss functions, and this, in turn, facilitates the process of
studying the properties of functions of many variables. In the literature, 34 hypergeometric functions of two variables
of order 2 (Horn List) are known, and for 11 of them in 1940-1941. Burchnall and Chaundy obtained more than 15
pairs of expansions using the symbolic method. The well-known Poole formula played an important role in the studies
of Burchnall and Chaundy, but this one formula was not enough for the expansion of all functions from the Horn list.
Therefore, until recently, other Horn hypergeometric functions of two variables remained undecomposed. In this
paper, new symbolic operators of Burchnall-Chaundy type are introduced, their properties are studied, and an
expansion for 5 Horn hypergeometric functions is established. An application of the new expansion formula to the
theory of constructing fundamental solutions for singular elliptic equations is shown.

Keywords: double hypergeometric functions, Horn list, confluent hypergeometric function, expansion formula,

symbolic operators of Burchnall-Chaundy type.

1. BBegenue
Teopus crenuanbHbIX (YHKIUH, KaK 00JIaCTh MaTeMaTHYE€CKOTO aHalli3a, MOCBAIIECHHAS
WCCJICTOBAHHIO U MPUMEHEHHIO BBICIIUX TPAHCUEHACHTHBIX (YHKIIUI, IMEET TaBHIOK UCTOPHUIO
u Ooraroe coaepkaHue, OOyCIOBIEHHOE NPOHUKHOBEHHEM W B3aUMOCBS3SIMA C CaMbIMHU

Pa3HOOOpa3HBIMM BONPOCAMH TEOPUU (PYHKITMH, WHTETPAIbHBIX W JIuddepeHInaTbHBIX
150


mailto:ergashev.tukhtasin@gmail.com
mailto:zafarbekarziqulov1984@mail.ru
mailto:mamirjonkholmirzayev@gmail.com

YpaBHEHUU U IPYTUX pa3/eliOB MAaTEMAaTHKH.

I'unepreomerpuueckas ¢pynkuus ["aycca npeacraBuMa ciueayromum psaaom [ 1, ctp.69]

F(a,b;c;z) :E%Z—n, |z]<1,

n=0 n n!

rae 4, b, ¢ He 3aBucAT OT Z M OHM MOTyT OBITH JIOOBIMH KOMIUIEKCHBIMU YHCIAMH,

npuuem C#0,-1,-2,.... 3necy (V), — cumBox [loxrammepa:

I(v+n)

r(v)

V) =1, (v), =v(v+D)..(v+n-1)=

a I'(z) - usBectHas ramma-yHKIHMS.

Bosbiline yCHexu, MTOCTHTHYTHIC B TEOPHU THIIEPreOMETPUYECKON (QYHKIUH OIHOTO
[IEPEMEHHOT0, CTUMYJINPOBAIA Pa3BUTHE COOTBETCTBYIOIINX TCOPHUi Tl GYHKIUI OT IBYX WA
MHOTHX TiepeMeHHbIX. B 1889 r. T'opH[2] ycTaHOBWII, 4TO CyIIeCTBYIOT 34 CyIIECTBEHHO
Pa3IUYHBIX CXOJSIIUXCS pAga ABYX IMEPEMEHHBIX MOPsAKa 2, W BBIACIHI WX Ha IOJIHBIC
(complete) u koudarosutHsIe (Confluent) psiabr.

JIst ¥icCIieIOBaHMsI THUIIEPreOMETPHYECKO (DYHKIUHM JBYX IEPEMCHHBIX OYCHb BayKHBI
(OpMyIIBI pa3OKEHHsI, KOTOPHIC MO3BOJISIOT MPEACTABUTH THIICPTEOMETPUUECKYIO (DYHKIIHIO
JIBYX TIEPEMCHHBIX dYepe3 OCCKOHEYHYI0 CyMMY IMPOHM3BEICHUH JBYX TMIEPreOMETPUYCCKHX
(yHKLHUIT OHOTO MEPEMEHHOT0, & 3TO, B CBOK OYepe/ib, 00JIErdaeT Mporecc H3yueHUs: CBOMCTB
(GYHKIMIA IBYX TIEPEMEHHBIX.

C menbio HaXOXKICHUsT (POPMYIT PA3IOKCHUS ISl TUIIEPTEOMETPHUCCKUX (PYHKIUH JBYX

IIEPEMEHHBIX, BIepBble bepunerut u Yenau BBenn onepaTtops!l [3]

_I'(h)r(h+8+o0)
()= F(hra)r(nro) @

_I(8+h)(c+h)
A= F T (5o xh)’ @
Szxg, GEy%, 3)

a I'(z) —ramma-Qyukius Ditnepa.

C nomompto cumBonuueckux ormepatopoB (1) u (2) bepunemn m Yenau mnomydwin
3HAUUTEIIFHOE YHCIIO pa3iokeHui [3,4], comepkaliuxX TUNEPreoMeTpUYecKue (QYHKIUU U3
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criicka ['opHa.

OtmernM, 4uto B pabore [5], Omaromapsi, WMEHHO, OJHOW M3 (QOPMYIT PA3TOKCHHS
bepunenna-Yenau, ynanoce BeIIMCATh B SBHOM BUJIE PELLIEHUE 33a4i XOJIbMIPEHA AJI OAHOIO
MHOTOMEPHOTO AJLTUNTHYECKOTO YPaBHEHHUSI C IBYMsI CUHTYISIpHBIMH Koapdunmentamu. Kpome
Toro, ¢hopmyibl pasioxkeHus bepunemna-UeHau npuMEHSIOTCS B TEOpHUM TMOTeHIMana [6-9] u
peleHnu KpaeBbIx 3a7a4 [10] u1st CHHTYISpHBIX SJUIMITUYECKUX YPAaBHEHUM.

B uccnenoBanusx bepunemna u Uenam BaXHYIO poiib Urpajia u3BectHas gopmyna [lyma

(Poole) [11, cTp.26]
(=8), f (X)=(=x)"f"(x), n=0,1,2,..., (4)

OJIHAKO JJIsl pasNokeHus: Bcex (GyHKIUN U3 crnucka ['opHa 3Toi ogHOM (hopMyInbl ObLIO
HeJocTaroyHo. [lo3TOMy 10 HEZaBHEro BpPEMEHHM OCTalMCh HE Pa3IOKEHHBIMH MHOTHE
rUrepreoMeTpruueckrue (yHKIUU JIBYX MIEPEMEHHBIX U3 criucKa [ opHa.

B Hacrosmieii pabore BBeAeM B PACCMOTPEHHE CHMBOJWYECKHUE OINEPATOPhl THIIA
bepunemna-UYenau, ¢ MOMOIII0 KOTOPBIX yHa&Tcss HAWTH (QOpMYIbl pa3NoKEHUs IS OJHOU
KOH(TIOPHTHON THUIIEPreOMEeTPUIecKold (YHKIIMU JIBYX IIEPEMEHHBIX, a TakKkKe IOKaKeM
MPUMECHECHHE TTOTy4YeHHOW (OPMYITBI PA3IIOKCHHUS.

2. O606mennbIie oneparopsl bepunesna-Yenau 1 MX NPUMeEHEHHUA

BBeznem B paccMoTpeHue cieayromune 00001meHHble onepaTopsl bepunenna-Uenau:

7 (h):= I'(h)T'(h+08+Bo) .
ST T(h+ad)T(h+Bo) ©)
- I'(a8+h)T(Bo+h)
A h):= )
ooy ()= BV F (a5 o+ ) ©)
rme o u f — 1enble YKCia, OTIIMYHBIE OT Hyns, T.e. o, 3= =*1, £2,...,a Su O —

BBIpaXXEHHUsI, ONIpe/ieIeHHbIE B (3).

HerpyaHo 3ameTuth, uTo B ciiyqae o= B=1 omeparopsl, onpeneincHHbie paBeHcTBaMu (5)
u (6), coBnaaarot ¢ onepatopamu bepunenna-Uenau (1) u (2), COOTBETCTBEHHO.

UtoOsI Moka3aTh NpuUMEeHEHHE 0000IIEHHBIX onepaTopoB (5) u (6), BO3bMEM CIIETYIONIYIO
KOH(JIIOPHTHYIO THIIepreoMeTpuyeckyro GyHkuto [1, crp.221]

e b
Hs(a'b;d;x'y): Z((a;j)r;_%xmyn, | x|<1. 9

JlelicTBUTENBHO, OCHCTBOBAB OMEPaTOpoM (5), MOITYIUM
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H,(a,b;d;x,y)=V,_, (a)F(ab;d;x),F(1-a;-y), (10)

rue qu — o0oOmeHHass runepreomMeTpus (QyHKIUsA, omnpeaensemMas paBeHCTBoOM [,
ctp.183]
a,..,a,z = (a)y(@,), 2"
F = F.(a:b;z)=
P q{ by,.... b, } (@b }E; 0),.. ( )n nt’

[ToxeiictBoBaB oneparopoM (6), u3 otHomenuit (12) — (16) momyyum, Tak Ha3bIBa€MbIE,

oOpaTHbIe OnepaTopHbIe POPMBI
F(ab;d;x) F(1-a;-y)=A,_, (a)H,(a.b;d;x,y), (11)

Omneparopubie ¢opmbel (12) — (21) ucnons3yroTcsi AN HAXOXKIACHUS Pas3NOKEHUHN
THIIEPTeOMETPUYCCKUX  (DYHKIMIA  JBYX TEPEMEHHBIX IO TPOU3BEICHHUSIM  OOBIYHBIX
TUIIEPreOMETPHYSCKUX (QYHKIMH U 00paTHO.

CnpaBennuBa cieayromas

Jlemma 1. Eciu (X) — npoussonvnasn 6eckoneuno paz oupgepenyupyemas gpynxyus, mo

npu A00bIX HeompuyamenabHslx yeavix M u N cnpaeedﬂugbl C]lealeM/ﬂle pasencmea.

(-8),(-8), f0= Z( ]( My (—%)"° FOP(x), (12)

(8),(-8), fOo=(-1) Z[ me + ), X" TP (x), (13)

p=0

k |
rmue = L — OuHOMUANbHBIE KOI(DPUIHEHTHI.
m) mik-m)!

Joka3zatenbcTBo. CrpaBesiUBOCTh paBeHCTB (22) u (23) moka3biBaeTCs METOAOM
MaTeMaTHYECKOW WHAYKIIUH 110 M .

3ameTum, uto mpu M =0 paseHcTBa (22) u (23) coBnaaaoT ¢ u3BecTHOM hopmyioii ITymna
(4).

[Mpumennm semMmy 1 K HaxOoXIeHHIO (HOPMYIT Pa3IOKEHUS Ui TUIEPreOMETPHUECKUX
¢byHKIMI 1BYX nepeMeHHbIX. PaccmoTpum Oosee moapobHo omepatopHyto ¢opmy (12). Ilo

onpeneneHuto (5), umeeM

(14)

(15)



B cuny uzBectHoit ¢popmyisl ["aycca [1, ctp.73]

ey = L(©I(c—a-b) _a_ _
F(a’b’c’l)_r(c—a)r(c—b) [Re(c—a-b)>0, c=0,-1,..], (16)

npaBble YacTu paBeHCTB (24) u (25) MOXKHO NIPEICTaBUTh B BUJIE OECKOHEUHBIX CYMM:

Z( (O

17
& ma), )
- v (), (=0)
V. (b)=) — n
X,V( ) ; nl(b)n (18)
C yuerom paBeHcTB (27) u (28) oneparopHast popma (12) mpuHIMAaeT BUI
H,(a,b;d;x,y)= Z (590 (9 (=) (=0), F(a,b;d;x),F (b1-a;-y)
ST e minka), ), B
(19)

Teneps nmoactaBuB rotoBeie hopmyisl (22) u (23) u3 nemMmsl 1 B (29) u Ucnonb3ys JIETKO
npoBepstoMyro popmyiry (cM. popmyiy [lyma (4) )

(-8), F(a,b;c; x) = %(—x)n F(a+n,b+n;c+n;x),

OKOHYATEIbHO MOIyYHM paszjioxkeHue 1 H, (a, b;d;x, y) B BHJIE

K)ni (0),
(kj mi(d), (—x)"F (a+m,b+m;d +m;x)x

Hs(a,b;d;X,Y):ian;

m=0 k=0

-V Rl-a+k;-y), (20)

(1— a),
Hcnone3ys obpatubie oneparopubie Gopmsl (17) — (21), Hapsaay c (30) — (34), nonyuaem

dbopMyIbl 0OpaTHOTO PA3IOKEHUS:

k b
F(abid;x),R(l-ay)= Zokzc;( J(nz'nilk(z))k ?é)zk

xXY"H, (a-m+k,b+k;d +k;x,—y), (21)

Paznoxenust ot (30) mo (39) moryt OBITH TOKa3aHbI 0€3 MCIOIH30BAHUS CUMBOIHYECKHX

MCETOHOB, IMYTEM CPABHCHUA KOB(I)(I)I/IL[I/ICHTOB IIpy OJUHAKOBBIX CTCICHAX X UM y B o0eunx

qacTiax.
3. lpumenenne dopmynnt pasnoxenns 1 H,(a,b;d;x,y).

®opmyna pasnoxkenus (32) mmeer BaxHble mnpuioxeHus. Hampumep, B pabote [12]

dopmyna paznoxkeHus: (32) gana BO3MOXHOCTH BBINKMCATh PEIICHUE MMOCTABJICHHOM 3amadd B
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SBHOM BH/I¢. bostee moapoOHO OCTaHOBHMCS B IPYTOM MPHIIOKEHUH opmyiisl (32).

PaccmotpuM cuHryisipaoe ypasHeHue I'enbmronsia

n-1
Uy, +U, +§uy ~Au=0 (22)
k=1 y

B IIOJIYIIpOCTpaHcTBe Y >0, rae n=>2— pa3MEepHOCTb NPOCTPAHCTBA, [3 — ACHCTBUTEIBLHOE

qucIo, npudyeM 0< 2B <1,a A — AEUCTBUTEIBHOE MM YUCTO MHUMOE ITOCTOSIHHOE.

dyHnaMeHTalbHbIC pemeHus ypaBuenus (40) naiinens: B [13]:

ql(X7 y@ﬂ”l) = ’er27n72BH3 [n%z_'_ﬁa Bv 2[3’07“]9 (23)
0, (X, V&) =v,r "y P PH ( - B,1-B;2-2B;6 uj (24)
rac
L ere 5o
= r(2p) T T (2-2p)
_ 5 __4m X
X_(Xi ’nl)& (ép é ) 6=1 rz r2’ 4I’,

OnpenenuMm MNOpsAAOK OCOOEHHOCTH (DyHIAaMEHTAIbHOIO peIICHUsS ql(X, Y; E_,,n) pu

r—0. [Inst ompeaeneHHOCTH MOJOKUM N>2 (B ciydyae N=2 (yHAaMEHTAIbHBIC PEILICHHS

& (X y;En) 1 0, (% y;En) mpu r—0 mmeior torapudmideckyio ocoberHocTs [14, ctp.41]).

[TocnenoBarenbHO BOCHONB30BABLIMCH (opMynnoi pasioxeHus (32) u u3BeCTHOH (opmymoi

bonsua [1, cTtp.113]

F(a,b;c;z) :(1—2)_a F (a,c—b:c;ij,
MOJIyYUM

G (X Y;Em) =r""G, (X, y;En), (25)

rac

- EE et (-5 (5]

m=0 k=0

2 2
F(1+B—2,B+m;2ﬁ+ m;l—%joFl[z—ﬁ—ng k;%rzj.

1

155



Iokaxem, uro ¢yukmms @, (X,y;En) ects orpanmuenHas BemumumHa npu [ —>0 .
JleiictBurensHo, mepexons k mpexeny mpu F—>0 B G (X, y;EN), ¢ y4eTOM BhIpaeHHs s
xo3(dunuenta v, n Gopmynsl I'aycca (26), nonyyum

1
4nn/2

o n-2) _
limg, (x,y;&n) = F( 5 jy‘*, n>2,y>0.

Takum oOpazom, B cuiy paBeHCTBa (43) 3akirouaeM, 4To (yHIAAMEHTAIBLHOE PEIICHHE
ql(x, y;&,n) ypaBHenus (40), onpenenennoe ¢opmynoit (41), umeer 0COOEHHOCTH MOPsIIKA
r’* (n>2) npu r —0.

AHAQJIOTUYHO JIOKA3bIBACTCS, YTO BTOpoe (YHIAMEHTAJIbHOE pEIICHUEC qz(x, Y; &,n)

ypaBHeHus (40), ompeneneHHoe paBeHCTBOM (42), Takxke HMEET OCOOCHHOCTh TOpsIKa
r’" (n>2) npu r —0.

OtmetuMm, uto B pabore [13] aBTopel apyrum nyreM [15] ycTaHOBUIM MOPSAIOK
0ocoOeHHOCTH (yHIAMEHTANBHBIX pemeHni ypaBHeHus (40). Ham kaxkercs HHTEpECHBIM
ONpEAENUTh MOPAJOK OCOOCHHOCTH JAaHHBIX (DyHIaMEHTalbHBIX PELICHUH, WCIOIb3Ys HOBYIO

dopmyny  paznoxkenus (32) s KOHGIIODHTHOW — THUIEpreoMeTpUuYecKkodl  QyHKIUU
H, (a,b;d;x,y).

4. JakaoueHue

B 3akmiouenun ormetum, uto B 1940-41 rr. bepunenn u Yenau, B mpenenax AeHCTBUS
U3BECTHOTO cooTHomeHusa Ilyna, Hanum ¢opMynbl pa3ioXeHHs s HEKOTOpOro Kiacca
rUnepreoMeTpuueckux (yHKIUN ABYX NEpeMEHHbIX U3 crnucka ['opHa. B Hactosmieit pabore
J0Ka3aHbl 0000meHHble (opmyibl [lyma, KOoTOpble MO3BOIWIM Pa3IOKHUTh KOH(IIOIHTHBIE
runepreomerpudeckue GpyHkumu H,-H. B BHIe OeCKOHEUHOH CyMMBI HMpPOM3BEIECHHN IBYX
rUIepreoMeTpuueckux (GyHKIUN oJHOTO nepeMeHHoro. KpoMe Toro, npuBefeHbl MPHIOKEHUS

(bopMyIibl pa3ioKeHUs, T0Ka3aHHOH 111 KOH(IIIOOHTHOM THIIEPreoMeTpuYecko PyHKIIMH IBYX
HepeMeHHBIX H, (a, b:d; X, y) .
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Annomauyun: Jlannas paboma noceaujeHa Kpecm-HAKpecm Ccucmeme HeIUHeUHbIX NnapaboIuyecKux
VpasHeHull ¢ HeIUHEUHbIMU SPAHUYHBIMU YCI08UAMYU. MCnOIb306aHO MEmMOO CMAHOApmMHO20 YPABHeHUs O
NOYYeHUs. KPUMUHECKO20 KPUB020 2100anbH020 cywjecmeosanus peutenus. Ilocmpoenvt  agmomooenvHule
cybpeuienus 05 OeMOHCMPAYUU HEOSPAHUYEHHBIX PEULEHUL 30 KOHEUHOE 8PEMSL.

Knroueevie cnosa: kpecmoobpasnas cucmema, peuieHue ¢ paspyuieHuem, HeluHelHoe SpaHuiHoe yciosue,
2n06anbHOe CYWEeCmBO8aHUe, KPUMUYECKUL HOKA3amelb.

Consider the following cross-wise system

p1—2

a_u—v"‘lg uml’laLkl a_u
ot OX OX OX
ov 8 ov'e | oy ?
_:uaz_ sz—l_ i
ot OX OX OX
with nonlinear boundary
K p—2
g™t ou a_u — & (O,t)
OX OX
x=0
8Vk2 p—2 av (2)
—ymt —|  =u%(0t)
OX OX
x=0
and initial conditions
u(x,0)=u,(x) .
V(x,0)=,(x)

where parameters 0<¢; <1, m. >1, k. >1, p.>2, q, >0 (i=12)and u,, Vv,

are nonnegative continuous functions with compact supportin R, .

This system has been proposed as a mathematical model for a variety of physical
problems, for example, this system can be used to describe the development of multiple groups
in the dynamics of biological groups, where U and V are the densities of different groups
[11.[6]-[8].

In some cases, this system is closer to real-world conditions that the classical divergent
form of the system. For instance, for biological species, divergent distribution means that the
species can move to all locations within its environment with equal probability. However, if we
consider this problem with objective conditions, population density will affect the propagation
rate. Therefore, a kind of diffusion equation will be more realistic. For this type of diffusion,

propagation rate is governed by population density, which increases for large populations and
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decreases for small populations equation [9]-[10].

Aripov and Rakhmonov [5] considered the problem

ou o floum”aum
— == = (xt)eR. x(0,
P05 =l x| ax | RUERx(00)
_|eu” " E(O,t): u?(0,t), te(0,40)
OX OX

u(0,x)=u,(x), xeR,

where p(X)=(1+x)", m>0, 1<p<1l+l/m, q>0, neR. For the critical

case critical exponents of the global existence and Fujita type of solutions are obtained as

g = (m(n +1)+1)(p _1) , Q.= m(p —1)+rr:—_::|l: by application of the self-similar
+

p+n

solution of the form

1
_Me Pt \m

x ) eg(c), g@){me ] )

The leading term of the asymptotic behaviour of self-similar solutions of the problem is
obtained. On the basis of the asymptotic of solutions, suitable initial approximations are offered
for the iterative process in the case of fast diffusion, depending on the values of the numeric
parameters.

Positive solutions of degenerate and strongly coupled quasilinear parabolic system
u, =V Au +ula, —bu' +cv°)
vV, =U”Av + v(a2 —b,vP + czvq)
with null Dirichlet boundary condition describing a cooperating model with crosswise

diffusion, where the constants a.,b,c. >0 (i=12), «, >0 and I,s,p,q>1 studied

in [3]. Local existence of positive classical solution is proved. Moreover, it will be proved that
the solution is global if intra-specific competitions of the species are strong, whereas the solution
may be non-global if the inter-specific cooperation is strongand O<a <s, 0< B < p with

a,f<2.

In [2] following non-linear degenerate parabolic system with Dirichlet boundary condition
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is studied

U,

v (u, +au)
=u“ (v, +bv)

The regularization method and the upper and lower solution technique are used to show the
local existence of a solution for a non-linear degenerate parabolic system. The existence of a
global solution is discussed, the blow-up property of the solution is set.

The work of the authors Chen Botao, Mi Yongsheng, Mu Chunlai [4] is devoted to the

study of conditions for global solvability and nonsolvability in time of solutions to the following

= (o0 )
\u\ (u™),(0,t)= “10t)vﬂ2( 1), 0<t<T,
),

v [P (v u“z(0,tv:(0,t), 0<t<T,
u(x,0)= uo(x), v(x,0)=v,(x), x>0

where m, =1, p,>0, g, >0, « >0, B >0. Critical exponents were obtained for

problem

(j )X)x’ x>0, 0<t<T,

problem.
Motivated by the above mentioned works, the aim of this paper is to construct the

self-similar subsolutions to show the blow-up in finite time solutions of the problem (1)-(3).

We need the following notation

Sp=m + kl(pl _2)’ S, =M, + kz(pz _2)’

(pz _1)(p1q1 + al(pl _1))+(p1 _1)(52 + P, _1)

7T (plql + al(pl _1))(p2Q2 + az(pz _1))_ (31 + Py _1)(32 + P _1)’
y, = (pl 1)(p2q2 + az(pz ))+ (pz 1)(51 + P _1)
i (plql + al(pl ))( P.4; + 0!2( )) (81 + P _1)(82 T P _1)’

V20 — V1S o Nl =755,
) 2 =
pl_l pz_l

O, =

Theorem. Let

T L)

o, — (51 _1)(52 _1) ' a, - (51 _1)(52 _1)
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If (plql + al(pl _1))(p2q2 + az(pz _1))> (51 + P —l)(52 + P, _1) then  the

system (1)-(3) has a solution that blows-up in finite time.

Proof. To prove the nonexistence of global solutions, we construct a blow-up self-similar

solution of the system. Construct
u(xt)=(T=t) " £,(&) & =x(T-1)"
\—/(X’t) - (T _t)ﬂ2 f (52 )7 S, = X(T —t)iaz

where T is a positive constant and f,, f, are two compactly supported functions to be

(4)

determined.

After some computations, we have

u, = (T - t)_(yﬁl)(?/l f, + 0. ﬂ]

d&,
3 p—2 : p—2
uml_l agk a_g — (T . t)‘?’l(ml—l)‘(}’lkl*'al)(pl—z)‘}’l—al f m -1 ﬂ ﬂ
- | ox | ox Yolde | dg
k; p—2
VA E le_l ag 5_9 — (T _t)—}’:l(ml—l)—(?’lkﬁ@l)(pl—z)—}/l—zal—al}’z flql .
OX OX OX
[ ] d "
d& | |dg|  dg
o df
Vi= (T _t) v 1{72 f, +0,¢, d_zj
S
P22 p,—2
sz—l 8\—/k2 @ _ (T . t)‘?’z(mz—l)—(72k2+02)(Pz—z)—72—02 f m,—1 dfzk2 df2
T oloax | x| 2 ldg, | de
2 2

avkz p2—2

OX

%} — (T _ t)‘?z(mz—l)—(}’zkﬁo'z)(pz—z)‘J’z—ZUz—?’ﬂz flqz .

ay a { m,-1
u"—Vv
= oxl -
df

i fmz—l e df2
d&,| 2 |dg&, | dg,

and for the boundary
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0 ke P2 ky P1—2
m-1/0U % — (T _ t)*?l(mrl)*(ﬂ’lkl“’l)( P-2)-71-01 f M-t ﬂ ﬂ(o)
X | Ox olde | dg
x=0
01)= (-0 120
2—2 2=
m,—1 a\_/kz P @ :(T _t)fyz(mzfl)f(;/zkzﬂyz)(p272}7/270'2 f2m271 df2k2 py—2 df2 (O)
ox | ox| dg, | dg,
u® (0,t)=(T —t)7* £,*(0)
Notice that

2 +1:;/1(ml —1)+(7/1k1 +O'1)(p1 —2)+7/1 + 20, + oy,
e +1:7/2(m2 _1)+(7/2k2 +Gz)(p2 _2)"’72 +20, + 1,

7/1(m1 _1)+(71k1 +(71)(p1 _2)+71 +0, =70,
72(m2 _1)+(7/2k2 +Gz)(p2 _2)"’72 +0, =70,
Thus, (U,V) is subsolution of (1)-(3) provided that

d df [ df df
[ A e R A —L
: da( b fag dcfl] T
s ©)
d df.fe | " df df
R I 2 1>y, f —z
1 dgz{z ‘d«fz‘ dé] V2 2+62§2d§2
ldf k™ df
- f™ 1@ é(o)S f,*(0)
1 1 (6)
k, p2—2 ’
— el 9 )< o)
e, | de,
Set
fl(‘fl): Al(a_g)(:l
™
f2(§2)= Az(a_g)
where

C = al(pZ _1)_(p1 _1)(32 _1) C
' a,\a, _(31 _1)(52 _1) |
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A and a are constants that should be determined. With transformation (7) inequalities

(5) become
Afl Azalclprz klprzcl (Cl —Ca )(a - 63)0171 + A’lclo-lél (a - 65)0171 - 7/1A1(a - 5)01 20
Aiaz Azs2 Czpz_zkzpz_zcz (Cz — G, )(a - g)cz_l + Azczazé:z (a B g)cz_l - 72A2 (a B g)cz 20

Now we consider the case
s;—ap-11, ;-2 A P11 _ AS2—oq-ly, pp—2Apy-1
Ak e (Cl_czal)(72 _Czo-z)_Az2 a7k, e (Cz _Claz)(71_clo'1)
and choose
a=A""Arw, (8)

where
2 G —C

W — Clplil k1p17
71— GO,y

Here we remark that the assumption
(plql + al(pl _1))(p2q2 +a2(p2 _1))> (51 TP _1)(52 + Py _1)
imply 7, >0, y, >0, then the inequalities (5) hold.

On the other hand, the boundary conditions in (6) are satisfied if we have

Alslplacl_czal < Athacz‘h (9)
A252 pzacz—claz < AIQZ a01Q2’

where p, =c” k™7, p, =cl kP
The condition ensures that we can take A, and A, large enough such that the

inequalities (9) are valid

(plql +0[1(p1 _1))(p2q2 +0£2(p2 _1))> (Sl + P _1)(52 + P, _1)

Therefore, if the initial data U,, V, is a subsolution to (1)-(3). By the comparison

principle, it implies that the solution of (1)-(3) with large initial data blow up in a finite time. The

proof is complete.
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Abstract:. The telegraph equation (D)?u(t) + 2aDfu(t) + Au(t) = p(t)g + f (t)

(0<t<T,0<p<1), inaHilbertspace H is investigated. Here A is a self-adjoint, positive operator, D,

is the Caputo derivative. An inverse problem is considered in which, along with u(t), also a time varying factor
p(t) of the source function is unknown. To solve this inverse problem, we take the additional condition
B[u(t)] = w(t) with an arbitrary bounded linear functional B .Existence and uniqueness theorem for the solution

to the problem under consideration is proved. Inequalities of stability are obtained.

Let H be a separable Hilbert space with the scalar product (,,-) and the norm ||-||. Let
A:H —H be an arbitrary unbounded positive selfadjoint operator in H .

At the same time, A is the operator let the inverse exist and be a compact operator.
Suppose that A has a complete in H system of orthonormal eigenfunctions {v,} and a

countable set of positive eigenvalues A, .1t is convenient to assume that the eigenvalues do not

decrease as their number increases, i.e.
O<A <A >+,

Let 7 be an arbitrary real number. We introduce the power of operator A, acting in H

according to the rule
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Ah=3 Ahy,.
k=1
Obviously, the domain of definition of this operator has the form
D(A)={heH: > A¥ |h <o},
k=1

The fractional integration of order o <0 of the function h(t) defined on [0,0) has the

form (see, [1]):

P S ()
Jeh(t) = o) ! (t_é)mdf, t>0,

provided the right-hand side exists. Here T'(o) is Euler's gamma function. Using this
definition one can define the Caputo fractional derivative of order p,

4 d
D/h(t) =3/ lah(t).
Let pe(0,1) beafixed number. Consider the following Cauchy problem

(D?)?u(t) +2aDPu(t) + Au(t) = p(t)g+ f(t), O<t<T;
limDu(t) = ¢y, (1.1)
u(0) =g,

where a part of the source function p(t) is a scalar function, f(t)eC(H) and ¢,q are
known elements of H .

The purpose of this paper is not only to find the solution u(t), but also to determine

the time-dependent part p(t) of the source function. To solve this time-dependent source
identification problem one needs an extra condition. Following the paper of A. Ashyralyev et al.
see, [2] we consider the additional condition in a rather general form:

Blu()]=w(t), 0<t<T, (1.2)

where B:H —R is a given bounded linear functional, and w(t) is the given scalar

function. We call the Cauchy problem (1.1) together with additional condition (1.2) the inverse
problem.

When solving the inverse problem, we will investigate the Cauchy problem for various
differential equations. In this case, by the solution of the problem we mean the classical solution,
i.e. we will assume that all derivatives and functions involved in the equation are continuous
with respect to the variable t. As an example, let us give the definition of the solution to the

inverse problem.
Definition. A pair of functions {u(t), p(t)} with the

propertie (D/)’u(t), Au(t) e C((0,T];H) , u(t)eC(H) , p(t)eC[0,T] and satisfying
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conditions (1.1), (1.2) is called the solution of the inverse problem.

1

Theorem 1. Let >0, Bq=0, ¢g,ecH, ¢ eD(A?) and (D?)*w(t)eC[0,T].
Further, let €>0 be any fixed number and gqe D(A") and f(t)eC([0,T];D(A")). Then the
inverse problem has a unique solution {u(t), p(t)}.

If we additionally require that the initial function ¢,,¢, belong to the domain of definition
of operator A, then we can establish the following result on the stability of the solution to the
inverse problem.

Theorem 2. Let assumptions of Theorem 1 Dbe satisfied and let
1
@, € D(A?%), ¢, € D(A) Then the solution to the invest problem obeys the stability estimate

1(D¢) Ul sy + 1 D2 llogey + 1l Al llogay +1l Pllegor < C . [l 2 Il 1l b+ llegory +
2

1D llory +11 (D)W llor, +max || £ ®)1L].

where C_ .  isaconstant, dependingonlyon p,q, B and e.

,€
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1. Introduction

The notion of differential game was introduced by Isaacs [1]. Pontryagin [2] and Krasovskii
[3] gave fundamental contribution to the theory of differential games creating the formalizations to
the theory. The theory was further developed by many researchers such as Azamov [4], Berkovitz
[5], Elliott and Kalton [6], Fleming [7], Friedman [8], Hajek [9], Mishchenko [10], Petrosyan [11],
Satimov [12] and others.

One of the most significant current discussions in differential games is multi player
differential games. In the last three decades of the past century there had seen the rapid
development of differential games of many players such as [13, 14].

In recent years, there has been an increasing interest in differential games of several players
(see for example [15, 16, 17, 18, 19, 20, 21, 22])

However, if exhaustable resources such as energy, fuel, resources etc. are restricted for the
modeling control processes, then control functions are restricted by integral constraints. The
method of resolving functions for the games with integral constraints was developed by Belousov
[23], to obtain a sufficient condition in solving a pursuit differential game. The solution was then
extended to the case of convex integral constraints [24]. Other works in differential game in R"
of integral constraints include [19, 20, 21, 25].

Some games with either geometric or integral constraint, restrict the movement of players to
some specific state constraints. For examples, differential games in a convex subset of R" were
studied by [26, 27, 28, 29] and [30]. Furthermore, differential games within a geometrical structure
in the form of abstract graphs as its state constraint, are of increasing interest.

These types of games have minimax forms of which, each being a model for the search
problem of a moving object, as mentioned in [31, 32]. It could be called multi-move games as in
the work of [33, 34]. In this type of games, players move from one vertex to its adjacent vertex by
jumping constitute one type. Another type of game on abstract graphs is where players move along
the edges of a given graph embedded in a Euclidean space, as studied in [16, 32, 35, 36, 37, 38].

One of the most recent work involved a study in a differential game of many pursuers and

one evader within 1-skeleton graph of an orthoplex of dimension d +1, as discussed in [39]. Both
pursuit and evasion games were considered on the edge graph K, of the orthoplex =*“* in

the Euclidean space R®" . It was shown that pursuit can be completed in the case of
n=k=d+1,orwhen n=k and n+k>2d. Otherwise, it was proven that evasion is possible.
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Figure 1: The graph of four dimensional cube K.
The current paper intends to study both pursuit and evasion differential games within a
four-dimensional cube. All the players move along the edges of the cube and the search for the
optimal number of pursuers to ensure pursuit can be completed, are also done.

2. Statement of problem

We consider a differential game of n pursuers X, X,,.., X,, n>2,and one evader y

n?

whose dynamics are given by the following equations
X =u, X(0)=x, 1=1,.,n,
.o - (1)
y=v, y(0)=Y,,

where X, Y, € K, X, #VY,, 1=1,...,n; U; is the control parameter of i-th pursuer, and
V is the control parameter of the evader. All the players move along the edges of four-dimensional
cube K. The maximal speeds of the pursuers X, X,,.., X, are p;, P, ... P, respectively,

and that of evader y is1,i.e., |u|<p, i=1,.,n, |v[<1.Itisassumed that 1/3< p, <1.
We let B(r) denote the ball of radius r and centered at the origin of the Euclidean space

Rd+l
Definition 1. A measurable function u.(-), u.:[0,00) — B(p,) is called admissible control

of the i -th pursuer, ie{1,...,n}, if for the solution X.(-) of the equation

X, = Uu;, X (0) = X,
we have X (t)e K, t>0.
Definition 2. A measurable function V(:), v:[0,00) — B(c) is called admissible control of

the evader, if for the solution y(:) of the equation

171



y=v,y(0) =Y,
we have y(t)eK, 1>0.
We consider pursuit and evasion differential games. In the pursuit differential game pursuers

apply some strategies and evader uses an arbitrary admissible control. Let us define strategies of

pursuers.
Definition 3. The functions (t,X,...,X,,Y,V) =>U,(t,X,...X,y,v) , 1=1,2,...,n, are
called strategies of pursuers X;, 1=1,2,...,n, if the initial value problem (1) has a unique

solution x(t),...,x,(t), y(t)e K, t>0, for u, =U,(t,x,...x,,y,v), i=1,2,..,n, and for any
admissible control v =V(t) of the evader.

Definition 4. If, for some number T >0, there exist strategies of pursuers such that
X (r)=y(r) atsome 7, 0<z<T and ie{l,...,n}, then pursuit is said to be completed. The
pursuers are interested in completing the pursuit as earlier as possible.

Definition 5. A function (t,X,,...,X,,y) >V (t,x,...,X,, y) is called a strategy of the evader
y if the initial value problem (1) has a unique solution x(t),..., X, (t), y(t)eK, t>0, for
v=V(t x,..., X, Y) and for any admissible controls of pursuers u, =u.(t), i=1,2,...,n.

Definition 6. If, for some initial states of players X,,...,X,, Y, € K, there exists a strategy
of evader such that x (t)=y(t) for all t>0, and i=1,2,..,n, then we say that evasion is
possible in the game in K.

The evader is interested in maintaining the inequality x.(t) = y(t) as long as possible. Since
for some initial states the evader may be trapped by pursuers and pursuit can be completed by
pursuers easily, therefore this definition contains the phrase "for some initial states of players
Xigsees Xos Yo € K™

The number N = N(K) is called the optimal number of pursuers for the game on the cube
K if, for any initial states of players, pursuit can be completed in the game with N pursuers and
evasion is possible in the game with N —1 pursuers.

The problem is to find the optimal number of pursuers N in the game, to construct
strategies for the pursuers in pursuit game, and evasion strategy in evasion game.

3. Main Result
Without any loss of generality we assume that the lengths of edges of the cube K isequal to 1.

3.1 Pursuit differential game. In this subsection, we prove the following statement.

Theorem 1. Four pursuers X, X,, X;, X, can complete the pursuit in the differential game on
1-skeleton of the four dimensional cube K.

Proof.
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AE = 3AF'

Figure 2: The shadow E' of the point E e AA : AE =3AE’.

Let the points D’ and C’' divide the edge AB into three equal segments:
AD'=D'C'=C'B (Figure 2). To construct strategies of pursuers, we define the shadow E’e AB
of the evader E ¢ AB onthe edge AB as follows.

Figure 3: The shadow E' of the point E: D,E =3DE’.

1. If E€AE or AD or AA (these edges are highlighted in green in Figure 2), then
AE =3AE’.

2.1f E€BC or BF or BB, (these edges are highlighted in green), then BE = 3BE'.
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3. If E€HE or HD or HH, or DD, or EE, or AD, or DH, or H,E, or AE,

(these edges are highlighted in blue), then E'=D’.

4. If Ee€GF or GC or GG, or FF, or CC, or BC, or CG, or GF, or FB, (these
edges are highlighted in blue), then E'=C’.
5. If E is on the edge parallel to AB, thatis, Ec€EF or HG or DC or AB, or EF,

or HG, or DC, (these edges are highlighted in gold), then E'eC'D’ is defined from the

condition that the distance of E from the left end point of the edge that contains E is equal to
3D'E" (Figure 3).

Since the maximum speed of the evader is 1, the speed of the point E' doesn’t exceed 1/3.
If the pursuer P, moves from the vertex A to the vertex B along the edge AB, then P

coincides with either the real evader E or its shadow E’. If P, coincides with the real evader

E, then pursuit is completed. If P, coincides with the shadow of evader E’,then P, can further

move on the point E’ holding this point. Then, as the evader E reaches one of the vertices A

and B atsometime, we have P, =E'=E atthattime, that is, the evader is captured at that time.

Thus, starting from the time when P, =E’ pursuer P, can guard the edge AB from the evader

Figure 4: The edges controlled by the pursuers of the 4D cube

We construct now strategies for the pursuers. Let pursuers X, X,, X;,and X, come to the
vertices A, H, E;,and D, respectively. Next, the pursuers X;, X,, X;,and X, move along

the edges AB, HG, E,F, and D,C, respectively, and catch the shadows of the evader on
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these edges, respectively. Each pursuer starting from the time when he catches the shadow of the

evader moves holding the shadow of the evader on that edge.

Let all the pursuers X, X,, X;, X, catch the shadows of the evader on the edges AB,

HG, E,F, D,C,, respectively, by the time T (Figure 4).

Then at the time T the evader is on one of the edges colored in Green or Blue or Cyan or
Magenta (Figure 4). In each case, the evader is trapped by three pursuers and cannot walk from one
edge to another edge of distinct colors.

Without any loss of generality, we assume that the evader is on a green edge. Then it is

trapped by the pursuers X, X;, X,. Then, we let the pursuers X, X;, X, control the edges
AB, EF, D,C,, respectively, holding the evader’s shadow and let the pursuer X, move
towards the evader. Since the green edges form a tree, therefore the pursuer X, catches the evader
or forces it to reach one of the edges AB, E,F,, D,C,. In the latter case, the evader will be

caught by one of the pursuers X, X;, X,.The proof of the theorem is complete.
3.2 Evasion differential game. We prove now the following evasion possible statement.
Theorem 2. Evasion from three pursuers X, X,, X; is possible in the differential game

on 1-skeleton of the four dimensional cube K.
Proof. To prove this theorem, we show that, for some initial states of players, there exist a

strategy of the evader such that evasion is possible.
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P e

E

Figure 5: The shadow E' of the point E: D,E =3D'E’.

Let the evader is at some vertex of the cube say at the vertex A and any pursuer is not at the
vertex A.We show that from such initial positions of players evasion is possible. We construct a
strategy for the evader as follows. The evader stays at the point A until the distance between the
point A and closest to this point pursuer becomes less than or equal to 1/3 at some time t;. Note
that it is possible that t, = 0. For example, if the distance of a pursuer from the point A is less
than or equal to 1/3 at the initial time, then, clearly, t, =0.

For the definiteness, we assume that the neighboring to A vertices of the cube are B, C,
D, E,and AP, =1/3 atsome time t >0 and that the pursuer P, is on the edge AB (Figure
5). Since the distance between any two of the points C, D, E along the 1-skeleton of the cube
IS greater or equal to 2, and the speeds of pursuers P, and P, are less than or equal to 1, therefore
these pursuers can reach only one of the vertices C, D, E for the unit time. Clearly, the pursuer
P, cannot reach these vertices for the unit time. Hence, the evader can reach one of these vertices,
say the vertex C for the unit time not being captured by the pursuers. Thus, the evader is at the
vertex C atthetime t +1.We repeatedly use this reasoning, to conclude that evasion is possible
on the infinite time interval [0, ). The proof of the theorem is complete.

4. Conclusion

We have studied pursuit and evasion differential games on the edge graph of four
dimensional cube. We have established that in the differential game of four pursuers and one
evader pursuit can be completed. Here, one of the central results of the paper is the construction of
strategies for the pursuers. Next, we proved that in the differential game of three pursuers and one

evader evasion is possible. Also, we have proposed a strategy for the evader that ensures evasion in
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the differential game.
Based on the two theorems proved for the pursuit and evasion differential games we can

conclude that the optimal number of pursuers N in the gameis N =4,
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Annomayus: Mo paccmampusaem mooenn SOS (solid-on-solid) ¢ ezaumoodeiicmeuem Grusicaiiuux coceoetl

' Onumenvnviv 63aumodeticmeuem ciedyiowux baudxcatiuux cocedeti 2 u 00HOYPOBHEEbIM 63AUMOOLiCEUeM

®={0,1,2}

cnedyrowux Oauxcatiwux cocedeti 3’ 20e Cnun NPUHUMACT 3HAYEHUS 6 MHOMNCECmEe Ha Oepese

Konu nopsoka mpu. B cmamve uccnedyiomesi mpancisiylOHHO-UHEAPUAHMHbBIE U NePUOOUYECKUe OCHOBHbLE
cocmosnus modenu SOS.
Kniroueeswie cnosa: Jlepeso Konu, xougpueypayus, KoHKypupyrowue 83aumooericmeus onudicaiuux coceoetl,

MpAanciAyUOHHO-UHeApUaAHmHoe u nepuoduuecxoe OCHOBHO€ cocmosAHUe.

It is known that a phase diagram of Gibbs measures for a Hamiltonian is close to the phase
diagram of isolated (stable) ground states of this Hamiltonian. At low temperatures, a periodic
ground state corresponds to a periodic Gibbs measure (see, e.g., [1]). It leads us to investigate the
problem of description of periodic and weakly periodic ground states. In this paper, we study
periodic ground states for the SOS model with nearest-neighbor and competing binary interactions

on a Cayley tree of order three.
Let T* =(V,L) be the Cayley tree of order k >1, i.e., an infinite tree such that exactly

k +1 edges are incident to each vertex. Here V is the set of vertices and L is the set of edges

of T, Itis known (see [2]) that there exists a one-to-one correspondence between the set V of

vertices of the Cayley tree of order k >1 and the group G, of the free products of k +1 cyclic

groups {e,a}, i=1...k+1 of the second order (ie. a’=e, a'=a ) with generators
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a,a,,...,a,.
For an arbitrary vertex X° eV, we put

W ={xeV |d(x,x°)=n}V. ={x eV |d(x,x°) <n},
where d(X,Y) is a natural distance, being the number of nearest-neighbor pairs of the

minimal path between the vertices X and Y. L.  denotes the set of edges in V . The fixed
vertex X' is called the O-th level and the vertices in W are called the N -th level. For the sake

of simplicity, we put | x|=d(x,x%), xeV.

Two vertices X,y €V are called the next-nearest-neighbour neighbors if d(X,y)=2.

The next-nearest-neighbour vertices X and Yy are called prolonged next-nearest-neighbours if

| X|# y| and is denoted by )X, y{. The next-nearest-neighbour vertices X,y €V that are not

prolonged are called one-level next-nearest-neighbours since |X|=| y| and are denoted by

2% Y<
For each xeG,, let S(x) denote the set of direct successors of X, i.e., if xeW, then
S(X)={yeW,,,:d(x,y)=1.For each xeG,, let S/(x) denote the set of all neighbors of X,

e, S;(x)={yeG,: (x,y)el}. The set S (x)\S(x) is a singleton. Let X, denote the

(unique) element of this set.
Let us assume that the spin values belong to the set ®={0,12,...,m}. A function o

xeV — o(x) e @ is called configuration on V . The set of all configurations coincides with the

set Q=0.
Consider the quotient group G, /G, ={H,,H,,...,H.}, where G, isa normal subgroup of
index r with r>1.

Definition 1. A configuration o(x), xeV is said to be G:-periodic, if o(x)=o0, forall

xeH,. A G, -periodic configuration is called translation invariant.

The period of a periodic configuration is the index of the corresponding normal subgroup.
The Hamiltonian of the SOS model with competing nearest-neighbour and

next-nearest-neighbour binary interactions has the form:
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H(o)= —J ZLb(X) —a(y)l —%}Z(_ o () -,

=3, 2 () -a(y)l @

IX Y
X,yev

where (J,,J,,J,) e R®.

We define the energy of the configuration o, on b by the following formula

V(0309290 = =23, ¥ B0 -00) -3, ¥ b0 -0 ()]

Xy X,y
X,yeb X,yeb
-3, > (o) -a(y))), (2)
R2O%E
X,yeb

where (J,,J,,J,) e R®.

In [4] we studied ground state for SOS model with competing nearest-neighbour and
next-nearest-neighbour binary interactions on a Cayley tree of order two.
We consider the case k =3.

Let m=2.By (2) forany o, we have U(o,)<{U, U, U,,....U,}, where

U,=0,U, :—%J1—3J2,U3 :—%Jl—J2—2J3,U4 =-J,-2J,-2J,,

U, =-J,-6J, U, =-J,-2J,-4J, U, :—ng—ISJZ, U, :—ng—JZ—ZJS,

U, =-2J,-4J,-4J,U,, =-3J,-6J,,U;, =-3J, -2J,-4J,,
UlZ :—2J1—4J2 —2\]3,U13 :_2\]1_2\]2 _4\]3, U14 :_ng_SJZ _2\]3)

U :_231_3\]2 —4J,,Uq :_g"]l_s‘]z —2J;, Uy :—231—3\]2 s

7 7
Ug=-2J,,U,=-4J,,U, :—EJl—BJZ, U, =—§J1—J2 -2,

u,, :_231—332,% :-231—32 23,,U,, =-31,-23,-2],.

Definition 2. A configuration ¢ is called a ground state for the Hamiltonian (1), if

U(p,)=min{U,,U,U,,..U,} for YbeM.
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For | =1,71 we put

C ={0,:U(c,)=U} and A, :{(Jl’JZ’JB) eR’| U, :Jgk]ig;{uk}}'

Quite cumbersome, but not difficult calculations show that:

1 1. 1
A ={(3,,J,,3,) e R’ J,<0;J, S—ng;J3 S—ZJl—EJZ},

1
A ={(‘J1’ sz‘]s) eR’| J; <0;J, :_6‘11;‘]3 < 32}1
1 1 1
A ={(J11‘]2"]3) eR’| J, <0;J, S_g‘]l;‘]s = _Z‘]l _E‘JZ}’

A4 = A12 = A24 :{(‘]11‘]21‘]3) ER3| \]1 =0;\]2 =0;J3 =0}’

1 1. 1
A ={,,3,,J,) R’ J,<0;J, z—ng;J3 S—ZJ1+EJ2},

1 1 1
A%={(J1,J2,J3)ER3I JlSO;JZS—EJl;Jsz—ZJl—EJZ},
A=A, ={(3,,3,,3)) e ®’| 3,=0,3,=0;J, <0},
1
A=Ay ={(J1'J2’J3)GR3| J1:0;‘]250;‘]3:_E‘12}:
1
Agz{(.]l,JZ,J3)ER3I J1=0;JZZO;J32§J2},
3 . 1.. 1 1
A, ={0,,3,,3;) e R’ J120,JZZEJ1,J3SZJ1+EJ2},
3 . 1. 1 1
Au:{(Jll‘]z’Js)GR | 312013255311332231—532},
1
'A&s:{(leleJs)ERS| J1:0;‘]2£0;J32_§Jz}1
1 1
A, :{(Jl,JZ,J3)eR3I J120;J220;J3:ZJ1+§J2},
1
As :{(leJ2'J3)€R3| J120;J2=§J1;J32J2},
1 1
A ={(J1,J2,J3)GR3| Jléo;JZZO;J3=—ZJ1+EJZ},
1
A17 :{(31'J21J3)€R3| 3130;‘]2:_5‘]1;‘]32‘]2}:

1
A18 :{(‘]1"]2"]3) €R3| ‘]1 :O;Jz SO;Js S_EJZ}'
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1 1 1
Ao ={(3,,3,,3;) e R’| 3,20;J, SE‘]l;‘]3 SZJl_EJz}’

1
A =11, 35, 35) € R’| 3,207, ZEJl;Js <J,}

1 1 1
Ay ={(3,,3,,3;) e Rl 3,20, <233, =70 -2 3%,

24
and [ JA =R°.
i=1

Let H,={xeG,:> o,(a)—even}, where Ac{23...k+3 and a(a) is the

icA
number of @ in the word X. If |Al=k+1, then H, =G ={xeG, :| x| -even}, where x|
is length of the word X.

Note that H, isanormal subgroup of index two (see [2]). Let G, /H, ={H,,G,\H,} be
the quotient group. Denote H, =H,,H, =G, \H,.

Now, we shall study H, -periodic ground states. We note that each H, -periodic

configuration has the following form:

l.f H 1
(0 :{O'l |_ x e H, 3
o,,if xeH,,

where o, € ®,i=12.
Theorem 1. a) Let k=3 and | A|=1. Then for the model (1) the following statements
hold:

i) If (J,,J,,J,) € A then each translation invariant configuration is a ground state.

i) If (J,,J,,3,) € A A, then each H, -periodic configuration of the form (3) with
o,=0,*10,,0,c®d, isaground state.

iii) If (J,,J,,J,) € A, A, then each H -periodic configuration of the form (3) with
o,=0,t2 o,,0,®, isaground state.

b) Let k=3 and |Al=2. If (J,,J,,J,) € A then each H_ -periodic configuration of

the form (3) with 0, =0, +2 0,,0, € ®, isaground state.
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c) Let k=3 and |A|=3. If (3,,J,,d,)e A,A, then each H, -periodic

configuration of the form (3) with o, =0, £2 0,,0, € D, isaground state.
d) Let k=3 and | A|=4.

i) If (J,,d,,d,) €A, then each G -periodic configuration of the form (3) with
o,=0,*10,,0,c®d, isaground state.
i) If (J,,J,,J,)eA, then each G -periodic configuration of the form (3)

witho, =0, +2 0,,0, € O, isaground state.

Remark 1.
1) Note that applying the methods of [3], one can construct some periodic ground states

which are different from the ground states mentioned in Theorem 1.

2) Let k=3 and A=11=23. If 0,=0,=%1 0,,0, €D then the configuration

(3) isnotan H,-periodic ground state.
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AHHOmal{u}l: Cmambws nocesiaujeHa U3yyeHuro HeKomopbvlx HenepuoauueCKux p -aouyecKux 0606H4€HHblx

mep Tubbca ona mooenu Hsunmea na nonyoepese Konu nopsoka k>1. Ilocmpoeno Hecuemuoe Kouyecmeo

nenepuoouueckux I -aduveckux o6obuennvix mep I'u6oca ons mooenu HMsumnea na nonyoepese Konu, a makoice

uzyuena 3adaua oepanuvennocmu smux mep. Kpome moeo, naiioenvi yciogus, sapanmupyrouue cyujecmeosanue

@azoeoeo nepexooa.

Knroueewie cnosa: p-aduyeckue uucna, p-aouueckas mooenv HMsunea, depeso Kanu, mepa I'uboca, gpazosuiii

nepexoo.

Introduction. Let Q be the field of rational numbers. For a fixed prime number p,

. . m
every rational number X=#0 can be represented in the form X=p"— where,
n

rmnezZ,n>0 and m, n are relatively prime with p.The p-adic normof Xxe@Q is
given by

ox#0,
x],={ P
0, x=0.

This norm is non-Archimedean, i.e., it satisfies the strong triangle inequality

| x+y| <max{|x|,|y[} forall x,yeQ.

The completion of Q with respect to the p -adic norm defines the p -adic field Q .
Any P -adic number X0 can be uniquely represented in the canonical form

x:p7(x)(x0+xlp+x2p2+...),
where x;, ;/(x)eZ, x, #0, x; €{0,1,..p-1}, j=12,.
In this case | x| = p~".For aeQ_ and r>0 we denote

B(a, r)={xeQ,: [x-al,<r}.

p -adic exponential is defined by
] Xn
exp,(x) = o

1
which converges for xeB|0, p **

We set
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1
E, Z{XEQp x-1],<p pl}.
This set is the range of the p -adic exponential function (see e.qg. [2]).

Let (X,B) be a measurable space, where B is an algebra of subsets X. A
function 4:B— Q) is said to be a p-adic measure if for any A,A,,...,A €B

suchthat A N A, = &, 1+ ], the following holds:

ﬂ(gAjziZn;u(A)-
A p-adic measure u is called bounded if sup{| u(A)|: AeB}<oo. It is

said that P -adic measure is probabilistic if #(X)=1.
Let F+k = (V, L), be a semi-infinite Cayley tree [1] of order k >1 with the root

X’ eV (whose each vertex has exactly K +1 edges, except for the root x°, which has
k edges). Here V is the set of vertices and L is the set of edges. The vertices X and
y are called nearest neighbors and they are denoted by | =(X, y) if there exists an

edge | connecting them. A collection of the pairs (X, X}, (X, X,),..., {X,,, Y) is

called a path from the point X to the point Y. The distance d(X,Yy), X,y €V, on the

semi-Cayley tree, is the number of edges of the shortest path from X to Y.

We set

W, ={xeV[d(x,x)=n}, V,={xeV]d(x,x°)<nl,
L, ={l=<x,y>elL|xyeV,}.
The set of direct successors of X €W is defined by
S(X)={yeW,,,:d(x,y)=1}.
We recall a coordinate structure in F+k s every vertex X (except for XO) of F+k has
coordinates (i, 1,,...,1 ), here i €{L2,...,k}, m=21,n, and for the vertex X° we put

(0). Namely, the symbol (0) constitutes level O, and the sites (i,,i,,...,i,) form level
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n (ie. d(x’,X)=n ) of the lattice. Let us define on F+k binary operation
o:T *XIT'*—>T " as follows: for any two elements X=(i,i,..,i,) and
Y= Jpreens J) Ut X0y =(isiyin) 0 (s Joves ) = (i i Jovees i)

By means of the defined operation F+k becomes a noncommutative semigroup with a
unit. Let us denote this group by (Gk, o) . Using this semigroup structure one defines translations
7,:G* >G*, geG" by 7, (X)=gox.

Let G =G* be a sub-semigroup of G* and h: G* =Y be a Y -valued function

defined on G*. We say that h is G -periodic if h(z,(x))=h(x) for all geG and
X eG". Any Gk-periodic function is called translation-invariant. Now for each m>2 we put
G, ={xeG":d(x, x’)=0(mod m)}. One can check that G_ is a sub-semigroup of
x e G

We consider p -adic Ising model on the semi-infinite Cayley tree F+k. Let @p be a
field of p-adic numbers and ® ={-11}. A configuration & on AcV is defined as a

function Xe A— o(X) e ®. The set of all configurations on A is denoted by Q, = ®".

For given configurations o, , €Q, and ¢ €, we define a configuration in €, as

follows

o.,(x), if xeV_,,

(Un—l \Y% a)n)(X) = {¢(n) (X), if x EWn'

A formal p -adic Hamiltonian H 1€ — @ of the Ising model is defined by

H(o)=3 > a(x)a(y) (1)

<X,y>elL

1

where J EB[O, pl‘pj forany <Xx,y>elL.

We are aiming to study some non-periodic P -adic generalized Gibbs measures for the
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Ising model on a Cayley tree. Our approach is based on properties Markov random fields

on the Cayley tree.

Let hZXEV\{XO}—)herp be a function. We define p -adic probability

generalized Gibbs distribution 4" on Q, by

1 (c) = (h)exp {H (e} [Th7®, n=12,.. 2)

xeW,

where Z  is corresponding normalizing constant:

z," =" exp{H,(e)} []h™" (3)

oeQy er

The compatibility conditions for " (c,), n>1 are given by the equality

> oy v ™) =" (o). 4)

(/7( " €Q,

In this case, by the p-adic analogue of Kolmogorov theorem ([3]) there exists a

unique measure £ on the set ) such that ,uh({0|vnzo'n}) 1" (o), for all n

and o,,€Q, .

A limiting p -adic distribution generated by (2) is called P -adic generalized Gibbs

measure [4].
If there are two different measures £, 4, and they are bounded, then one says that

there is a quasi-phase transition. If there are at least two distinct p-adic generalized

Gibbs measures 4 and v suchthat g isboundedand v is unbounded, then one says

that a phase transition occurs. Moreover, if there is a sequence of sets A, such that

A €Q, with |u(A)|,—0 and |v(A)|,—> as n—oo, then there occurs a strong

phase transition [4].

Theorem 1. [4] The sequence of P -adic distributions {,u,ﬁ”’ (an)}n>1 determined by

formula (2) is consistent if and only if for any x eV \{x"}, the following equation holds

he o H 6hy2 +1
© s e

()
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where 6 =exp{2J}, 6=1.

Main results. On the semi-Cayley tree of order two, we denote by h® (i=0,1, 2) and

P (j=1,2) the translation-invariant and G, -periodic solutions of the equation (5),

respectively. It is known [4] thatif p=1(mod 4) then

ho _1 hl(t)=6‘—lir @-3)(0+)) hl(p)zl—ﬁi (0-1)° -46° ©)
S 2 L 20

Let k>3, k,=2.For xeV,by S, (x) we denote an arbitrary set of k, vertices of the

set S(x), and remaining k —k, vertices is denoted by S, , (x). Let k—k,=a+b+c, where

a and b are even, C is even or odd. We define the set of quantities h={h ,xeV} (where

h e {1, hl(t),hz(t),f‘ll(p),hép)}) as follows:

if at vertex X we have h, =h" (i=12) (h =h™ or h =1), then the function h,

which gives P -adic values to each vertex y e S(x) is defined by the following rule (7) (resp.

(8) or (9)).
h®
e
h ={h®™
1

h®
e
h ={h®
1

h®
e
h ={h®
1

on

on
on

on
on
on

on
on

on
on
on

on
on

al2+2 vertices of S(x),

al?2
b/2

b/2
c

al?2
al?
b/2

vertices of S(x),
vertices of S(x),

vertices of S(x),
vertices of S(x).

vertices of S(x),
vertices of S(x),
vertices of S(x),

b/2+2 vertices of S(x),

c

al?2
al?2
b/2

b/2
c+2

vertices of S(x).

vertices of S(x),
vertices of S(x),
vertices of S(x),

vertices of S(x),
vertices of S(x).

(")

(8)

(9)

Lemma 1. Let p=1(mod 4). Then any set of quantities according to the rules (7), (8)
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and (9) on the Cayley tree Fi satisfy the functional equation (5).
Remark 1. 1) If a=b=c=0 in (7) and (9) then p -adic generalized Gibbs

measures corresponding to set of quantities h_ are translation-invariant, the figure for

case (8), we get p -adic generalized Gz(z’ -periodic Gibbs measures (see [4]);
2) If a=b=0,c=0 in (9 and (7), (8) then p -adic generalized Gibbs
measures corresponding to set of quantities h_are translation-invariant (see [4]) and

ART Gibbs measures, respectively (see [6]);
3) If b=c=0,a#0 in (7) then p -adic generalized Gibbs measures

corresponding to set of quantities h are (k) -translation-invariant (see [7]);
4) If a=c=0,b#0 in (8 then p -adic generalized Gibbs measures
corresponding to set of quantities h_are (k) -periodic (see [7]);

5) In other cases, we get new measures except to previous known ones.

In real case Bleher-Ganikhodjaev construction was studied in [8]. We are going to
investigate this construction in P -adic case. Consider an infinite path

7=X"= X, <X, <... on the semi-Cayley tree Fi (the notation X <Yy meaning that

paths from the root to Yy go through X). We assign the set of P -adic numbers

h” ={h”,x eV} satisfying the equation (5) to the path 7. For n=1,2, ..., xeW,

n

the set h™ is unambiguously defined by the conditions

i, if x<Xx, XeW,,
h” =< h, (10)
h.,, if x,<x, xeW,,

where X< X, (resp. X < X) means that X is on the left (resp. right) from the

path 7z and h, is translation-invariant solution of the equation (5).
Lemma 2. For any infinite path s, there exists a unique set of numbers
h” ={h7,xeV} satisfying (5) and (10).

Remark 2. The measure which is defined in Lemma 2, depends on the path 7. The

cardinality of the measures is uncountable (see [8]).
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Theorem 2. Let p=1(mod 4). Then for the measures correspond to the set of
quantities according to the rules (7), (8) and (9) the followings hold

1) If a®>+Db* 0, then the measures are unbounded;
2) If a=b=0, then the measures are bounded.

Theorem 3. Let p>3, hf be the set of quantities defined by (10). Then the measures

correspond to the set of quantities h” are bounded if and only if h, =1.

Theorem 4. Let p=>3, Qp be a field of p -adic numbers in which there exist

translation-invariant solutions of the functional equation (5). Then there exists a phase transition

in the field Q.
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Annomayusa. B smoii cmamve usyuene P — aduueckan modenv Mzunea na depese Konu 6mopozo nopsaoxa.

Hokasano cywecmeosanue H , - cnabo nepuoduueckux (nenepuoouueckux) P — aduueckux 06obuennvix mep

Tubbca ons smou mooenu.

Kniwouegvie cnosa: Jepeso Koau, P — aduueckue uucna, mooenv Hzunea, mepa Iubbca, cra60

nepuoouyecxkue mepa I uboca.

Let Q be the field of rational numbers. For a fixed prime p, every rational number

. n . L
x = 0can be represented in the form x=p" —, where r,neZ, m is a positive integer, and
m

n and m are relatively prime with p, r is called the order of x and written r=ord Xx.

The p-adic normof x is given by

p", x=0
sz{o x=0

This norm is non-Archimedean and satisfies the so called strong triangle inequality

X+ y\p < max{|x

y .}

p!
forall x,yeQ.

The completion of Q with respect to the p -adic norm defines the p -adic field which is

denoted by Q, (see [1]).

The completion of the field of rational numbers Q is either the field of real numbers

R orone of the fields of p —adic numbers Q, (Ostrowski’s theorem).

Any p-adic number x =0 can be uniquely represented in the canonical form

X=p (X, + X, p+X,p>+...)
where y(x)eZ and the integers X; satisfy: x, =0, x; e{0,1,2,..., p—l}, jeN (see
[1]). In this case |x| = p 7™,

The Cayley tree I'*of order k >1 is an infinite tree i.e., a graph without cycles, such that
exactly k+1 edges originate from each vertex. Denote by V the set of vertices, and by L

the set of edges of the Cayley tree I". Two vertices x and y are called nearest neighbours
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if there exist an edge | e L connecting them and denote by 1=(x,y) (see [2]).

Fix x, e I'" and given vertex x, denote by |x the number of edges in the shortest path

connecting x, and X.

For x,yeI'*, denote by d(x,y) the number of edges in the shortest path connecting x

and y.For x,yerl , wewrite x<y if x belongs to the shortest path connecting x, with

y,andwewrite x<y if x<yand x=y.If x<y and |y|=|x+1, thenwe write x—>y.

We set

A :{x ev\d(x,xo)zn}, Vv, ={x eV\d(x,xo)s n}, L, ={I :<x, y>e Lx,yevn}
SX)={yeV:ix—>y} S X)={yeV:id(xy)=1.

The set S(x) is called direct successor of Xx.

We consider a p —adic Ising model where the spin values take in the set @ = {—Ll}. We

define a configuration o on V by the function o:xeV — o(x) € @. Similarly, one can be

define o, and o" on V, and W, respectively. Q is the set if all configurationon V and
denote Q=" (resp. Q, =@", Q, =d™).

For given configurations o, , €Q, and o™ €, we define a configuration in Q,

as follows

) o.,(X), If xeV, ,
(O-n—l Vv ¢ XX) = n . .
p"(x), if xew,

A formal p-adic Hamiltonian H:Q — Q, of the p-—adic Ising model is defined

by
H(o)=J > a(x)a(y), 1)

{x.yjeL

where 0<J| < p Y forany (x,y)eL.
We define a function h:x—h, ¥xeV\{x,},h, €Q, and consider p- adic

probability generalized Gibbs measure x; on Q, defined by
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1
(h) exp p{Hn(o_n )}Hho-(x),x’ n :1’2""’ (2)

XeW,

w" (o) = S

where Z" is the normalizing constant

Zr(lh) = Zexp p{Hn(¢)}H ho-(x),x' (3)

9eQy, XeW,

A p-adic probability generalized Gibbs measure g, is said to be consistent if for all

n>1and o,,€Q, , wehave

Zﬂr(]n) (Un—l Vv Q)) = /ulgn_l) (O_n—l)' (4)

PeQy,

In this case, by the p-—adic analogue of Kolmogorov theorem there exists a unique

measure 4, on the set Q such that ,uh({o"\,nsan}): u\"(c,) for all n and
o, €Q, .(see[3])

Proposition 1.[4] The sequence of p- adic probability distributions {u{} ..,

determined by formula (2) is consistent if and only if for any xeV \{x,}, the following

equation holds:

he Héhy2+1
Y sshi+o’

®)
where @ =exp (2J), 6 =1.

It is known that 7"* can be represented as a non-commutative group G, , which is the

free product of k +1 cyclic groups of the second order [2].

Let G, /G, ={H,,H,,...,H,} be a factor group, where G, is a normal subgroup of

index r >1.

Definition 1. A set h={h,, xe G, } of quantities is called G, — periodic if h,=h,,
forall xeG, and yeG,.

For xeG, we denote by X, the unique pointoftheset {y G, : <x, y>}\ S(x).
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Definition 2. A set of quantities h={h , xeG,} is called G, — weakly periodic, if

h, =hy, forany xeH; x, eH;.

ij?
Definition 3. A p-adic generalized Gibbs measure x is said to be G, — (weakly)

periodic if it corresponds to a G, — (weakly) periodic h. We call a G, —periodic measure a

translation-invariant measure.
Let

H, Z{XEGk :Za)x(ai)—even},

ieA
where @=Ac N, ={1,23,...k+1}, and o, (a,) is the number of letters a, in a word
x € G, . Note that H, - is a normal subgroup of the G, (see [2]). Note that a weakly periodic
Gibbs measure depends on normal subgroup. According to the selection of the normal subgroup,
different weakly periodic Gibbs measures are found (see [3]). The set of weakly periodic Gibbs
measures also includes the set of periodic (in particular translation-invariant) Gibbs measures.

We note that in the case |A/=k+1 (where |Al is the number of elements of the set A
), i.e., A=N,, the concept of weak periodicity coincides with ordinary periodicity. Therefore,
we consider Ac N, such that A= N,. In this work, we consider the case |A =1. According

to (5) the H,-weakly periodic set of h, has the following form

hOO’ |f XEHA, X¢EHA;
h hOl’ |f XEHA, X¢ GGk\HA, (6)
“hyg, if xeG \H,, X, eH,,
h,, if xeG \H,, X, e€G \H,.
By (5) we have
. _thi +1 6hg, +1
00 '
O+hl O+h
, (g +1)
"= gang )
00
()

h2 ={a-]121+1}2

10 !
0+hl

e _ i+l ohg +1

Y 0+h) 6+h}
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Consider operator W : R* — R*, defined as follows:

b thy +1 éhy +1
00 2 2 !
0+h, 0+hg,

2
hrZ — 6hgo +1
01 2 ’
0+ hy,

12 a‘llzl +1 i
th = 2 '
6+h;
6’ +1 6hi +1
O+hl O+h;
Note that the system of (7) describes fixed points of the operator W, i.e. h=W (h).

12 _
hll -

Lemma 1. The following sets are invariant with respect to the operator W :

l,=theR*:hy =hy =hy =hy,
l, =fheR*:hy ==+h,, h, ==hy,}

Remark 1. [4] It is easy to see that if the function —h, is a solution to equation (5), then
the function —h, is also a solution. These solutions define the same measure g, which we
consider Ising model on the Cayley tree

of order k.

We shall find H,-weakly periodic (non-periodic) p—adic generalized Gibbs measure
for the Ising model on the set 1,.

The system of equation (7) has the following solutions

00,, — 1],
0-1+./(0+1)(0-3
SN G )
- 0-1- \/(92+ 0-3)
Moo, , = +./-1.

Lemma 2. The solutions h,, and hy, belongto Q,,iff p=1(mod 4).

Theorem 1. If p=1(mod 4) then there exists at least one weakly periodic (non-periodic)
p —adic generalized Gibbs measure for the p—adic Izing model on the Cayley tree of order
two.

Remark 2. In [5] it was proved that for the Ising model on a Cayley tree of order k = 2
with respect to the normal divisor of index 2, there does not exist a weakly periodic

(non-translation-invariant) Gibbs measure in real case. In p-adic case in Theorem 1 it was shown
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that for the Ising model there is at least one new weakly periodic p-adic generalized Gibbs

measure.
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Annomauus: B smoii cmamve paccmompena npoonemvl uem |-noumka u ybecanus 0ns oupghepenyuanvuvix
uep ¢ 08YMS USPOKAMU, HA3BIGAEMCA npeciedogamens U ybezarowuil, umeem UHepyuoHHble Ogudicenus. Mol
HANIOJACUNU 2e0MeMPUYecKUe 0Spanuyenus Ha ynpagnenue uepoxamu. Mt nocmpounu cmpame2uio cxoOumMocmu Ha
ocHoge memooda paspewarowux gynkyuu AA. HQuxpus ons npecredosamens u npedcmaguiy Hogble 00CMAmMoyHble
yenosusi |-noumxu. 30ecw, nod |-zaxeamom mor nonumaem momenm, ko2coa npeciedogamenv NPUOIUNCAM=-  C K
yoecarouemy Ha paccmosuue 1>0. B 3a0aue 06 yKIOHeHUU Mbl ONpeOeiuny CMpAmesuio, 2apaHmupylowyio
VKIOHeHue yoesaiouezo om npecieoosamens Ha paccmosnue 6oavuiee, yem 1>0. Kpome moeo, nokasamnvi Hoevie
00Cmamoymvie yCio8us YKIOHeHUs..

Knroueevte cnosa: oughgpepenyuanvras uepa, l-noumxa, ybezanus,

npeczzedoea-meﬂb, y6eza10u4uﬁ, ceomempuveckKoe oepanuderHue, cmpamecus, capanmuposanHoe epems I-noumxa.

Introduction. Differential game problems were first comprehensively looked into by
American mathematician R.Isaacs [1, p. 340] in the 1950th. Subsequently, Pontryagin [2, p. 551]
and Krasovsky-Subbotin [3, p. 517] set the fundamental approaches of Theory of Differential
Games.

The problem for the case of l-approach [5, p. 272] was first proposed and explained by
Indian mathematician Ramchundra. Later, Pshenichnyi [6, p. 484-485], Petrosyan [4, p. 31-38],
Satimov [7, p. 203], Azamov [8, p. 38-43], Samatov [9, 10] and others studied that problem, and
interesting results were obtained by them. In the work of Petrosyan and Dutkevich [4, p. 31-38],
the l-capture problem was investigated for the players moving at the limited velocities by
coordinates on the plane and also, a lifeline game was solved by geometrical method. Later on,
by virtue of Chikrii’s method of resolving functions, B.T.Samatov [9, p. 907-921; 10, p. 94-107]
solved the problem of group pursuit for the case of I-capture in a simple motion of the players
under integral constraints on controls. In [11, p. 574-579], Khaidarov considered the problem of
positional I-capture of one evader by a group of pursuers provided that each of the players has a
simple movement.

In the paper, we have studied the I-capture and evasion problems in a differential game
with inertial players whose controls are subject to geometrical constraints. In the I-capture
problem, an approach strategy is formulated for a pursuer and sufficient conditions of I-capture
are obtained. In the evasion problem, a specific strategy is suggested for an evader and sufficient
conditions of evasion are found. Furthermore, it is shown how the distance between the players

changes during the evasion game.

1. Statement of problems. Suppose that in the finite-dementional space R", the pursuer

chases the evader. Let their motions be based on the differential equations with initial conditions
X=uU, x(0)=x, x(0)=x, 1)
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y=v, ¥0)=vy1, y(0) =y, )

correspondingly, where x, y,u,veR", n>2; x, Yy, are the initial states of the players

for which it is supposed that [X,—Yo|>I, 1>0; x,y, are their initial velocity vectors

accordingly, and assume x, =y, ; the acceleration vectors u, v function as control parameters

of the players, respectively and they depend on the time t>0.

The controls U, V are single out as measurable functions u(-):R™ —R" and

VIR > R", and they are subject to the constraints
|u(t)| <a foralmostevery t>0, (3)

|V(t)| < [ foralmostevery t>0, 4)

which are usually said the geometric constraints (in short, G -constraints), where «, S

are the given positive parametric numbers which express maximal acceleration values of the
players appropriately. The family of all the measurable functions satisfying (3) is denoted by Ug,,
and the family of all the measurable functions satisfying (4) is denoted by Vg, .

Definition 1. A measurable function u(-) eUg, (v(-) eVG,.) is said an acceptable control

of the pursuer (of the evader).

For some u()eUg, and v(:) eVg,, from the equations (1), (2) the triplets (xo,xl,u(~))

and (yo, y1,V(-)) describe the trajectories

X(t) =X + Xt + J'(t —s)u(s)ds, y(t)=y,+ ylt+j(t—s)v(s)ds
0 0

of the players.
The chief target of the pursuer is to converge the evader at the distance | >0 (l-capture

problem), i.e., to attain the relation

|X(77)_y(77)| <l (5)

at some finite time 7~ O. As for the evader struggles to get out of the occurrence of (5)

(evasion problem), i.e., to continue the inequality
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x(®) - y(@)] > (6)

forall t>0 orif it is impossible, to put off the instant 77 when the inequality (5) holds.
Obviously, for the pursuer, control functions depending only on the time t>0 are not

adequate to solve the I-capture problem, and suitable types of controls should be strategies.
Let us introduce the denotations: 2 =X =Y. 200=2, 2000=2 11ey e have

Zo=X%"Yor L=X%~Y

Due to (1), (2), come to the unique Cauchy problem in the form

Z=u-v, 2(0)=0, z(0)=z,. (7
2. The main results.
Definition 2. For a > £, we say the function

azy+Vi

u(v,zo)zv—/l(v,zo)m

(8)
the convergence strategy of the pursuer or TII, -strategy in the differential game

(1)-(4), where A(v,2,) = %[(v Z)+al +\/(<v, zo>+al)2 +h’ (a2 —|v|2)}, h* =z -1,

Note that the function A(v,z,) is generally called the resolving function. Below we will
provide some important properties for the strategy (8) and the resolving function A(v, z,).
Proposition 1. If o > # holds, then the strategy (8) is defined and continuous for any

v, [v|< B, and the equality ‘u (V2 )‘ =a holds during the I-capture game.
Proposition 2. If « = £ is valid, then the function A(v, z,) is defined, non- negative and

continuous for any v, |v|< £, and it is bounded as
(a=B)/(|20]-1) < AV, 20) < (a + B)/(|2o]-1). (9)
Definition 3. In l-capture (1)-(4), we say that II, -strategy (8) guarantees to occur
i some time interval (01 .
I-capture in some time interval if, forany v()eVg,:

a) some moment t.<[0,T ], occurs |z(t.)

<l, is likely to be found;

b) in the time interval [0, t.], the inclusion u(v,z,)€Ug, is satisfied,
where the number T, is called a guaranteed time of I-capture.

Theorem 1. Let a>p . Then II, -strategy (8) guarantees to occur
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I-capture on the interval [O’T'] in the I-capture problem (1)-(4), where

T =y2(z|-1)/(«-5).

Definition 4. We call the control function

V(t) = -2 (10)
2]
a strategy of the evader.

Definition 5. We say that the strategy wv.(t) is winning if, for any control u(-) eUg,, the

solution 2(®) of

Z=u(t)-w(t), 2(0)=0, z(0)=2z (112)
fulfills the inequality (6) forall t, t>0.

Theorem 2. Let # =75 Then in the evasion game (1)-(4), the strategy v.(t) is winning

in the time interval [0, +oo) , and the distance between the pursuer and the evader varies in terms
of the function

E(t):ﬂ%at2+|zo|—l.
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unmezpo-oudpepeHyuanvHblx ypasHeHutl 6mopo2co NOpsSOKA € UMNYIbCHLIMU dp@ekmamu u CMeuanublmu
maxcumymamu. Ilymem  npumenenusi HeKOMOpbIX npeoOpaA306aHull NOAYYAEmMcs CUCMeMd  HEeTUHEHbIX
@yuxyuonanvnvix unmezpanvubix ypaswenuil. Cywecmseoganue u eOUHCMBEHHOCHb DEWeHUs HenepuoOUecKoll

08YXmMoueuHol Kpaegou 3a0a4u C800AMCsL K OOHOZHAYHOU PA3PeuUMOCmuy CUCTeMbl HETUHETIHbIX (PYHKYUOHATbHBIX
. n
unmezpanvuvix ypasuenuii 6 Banaxosom npocmpancmee PC ([O,T], R ) . Memoo nocnedosamenvhuvix

NPUOTUIICEHUTI 6 COYeMAHUU ¢ MEemoOOM COHCUMAIOWUX OMOOPAdNCEHUI UCNONb3Yemcs Npu O00KA3AMeNbCmee
O0OHO3HAUHOU PA3PEUUMOCTY HENUHEUHBIX QYHKYUOHATLHBIX UHMEZPATLHBIX YPASHEHU.

Knrwouegvie cnosa: cucmema 6mopozo nopsaoka, UMHYIbCHble Unmezpo-Oughgepenyuanvhvie ypagHeHus,
osyxmoyeunvle HeluHelinvle Kpaegvle YCI08UA, CMeulanHble MAKCUMYMbL, NOCIe008amenblble NPUOIUNCEHUS,

cyujecmeoeaHue u eOUHCNBEHHOCb pewenusi.

1. Introduction.

Mathematical model of many problems of modern sciences, technology and economics are
described by differential and integro-differential equations, the solutions of which are functions
with first kind discontinuities at fixed or non-fixed times. Such differential and
integro-differential equations are called equations with impulsive effects. A lot of publications of
studying on differential and integro differential equations with impulsive effects, describing
many natural and technical processes, are appearing (see, for examples, [1-20]. Two-point and
multi-point boundary value problems for the differential and integro-differential equations are
studied by many authors (see, for example [21-24]. Second-order differential equations with
nonlocal boundary value conditions and impulsive effects are almost not studied. The fact is that
the reduction of such a problem to an equivalent functional integral equation has difficulties. In
this paper, we investigate a two-point nonlinear boundary value problem for a system of second
order integro-differential equations with impulsive effects, nonlinear kernel depending on
construction of mixed maxima. The questions of existence and uniqueness of the solution to the
nonlinear two-point boundary value problem are investigated. We note that the differential and
integro-differential equations with mixed maxima have singularity in studying of the questions
of solvability. Moreover, the jumpiness of solutions is a natural thing for differential equations

with mixed maxima [25].

On the interval [0,T] for t=t, i1=12,..,p we consider the questions of existence and

constructive methods of calculating of the unique solutions of the second order system of

nonlinear ordinary integro-differential equations with impulsive effects and maxima

.
X"(t) = f 1, x(t),j@(t,s, max {x(z)|r € [4,(s) I A,Z(s)]})ds , 1)
0
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where t=t, i=12..,p, O0=t)<f<..<ty<ty,=T, xeX, X istheclosed

bounded domain in the space R", f(t,x,y)eR",0< A4 (t)<T, i=12,

:
[ ()] A, (0)] = [ min{A,(t), 2, (t)}; max { 4, (1), 2, (1)} ], ggtzgﬂ@(t,s,x)‘ds<oo.
-0

The equation (1) we study with nonlinear conditions

AL (1)X(07) + By (X(T ™) =Cy (t, x(1)), )

Ay (1)X'(07) + B, ()X'(T™) =C(t, X(1)) ©)

and nonlinear impulsive effect
x(ti*)—x(ti‘)zﬁ(x(ti)), i=12,..p, 4)
X(6)-x(6)=Gi(x(t)), i=12..p, )
where A;(t),B;(t) are nxn-dimensional matrix-functions, C;(t,x(t)) € R" is nonlinear

vector-function, =12 , F,G eR", 0<A4(t)<T, i=12, x(ti*):lim X(t+v),

v—0"

x(ti‘): lim x(t; —v) are right-hand side and left-hand side limits of function x(t) at the point
v—0~
t =t;, respectively.

C([O,T],R”) is the notation of the Banach space, which consists continuous vector

function X(t), defined on the segment [0,T], with the norm

n
||x||:J§m 50|

PC([O,T],R”) is the notation of the following linear vector space
Pc([o,T],R”)z{x:[o,T]—>R“; X(t) €C((t ta] R") i =L p},
where x(ti*) and x(ti‘) (i=0,1,..,p) exist and are bounded; x(ti‘):x(ti ) Note,

that the linear vector space PC ([O,T],R”) is Banach space with the following norm
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[ X =max{| o g,y 1=2 20 PJ-
2. Formulation of problem.
To find the function x(t)ePC([O,T],R”), which for all te[0,T], t=t, i=12,..,p
satisfies the second-order integro-differential equation (1), nonlinear two point conditions (2), (3)

and for t=t; i=12,.,p, O<ty<ty<..<t,<T satisfies the nonlinear limit conditions (3),

(4).

3. Reduction to nonlinear system of functional integral equations.

Let the function x(t) € PC([O,T],R”) is a solution of the second order boundary value

problem (1)-(5). Then, integrating the integro-differential equation (1) one time on the intervals:

(0.4], (t.t2]- -, (tp,tpﬂ], we obtain:

T f(x)ds =Tx”(s) ds=x'(t;)—x'(0%), te(0,1],

0 0

t, t,

J. f(s)ds:jx"(s)ds :x’(tz‘)—x'(tf), te(ty,ty],

4 Y
tp+ltp+l ...............................................
j f(s)ds = j x”(s)ds:x’(tgﬂ)—x'(t;), te(tp,tp+l],
tp tp

where for convenience, we put

.
f(t)=f|t, x(t),j@(t,s, max {x(r)|r [ﬂi(s),ﬂQ(s)]})ds .
0

Hence, taking X'(0%) =x'(0), X'(t..;)=X(t) intoaccount, on the interval (0,T] we

have

j f(s)ds :[x’(tl)—x'(0+)}+[x'(t2)—x'(tf )J+...+[x'(t)—x'(tgﬂ =

=-x'(0) —[x’(tf)— x’(tl)J—[x’(tg)— x'(tz)}—...—[x’(t;)— x'(tIO )}+ X'(t).
Taking into account the condition (5), the last equality we rewrite as
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X'(t) = x(0)+jf(s)ds+ > G (x(4)). (6)

O<t; <t
We subordinate the function x'(t)ePC([O,T],JR”) in presentation (6) to satisfy the

nonlinear two-point boundary condition (3):

T

x'(r)=x'(0)+jf(s)ds+ > G (x(t)). 7
0 0<t;<T
Substituting (7) into condition (3), we find x'(0) as follows:

x(0)=Q; (t){ 2(t (1) - Bz(t)jf(s)ds Bo(t) D Gi(x(t )} (8)

O<t;<T
where detQ,(t) %0, Q,(t) = A,(t)+B,(t).

Substituting (8) into presentation (6), we obtain:

X(t) = Qzl(t)[ 2 (6 X(0) - Bz(t)j f(s)ds—B,(®) > Gy (x(t )]

O<t;<T

jf(s)ds+ > G (x(t)). ©)

O<t;<t

Then, integrating integro-differential equation (9) one time on the
intervals (0,4, ], (t.,t2]... -, (tp tp+1] and taking X'(07)=x'(0), X(t.;)=X(t) into account,

onthe interval (0,T] we have

IQZ (5)[ 2(s,x(s)) - BZ(S)Jf(G)dG B,(s) Z G( ) ds +

0<t;<T

O<t;<s

j[jf(e)d9+z H(x(t )_ds=

:[x(tl)—x(O*)}+[x(t2)—x(tf)}+...+:x(t)—x(t;)}:
—x(0)=| x(t)=x(t) || %(& ) ~x(t2) |- = X(t5 ) ~x(ta) |+ xO. (10)

Taking into account the nonlinear impulsive condition (4), from the last equality (10) we

derive
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X(t) = x<0>+jQ21(s)[ 2(5,X(5)) - Bz(s)jf(e)de Bo(s) . Gi(x(t)) |ds+

O<t; <T

j[If(e)d“ 2 Gilx(t )]d3+ > R (x(t)) (11)

ol o O<t;<s O<t; <t

Applying the two-point nonlinear condition (2) to the equation (11), we find the value of
x(0) as follows:

T
X(0) = QIl(t)Cl(t, X(t)) _IQil(t)Bl(t)le(S)C (5, x(s))ds +
0
T T
+IQIl(t)Bl(t)Q£1(s)Bz(s) J' f () déds +
0 0

)
+ Q1 0B ()QZ (9)B(5) D Gi (x(t))ds—Q1* (1B, (t)jjf(e)deds—
0

O<t;<t

—Q;l(t)Bl(t)j > G (x(4))ds Qi ®By®) D F(x(4)) (12)

0 O<tj<t O<t; <t

In getting (12), we used well known formulas, which connected by the name of Dirichlet:

T

]'g(t,s)j. f(6)dads =_[ f (s)].g(t,e)deds,
0 0 S

0

J.g(t $) > 1i(x(t))ds = _[g(t s)ds 1 (x(t;)).

O<t;<t 0<t;<T t;

Then, we rewrite (12) as follows

.
X(0) = Qi (OC (6. X(1)) — [ Vo (t,5)C (5. X(5))ds +
0

jvl(t ) f(s)ds+ Y. Vitt)G (x(4))-Qi')B®) > F(x(t)), (13)
0<t;j<T 0<tj<T

where Vo(t,s) =Q1 (1)By()Q7'(s), detQi(t) =0, Qu(t)=At)+By(t),

;
Vi(t,5) = Qr (0B, (1)| [Q2' () A2(6) +2B,(6) |do |.
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Substituting (13) into presentation (11), we obtain final view of nonlinear system of

functional integral equations:

)
X()=3(6X) = QT (OC ¢, X(0) + [Wo(t,5)C o (s, (s))ds +
0

T T
+Hwy (e 9) [s, X(s), [ ©(s,0,max {x(z)|r €[4(0), 22 (O)]})d& |ds+
0 0

+ Z Wl(tlti)Gi(X(ti))+ Z WZ(ti)Fi(X(ti ))

0<t;<T 0<t;<T
where
Vo (t,s), t<s<T,

Wolt.s)= {—Vo(t, $)+Q3(s), 0<s<t,

Vi(t,s), t<s<T,

W, (t, s) = ; ¢
P 9) - [ Q71(0) Bo(0) d0+ [ Q71 (0) A (6) + Bo(6)]d0, 0<s<t,
0 S

{_Qll(s) B,(s), t<s<T,
W, (s) =
Qil(s)A(s), 0<s<t.

3. One valued solvability.

Theorem. Suppose that the following conditions are fulfilled:

f [t,O,}@(t,s,O)dsJ

RO <o me = max |G0)]<=

1). M; = max

<oo; Mg, = max|C;(t,0)| <o, j=12
0<t<T !

0<t<T

.....

3). Forall t[0,T], x,yeR" holds
£t X0 y2) = T (6%, Vo) S My (D) X =% [+ Mo () v - Y5 |;
4). Forall t,5€[0,T]?, xeR" holds
O(t,5,%) —O(t, 5, %)) < M3(t,5)| X — X |;

5). Forall te[0,T], xeR" holds
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C(t. ) —Cj(t. %) <My () X=X |, j=12;
6). Forall xeR", i=0,1,..,p hold
RO R0 <my | =% |, [Gi(4)=Gi(x)| <my [ %~ |;

7). p=xy+...+ x5 <1l where y,..,ys aredefined by the formulas (18)-(20) below.

Then the two-point boundary value problem (1)-(5) has a unique solution

X(t) e PC([O,T], R”). This solution can be founded by the following iterative process:

k _ . ok-1 _
{X (t)_J(t,x ), k=12,3,... (15)

x?(t)=0, te(t,ty), 1=0,12,..., p.
Proof. We consider the following operator
J :PC([O,T];R”)—> PC([O,T]xR”),

defined by the right-hand side of equation (14). Applying the principle of contracting
operators to (14), we show that the operator J, defined by equation (14), has a unique fixed
point.
Taking first and second conditions of the theorem, for the first difference of the
approximations (15) we have the following estimate

.
Hxl(t)—xo(t) Hs(mxT‘Q;l(t)‘-\cl(t,O)HQ&xTﬂwo(t,s)|-\cz(t,0)\ds+
T -0

ds +

.
+ max j[\Nl(t,s)|

0<t<T
0

f {s,O,}@(s,H,O)d&]

+ max Z|W1(t )] Gi (0) |+Z|W2(ti)|-| Fi(0)]<

0<t<T < i1

where

o = Max I|W0(t s)|ds, oy = maxj.l\Nl(t s)|ds,
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012 = Max Z‘,|VV1(t ), o —lez(t )}

o<t<T

Then, by the third - sixth conditions of the theorem, for difference of arbitrary consecutive

approximations and arbitrary t e (t;,t;,1] we have

| x| < max | Q) M O x O -x* ) |+

+maxI|Wo(t s)|M42(s)‘x (s)—xX 1(s)‘ds+

;
( k k-1
+5gtgbwv1(t,s>|[ml(s)\x (5)-x* )|+

T
+M,(s) Mg(s,H)‘xk(e)—xk_l(e)‘dG ds +
0

0<t<T <

Hence, by the introduced norm in the space PC ([O,T], R”) we obtain
O] <X o-xo] .

where p=y+...+ 15,

.

= 52&);‘ Q' () ‘ My (0, 22 = max _([|Wo(t15) [ My (s)ds,
T T

73 =52g£[vv1(t,s)| Ml(s)+M2(s)_(|;M3(s,6?)d6? ds,

X4 = max Z|W1(t t )|m2|’ X5 = Z[Wz(t )|ml|

0<t<T %

+maxZ|vv1(t ) myi | X (t) - x* 1(t)\+§|vvz(ti)|m1i ) -x )|,
i=1

(17)

(18)

(19)

(20)

According to the last condition of the theorem, we have p<1. Therefore, from the

estimate (17) follows that
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H xK () —x* () HPC < H xk ) —x ¥ 2(p) HPC . (21)
It implies from (21) that the operator J on the right-hand side of the equation (14) is

contracting. According to fixed point principle in the Banach space PC([O,T], R”) and taking

into account estimates (16), (17), we conclude that the operator J has a unique fixed point.

Consequently, the two-point nonlinear boundary value problem (1)-(5) has a unique solution

x(t) € PC([O,T], R”).
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INTEGRAL REPRESENTATION FOR HYPERGEOMETRIC

(3)
FUNCTION OF THE MITTAG-LEFFLER TYPE R’
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The Mittag-Leffler function has gained importance and popularity through its applications.
When solving differential equations of fractional order and integral equations of fractional order.
Also, the Mittag-Leffler function plays an important role in various fields of applied
mathematics and engineering sciences, such as chemistry, biology, statistics, thermodynamics,
mechanics, quantum physics, computer science, signal processing [1-6].

Consider the folloving three variable hypergeometric function

) R PR BB o

C. 3, 3,733 C1i g3 Co 343 Ca Vs
3 i (ai)alm(az)ﬂln(aS)ylp(bl)azm(bz)ﬁzn(b3);/2p x" y" z°
B a0 (c)%m%n%p I'(c,+a,m)I(c,+B,n)T(c;+7,p)

where a,a,,a,,b,b,,b,,c,c,C,,C, %, y,2€C, min{e;, B,7} >0, i=1

For a generalized hypergeometric function of the Mittag-Leffler type IEB(3), the following
integral representations of the Euler type take place

T ()
INCYINO7EY
X'l[ébll (l_g)ﬂ*bﬁllféa (aiial;azﬂl;as-?/l;ﬂaaz;bzaﬂz;bg,%;
0 C, 04, B3, 731 €y 445 C 41 Ca 74

FO(xy,2)=

[xs,y, 2]d§,
Re 1> Reb, >0,
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of the function F
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the signs of integral and series and using Euler's Beta and Gamma functions.
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This can be proved by substituting the integral representations for the series representation

and considering that the series is absolutely convergent, by interchanging
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Pe3osmionust MesKIyHAPOAHON HAYYHOUH KOH(pepeHIIUH “AKTyaJIbHbIE
npoodJeMbl MATEMATHKHU 1 00pa3oBaHus’

Pe3oronns
MEXyHApOAHON HaydyHOU KOH(epeHInn “AKTyalbHble NP00JeMbl MATEMATHKH U
o0pa3oBaHus”, OCBALICHHON 80-JI€TUIO 3aCTyKEHHOIO AesaTelns Hayku Keiprozkoi
PecnyOinku, unena-koppecnonnenta HAH KP, nokTopa ¢pu3nko-maTeMaTH4eCKUX HayK,

npodeccopa, nmouerHoro akagemuka HAH KP Kenaubas AnpiMkynoBa

12-13 wmas 2023 roma B OIICKOM TOCYZapCTBEHHOM YHUBEPCUTETE COCTOSIACH
MEXIYHApOJHAs HaydHas KoH(pepeHIHs “AKTyajibHble TPOOJIeMbl MATEeMAaTHKU U
o0pa3zoBaHusi”, nocBsuleHHOW 80-leTUI0 3aciHyXeHHoro JesTens Hayku Kelproizkoi
PecnyOnuku, unena-koppecnongeHta HAH KP, noktopa ¢u3nko-mMaTemMaTHUYeCKUX HayK,
npodeccopa, nouerHoro akagemrka HAH KP Keanu6as AnbiMkysioBa.

Opranuzaropom koH(pepeHuH BrICTyNUI OUICKHUI roCy1apCTBEHHBIA YHUBEPCUTET.

B pabote xoHbepeHIIMH MPUHSIN y4acTUE YYEHbIE, MPernoaBaTesid BBICIINX y4EOHBIX
3aBeneHudt  permoHa u  pecnyonuku. [lupokas reorpadus  y4YaCTHHKOB  BHJIHBIX
yueHbIXx-MaTeMaTnkoB n3 Poccuu, Kazaxcrana, Y3oekucrana, Ucnanuu, I'epmanuu, Yexun
MOJTBEPXKIAET aKTYaIbHOCTh TEMbI KOH()EPEHIIMH U pacCMaTPUBAEMbIX B €€ paMKaX BOIIPOCOB.

[IporpamMma koH(pepeHIIMH BKIIOYana IMJICHApHOE W IIECTh CEKIMOHHBIX 3acelaHuil 1o
pa3MYHBIM aKTyaJdbHBIM HaIlPABJICHUSAM MaTeMaTHKU W oOpa3oBanus. [l oOecnedeHus
y4acTus MHUPOKOTO KPyra 3aMHTEPECOBAHHBIX JIMII OBbLIT 00ecTieueH oHNaitH opMaT paboTHI.

B pa6ote xondepenuu npuHsun ydactue 6osee 120 yesoBek. bbuto 3aciymaHo cBbIIIE
190 pokaanoB u coolmeHuii. Tembl [OKIaJ0B W BBICTYIUIGHMH 3aTparvBajii CaMble
pa3HoOOpa3Hble W aKTyallbHble MPOOJIEMBbl TAaKUX HANpaBIEHUN KaK TeOMETpHs, TOIOJOTHS,
muddepeHIanbHble YPaBHEHUsSI, YPaBHEHUS MaTeMaTH4eCcKoW (DU3UKH, TEOpHs OIepaTopos,
CIEKTpajbHas TEOpHs, MaTeMaTHYeCKOE U KOMIIBIOTEPHOE MOJECIUPOBAHUE, METOAMKA
MpernoaBaHus MAaTeMaTUKHU U UHHOPMATUKHU U JIp.

VYyacTHUKM KOH(EpEeHLMU MOAYEPKHYIU 3HAUUTENbHYIO0 poiib mpodeccopa Keagudas
AJIBIMKYJIOBA B pPa3BUTHE MaTEMaTHYECKOW HAyKH, €r0 BECOMBIH BKJIAJ, B BOCIHUTAHHE W
MOJATOTOBKY MOJIOJIBIX HAyYHBIX KaJpoOB; YyKa3alld COBPEMEHHBIC HAIPaBICHUS U TMPOOIEMbI
MaTeMaTHYeCKON HayKu W OO0pa30BaHUA M HEOOXOTUMOCTh Pa3BUTHs (YHIaMEHTAIBHBIX U
MPUKIAIHBIX HMCCIEOBAHUN; OTMETHJIM, YTO B HACTOSIIEE BpeMs B COBPEMEHHOM MHUpPE U
KbIprei3cTane MoBBIIIAETCS POJIb MATEMATUKH i MAaTEMaTHUYECKOTO 00pa3oBaHUsI.

Matepuansl koH(epeHIMH OyayT oOmyOauKoBaHbl B KypHanax «Bectnmk Oml'Y:

MartemaTtuka. Pusuka. Texnuka», «Bectomk OmI'Y: Ilemarormka. Ilcuxosorus»,
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«Marepuajbl MeKIYHAPOAHON HAay4YHOHl KOH(QepeHIHMH «AKTyajlbHble HPO0JaeMbl
MaTeMaTHKH U 00pa30BaHUs.
[Io wrToram TIPOBEOEHHBIX IUICHAPHBIX, CEKUHOHHBIX 3aCE€JaHH W JIHUCKYCCUU

Kondepennus pekomeHayer:

®  AKYeHmMupo8amv GHUMAHUE MONOObIX VUEHbIX HA PeuleHUss NPUOPUMEMHBIX U NPUKIAOHBIX
npoobiem Mamemamux, IKOHOMUKU, MeOUYUHbl, IKo102ulU, dsHepeemuxu u | T-mexnonozuu;

® yoensimb GHUMAHUE HA NOO20MOBKY 6blCOKOKEANUPUYUPOBAHHBIX HAYUHO-Ne0a202UdecKux
Kaopos, omeeualouux co8pemMeHHbIM mpebo8aHUAM 6PEMEHU;

®  YCUnUmMsb UHMeZPayuIo UCCIe008amenbCKUX OesimenbHOCmel HAYUHbIX OP2aHU3AYUL, WKO U
8Y306 PA3IUYHbIX CIMPAH,

®  WUPOKO  UCNONb306AMb  UHQDOPMAYUOHHBIE U KOMMYHUKAYUOHHLIE — MEXHOJO02UU,
cnocobecmeyrowue 83auMo0elicmeuio YuacmHuKko8 0opaso8amenbHo20 npoyeccd, 00CmMyn K
UHDOPMAYUOHHBIM UCIMOYHUKAM, IPPEKMUBHbIL MOHUMOPUHZ U KOHMPOIb Pe3yibmamos
0bpazosamenvHo20 npoyecca,

®  pazsuUeamv KpUmuyecKkoe u CUCIeMHOe MbIULIEeHUS YYeHUKOS, CIYOEHMOo8 U MA2UCTPAHINO08
6 npoyecce npenooasaHus MamemMamuyeckux OUCYUNIuH,

®  eJIce200H0 NPOBOOUMb HAYUHYIO KOHepeHyuio « ANbIMKYI068CKUe UmMeHUs ).

Y4acTHUKM KOH(MEPEHIMH OTMEYAl0T BBICOKMH YPOBEHb OpraHHM3allMd M TPOBEICHHUS
JAHHOTO MEPOIIPHSTHS, CIIOCOOCTBYIOIIETO YCTAHOBJICHHIO HOBBIX TBOPUYECKUX CBS3EH,
00BEAMHEHNIO HAyYHOTO0 IOTEHLHMala Y4YEHBIX, HAy4HBIX U OOpa30BaTeIbHBIX OpraHU3aLUil

PAa3JIMYHBIX CTpaH.

Kusnb u nearesbHOCTH Kesandas AbIMKYJI0Ba

AneivkynoB  Kenmubait pomuncs 11 saBaps 1943 roma B cene [epeiit-lIllopon
Hooxkatckoro paiiona Omickoit o6nactu. TpymoByro nearenbHOCTh Hadan B 1964 romy mocie

OKOHYaHUsl  (u3MKO-MaTeMaTHueckoro  ¢akynbrera  KbIprbl3ckoro  rocyaapcTBEHHOTO
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yHuBepcuteTa B I. @pyH3e (HbiHEe buikek). ITo pexomennanum unen-koppecnonaenta AH KP,
npodeccopa FO.B. beikoBa oH OblT HpHHAT Ha paboTy B AKageMHUI0 MIIAAINIAM HAYYHBIM
COTPYIHUKOM.

B 1965 rony cinyxun B CoBerckoil ApMuM Ha YKpauHe.

B 1966-1969 ronax yunincs B acnupanTtype npu Axkajgemuu Hayk KP.

B 1969-1971 ronmax paGortan yuurenem maremaTuku B Kox-JKapckoil cpenmneil mikose
Hookarckoro paitona.

B 1971-1999 romax paboran cCTapimiviM HAyYHBIM COTPYAHHKOM, 3aBEAYIOUIUM
nabopatopueir AH KP.

B 1973 roay mon pykoBojcTBOM akajaemuka M.MMmananueBa 3allMTHII KaHAMIATCKYIO
nucceptaruto (r. Opynse).

B 1991 romy mon pykoBoactBom akanemuka PAH JI.B. AnocoBa B Marematuueckom
uncrturyre umeHu CrexioBa AH CCCP B MockBe 3aiuTii JOKTOPCKYIO TUCCEPTALIHIO.

B 1999-2001 romax Obu1 mpodeccopom Kadempsl MaTeMaTHYECKOTO  aHAIU3a
¢dusnko-maTemMarnueckoro gakynprera OmlY.

B 2001-2007 romax Obur 3aBemyrommm Kadeapoi obmelr wuHpopMartuku OIMICKOTO
roCy/1apCTBEHHOTO YHUBEPCUTETA.

C 2007 roga npodeccop kadenpsl anredpsl u reomerpun pakynprera MUT Oml'Y.

C 2007 roma u A0 MOCIAENHUX JHEH KU3HU sBIsUICAd Jaupekropom MHcTuTyTa
(GyHIaMEeHTaJIbHBIX U IPUKIIAJHBIX HccaeaoBaHuil OIICKOro rocy1apcTBEHHOIO YHUBEPCUTETA.

AnpiMkynoB Kenaubali BHeC 3HAaYMTENbHBIM BKJIaJ B TEOPUIO OOBIKHOBEHHBIX
mubdepeHIMaNbHbIX ~ YpaBHEHMM € CHHTYJISpHBIM  Bo3myuleHueMmM. OH  paspaboTtain
aHaIMTHYeCKue MeTonbl: «YHudopmuszamus», «CTpykTypHOe cpamuBanue» u «HenokanpHas
OudypKamus NepuoIUIECKUX PEIICHHI.

Kenmubait AnbIMKyIOBHY BHEC OOJIBIION BKJIAJ] B MOJATOTOBKY Hay4yHbIX KajapoB Oml'Y,
BO3IVIaBUJI HAaydHYIO IIKoay mo crneuuansHoctd 01.01.02 - nuddepennumanbubie ypaBHEHUS,
MOJArOTOBMII 2 JOKTOPOB HayK M 9 KaHAMIATOB HayK, sBIseTcs aBTOpoM Oonee 150 HayuyHBIX
cTaTeil 1 MOHOrpaguu.

Kenaubaii AnBIMKYJIOBMY y4acTBOBal M BBICTYNAl C HayyHbIMH JIOKJaJaMU B
MEXIYyHapoAHbIX KoH(epeHuusx B bomrapun (Bapna), Benrpum (bynamemr), Ilonbmie
(Bapmagsa), Taunanne (banrkok), I'perun (octpoB Camoc-ITudarop), IlIsemuu (Ctokromnsm),
Poccun (MockBa, HoBocubupck, Hanbuuk u np.), Ykpaune (Kues, UepHoBubl, TepHoOmomb),
Kazaxcrane (Anma-Ata), Y30ekucrane (Tamkent, Camapkann), AzepOanimxane (baky).

[To nununmatuse K. Anpivkynosa B 2008 rogy B Oml'Y ObuT OTKpPBIT — AHCCEPTAMOHHBIN
COBET Ha COMCKAHME YYEHOM CTENeHH KaHAuaaTa HayK 1o HampasieHusM “Jluddepennuanbubie
YpaBHEHUs, JWHAMHYECKHE CHUCTEMBI W ONTHUMalbHOE YyrnpasieHue  u “T'eomerpus u
TOMOJIOTHS’, KOTOpbIM pykoBoaua g0 2015 roma, B TO ke BpemMs ObUT YICHOM
JTUCCePTAIMOHHOTO coBeTa B ropojae bumkek. Kenaubait AnsiMkynoB ¢ 2015 roga Obut wieHoOM
nuccepranmonHoro copera npu Mucruryre marematuku HAH KP r. bumkek.

Harpazas! v 3BaHus:
225



— Ilouetnas rpamota MunucTepcTBa 0oOpazoBanus, Hayku v KyabTypsl KP, 1999 r.

— IloueTHas rpaMoTa rocygapcTBeHHOM anMuHKCTpanuu Omickoi obmactu, 2001 r.

— Jlyammuii pabotHuk o6pazoBanus KP, 2005 r.

— Unen-koppecnonnent HanmonansHo# akagemuun Hayk Keipreizckoit Pecriy6muku, 2010 1.

— 3aciyxeHHbIl aesTenb Hayku Keipreickoit Pecy6muku, 2011 r.

— C 2011 roma oH SABISAJICA WIEHOM PEIKOJUIETUM aMEpPUKAHCKOTo XypHana «Maremaruka u
CTaTUCTUKa», wieHOM Awmepukanckoro u  EBpomneiickoro ofmiectBa MaTeMaTHKOB,
BHUIIe-TIpe3uIeHTOM KBIpTBI3cKOro 00IecTBa MaTeMaTHKOB.

— Ilouernas rpamota IIpaBurensctBa Keipreizckoit Pecriyonuku, 2014 T.

— Jlaypeat npemun «Xan-Tenpun», 2017 1.

— Axagemuk Poccuiickoil akajeMuu eCTECTBEHHbIX HayK, 2019 r.

— Ilouernslii akanemuk HanmonansHoit akanemun Hayk Koipreizckoit Pecyomnuku, 2021 r.

Kennun6aii AnTbIMKYJIOBIYH 6MYPY “KaHA YbITAPMAYbLIbITbI

AnbmvkynoB  Kennu6aih  1943-xbuinein 11-guBapbiHza  Owm o0aycynyH, Hooxat
paiionynyH, Teenec aiibu1 exMmeTyHYH ['epeiir-lllopon kbiurareiHaa tyyarad. 1964-xbuibl
Opynze  (a3bipkbl  bumikex) maapsiiaa  Keiprei3  MamiekeTTMK — YHUBEPCUTETHHUH
¢u3uka-marematuka  ¢axkyabTeTuH  OytypreH. Keipreiz  uimmmaep — AKaJeMHUSCBIHBIH
MY4e-KoppecloHJeHTH, mpodeccop S.B. beikoBayH cyHymy MeHeH AKaJeMUSHBIH KUYU
WINMUI KbI3MaTKEpU KaTaphl UIIKe KaObLI abIHTaH.

1965-xbu1b1 Yrkpannaga CoBeTTUK ApMusifia KbI3MaT OTOTOH.

1966-1969-xp1nnaps! Keiprei3z unumaep AkaJeMHUSChIHBIH aCIMPAHTYPAChIH/A OKYTaH.

1969-1971-xpinapsr  Hookar paifonynyn Kex-)Kap opro MekTeOuHAe MaTemaTuka
MyTaJuMH OOJTyI SMI'CKTEHI€H.

1971-1999-xpinnapsr  Kelprei3 mnuMaep AkaJeMHsCBIHAA YIYK HWJIMMHH KbI3MaTKep,
nabopatopus Ganrdbichl 0Oy SIMIEKTEHIEH.

1973-xbubl @pyH3e maapblHaa akageMuk M. VIMaHamMeBIWH >KETEKUMJIMTH allJbIHAA
KaHIUJIATTHIK IUCCEPTAIMSCHIH KOPTOTOH.

1991-xkbel Poccus unmumpaep  AkaneMusichlHbIH — akagemuru  J[.B.  AHocoBayH
xeTekunauru angsiiga MockBa maapsigaarsl CCCP mnumuaep AxagemusicbiHBIH CTEKIIOB
aThIH/Iarbl MATEMaTHKa HHCTUTYH/IA TOKTOPAYK JUCCEPTALUSACHIH KOPTOTOH.

1999-2001-xpimapsr OmMVYHYH ¢u3nka-mMaTeMaTka (hakyJIbTETMHUH MaTeMaTHKaJbIK
aHanu3 KageapacsiHbIH npodeccopy,

2001-2007-xpuaapsl OmM YHYH annsl HHGopMaTHKa KadeapachlHbIH OalIybIChI,

2007-xbuinan Taptein OmMVYuyn MMUT dakynpTeTuHuH AunreOpa »aHa TeOMETpHUs
KaeapacsIHBIH podeccopy,

2007-xbU1aH TapThIN K3y oTkeHre udeinH OmMVYHyH angbiHaarsl OyHIaMeHTaNIbIK
YKaHa MPUKIIAAIBIK U3UIJI06JI6p HHCTUTYTYHYH TUPEKTOPY KbI3MATTapblH apKajarl KelreH.

AnpivkynoB  Kenaubait  AJBIMKYIOBHY KaAMMKH —JU(QQEpEeHIHMANIBIK CHUHTYISAPAYY
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KO3TOJITOH TEHJEMeENep TeOpusChiHA OapaaHIyy calibiM KOIIKOH. Arail “YHu(opMmIamrepyy”,
“CTpyKTypallblK  JKaJramitelpyy’ skaHa “Mesruniyy YeYMMJIEpAUMH JIOKAJIJIBIK  AMEC
OndypKausIchl’” aHATUTHKAIBIK METOIOPYH KUAUPTEH.

Kenmub6ait AnsiMkynoBuutud OmMVYra, Kelpreizcranra uniumMuil Kajapaiapiasl JaspAaooao
caibiMbl 30p, 01.01.02 — auddepeHnnanapk TeHIeMenep aIucTUru O0OHYA UITUMUN MEKTENTH
KETEKTEN, WIMMAMH 2 JOKTOPYH KaHa 9 KaHIWJATBIH Yblraprad, OUIoHA0M 3ne 1501eH amyyH
WIMMHUI MakajlaHblH >kaHa MoHorpadusHbeiH aBTopy. Kemnmbaii AnpimMkynoBuy bonrapusina
(Bapna), Beurpusga (bynanemr), Ilomemana (Bapmasa), Taunangna (banrkok), I'penusna
(Camoc-ITudarop apansr), I[Benusna (Crtokromem), Poccusima (MockBa, HoBocuOupck,
Hanpumk, x.0.), Ykpamnama (Kue, UYepHoubl, Tepnomons), Kazaxcramma (Amnma-Ata),
O30ekcranga (Tamkent, Camapkann), AsepOaiixanma (baky) Oonron koHdepeHuumsiapra
KaTBIILbIN, WIMMHUM TOKIaaap/bl &Kacar KeJreH.

2008-xputbet OmMYuyH amneiaaa 01.01.02 — muddepeHnmanasik TeHAEMENIep JKaHa
01.01.04 — reomerpusi KaHa TONOJOTHS ATUCTHKTEpH OOOHYA WIMMIMH KaHIUJIATHI
OKYMYIITYYJYK AapaskachlH U3JICHUIT allyy YUYH TUCCEPTALMsIIBIK KeHemnH aybii, 2015-xbuira
YEHUH JKETEKTEll, OIIOJ 3Jie Me3ruijie bullkek maapblHAarsl IUCCEPTALUSAIBIK KEHEUITE MY4e
O6onyn kenreH. 2015-xpuiman Oepu bumkek maapemaarel KP YUAHBIH MaTemaTnka
nHCTUTYTYHA *aHa JK. banacarein areiagarsl KYVYra kapamryy auccepTauusuiblK KEHEIIWH]IE
Myue 00JIyn KeJlau.

ChIIBIKTapBI:

—  Keipreiz PecniyOnukacbiHblH OmiiuM  Oepyy, WIMM KaHa MaJaHUAT MHHUCTPIMTUHUH
Appnak rpamotacsl, 1999-x.

—  Om 06aycyHyH MaMJIEKETTUK aJIMUHUCTPAIMACBIHBIH Apniak rpamoTachl, 2001-x.

—  Keipres Pecniy6nukaceiHbIH OMIUM OepyYCYHYH MBIKTBICH, 2005-X..

—  Keiprez PecniyGnukachlHbIH YIIYTTYK MIUMIEP aKaJeMHUICHIHBIH MY46-KOPPECIIOHIEHTH,
2010-x.

—  KsIpre3 pecniy0iaMkachIHbIH MITMMHHE SMI'eK CUHUpPreH ummep”’, 2011-x.

— 2011-xpuimaH TapThill AMeEpUKaHbIH ‘“‘MaTeMaTHKa jKaHa CTAaTUCTHKA  IKYpPHAJIbIHBIH
peAaKIUsIIBIK KEHEIIMHUH My4yecy, AMepuka >kaHa EBpona mMareMaTHKTEp KOOMYHYH MY4ecy,
KbIprei3ctan MaTeMaTUKTEP KOOMYHYH BHIIE IPE3UCHTH OOITYTT KEIH.

—  2014-xputel Keiprez PecniybnukacsiHblH OKMOTYHYH Apaak rpamoracsl, 2014-x.

— “Xan-Tenupu” CBIMIBITBIHBIH JIaypeaTsl, 2017-x.

—  PoccusHbIH TaOUTBII HIMMIIEp aKaJAEMUSCBIHBIH akageMuru, 2019-x.

—  Keiprez PecniyOnukachbiHbIH YIIYTTYK WIMMIEP aKaJeMUSICBIHBIH ApIaKkTyy AKaJIeMUTH,
2021-x.
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