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Abstract. In the study of inverse problems of mathematical physics, knowledge of the solutions of the

corresponding direct (in this case, nonlocal) problem plays an important role. In this paper, we study the existence

and uniqueness of a classical solution of a nonlocal problem for a one-dimensional nonhomogeneous pseudoparabolic

equation of the third order. The fundamental solution method is used to prove the existence and uniqueness of a

solution to the problem posed. Sufficient conditions are established for the unique solvability of the problem under
consideration in the class of continuously differentiable functions.

Key words: pseudoparabolic equation, nonlocal problem, fundamental solution, Goursat task, integral

equation, boundary value problem.
BBenenue
B nacTosmee BpeMsi akTHBHO U3Y4arOTCS JIOKAJIbHBIE M HEJIOKAJIbHBIC HauaIbHO-KPaeBhIe
3a/ma4 I TICEBAOMAapadOINYecKNX YpaBHEHUN W3-3a TOTO, YTO NPHUKJIAJAHBIC 3aJaud (PU3UKH,
MEXaHHUKH, OMOJIOTHMH CBOJSATCS K TaKMM ypPaBHEHUSM U BBI3BIBAIOT OOJNBIION MPAKTUYECKUI U
TeopeTudeckuii uHTepec. Hampumep, uzBectHo, 4to [1, 2] nBmwkeHue ypaBHeHUE (DUIBTpALIUN

’KHUJIKOCTU B TPEUIMHOBATO-TIOPUCTOM Cpejie OMUCHIBAETCS CIEAYIOIIUM YpaBHEHUEM:
7



ﬂo(x)Dtp(x,t)—div[% grad p(x.t) + 7() 6, ()D,grad p(x ] =0, (0.
u

rae p(x,t) - ucKkoMas (yHKIHS, XapaKTepU3Upyollas AaBJICHUE >KUIKOCTH B TPEIIMHAX;

k(X) - Ko3(h(PHUIMEHT NTPOHUIIAEMOCTH TPEIIUH; BO(X) - KO3 PHUIHEHT CKUMAECMOCTH

xuakoct; WU(X) - Baskocth kuakoctu, TM(X) - kodhdUIMEHT TbE30MPOBOAHOCTH. 3ajaum,
CBSI3aHHBIC C JUHAMUKOW IIOYBEHHOM BJIArd U IPYHTOBOM BOZBI B KallMJULIPHO-TIOPUCTBHIX Cpelax,

ONHUCKIBAIOTCs ypaBHeHHeM Asuiepa [3] (em. [4, c. 371]):

2
u_ 0 [ 2u, z 0
ot OXx oX OXot

+ f(x,1), 0.2)

rme A — Bapbupyemsiii mapaverp, D(U) — xoaddurment auddy3uTHBHOCTH, SBISIOMIMHCS
(hyHKLIMEH NICKOMOI! BIIaXKHOCTH.

HenokanbHbIMH KpaeBBIMU 3aJla4aMH IPUHSATO HA3BIBATh 33/1a49M, B KOTOPBIX 33Jar0OTCS
YCIIOBHS, CBS3BIBAIOIIME 3HAYCHHS] MCKOMOTO PEIICHHS WM €ro MPOU3BOJIHBIX B PAa3IMYHBIX
TOYKaX IPAHULIBl M KAKMX-JINOO BHYTPEHHUX TOYKaX.

HenoxkanpHple 3amauM A7 ICEBAONApaOOIMYECKHX YpPaBHEHHHM C HHTErpajbHBIMU
YCJIOBUSIMH U3y4eHBI B padotax A.By3anu [9, 10].

Llenpto maHHOW pabOTHI ABISETCS JOKA3aTEIbCTBO CYIIECTBOBAHUS M €IMHCTBEHHOCTH
peLIeHn 0THON HEeJIOKAIbHOM 33aJJau C OJIHUM JIOKAJIbHBIM YCJIOBUEM M OJHUM MEPUOTUYECKUM
YCIIOBHEM JIJIs1 OAHOMEPHOTO MICEBI0NApaboINIeCKOr0 YpaBHEHHS TPETHET0 MOPSIIKA.

IMocTaHoBKa 3a1a4u ¥ OCHOBHOI pe3yJIbTAaT.

B o6nactu DT ={(X,t) 0<x<l,0<t< T} paccMOTpUM 3aJady OIIpeleICHUA

dyaxman U(X,1) u3 ypaBrenus
Lu=u, —uy, —u, = f(x,t), (x,t)eDbD, 1)

t

YAOBJICTBOPAOLICTO HAYAJIBHOMY YCIIOBUIO

u(x,0)=u,(x), 0<x<l, (2)
T'paHUYHBIM YCJIOBUAM

u(o,t) = u(t), 0<t<T, (3)

u (0,t)=u (I,t), 0<t<T, (4)



rae Uy (X), p(t), f(X,t)- sananusie, nenpepwisusie npu [0,1], [0,T], D; coorsercrrenno

GyHKIIHH.

Yepes C™™ (D, ) o6osnauen knacc dynkumit U(X,t), onpenenenneix 8 D, n Takux,
gqro 0'u/ox‘ot' eC(D;) mpu 0<k<n, 0<I<m ; C®?(D,) obosnaunm uepes

C(D,).
Onpenenenne. Knaccuyeckum pentenye 3anauu (1)-(4) naseisaerca gynkmus U(X,t) uz
wiacca C®P (DT) NC™? (l_)T) , ynoBnerBopswoomas ycnoBusaMm (1)-(4) B Kiaccmueckom

CMBICIIE.
Cnpasennua

Teopema. IlycTh BBITONHEHBI A 3aJaHHBIX (YHKIAK CIIEAYyIOUIME YCIOBHs: 1)
Uy (x) € C°[01], p(1) CTO,T], F(x)€C(Dy) . 2)  U(0) = £4(0), Uy (0) =i, (1).
Torga 3aja4ya (1)-(4) uMeeT €IMHCTBEHHOE peleHue, TaKoe, YTO

u(xt ECEHY AC D,

JlokazarenscrBo. O6oznauum U (1,t) uepes w(t) wu pacemorpum crnemyromryro

3agauay ['ypca s 1ceBIomnapadOIMuecKoro aBHEeHUd: Haitu B oOmactu D ellIeHUE
y T

ypaBHeHus (1), yI0BIEeTBOpSIONIEe HAYAIEHOMY YCIOBHIO (2) 1 ycnoBusM ['ypca
u(0,t) = u(t), u (O,t) =w(t), 0<t<T. (5)

Tpennonoxum, uto () € C'[0, T, npuuem  y(0) =u,(1).

Torma, B cuity Teopemsl 3 u3 [4], 3agaya (1), (2), (5) uMeeT eATMHCTBEHHOE PEIICHUE U 3TO

PEIICHUEC NMECT BU
uut) = [ [Z(x=it= D) F(E0dEdr+ [ 5~ DZ(x- 0dS

+Huy (t)shx + j-l//(r)(ﬁ_ar + 1)Z(x,t—7)dz]+[u(t)chx + (6)

8Z (x,1)
ox

+!”(7)(afar + %)Z (x,t —=7)dz]—u,(0)Z (x,t) +u,(x)e” —u,(0)



rre E(X, 1) =0(t)Z(x,t)- (QyHIaMeHTanbHOE pelenue onepaTopa L :

52

Z(x,t) = — j L oo™y @
B o 5 +1 '
Bgoxs 0603HaueHHE
K(x,t,r):[iﬂjzu,t—f), ®)
ot

h(xt)=[[Z(x-&t-1)1 (é,r)dfdr+_[u0(§)(%— 1)Z(x=t)d& +

+u(t)chx + j y(r)(ai;t N %)Z(x,t _)de]- .
0(0)(520‘ Y, Z(x,t)j ru (e,
nepenmmen GopMyITy (6) B BHIE
u(x,t) :z,u(t)shx+jK(x,t,r)w(r)dr+ h(x,1), (10)

Janee uccnenyem dyuxmn K(X,t,7) u h(x,t).

Hmeer mecTo cienyrolee yTBepkKIeHUE
Jlemma 1. Ilpu t>7 sagpo K(x,t,7) omnpenensemoe pasenctBom (9) wumeer

HEIpEePHIBHBIC TPOU3BOAHBIC 110 X , t 1 mipum 100bIX Kk,1 =0,1,2,... cripaBeiyiuBa OIleHKa

o KA~
(_+|j @ =)@+ XD (12)

Joka3zarenbcTBo. JlemM 1 noka3biBaeTcsi ¢ MOMOIIBIO OLEHOK QyHKuMH Z(X,t) u ee

MPOU3BOAHBIX [5]:

-|xj(1-t)

@A+t 2+ x])'.
Teneps onenum pynxmuo h(X,t) , onpenensemoe pasenctsom (9). Tak kak
U, (x) € C?[0,1], u(t) eCO,T], f(x,t)eC(D,), 1o h(x,t)eCe(D.), r0 us

(9) ¢ yuerom paBenctBa (11) umeem

10



t x X 62
|h(x,t)|s_([ﬂZ(x—f,t—r)Hf(§,r)|d§dr+'([|u0(§)|‘(¥— I)Z(x—,t)‘d§+

(—2+QJZ(X t—7)dzr]+

+| ()| chx + ﬂ,u(r)| 5 o

8Z(x ) +]u,(X)]e ™" <

(0)|‘ Z(x,t>j

*\X gl(a-(t-7))

dgdr+||u I, j {—

e —|x=&(1-(t-7)

<C+|/]. ” ((2+]x—&)° +1) |d¢,

2

rie C nocrosHuble 3aBucsmee ot 3anannbix Gynkumii Uy (X), 1(t), f(xt).

[[anee MOJKHO I1I0Ka3aTb, 4TO CIIpaBCAJIMBO OLICHKA

—[x|(1-t)

@L+t)(2+] x])%. (12)

Takum o6Opasom ¢yukuun  K(x,t,7) , h(x,t) wu ux mnpousBomHble SBIAIOTCS
HETIPEPhIBHBIMU ¥ OTpaHW4YeHHbIMU (yHKIusMu. B paBenctBo (10) BxoauT HeusBecTHas
bysxmas (1) .

N3 nemmbr 1 u HepaBenctB (11), (12) ClelyeT, YTO paBEHCTBO MOXHO
nuddepenimpoBaTh 1o X ¥ 3aTeM mosiorast x=|, moJy4uM HHTErpajibHOe ypaBHeHUe Boabreppa

BTOpOTo poja oTHocuTebHo Gynkimu ()

w(t) = Ajww(r)dr ; A%, (13)

rre A=(1—cshl)™,

Snpo u mpaBast 4acThb MHTErpalbHOrO ypaBHeHUs (13) HempepbIBHBIE M OIpaHUYEHHBIE

¢ynkuuu. Toraa peuienue ypaBHenus (13) umeet Bux

v =90+ [RE DGO, (1)

8h(|t)
OX

[Toacrasnss (14) B dopmyny (10) naitnem siBHOE pemenue 3anaqu (1) -(4). Kpome toro,

gt) = AZY

rne R(t,7) - pesonssenTa sapa Aw

u3 cuctembl ypasuenuii (10), (13) cieayer HenpepbIBHAs 3aBUCUMOCTH pertienust 3aaadu (1)-(4)

11



ot 3anannbix pynkumit U, (X), u(t), f(X,t). Teopema noxasaua.
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the posed problem is proved by the method of energy integral. The existence of the solution is proved by means of the
method of variables separation. The solution is constructed in form of the exact infinite series, and an opportunity of
term-by-term differentiation of the series with respect to all variables is justified.

Key words: Partial differential equation, third order equation, multiple characteristics, boundary value
problem, uniqueness, existence, series, semi-bounded domain, absolute and smooth convergence.

1. Bseaenue

JuddepeHnnanbaple  ypaBHEHUS B YaCTHBIX TPOM3BOAHBIX TPETHErO  MOPSIKA
paccMaTpUBAIOTCA MPU PEIICHUH 3a]1a4 TEOPUU HEIIMHEHHON aKyCTUKHU U B TUAPOJIUHAMUYECKOM
TEOPHUH  KOCMHYECKOW  IuTa3Mbl, (UIbTpAlMd  JKUJIKOCTH B TOPHUCTBIX  cpefax.
JuddepeHnmanbable ypaBHEHUS B YACTHBIX IPOU3BOJHBIX TPETHETO IMOPSAKA HM3YydarOTCs
MHOTUMH aBTOpamu (cM., Harpumep, [1-11]).

B paGote [12], yuuThiBasi cBOWCTBA BA3KOCTH M TEIIONPOBOJHOCTU Ta3a, U3 CHUCTEMBI
HaBbe-Crokca ObUIO MOTYYEHO ypaBHEHUE TPETHEro MOPSAKA C KPaTHBIMHU XapaKTePUCTHKAMU,

coZIeprKalliee BTOPYIO MPOU3BOIHYIO 110 BPEMEHH

Vv
Uy + Uy —;uy =u,u,, v =const.

D10 ypaBHeHue mpud V =1 ONHUCHIBaET OCECUMMETPUYHBIA NOTOK, a mnpu Vv =0
OMNUCHIBAET IMJIOCKO - MapaJuiebHbIA MOTOK [13].
[lepBble pe3ynbTaThl O YPABHEHUIO TPETHETO MOPSAKA C KPATHBIMH XapaKTepUCTUKAMHU

ObuTH Toy4deHbl B padotax H. Block [14], E. Del Vecehio[15]. L. Catabriga B pa6ote [16] mus

2n+1 2 o
ypaBHenus Dy u—Dyu =0 moctpoun ¢yHAaMEHTAIBHOE pEIIeHHe B BHJIE JBOHHOTO

HECOOCTBEHHOI'O MHTErpajla U U3y4HJI CBOMCTBA NOTEHIMAJIA, PEILWII KPAeBbIE 3a1auH.
B pabotax [17-18] mocTpoeHs! pyHAaMEHTalbHbIE PELICHNUS YPaBHEHHs TPETHETO MOPSIKa
C KpaTHBIMU XapaKTEPUCTUKAMHU, COZIEPKAILME BTOPBIE TPOU3BOIHBIE 110 BPEMEHH, BBIPAXKCHHbIE

qepe:; BI)IpO)KI[eHHI)Ie FHHepFGOMeTqueCKHe q)yHKHI/H/I, I/I3yquI)I nux CBOI\/JICTBa, HaﬁﬂeHIﬂ OIICHKH
npu |'[| — o,

2. IlocTaHoBKa 3a1a4u

B  o6nactu D+={(X, y,z): O<x<+wo, 0<y<q, O<z<r} paccMoTpuM
ypaBHEHHS

o’u o4
8y2 - 822 =0, (1)
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rae Q> 0, r>0 - nocrosHHBIE BElECTBEHHBIE YNCIA, M JUI HETO MCCIIELYEM CIIEAYIOILYIO
3a/1au4y.

3agaua B. Haiitn pemenne ypasnenus (1) B o6macty D™ u3 ximacca
2,2 211 . .
ci2 (D+) NCo ( D"uU F) MMEIOLIEr0 OrPaHUYEHUE TIEPBON NPOU3BOIHON 10 Y, 10 Z

X,Y,z X,Y,z

H BTOPOH TIpou3BoaHoi mo X mpu X —>+oo,m U,,U, € L, ( D" ) , YAOBIIETBOPAIOLIErO

CICAYIOIIUMHU KPA€BBIMU YCIOBUSAMU

u,(x,0,2)=u,(x,9,2)=0, u,(x,y,0)=u,(x,y,r)=0, 0<x <+, (2)
u(0.y,z)=wy(y.2),

i o 3)

XLrﬂou(x,y,z)_XILrEOuX(x,y,z) 0,0<y<g, 0<z<r,

e '=0D"— rpaHuIia o0JacTh D', l//l(y, Z) — 3aJjaHHasl IOCTaTOYHO Thaakas GyHKIHS,

npuyeM

6‘//1(0’ Z) _ al/ll(q’ Z) 0 84%(%0) _ 84‘//1()/1")

&y oy  ¥a e

OTmeTHM, YTO B IJIOCKOCTH NOJyOTPaHUYEHHBIX 00JacTsIX U3y4eHbI B pabdoTtax [19-22], a

=0. (@

B TPEXMEPHOM IIPOCTPAHCTBE ISl ypaBHEHUSI BTOPOTO TOpsika B padbotax [23-24] nccinemoBaHbl
HEKOTOpbIe KOPPEKTHBIE KpaeBble 3ajaud. A Takke B pabortax [25-28] B KoHe4Hble 001acTu
M3Yy4YEHBI KPAeBbI€ 33a41 B TPEXMEPHOM MPOCTPAHCTBE.

3. ETMHCTBEHHOCTD pelieHust

Teopema 1. Eciiu 3anaua B umeer pemenue, To 0HO €IMHCTBEHHO.

JokasareabcTBo. [IpeanonoxuM, obpaTHOe NMycTh 3agada B umeer aBa pemenus
ul(x,y,z) it uz(x,y,z). Torma  dyHKUIUS u(x,y,z)=u1(x,y,z)—u2(x,y,z)
YIIOBJICTBOPSIET ypaBHEHUIO (1) ¢ OXHOPOTHBIMH KpaeBbIMH YCIOBUSMH. JloKakeM, dYTO
u(x,y,z)=0 s D".

Jiig sToro ypaBHeHus (1) yMHOXXHUM Ha U, TOTJa MOJTYYUM

3 2 2
UL[U]EU 8[;_5[:_8[; =0, wm
ox® oy° oz

uLu] z%(uuXX —lufj—%(uuyﬁuj —%(uuz)+uz2 =0. (5)



HuTterpupys ToxaectBo (5) mo odaacTu

D, ={(x,y,z): 0<x<d, 0<y<gq, O<z<r}, rae d >0, umeen

O e O

r qr
Iudyz Uy (d,y,z)dydz - ”uOyz XXOyz)dydz—%
0 00

O e O

qu(d,y,z)dydz+
0

+2TJEU 0,y,z)dydz - ”U X,0,Z),(X,0,2) dxdz+”u (x,0,2)u,(x,0,z)dxdz -

00 (6)
ﬁ“(x Y.r (X, y.r dxdy+ﬁu (x,y.0)u, (%, y,0)dedy + [[u? (x,y,2 )axdlydz +
00 00

m (X, Y,z )dxdydz = 0. |

Ecmu d —>+00, o Dy — D" . ITpu 3ToM, y4uThIBasi OJXHOPOIHBIC KPaeBbIe YCIOBHS

samaun B, Te. l//l(y,Z)ZO , CBolcTBa (yHKUMHU u(x,y,z) npu X-—>+00 u

u,u, el, ( D+), u3 (6) momyunm

%ﬁuf(o y, z)dydz + muf, (x,y,z)dxdydz +J.J..|.u;2 (X,y,z)dxdydz =0.
D* o°

Otciona cnenyer, aro U, (X,Y,2)=0 n U,(X,Y,2)=0, torma u(x,y,z)= f(x)
B D". ITocrapmss B ypasuenue (1) umeem | '"( ) 0. Orcioma, f (X) = Clxz +Cx +C,.

U3  ycinosun (3)  mosydum f(0)=0, Iimf(x):limf’(x):o , Torja,

X—>+00 X—>+00

C, =0, C,=0, C, =0, orcrona nmeem, uro f (X) =0. CnenoBarensHo, U(X, Y, Z) =0 B

D" U . B cuny nmocnemsero, moayanm ul(x, Y, Z) =u, (X, Y, Z).

Teopema 1 nokazana.

4. CymecTBoBaHME peLICHHSA

I+j -

Teopema 2. Eciu ¢QyHKIuu %eg[0<y<q,0<z<r], 1,j=13 =un
A

BBITIOJIHAIOTCS YCIIOBHS coriacoBanus (4), To penienue 3agaun B cymectsyer.
Jloka3zarejbeTBo. Pemenue 3anaun B mmem B Buge
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u(xy,z)=X(x)-V(y.2). )
[Tocrasnss (7) B ypaBHenue (1) u pa3nenss nepeMeHHbIe, OTHOCUTEIBHO (YHKIIUU X( X)

MOJIy4YUM ypaBHEHUE:

X"+ 1X =0, ®)
a nna Gynxunn V (Y, Z) - eneyromyto kpaeByio 3aziauy:
V,, +V, + AV =0,
Vy(O,z):Vy(q,z):O, (9)
V,(y,0)=V,(y,r)=0,

rae A - mapamerp paszieeHus.

Haiinem cobcTBeHHbIE 3HaUEHUS U COOCTBEHHBIE (QYHKIMH 3a1a4u (9).

TlonoxKuM
V(y,z)=Y(y)-Z(z). (10)
Toxncrasuss (10) B ypaBuenue (9), pas/enss NepeMEHHbIC, HMESM 3aad
Y"+vY =0,
{Y'<o>=v'(q):o, w
Z"+ uZ =0,
{Z'<o>ﬂ=z<r)=o, )

rae Vv u ILI - IOCTOSIHHBIE, CBI3aHHBIE COOTHOIIIEHUEM  V + /,I = ﬂ, .

Pemenwue 3anaun (11), (12) umeer ciaenyronuii BUa:
Y(y)=Asin Jvy+ B, cosvy,
Z(z)= A,sin\[uz + B, cos/uz.

C yueToM rpaHu4HBIX ycinoBuid, u3 (13) Haxoaum

(13)

Yn(y):Bncos%,

Zm(z):Bmcosg,

(14)

2 2
Nz ms
re V.= [—j ML= (—j ,(n,m=12,3,...) — cobcTBenHbIE 3HAUCHHS.
r
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Torna, B kauecTBe pemieHus cnekrpaibHoi 3agaun (11), (12) Bo3eMeM pyHKITMHN

%, ecau n,m =0,
r
Von(Y,2)= ) (15)
’ 2 nry  mrz
cos CoS ,eciu n,me N,
Jar q r

KOTOPBIC COOTBETCTBYIOT COOCTBEHHBIM 3HAUCHHSIM

2

2 2
A =(n—2+m—j7z2, n,me N.
LI PR

Otmerum, uTo cuctema coocTBeHHBIX (yHKumi (15) 3amaun (11), (12) saBnsiercs monHOMA

¥ OPTOHOPMHUPOBAHHOIT B mpocTpanctee L, ( D+) 1 o0pasyer Tam Gasuc [26].

Pemenue ypaBHeHus (8) umeeT BU:

1 N 5

7knm 7kn,mx -
e "’ 4 g2 [Cmmcos7kn,mx+C3n’msm7knmx} (16)

rIe

2 2
Nz mz
kn,m - %//?’n,m - %/Vn + oy, =3 [_j + (Tj :

q

Z[aﬂee, 110 ITIOCTAHOBKEC 3aJa4u B CJICOaYECT, 4YTO

lim X, (x)=lim X, (x)=0.
CrnenoBatenbHO, B (16) HEOOXOIUMO CUUTATh, YTO Czn,m = C3n'm =0. Torna ynkums
(16) mpumer BuI
X, (X)=C,, "™ (17)
Teneps, B cuny (7) peluenue 3agaun B wminem B Buzge
u(x,y,z)=Xq(x)V,(y,z)+ i Xom (X)Vom(Y,2). (18)

n,m=1

Oynk1us, onpeaesnsiemMas popmanbHeIM psoM (18), yaosieTBopseT ycinoBusm (2).

CuuTtas BpeMeHHO, 4TO psil B (18) 1 ero npou3BoaHbIE CXOASITCS paBHOMEPHO U TpeOyeM
or ¢ynkuuu U (X, Y, Z) , ompenensieMolt psitom (18), BeImonHeHHs KpaeBbIX ycioBuil (3),

MOJIy4YUM
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u(0,y,z)=w,(y,z) = 2 i C,, . COS 7Y cos M2

\/a m,n=1 ’ q r

rne Cln,m — ko3¢ ¢punments! Pypse pynkuu ¥ ( Y, Z), T.C.

qr
Ciom =Vinm __2 j I y,2)cos 7Y cos 172 dydz. (19)
\/qTo 0 q r
[ToncraBus Cln’m B (18), moyunm
u(x,y,z)=Xo(X)Vo (Y. 2)+ D vy, e " cos VY cos 2. (20)
n,m=1 ’ q r

u, uu CXOISITCS

Temeps nokaxem, 4ro psig (20) u ero mpomsBoambie U,..,U, 27

paBHOMEPHO B 00acTu D Ul 10 ¢bynaxmus U (X, Y, Z) , onpezaensieMas 3TUM PSJIOM, Ja€T

PELICHUC 3a1a4YH B .

JlokaxxeM aOCONIOTHYIO U PaBHOMEPHYIO cxomuMocTh psiaa (20). U3 (20) umeem

u(x,y,2)|=|Xo (X)Vo(y.2) + i Vi€ " COS VY os M2 <
nm- q 1)
\/T n;lh//m ol
WuTerpupys no yactsam (19) u npuHumas Bo BHUMaHue yciaoBue (4), HOIydyuM
r W(G)
(5

Trac

2 +0o° Z2) . nzy . mrz
e v (Y, 2) y dydz,
00

VYuuTeiBas yciao0BUs Ha 3a/laHHbIE QyHKIUH, U3 (21) nmeem

(6)

‘Wlnm‘
u(x,y,z)|<My+M n;m e

rnie Mgy, M, =const > 0.

Orcrona caemyer, uto psifa (20) cxoautcst aOCOIOTHO W PABHOMEPHO.
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Tenepr pokaxem, uro mpom3BoaHbIe psana (20) Bxomsmmii B ypaBHeHue (1), Takke

+
cxoaaTcs abCOMOTHO M paBHOMEPHO B obmacty D™ \U 17, Jlis 5Toro BelYmcIsgeM MPOM3BOAHEIE
no y uno Z,wus(20) nomyuum

ou nry _ mrz
n " Cos —2- C0S ——
ay \/T( j Z l//lnm

n,m=1 q r

ou « Ny _ mzxz
—=- Mm%y, & " Cos——2-Cos ———.
o’ \for [ j Z

n,m=1 q r

OneHuM noxy4eHHbIE pAaBEHCTBA U YUUTHIBas (22), uMeeM

(6) - (6)

au \l/flnm\ | _ § 2N
P 3 3 !

8y nm—l nm? 0z nm N°m

2 2
rie Mzz(%j M., Msz(%J M,.

I/ICHOHLSYH HCPAaBCHCTBA KOI_HI/I-BYHSIKOBCKOFO u BCCCGJ’IH, IMOJIyYruM

TaK KaK

(®) ®)|
> il <o

1 2 4o 1 2 -
=== -2 M,,M,=const >0.
L,[0<y<q,0<z<r] ~ n2 6 o) m2 6

. o
CHG,I[OBaTeHBHO, pf[)l, COOTBCTCTBYIOH_II/II/I q)YHK]_II/II/I 7 ? CXOOUTCA aGCOHIOTHO n
z

paBHOMEpPHO. AOCOIIOTHAS U paBHOMEPHAs CXOAMMOCTh TPeTheil Mpou3BoAHOM 1Mo X psaa (20)

oul |d%u| [d%u

aXS - ay2 + 622 H AOKAa3aHHOI'O BBIIIC.

CIemyeT u3

Teopema 2 nokasaHa.
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Annomauyusn. Hccreoosana 3adaua Kowu 0ns kpoce ouggysuontoti napaboauueckoii cucmemsl ypasHeHUll

He OUBEP2EHMHO20 BUOA C NEPEMEHHOU NIOMHOCMbIO U NO2IOWEHUEM, 3ABUCAUM OM 8peMeHU. B pabome nymem

nocmpoenus pewenue muna 3envoosuya-bapenbramma 0ns cucmemvl YCMAHOGIEHbl HeauHeliHbvle IPpexmul

KOHEYHOU CKOPOCMU U NPOCMPAHCNEEHHOU JOKAnu3ayuy pacnpocmpanenue menia. Hcnonvsylomes memoo

pecyrApusayuY U MeMOOUKA 8EPXHE20-HUNCHE2O PeuteHUs, Ymobbl NOKA3amy JOKAIbHOE CYUeCBo8anue peuleHus

01 HeIUHeUHOo20 Gblpodicoarouje2ocs napaboruveckoeo cucmemvl. OOcyscoaemcs cyujecmeosanue 2100aibHO20

pewenus, ycmanosnenvl blow-up ceoilicmeo pewenus. JJokazano 10KaIbHOE CYuwjecmeosanue u eOUHCMEEeHHOCHb
KACCUHECKO20 PeleHUsl.

Knrouesvie cnosa: 3adaua Kowwu, kpocc-ougpghysus, nepemeHnOU NIOMHOCMb, KOHEUHOU CKOPOCHb,

nociowjerue, 1oKaibvHoe cywecmeosanue, 2n0banvHoe peuienue, blow-up C801CMeEo

FINITE VELOCITY AND SPACE LOCALIZATION IN NON- DIVERGENT

CROSS-DIFFUSION SYSTEMS WITH VARIABLE DENSITY
Aripov Mirsaid Mirsiddikovich, Dr Sc, professor,
mirsaidaripov@mail.ru
Khojimurodova Madina Bakhromovna, PhD,
madinakhojimurodova@gmail.com
National University of Uzbekistan

Tashkent, Uzbekistan
Abstract. The Cauchy problem for a cross-diffusion parabolic system of non-divergent equations with

variable density and time-dependent absorption is investigated.

In this paper, by constructing a solution of the Zeldovich-Barenblatt type for the system, nonlinear effects of
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finite velocity and space localization of heat conductivity are established. The regularization method and the upper-
lower solution technique are used to show the local existence of a solution for a nonlinear degenerate parabolic
system. The existence of a global solution is discussed, the blow-up property of the solution is established. The local
existence and uniqueness of the classical solution is proved.

Key words: Cauchy problem, cross-diffusion, variable density, finite velocity, absorption, local existence,
global solution, blow-up property.

Paccmotpum B obmactn Q={(t,X): t>0, xeR"} cnenyromyro 3amauy Komm mus
Kpocc U y3HOHHONH MapaboIMYecKOl CHUCTEeMBbl YpaBHEHHH HE IMBEPreHTHOTO BHIA C

HepeMeHHOﬁ IJIOTHOCTBIO U NOTJIOICHHUEM, 3aBUCAIIUM OT BPCMCHU

2_1:=va(|x|nvml—1‘Vuk‘P—2 Vu)—yl(t)u, %zuazv(w” umz—l‘vvk‘p_z Vv)—yz(t)v, (1)

Ulo=Uo(X)=0, V]_=V,(X)=0, VxeR" (2)
rre m -1 o,>0,i=Lk>1p>2,0<7,(t)eC(0,00),n>p - mOIOKNTEIbHBIC BEIIECCTBCHHBIC
yucma, N#—2,U=U (t, X) >0, v= V(t, X) > 0- uckomble pelreHus.

Henuueiinple ypaBHEHHMsS W CHCTEMBI ypaBHEHHI B HE JMBEPreHTHON (OpME YacTo
UCTIOJIB3YIOTCS JIJISl ONMCAHMS PA3IMYHBIX (PU3MUECKHX SBICHUH, TAKHX, KaK nporecc auddysnn
JUIsl OMOJIOTMYECKUX BHJIOB, PE3UCTUBHBIN TH((PY3MOHHBIX SBJIEHUI B 0€C CUIOBBIX MAarHUTHBIX
noJiei, KpruBasi IIOTOKa YKOPOUEHHS, pacripocTpaHeHe HHPEKIINOHHBIX 3a00IeBaHHi U TaK JaJiee,
cm. [1] - [6].

B pabGore [1] um3ywaercss HenWHEWHBIE BBIPOXKIAIOIIMECS IMapadoJuyecKas cucTema

u =v*(u,+au),Vv.=u2(v,, +bv) ¢ rparnmuabIMH ycrmoBusMu upuxie. Hcnonb3yrorcs
i XX t X p Y p VAN

METOJI peryjsipu3allii U METOJIMKa BEPXHErO-HUKHETO PEIIeHUs, YTOObl MOKa3aTh JIOKAJIbHOE
CYIIECTBOBaHME DPELICHUs Ui HEJIMHEHHOTO BBIPOXKJAIOIIErocs MapaboInYecKoro CHCTEMBI.
OO6cyxaaercsi CyIIECTBOBaHUE TIJI00AJILHOTO peIIEHUs, YCTaHOBJEHbI blow-up CBOHCTBO
penieHusl.

Hccnenosano ITOJIOKUTENBHBIE penieHus BBIPOKJIEHHBIX KBa3WJIMHEWHBIX

Hapa6OJ'II/IquKI/IX CHUCTEM HE I[HBCpPCHTHOﬁ (I)OpMC

U = i (Us) (AU +ay; ), xeQ, t>0,i=1,2,..,n-1,

u, = f (u)(Au, +au,), xeQ, t>0

C O,Z[HOpOI(HOfI T'paHUYHBIM YCJIOBHEM I[I/IpI/IXJ'IC " TOJIOXKUTCIIbHBIM Ha4YaJIbHBIM YCJIOBUCM B

pabote [2]. Jloka3zaHO JIOKaTbHOE CYIIIECTBOBAHUE W €IMHCTBEHHOCTh KJIACCHYECKOTO PEIICHHS.
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[Tokazano, yro korma min{a,,...,a }<A (tme ﬂ,l SIBJISIETCS TIEPBOE COOCTBEHHOE 3HAYCHUE

—A B () C OmHOPOIHBIM TIPAaHWUYHBIM YCIOBUEM JIMPHUXJE), TO CYyIIECTBYET IIIO0AIBHOE
HOJIOKUTEIBHOE KIIACCUUECKOE PEIICHUE M BCE OH HE UMEIOT CBOMCTBO blow-up.
B pabore [3] wmccnemoBaHO aCMMOTOTUYECKOE TOBEIECHUE ABTOMOJICIBHBIX PEIICHHIMA

Hapa6OJ'II/ILIeCKOI7I CHUCTCMBbI HE TUBCPICHTHOI'O B 1A

% = u{iV(|Vui|'°2 Vui)—u;‘i_i (i=1,2)

[TocTpoeHbl aCUMOTOTHYECKHE MTPEACTABICHUSI aBTOMOJIENIbHBIX PEIlIeHU HEJIMHEHHBIX B
3aBHUCHUMOCTHU OT 3HAUCHUA BXOAIINUX B CUCTEMY YU CJIIOBBIX MMapaMETpPOB, HaﬁﬂeHbI H€O6XOI[I/IMBI€
N JO0CTATOYHLIC ITPHU3HAKH UX CYIICCTBOBAHUA.

CaoiicTBa KOHEUHOI ckopocTH pacnpocTpanenus: Bosmyienus (KCPB) u acumnroTuka
ABTOMOJICNIbHBIX PEUICHUH /Il IUBEPreHTHBIX CHUCTEM pPAacCMOTpeHbl B paborax [3-6]. B
HACTOSIICH paboTe MyTeM MOCTPOCHHMSI pelieHUe THIa 3eaba0Br4Ya-bapendaarta s cuctemsl (1)

YCTAaHOBJICHBI HEJIMHEHHBIE d()()EeKThI KOHEUHOW CKOPOCTH W MPOCTPAHCTBEHHOH JIOKAIH3AIUU

pactipoctpanenue Tteruia.  [lomydenst ¢ydkmum ¥, (1),1=12 mnpu KoTOpOM MPOHCXOMUT

MMpOCTPAaHCTBCHHAA JJOKaJInU3alus pacupoCTpaHCHUC BO3MYLICHUA. Huxe IIOCTpPOCHA
aBTOMOACTIbHAsA CHUCTEMA, HaliIeHO €€ TOYHOE peuicHuce, HpOBC,Z[éH Ka4yeCTBECHHBIM aHaIu3

pellieHre aBTOMOJIEbHOM CHCTEMBI. ABTOMOJIEbHAS CUCTEMA OTHOCHTENbHO T (g)’ \V((i) JIniE:
(1) crpouTcs cneayrommM 00pa3oM oIleHKH 0000IEHHOTO pemeHust U ¢pponTa ais 3anauu (1),(2).

HaiizieHbl yCII0BuUst Ha YHUCIIOBBIE TAPAMETPhI CUCTEMbI XapaKTEPUIYIOIINE HETMHENHYIO CPEY U
u(t,x)=tt)w(t,[x|), v(t.x)=v(t)y(t,0[X|) ©)

Torna cuctema (1) mpeBpaiaercst B cucteMy
w_ y/“lV(|x|" p™ |Vw"|p_2 VW), w_ W”‘ZV(|X|n W™Vt |p_2 Vv),
or or
t r (4)
r(t) = [W(y)]* O™ dy = [[7(y)] <D dy
0 0

W(t) =exp(—[ v,(y)dy), (1) =exp(=[v,(y)dy),

Hcnonb3ys anroput™m HelMMHENHHOTOo paciieruienus [4] nonaras
w(t,x)=(T+1)*z (Tl(’t), q)|X|), v(t,x)=(T+1)™® 6(1:1(1), (p|x|),

z (T11 (P|X|) =f,(9), 9(11’ (P|X|) =y1(8).6= (P(|X|)1'171/p,
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T+t 1-oyk(p—2)+my+ny-1)
T (t) = ( )

y1—ok(p—=2)+m, +n,-1#0,T>0
1-ok(p—2)+m,+n, 1) k(p=2)+m+n,

Cucrema 4) npu BBITIOJTHEHHE YCIOBUS

n,m, —aym; +k (p — 2) =o,Mm; —oym, +K (p — 2) , TIPEBpAIIaeTCs B aBTOMOJCIBHYIO CHCTEMY

ypaBHEHUI
p-2
f nlgs_li &S_lf m;-1 ﬂ % +1&%+ Oy f.=0
27 de o lde| dg| p dg am+ok(p-2)+n -1t "
p-2
fnzés—li as—lf m,-1 dfzk % +l§£+ ) £.-0
! de Polde] dg | pTde am,ta,(p-2)+n,-17

rje riae ﬁ— aBTOMOJIeNbHAs TiepeMenHas, S=pN/(p—n),n<p,
BBeaem pynkuun
U, () =TOT+1)™ (a-g"0D)" v, (0 = VOT+1) ™ (a-£"0D)" a>0
+ +

p-1 i - Jp-n)
oD smro 1 ~2e=()n (k) = -m /Pl p-n #0

(T+ T)l—a3(k(p—2)+m1+a1—1)

P

()=

1-o,(k(p—2)+m,+a, -1) as(k(p-2)+m+a,-1)

B pa60Te B HaCTHOCTHU NOKa3aHa CJIcayroniasa TeopemMa

Teopema. IIycTb BBIITOJIHEHBI YCIIOBUS

a; +K(P-2)+m;=1>0,i=12, 1y(0) <0, p>n

N
uO(x) < u+(0,x),x eR

Torna nns pemenns 3agaun (1), (2) UMeeT MeCTO OIleHKa

u(t,x) <u, (t,x),v(t,x) <v,(t,X)8Q

a u1s ppoHTa (cBOOOAHOI rpaHuLb) cripaBeaisa ouenka |X| <[p/ (p—n)] aP VP (g ()Y g

pemenue 3a1auu (1), (2) mpocTpaHCTBEHHO JIOKATH30BAHO.

3ameyanue. 13 OoneHKM penieHus, MOJYYEHHOM B TEOPEME BBITEKAET, YTO IMOCKOJIBKY

u(t,x) <u, (t,x),v(t,x) < v, (t,x) BQ, To pemmenue 3amaun (1), (2) obmamaer cBOHCTBOM
u(t,x) =0,v(t,x) = 0mpu|x| >[p/ (p—n)]a® VP (x (1)) u
7,(t)>0,Vt>0

YTO O3HAaYaeT KOHEYHYIO CKOPOCTh pacpoCTpaHEHHs BO3MyIIeHHI [ 1-3].
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OCHOBHO# CJIOKHOCTBIO MPHU YHUCICHHOM PEIICHUE PACCMOTPEHHOW 3aJa4M SIBJISIETCS HE
€MHCTBEHHOCTU pemieHus 3anadu (1) -(2). [loatoMy BecbMa Ba)HO MPU YUCICHHBIX pacdeTax
BLI60p IIOoAXOOAIINX HaYaJIbHBIX HpHGHH)KeHHﬁ B 3aBHUCHUMOCTH OT 3HAUYCHUA YHCIIOBBIX
napaMeTpoB CUCTEMBI. Tak xak MbI pacimojiaracm OHCHKOI‘/'I pElICHUs, €€ MO’KHO HMCIOJIL30BaTh B
COUECTAaHUEC C IPMHOUIIOM CPAaBHECHUEC PCIICHUS AJI IIPOBCACHUA BhIYHUCINTCIIBHOI'O SKCIICPUMCHTA
A4 A0CTAaTOYHO MIHMPOKOro KjiacCa MOaHHBIX, HUCIOJIb3Ys HaﬁﬂeHHOG PCIICHUC B KA4YCCTBC
Ha4dYaJIbHOI'O HpI/I6JII/I)KCHI/I$I. Takxe MOKHO AHAJIIM3UPOBATE OLUCHKY MOIPCIIHOCTH YHCJIICHHOI'O
pacdeTa ConocTraBjiigsa €€ ¢ TOYHBIMHU JaHHBIMU.
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semi-Euclidean spaces. Three-dimensional semi-Euclidean spaces are isotropic and Galilean spaces. At the end of
the paper, several unsolved problems in the Galilean and isotropic space are presented.
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1. BBenenue. Bompockl reomerpun “B 1eoM”’ B INIOCKOM MPOCTPAHCTBE BpPEMEHU
poccMmotpena B pabore JI./[. CokonoBa u A.Aptuxbaesa [2].
[Tox mIocKOM TPOCTPAHCTBOM-BPEMEHHBI TOJIPAa3yMEBAIOTCS WM3y4YeHWE JBIDKCHHE Ha

IUIOCKOCTH C Y4YeTOM BpEeMEHHU. V3yueHue reoMeTpuueckux oO0pa3oB C Y4eTOM BpPEMEHHU
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1
NOPOXKJIAET TeoMeTpur0  MHUHOBCKOTO R, KoTopas sBuseTcsS TPOCTPAHCTBOM  C

HETOJIOKUTEIBHOE ONPEACICHHON METPUKOi1 [7].

Tak kak TOYKa HA TUIOCKOCTH UMEET JBE KOOPIUHATHI, MPUOABIISS K HUM BPEMsI TIOJTydaeM,
TpEeXMepHyI0 TpocTpancTBy. ClieoBaTeNbHO, IUIOCKOCTh M BpeMs 00pa3yeT TpeXMEpHYIO
npocTtpaHcTBy. Korjja KoopAHAaThI IIIOCKOCTH ¥ BPEMsI pacCMaTPUBAIOTCS Pa3/IeIbHO MOSBISETCS

TPEXMECPHBIC ITOJIYCBKIIMAOBEI IIPOCTPAHCTBA. Takux IIPOCTPAHCTB ABA U30TPOITHOEC ITPOCTPAHCTBO
R 2 1
x TraJInJICCBA IMIPOCTPAHCTBA R3 .
B »T0li cTaThe MBI IMPUBOJAUM HCKOTOPLBIC U3BECTHBIC PE3YJILTATHI [10 TCOMCTPUHN “B LIGJ'IOM”

) 1 2
noBepxHocTel B mpoctpancTBax R, RY u n3noxum HekoTopkie mepeMeHHbIe 3a1a4H.
o o 1
CroiicTBa NoBepxHoOCTeii rajanieesa npocrpancrea R;.

o 1
Juddepenimansaas reoMeTpus MOBEPXHOCTEH B ranmieeBoM mnpoctpaHcTee R,
u3ydeHa B pabdore [2].

Iycts Oxyz cucrema koopauuar B 'R, u {i, ],K} 6asuc. Torna paccmarpupaercs

3
IMMOBCPXHOCTHU 3aJaHHBIC. CHCHI/IaJII)HOﬁ CUCTEMC KOOPAWMHATHBIX J'IPIHPIIZ, 3a1aHHOC BCKTOPHBIM

YpaBHCHHUEM
r(u,v):u7+ y(u,v)]+zR. 1)

BripoxenHas nepBast KBaJpaTuyHasi popma 3T0i MOBEPXHOCTH UMEET BUL.

ds =du’
) e 2 )
ds; =G(u,v)dv® mpu u =const.

1
[Tnockoct X =U = CONSt Ha3bIBatOTCS OCOOBIMU IIOCKOCTSIMU MPOCTPAHCTBA R3 .

HOpMaJ'IB IMMOBCPXHOCTHU n— OMpCACIIAICTCA KaK €IMHUYHBIN BCKTOp Ha 0CO00H IJIOCKOCTH

NEPIEHIUKYIAPHON KacaTeJIbHOM MIIOCKOCTH. C MOMOIIBIO 3TON HOPMaJIM ONPENENsIeTcs BTOpast
KBaJpaTH4Has GopMa MOBEPXHOCTH.

[To anamornu eBKIMAOBA MMPOCTPAHCTBA M3Y4YAETCsl KPUBU3HA KPUBOM HA MOBEPXHOCTU U
aQHaJOr HOPMAJbHOM KpUBU3HBL. ONpenensroTcss TIJIaBHbIE KPUBU3HBI W IOJHAs KpPUBH3HA
IIOBEPXHOCTHU KaK IIPOU3BEACHUE HOPMAIIbHBIX KPUBU3HBI IOBEPXHOCTH.

@opMabHO OCHOBHBIE ITOHATUE TEOPUS TIOBEPXHOCTEN OIPEAEISAIOTCS KaK B €BKIUI0BOM

IMPOCTPAHCTBE, HO T'COMCTPHYCCKOC 3HAYCHUC OTHUX BCIWYHUH CYIICCTBCHHO OTIMYAIOTCA OT
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€BKJIMI0Ba 3HaueHHE. MIMeeTcs CylecTBeHHOE OTIMYUE B KBATM(UKALIMKA TOYEK TOBEPXHOCTH. B
TajlMJIeeBOM TPOCTPAHCTBE HA IOBEPXHOCTH KPOME DJUIMINTHYECKUX TUNEPOOTHMUECKUX
napaboJNYeCKUX TOUYEK CYHIECTBYET, Ha3BaHHAsl aBTOPOM “‘nukiandeckue” Touku [14]. Jlokazana

YTO CYLIECTBYET MOBEPXHOCTU BCE TOYKU KOTOPOTO ABIAIOTCS LUKINYeckumu [13].
o - 1
OcHOBHBIE OTJIIYHE CBOICTB MOBEPXHOCTEH rammeesa npocTpancTsa R, oT eBkimjgosa

R, —cBs3aHa ¢ BBIPOJK/IEHHOCTBIO METPUKH NTPOCTPAHCTBA.

B ranmieeBoM npocTpaHCTBE HE BBINOJHSAETCS 3HAMEHUTas Teopema ['ayca, o TOM 4TO
NOJHAasE KpPUBHU3HA TIIOBEPXHOCTH BBINOJIHU OOpeAenserca 4depe3 Kod(D(UIUEHTH MepBOi
KBaJpaTU4HOMU (opmbl oBepXHOCTH [2]. TOT YaeT mosHONH KpUBU3HBI TIOBEPXHOCTH KOTOpask HE
3aBUCUT OT KOX(QQHIMEHTa NepBOH KBaJApaTWUYHON (opMbI HazBaHa JE(PEKTOM KpPUBU3HBI
MOBEPXHOCTH.

JnuHa KpuBOW BbUMCIAeMoe 1o (opmyne (2) He JaeT BO3MOXKHOCTH OIPEIEIIsT
Kparyaiiieii Ha moBepxHocTH. IlosToMy KpaTuailmias ompenensaTcss Kak KpHBas HMeoIas
MHUHHMMaJbHAs BapualuM HOBOPOTa [2]. DTOT OCOOEHHOCTb 3aTPyIHSAET OMNPEAEAT aHaJlor
U3rubaHyue MOBEPXHOCTU B TAJIUIIEEBOM IIPOCTPAHCTBE.

C nauvana XX| Beka Bo3pociu HHTEpece K U3y4eHHUIO MU HEpPEeHIHATEHYI0 T€OMETPHIO
o 1
KPUBBIX U TIOBEPXHOCTEH B ramiueeBoM npoctpanctee R, [2].

Cpenpl, KOTOPBIX OCOOCHHO HagO0 OTMETUT paboThl Myxumaun Anaun [5][6] koTopbie

IPUMEHSET K UCCIIETI0BAaHUIO T€OMETPUH JIPOOHBIX IPOU3BOIHBIX (DYHKIIHH.
I'eomeTpusi H30TPONHOIO MPOCTPAHCTBA.

I'eomeTrpueli moBepXHOCTEH H30TPOMHOTO MpocTpaHcTBa enié B 1945-48- rona 3annmancs
Hemeukuii marematuk K.IltpyGekkep [11]. Ilocie mnosBiaenue pabotsl J[.J[.CokonoBa u
A.AptuxbaeBa [2] BO30OHOBWIJICSI MHTEpPEC K T€OMETPHIO M30TPOMHOTO MPOCTpaHCTBA. XOTs
M30TPOIHOE MPOCTPAHCTBO TajUjieeBa MPOCTPAHCTBA OTJIMYAETCS 3aMEHOW MOPSAJOK METPHKH,
TEOMETPHUSI TOBEPXHOCTEH BIOJIHE OTJIMYHBI IPYT OT npyra [8].

Hago orMeruT, 4YTO M30TPONHOE MPOCTPAHCTBO SBISETCS CaMOJBONMCTBEHHBIM
IIPOCTPAHCTBOM B CMBICIIM IPOEKTUBHON reomeTpun [7].

JuddepennnanbHas reOMETPHUsST U30TPOITHOTO MPOCTPAHCTBA CTPOETCS MO B U30TPOITHOE
IIPOCTPAHCTBE HOPMalh TOBEPXHOCTH EIMHCTBEHHBIH BekTop KojumHeapHoil ocu OZ B
koopauHaTHOM cucteMe (Ox)z . OCHOBHBIE XapaKTEPUCTHKH TIOBEPXHOCTH TECHO CBS3aHA C €€
npoeknueii Ha muockoctu OXY . TTosToMy HmpocTpaHCTBEHHas 3aja4a MEPEXOJUT K 3a]ade Ha
10cKocTH. Bo3HuKaeT npoliema onpeaenaT NpoCcTPaHCTBEHHbIE XapaKTEePUCTUKN TOBEPXHOCTH

C TIOMOWIBbIO €ro MPOEKIHHU HO TUIOCKOCTH. PemieHue 3Toil mpobieMbl B HEKOTOPBIX CIydasx
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yAaeTCs ¢ TIOMOIIBIO IBOMCTBEHHOM MOBEPXHOCTHIO K AaHHOM [12][9] CymecTBytoT paboThI e
JUTSL U3YYEHHUE TEOPHUIO MOBEPXHOCTH U30TPOITHOTO MPOCTPAHCTBA IPUMEHEHBI METO]T HaJI0KHOTO
npoctpancTBa [7]. MeToja HaJIOXKHOTO MPOCTPAHCTBAX 3aKJIIOYACTCS B TOM, UYTO Hapemy
M30TPOMHOr0 MPOCTPAHCTBA PACCMATPUBAECTCS €BKIMIOBA MPOCTPAHCTBA C TOM K€ CHUCTEMOM
koopauHar.[7][10]. B »Tux wmeTomax B OCHOBHOM MEHSETCS HOpMaib MoBepxHOocTH. Ho
W3MEHEHUsI HOpMaju HE BIUSIET T'C€OMETPUUYECKUM XapaKTepUCTUKAM TIOBEPXHOCTH [8].
[TocnenHee BpeMsi TOSIBIUIMCh MHOXKECTBO pPa0OT CBS3aHHBIX C MHOTOMEPHOH TeoMmeTpueit
M30TPOITHOTO MpocTpaHcTBa [15].

B u30oTponmHOM MpOCTpPaHCTBE MOKHO ONPENENSIT HEKOTOpbIE HOBBIE XapaKTEPUCTUKU

IOBEPXHOCTH.
Onpegenenne 3.3.1. Ihromans (Mepy) S(M ') mHoxkectBa M' Ha MeTpmueckoit

cepe H30TPONHOrO MPOCTPAHCTBA HA30BEM BHENIHEH KpuBuM3HOM MHOxectBa M €F wm
0603HaYMM €& @), (I\/l ) = S(l\/l ') [12].

Iycts M —F — nosepxuocts msorponsoro mpoctpanctea 1 M C F — ero

,I[BOIZCTBGHHHIZ 06p83, TO €CThb MHOX>KECTBO COOTBCTCTBYIOLIECC ITO JIBOMCTBEHHOCTH OTHOCHUTEIIHLHO

H30TPOITHON c(hephl.

Onpeneaenne 3.3.2. Iliomans (mMepy) muoxectsa M~ C F~ masosem ycmosmoit

BHelHel kpuBu3HOH MHO)ectBa M — F 1 o6osnaunm g, (M) =S(M"). [12]

C MOMOIIBIO TEOMETPHU H30TPOIHOTO TPOCTPAHCTBA HEKOTOPBIE 3a/laul T€OMETPUH "B
esom" Jierko penrarorcs. Kpome Toro jokasaHa, 9to 3aja4a BOCCTAHOBJIEHHUE TIOBEPXHOCTH 110
BHEIIHEH KPWBU3HE, MO TrayCCOBOM KPMBU3HE W II0 TOJHOW KPUBU3HE OKBMBAJIECHTHHI B
M30TPOITHOM IPOCTPAHCTBE.

Teopema 1. 3aiaun CymIeCTBOBAaHHS TOBEPXHOCTHU TI0 TMOJHOW KPUBU3HE, MO BHELIHEH
KPUBU3HE W MO YCIOBHOW BHEINHEH KPUBU3HE B HW30TPOIHOM IPOCTPAHCTBE SIBJIAKOTCS
SKBUBAJICHTHBIMH.

Jlokazareancrso. ITycts mosepxuocts F :{Z = f(X,Y)}, cymecrsoBanue koropoii
JIOKa3bIBAETCS TEOPEMOM, MpoekTupyercss B obnacts D na mumockoctn OXY , mpudeM kpaid
noBepxHocTH I mpoextupyercs B kpait oomactu D . O6o3naunm uepes M ' D mpoexmuro

muokectBa M — F ma mockocts OXY .

. _ 14 — 1 _ 1/
Jlnst yno6ersa Beenem obosnavenus: p=f', q="f ' r="f

y xx !

t=f! s=f.
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!

Orcroma: I = p;, s=p,=q,, t=q,
COSO(=L COSO(=L Z=#.
P2+’ NS NS

Haiinem dopmyiy mmst BerauciieHus BHemHel kpusususl @, (M) moBepxuocTu

o I
mF(M)zj[dadzzj[a, *ldxdy .
M Mm%y Sy
Berancnum HE0OX0AMMBIE TIPOU3BOAHBIC ()YHKITHIA
r S
Pas+pr)-L(p*+?) Pat+ps)->(p? + )
o = q q ol = q q ,
p2 +q2 y p2 +q2
7 =—qu3, 7 :_sp;tqgl
(p?+0%)? (p?+0%)?
[Toncrapinsis HaliIeHHBIE TPOU3BOIHBIE B PABEHCTBO, MOJIYy4aeM
oy
1., dxdy ﬂ [( p(as+ pr)—r(p?+0*))(sp+ta) -
M " q(p* +q )2

~(p(at+ ps) - s(p? +0)) (rp +sa) Jaxdly =

H — = [ pqs?+ p¥sr + pg’st+ plqtr — p°rs— pg’rs—
" q(p?+q?)?

—p’qrt —g°rt — p*qrt — p°sr — pg’st — p>gs® + p°sr + pg’sr + p°gs’ +q352]dxdy =

—” p’grt —g°rt + p°gs? +qs]dxdy=
™ q(p®+q )2
-1
= [[——=a(p” +0*)(s* ~ rt)dxdy =
M g(p*+9°)?
rt—s?
= [[———dxay.
" (p*+0%)?

CHCI[OB&TGJ'IBHO, BHCIHIHAA KPUBU3HA BBIYUCIIACTCA 110 (bOpMy.TIC

rt—s?
o, (F) :”ﬁdxdy.
" (p*+q°)?
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Teneps Haitnem GopmyiTy I BRIYMCICHUS YCIOBHOW KPUBU3HBI MMOBEPXHOCTH. Tak Kak
2
JIOIIA/b TIOBEPXHOCTH B R3 paBHA IUIOIIAAM €ro mpoeKnuu Ha mnockocts OXY, MbI erko
noJay4uM (HOpMyITy AJIst BBIYMCICHHS YCIOBHOM KPUBU3HBI TOBEPXHOCTH

ﬂF(M)=jjdmy=jj§ z
D' D y

y

dxdy = j j (fof) —f2)dxdy = j j (rt —s?)dxdy.
D D

B pabore W.f. bakenpmana [7] mpuBeneHa CBSI3b MEXAY 3aqadeil CyIIECTBOBAHUS
MOBEPXHOCTU MO 33JaHHOW BHEIIHEW KPHBHM3HE M pelieHHeM A (epeHInanbHOr0 ypaBHEHHS
Momnska-Amnepa. Ecau ycTaHOBUTB 3Ty CBSI3b C BBIICYKAa3aHHBIMH 33JadaMd B HU30TPOITHOM
MPOCTPAHCTBE, TO MBI ITOJIYYUM:

JUIS TIOJTHOM M YCIIOBHOM KPUBU3HBI

rt—s*=p(x,Y).

JUIs1 BHELTHEN KPUBU3HBI
3
rt—s? =gp(x,y)(p*+9°)?.

DT ypaBHEHHMs SBIAIOTCS YaCTHBIMH CIydasMH ypaBHeHus It—s’=g¢(X,Y,p,q) ,
pemennoro B [7]. Teopema qokazana.

2. HexoTtopble 3a1a4H B rajinjieeBOM U H30TPONMHOM NMPOCTPAHCTBE.

1. Onpenenuth TreoAe3MUYECKYI0O Ha TOBEPXHOCTSAX TrajiiieeBa M H30TPOIHOTO
IIPOCTPAHCTBA.

2. U3yunT CBOWCTBA M30METPUYHBIX IOBEPXHOCTEH B HM30TPOIMHOM M TalMICEBOM
npoctpaHncTBe. M3omeTpust onpezensercss B COOTBETCTBHE C BBIPOKIEHHON METPUKHU.

3. W3yuur cBoiicTBa AedekTa KpUBU3HBI OBEPXHOCTH rajinjeeBa NpOCTPAHCTRA.

4. Pa3bACHUT reOMETPUYECKYIO 3HAUEHHUIO Pa3HUIIbI MOJHOM KPUBU3HBI OBEPXHOCTEH
rajineeBa ¥ U30TPOITHOIO IPOCTPAHCTBA C MOJTHONW KPUBU3HOM €BKJINI0BA IPOCTPAHCTBA

5. Ompenenutr ananor ypaBHeHue CuHyc-I'apgoHa Ha CEIJIOBBIX TOBEPXHOCTEH
TaJINJIEEBOM U U30TPOITHOM IPOCTPAHCTBE.
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kind, are equivalent.

1. Beeaenune

Paznuunbie BOMPOCH! /ISl MHTETPANBHBIX ypaBHeHHMH ucciempoBaimchk B [1 —15]. B
YaCTHOCTH, B [3] /IS pelieHNs TMHEHHBIX MHTETPAIbHBIX ypaBHEHUH Dpenroibma nepBoro pojaa
MOCTPOCHBI peryispusnupymomme omneparopsl mo M.M.JlaBpentbeBy. B pabortax [5 — 6] mns
CHCTEM HEJIMHEHHBIX HHTErpalbHbIX ypaBHeHUH Bosbreppa Tperbero poga u g cHCTEM
JUHEUHBIX HWHTErpajbHbIX ypaBHeHUN DpearoiabMa TpPeTbEro poja JOKa3aHbl TEOPEMBI
€MHCTBEHHOCTH M IIOCTPOEHBI peryisipusupyromue oneparops! no M.M.JlaBpenTreBy. B [7] Ha
OCHOBE HOBOTO IOJAX0J1a MCCIIEI0BaHbl BONPOCH! CYIIECTBOBAHUS U €AMHCTBEHHOCTH PEIICHUS
CHCTEM JIMHEWHBIX MHTErpalbHbIX ypaBHEeHUH Dpenroiabma TpeThero pojaa ¢ 0COOCHHOCTHIO B
OJTHOH TOYKE HAa KOHEYHOM IpoMexyTke. B pabote [8] mccnenoBanbsl BOMPOCH CyIIECTBOBAHHS
U E€IAMHCTBEHHOCTH pEIICHUs JUIsl HEKIACCUYECKUX JIMHEHHBIX HMHTErPaJbHBIX YypaBHEHUI
Bonbreppa nepBoro poxa. B [9] uzydeHbl BONPOCH! perysipu3anuy U €TUHCTBEHHOCTH PEILICHHSI
CHUCTEM JIMHEMHBIX U HEJIMHEWHBIX UHTETPaJIbHbIX ypaBHEHUN BonbTeppa nepsoro poaa. B [10]
Ha OCHOBE I10IX0/1, IPEJI0KEHHOTO B [ 8], M3y4eH Kilacc MHTErpajbHBIX ypaBHeHU dpenroabma
TPEThEro poJa Ha KOHEYHOM mpomMexyTke. B paborax [13] m [14] Ha OoCHOBe MOAXOIOB
npemioxeHHbix B [7] u [10] pa3paboraH ymydiieHHBIH HOBBIA MOJIXOJ UCCIIEJOBAHUS CHUCTEM
JUHEMHBIX M HEJIWHEHHBIX HWHTETPAIBHBIX YypaBHeHHH @dpenroipMa TpeTbEro pojaa ¢
MHOTOTOYEYHBIMH OCOOCHHOCTSIMH Ha KOHEYHOM IpOMexyTke. B [15] u3ydeHBl BOHpOCHI
CYILIECTBOBaHMUS M €AMHCTBEHHOCTH PELIEHMS] CHCTEM JIMHEHHBIX HHTErpajbHBIX ypaBHEHUN
@®pearoabma TPEThEro pojia ¢ MHOTOTOYEUYHBIMUA OCOOEHHOCTBSIMH Ha OCH.

B nanHo#i paboTe A0Ka3aHbl TEOPEMbl €IMHCTBEHHOCTH M CYIIECTBOBAHMS PELICHUS JUIs
CUCTEM MHTErpajbHbIX ypaBHeHHH (1).

O6o3naunM uyepe3 C,[a, o) — MPOCTPAaHCTBO BCEX N - MEPHBIX BEKTOP-PYHKIHH C
anementn m3 C([a,©), rtae C([a,o0) — NpocTpaHCTBO BCeX HeNpepbIBHbIX PYHKIMU Ha
[a,0). Jlna BektopoB  u = (Uy, ..., up)’, v = (vy,..,7,)T€R" ompenenum ckanspHoe
npou3BeieHne 1o popMyIie

<U,v>= Uuvy + -+ Uy, .

Yepes Ly[a, ) o0603HauMM MOpOCTPaHCTBO BceX (GYHKIMI ¢ HHTErpupyemoil p-ii
CTETIeHbIo0 Ha [a, ), p> 1.

OGo3naunm uepe3 Ly p,[a, 0) — IPOCTPAHCTBO BCEX 7T - MEPHBIX BEKTOP-(QYHKLIHMH C
JIEMEHTaMu M3 Ly [a, ).

2. CucreMbl JHHeHBIX HHTErPaJbHBIX YpaBHeHHiT Dpenroabma TpeThero pojaa

HA MOJIYyOCH
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PaccmoTtpum crieyroniye CUCTEMbl HHTETPATIBHBIX ypaBHEHUI

p(ux) = ATy A;(x) [ B;)u)dy + f(x), xe[a, »), (1)

rae p(x) — u3BecTHas HempepbiBHAs GyHkuua Ha [a, ), Aj(x) = ( a;;(x)) 1 Bj(x) = (
bisj(x)) - m X n — MepHble H3BECTHBIE HENpPEPHIBHBIE MaTpHuHble QyHKIMH Ha [a, ) (j =
1,..,m), f(x) = (f;(x)) — n— ™epHas u3BeCTHAs HEIPEPHIBHASI BEKTOP-PYHKIIKS HA [a, ),
u(x) = (u;(x)) — n— MepHas HEU3BECTHAsI HEMpPEPbIBHAS BEKTOP-QYHKIHMS Ha [a, ), A —
JeicTBUTENbHBIN mapamerp, p(x;) = 0,x; €[a,»), | =1,2,...,k.

Bcrony O6ynem mpearnonaraTs, 4To

p(x) = [Te=1 p(x), pi(x) = 0, py(x) € C(R), (2)

p(x)#0mpuxeRux#x, l=1,..,k.

[Ipenrnonoxum BBIMOTHEHHS CIEAYIOIIMX YCIOBHM:

a) Jaa Beex I=1,..k, u j=1,..,m A ;x)= (a;;) — ABussorCcA

HENPEPHIBHBIMU MAaTPUYHBIMU (yHKIUAME HA R, a5 ;(X) € Ly|a, o),

p > 1,b;s(x) € Ly[a, ), %+$= 1,(i,s=1,.,n,j=1,..,m)rne

1
Apj(x) = Aj(x), A ;(x) = o) [Ai—1,;(x) — Ay j(x)], xe[a, 00);

6) dua Bcex [ =1,...k fi(x)=(f;;(x)) — dyHKIUM SBIAIOTCS HEHNPEPHIBHBIMU

¢ynkmamu Ha [a, ), f;(x) € L,[a, ), (i=1,..,n)rne
1
fox) =f(x),  filx)= o0 [fi-1(0) — fiea(x)],  x€[a, ).

Teopema. [TycTs BeimonHsIOTCS yeioBus (2), a) u 6). Toraa

1) ecnu cucTeMa JMHEHWHBIX aareOpandeckux ypaBHEHHI

( AT, Aj(xp)e + f(x1) =0,
AN Aj()e + f1(x) =0,

D APNVESTRY SRS @

\¢i = faoo B[ AX721 A (W)g + fi]dy, i = 1,...,m,

OTHOCHTEJIEHO HEM3BECTHBIX BEKTOPOB Cq, Cs ..., C;; UMEET €IUHCTBEHHOE PEIICHUs, TO CUCTEMa
MHTErpanbHbIX  ypaBHeHud (1) B mpoctpanctBe Cyla, ) N L,n[a,),p > 1 wumeer
€IMHCTBEHHOE PEIlIeHIE MPEICTABUMOE B BUJIC
(@) = ALy Ay () + filx), x € [a,00); (4)
2) ecad cUCTeMa JIMHEHHBIX anreOpanmdyeckux ypaBHeHHH (3) HECOBMECTUMBI, TO

MHTErpanbHoe ypaBHenue (1) B mpoctpancTse Ly n[a, ), p > 1 He umeeT perienus;
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3) ecnu cucTeMa JHMHEHWHBIX anreOpandyeckux ypaBHeHHH (3) mMeeT OSCKOHEYHOE YHMCIIO
pelIeHu 3aBHCANIMIA OT ¢  MapaMeTpoB, TO HHTEerpaibHoe YypaBHeHue (1) B
npocrpanctBe  Cyla, ) N Ly p[a,©),p > 1 wumMeeT OECKOHEYHOE YMCIO PpEIICHUH
3aBUCAIIMX OT ¢ mapameTpoB. B 3TOoM ciywae, obmiee pemenus cucremsl (1)
onpenensercs mo popmye (4).

Joxkazatenberso. CHavana, mycts u(t) € Cyla, ©) N Ly, [a, ) sBaseTcs pemeHusm

CHCTEM MHTerpalibHbIX ypaBHeHui (1). Torma, momaras x = x; u3 (1) umeem
AXTL Ai(x) [ B u()dy + f(x) = 0, (5)

Boruuras (5) u3 (1) noxyunm

(0]

k m
[ [reue) =23 714,00 = 4,601 | B&IuGIdy + () - Fx
1=1 j=1

a

Otcrona yuuThiBasi ycjaoBUs a) U

Mo P u@x) = AT, A0 [ B () u(dy + f,(x), x € [a,»).  (6)

Ecmm k=1, 10

k
le(x) =1, x € [a, ).
1=2

B cnyuae, korma kK > 2 momaras  x = x, u3(6) uMeeM
AT Ari0) [ B0 u()dy + f1(x2) = 0. W)

Boruuras (7) u3 (6) 1 yuuTbIBasi ycJIoBHIO a) U 0) MOTy4uM

Mz P ux) = AT 45,00 [ Bi() u(y)dy + +£,(x), x € [a, ). (8)

Eciu k = 2, 10

k
le(x) =1, x €[a, ).
=3

B ciywae, xorma k = 3, mpomoipkas 3TOT MPOIECC YOSIWMCS, YTO PEIIeHUE CHCTEM
ypaBHeHui (1) u(x) ymoBieTBopsioT ycioBuio (3) u onpezensercs o Gopmyie (4).
Haobopor, mycts u(x) € Cy[a, ) N Ly,[a, o) onpenenserca mo dopmyne (4) u
yIOBIETBOPSIOT yeiaoBuio (3). Ymuokas (4) Ha py(x) u B cuy (3) monydnm
Pr(u(x) = AXj21 Ag-1,;(2)¢j + fie-1(x), x €[a, ). (9)
Hanee ymHOXast (9) Ha py_1(Xx) W yuutbiBas ycinoBuio (3) MOTyIHM
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Pre-1 (%) Pr(u(x) = A X7 Ag—2 j(X)¢j + fie—2(x), x €[a, o). (10)

[Iponomxkast 3ToT mpouecc mo oTHoueHuto kK cucreme (10) m yuutsiBas ycioBue (3)
yoeaumcsi, uro u(t) sBISETCS pEUICHWEM CHCTEM HHTerpaibHbIXx ypaBHeHuid (1). Teopema
JI0Ka3aHa.

IIpumep. PaccmoTpum cuctembl HHTETpaibHBIX ypaBHeHHH (1) pu n=2, m=1, k=2, a =
0,x; =0,x, =3, p1(x) =x, p,(x) =x—-3, p> 1,

x 1 > B.(y) = (e‘y 0)’

0 3—x 0 e

_(ax(x—3)e™ +Bx+p
fx) = ( Bix + 1y )’

rae A, a,f, W f1, 11 — nercrButenbHble napameTpbl, A # 0. Torma

Ayq(x) = (01 _01)' Ay (x) = (8 g),

A (x) = (

i) = (“CTH), f00 = (), xe[0,00).

Jlanee u3 (4) umeem
U (x) = ae™, uy(x) =0, x€[0,). (11)

B stom ciyuae cuctema (3) 3anuchIBarOTCS B CIACAYIOIIUM BHUJIC:
0 1)/c 0
(o 3)(en)+ () = (o)
0 3/\cyz M1 0
1 0)/c 0
(0 )E) ()=
0 —1/\cy, b1 0
(c11> _ (O,Sa)
ci,/ V0 )

1) Mycts A#0, p=-050a4, p=0, gy =0,y =0.Torga cuctema HUHTETPATHHBIX

Otcrona, Moy4nm:

ypaBHeHuH (1) MMeeT emMHCTBEHHOE pemienMe B mpocTpaHctBe C3[0,00) N Ly, ,[0,0), p >
1, ompenensiemoe B Buge (11).

2) Ilyctb A # 0 v HapymaeTcs XOTs 6bI OJWH U3 CJIEYIOIUX PABEHCTB:

B =-0504,u=0, f =0,u; =0. Torma cucremMa HHTErpaJbHBIX ypaBHeHUU (1)
He MeeT pelleHHe B IPOCTPAHCTBE

Cz[o, OO) N Lp,Z [0, 00), p > 1.
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UccnenoBanme paspemmmoctd 3afaud  Komm HenuHeHHBIX nuddepeHanbHbIX
YpPaBHEHUM B YAaCTHBIX IPOU3BOIAHBIX M HAXOXKIAEHHUE CTPYKTYpbl TaKUX PEIICHUN BCE €Il
OCTaeTCA AKTYyaJIbHOM 3a1a4eil.

Pa3paboTtano HECKOIBKO pa3HBIX METOJOB [UIi HCCIEAOBAHUSA  Pa3peuIuMOCTH
HENMHEWHBIX AudQepeHuanbHbIX ypaBHEHUH B YaCTHBIX MPOU3BOAHBIX IEPBOTO MOPSIKA.
Hanpumep, X0opo1ro U3BECTHBI: KIACCUYECKUN METOJ XapaKTEPUCTUK, METOJ ['aepkuHa, METO
JIOTIOJTHATEITLHOTO apryMeHTa. C TOMOIIBI0 METOa JOTIOTHUTEIFHOTO apryMEHTAa TAaK)Ke yIaeTCs
HCCIIEIOBATh PA3pEIIMMOCTh U YPABHEHUS BBIIIE MIEPBOTO MOPSIKA.

UccnenoBats paszpemmmocts 3amaun Komu s muddepeHInanbHbIX ypaBHEHUN B
YAaCTHBIX MPOU3BOJHBIXU U HHTETPO-IU(PepeHInaNbHbIX YPaBHEHUN B YaCTHBIX MPOU3BOIHBIX
MO>KHO IMPOBECTH METOJIOM MpeoOpa3zoBaHUs pPEIICHUH.

AxanemukoM MmananmneBsiM M. 1 ero yaeHHKaMu ObLTO 3a7105)KEHO OCHOBBI MCCIICTIOBAHMS
pa3pemuMoct 3amaun Kommm [isi HEKOTOpBIX KiaccoB Au(QepeHInanbHbIX YpaBHEHUU B
9acTHBIX TPOU3BOIHBIX [1]. CyThIO 3TOr0 MeTO1a SIBIISETCS TPeoOpa30BaHUE PEIICHHIA UCXOTHON
3agau Komm K HaxXOXKICHWIO PELICHHH  SKBUBAJECHTHOTO €H HWHTETPajIbHOIO YpPaBHEHUS

BoawTeppa Il poaa, k KOTOpo# MpUMEHUM MIPUHITUT CXKAThIX 0TOOpakeHuid. [1o3gHEE ATOT crtocod
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CBEJICHUSI K HEJIMHEHHOMY HMHTErpalibHOMY ypaBHEeHHIO Bosbreppa Il poma Ha3BaH MeToa0M
npeoOpa3oBaHusl peuieHuil B Teopuu JupGepeHINAIBHBIX ¥ UHTErPaJbHBIX ypaBHEHUIl [2].
[TpumeuaTesbHO TO, YTO OJHOBPEMEHHO HAaXOAMUTHCA M MHTErPAIbHOE MPEACTABICHUE NCKOMBIX
pemwennii  3amaun  Komm HenumHeHHbIX Ju(@epeHIMaTbHbIX YpaBHEHMM B  YacTHBIX
pou3BOAHBIX[3-4].

B nacrosmieit pabore n3yueHa pa3pemrMOCTy U CTPYKTypa pemeHui 3agaun Komm s

HEJIMHEHHBIX UHTErpo-au(epeHIINaIbHbIX YPABHEHUN B YaCTHBIX IPOU3BOTHBIX

0%L[u] L 2g oL[u]
OX

v +(a2+1)L[u]+.th(t,s,u(s,x))ds:f(t,x,u,ut,ux), 0<s<t<T, (1)

rae L[u]=u, +u, XeR, a € R, c HayanpHBIM yci10BHEM

u(0,x)=¢(x), U (0,%)=y(x). ()
IIpeanoJioxkenue A. Ilycts

f(t,x,u,u,u,) €C([0,TIxRxRxRxR)NLip(Ly|, ), K(t,s,u) eC(R, xR, xR)"Lip(L,|,)

o(x) e C? (R).w(x) e C? (R).
Pemenune mannoii 3agaun Komu uiercs B BUjIE
t x
u(t,x)=cf(t, x)+_|' J' e “9sin(x —s)sin(t —v)Q(v,s)dsdv . (3)

0 —©

Mal OyzieM ciieioBaTh METOTY, TIpeIoKeHHbIE B [ 1-2].

Hanee, OyneM HaXOJUTh YaCTHbIE IPOM3BOIHBIE UCKOMOM (pyHKIIMM U3 cooTHOIIEHUS (3).

HNmeem

u, (t,x)=c, (t,x)+

+[ [ e sin(x—s)cos(t-v)Q(v,s)dsdv.

0 -0

Hanee, nmeem

U, =C, + I e “*)sin(x-$)Q(t,s)ds — (u—c).

Omcirooa
(4)

L[u]=u, +u=c,+c+ [ e Isin(x-5)Q(t,s)ds;

—00

L[u]= L[c]+ JX‘ e % sin(x—s)Q (t,s)ds.
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Kpowme Toro

» » a[L[u]-L[c]]+ [O e %) cos(x—5)Q (t,s)ds. (5)
N3 (5) Haxoaum pou3BOJIHBIE 110 X

d°Lu] _dLfe] _ dLfu] _dLic]
X dx O Vdx dx

]-a j' e " cos(x—5)Q(t,s)ds —

—0

X

—J' e " sin(x—s)Q(t,s)ds +Q(t, x).

N3 nocneanero € yuerom (4), (5) Haxoaum

d?Lfu]
dx?
+(ax? +DL[c]+Q(t, x).

2aM+ (ax® +1D)L[u] = &Ec]_'_
dx dx

dL[c]
2 o + (6)

O0603HaYNM

H(t x.c) = ;')‘(EC] +2a d:E(C] + (@ +D)L[c].

U3 (1) u (6) BeITekaeT HEIMHEHHOE UHTETpaIbHOE ypaBHEHUs: BoibTeppa BTOporo pona

X
OTHOCHUTEIILHO Q(t’ )BI/IIIaI

Q(t,x)=f(t,x,c(t,x)+

O t—y

f e “"Jsin(x—s)sin(t—v)Q(v,s)dsdv,

t x

¢, (t,x) +_|' J. e “*sin(x—s) cos(t —v)Q (v,s)dsdv,

¢, (t,x)—au —c]+j j e “* cos(x - s)sin(t -v)Q(v,s)dsdv) @

+j' K [t, r,c(t, x)+j JX. e “*sin(x —s)sin(z —-v)Q(v, s)dsdv]dr +

0

+H(t,x,c) = A[Q].

Jlyig pemeHusl HeMMHEHHOro UHTETPpalbHOrO ypaBHeHus Bonbreppa (7) JOMONMHUTENBHO,
JIOTTYCTUM HEKOTOpPbIE OOBIYHbIE OTPaHUYEHHUs OTHOCHTENBHO Gyrkimn H (T, X,C)

IMpu Beex{t > 0,x € R} ¢ynxumsa H(t,X,C) HempepbiBHA U OrpaHHYeHa
IH (¢ x,c)||< M, =const.

VYpaBuenue (7) OyneM pemaTh € IMOMOIIBIO TOMOJOTHYECKUM METOIOM, a HWMEHHO,
MPUHIIMIIOM CXaTbiX oToOpakeHui. [IpaByro yacte ypaBHeHHs (7) paccMOTpPUM Kak OIepaTrop
A[Q], neiictByrommit Ha pynkmo Q(t, X).

Ornpenenum MHOXKECTBO
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={u(t,):ut, ) eC*?([0,T]AR)A[u| <h}.
Benuuunsr T, h onpeaensrorcs mosxe.

U3 ypaBHenus (7) OyneM UMeTh HAQH <M,+M,+KT, ,
rae M, =max f(t,x,u,u,u,,), My =max|H (t,x,c)|, K = maxK(t,s,x,u) .
Ecmu BotObepem T, u h Tak, atoGs
M1+M0+KT0£h’
10, oneparop AQ :Q — Q . Teneps orienum pazHoCTh

AQ, (t, X)]1- ALQ, (t, )1 < || f (&, x, ¢ (t, x +t Xe'“(x's)sin(x—s)sin(t—v)Ql v,s)dsdv,
/. (v:s)

¢, (t,x)+

oe_..-,

_X[e (%) sin(x —s) cos(t — v)Q,(v,s)dsdv,

C, (t,x)—a[u—c]+j J' g () cos(x—s)sin(t—v)Q, (v,s)dsdv)

0

+IK[t 7,c(t, X +'He %) sin(x —s) sin(z — v)Q, (v, s)dsdv}dr—

0 —

—f(t, x,c(t,X) +I f e “0 P sin(x —s)sin(t —v)Q, (v, ) dsdv,

0 -

X) +j JX' e “"sin(x —s) cos(t —v)Q, (v,s) dsdv,

¢, (t,x)—afu—c] +j j e “" cos(x—s)sin(t-v)Q, (v,s)dsdv)

0

+IK£t z,c(t,X) +Ije “0%) sin(x — s) sin(r — V)Q, (v, s)dsdvjdr||<

< 2]Q (1) Qu (v9)]

Bribepem a € R, Tak, uTo

3L, +L,
(04

<1

Ortcroma crenyer, 4TO HEIMHEHHOE MHTETpalbHOE YpaBHeHHE Boibreppa BTOporo poaa
(7) uMeeT eIMHCTBEHHOE HENPephIBHOE U orpanuueHHoe perrerue Q(t,X).
Hccnenyem teneps nuddepeHiraibabie CBONCTBA penieHnii HadaabHo 3aaaqn (1)-(3).

IMpu Bcex {t>0,X € R} u3 paBercrsa (3) BeITEKACT HEPABEHCTBO:
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Jut )] <[t +

+i i e “*sin(x—s)sin(t—v)||Q(v,s)|dsdv <

0 —o

h
<C,+—=nh =const.
o

[Tpu npoBeieHUY BBIICTIPUBEICHHOMN OIIEHKH OBLIO YYTEHO, YTO |S ina | <] |sin ,[)’| <l

AHaNOrM4HbIE OLIEHKHU MOXHO IIOYYUTh U JUIsl BCEX IPOM3BOAHBIX, BXOASIINX B YDAaBHEHUE
(D).

Wrak, cipaBemBa

Teopema. Ilyctp BeimosnHeHB! npeanonoxenue A. Torna wmHTErpo-auddepeHnuaaIrHoe

ypaBHEHHE B YaCTHBIX HPOHM3BOAHBIX (1) ¢ HavdanbHBIM yciOBHEM (2) MMEET €IMHCTBEHHOE
pewenne U(t, x) e C*? ([0, TIxR).
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onepamopos (cokpawenro I170). Teopus IO passunace uz meopuu CUHZYIAPHLIX UHINESPATbHBIX Onepamopos. B

ceoell cospemeHHOl opme ona Oblio0 co30ana 8 cepedure 60-x 20006 Osadyamozo cmonemus. Ilosmomy,

ecmecmeenHo, 4mo 00Holl u3 Haubonee cywecmsennvix ooracmetl npunodxcenus I1J0 agnaromes 3a0ayu, césa3antvle

cuneynApHulMu onepamopamu. Paccmampennas 3adaua uzyuena ¢ nomowbro mMemooo8 meopuu 8apuUAYUOHHbIX

Hepasencms. [Jokazanvl meopembl Cyujecmeosanus, eOUHCMBEHHOCIU U KOPPEKMHOCTU peuleHUll pacCMAmpeHHbIX

8APUAYUOHHBIX HEPABEHCINS.

Knroueevie cnosa: Ilcesdoougghepenyuanvhvie onepamopul, 6apuayuoHHvle 3a0ayu; BapPUAYUOHHbBLE
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buwrex, Kvipevizcman

Annomauusn. Ilces0ooughghepenyuanovix onepamopaopoyu (kvickaua I1/]0) meopuscoina maanovik 601201

oup mamemamukanwik maceie xapaiam. IJ[O Hyn meopuscvl CuHeyiapOblK UHMeZPaloblK meyoemenepoun

MEeOPUACHIHbIH He2USUHOe OCYN YbIKKAH HCAHA O3YHYH A3bIPKbl 3aMaHban QopmacviHa omkeH KuliblMOuiH 60-

acoLnoapwvinda mysyaeon. Ouwondykman IO myn meopuacwinbii He2u3eu KOJIOOHYIVULMAPLIHbIH Oupu 60ayn

CUHZYNIAPOLIK UHMe2PANOapOblH Meopusicbl MeHeH OailaHbluKkanobiebl mabuiieuti Hepce. Kapanwin ocamxan

MAmMemMamuKaivlk macene 8apuayuaivlk 6apadapcui30blkmapobii MeopusICbiibll MEemoO00py MeHeH U3UTOeH2eH
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JHCAHA AHBIH YbL2APBLILIUINAPLL OAP IKEHOUSU, AHBIH HCANCbL30bI2bL OANUIOEHEEH.
Aukviy  ce30ep: Ilcesdooughpepenyuandvik  onepamopnop; 6aApuUAYUALLIK —Mdcene,  BapPUAYUATbIK
bapabapcei30biKmap,; apuayUsIbIK MmeyoemeLep; MaceleHUH KOPPEeKMyyayey.
ABOUT ONE PSEUDODIFFERENTIAL PROBLEM
Barataliyev Kerim Baratalievich, .Dr Sc., professor,
baratalievk@mail.ru
Tilek kyzy Nurzhanat
nurjanat281199@gmail.com
Kyrgyz National University J. Balasagyn,
Bishkek, Kyrgyzstan
Abstract. One problem is considered, which belongs to the theory of pseudodifferential operators
(abbreviated as PDO). The theory of PDO has developed from the theory of singular integral operators. In its modern
form, it was created in the mid-60s of the twentieth century. Therefore, it is natural that one of the most significant
areas of application of PDOs are problems associated with singular operators. The considered problem is studied
using the methods of the theory of variational inequalities. Existence, uniqueness, and well-posedness theorems for
the solutions of the considered variational inequalities are proved.
Key words: Pseudodifferential operators; variational problems; variational inequalities; variational
equations; correctness means.
Beeoenue
MHorue BaxkHbIE MPUKIAJAHBIE 3aJa4d MPUBOAAT K TaK Ha3bIBAEMBIM 3ajJayaM C
OJHOCTOPOHHMMU I'PAaHUYHBIMHU YCIIOBUSIMU WIM K BapUallMOHHBIM HepaBeHCTBaM. [IpocTenmum
IIPUMEPOM TAaKOTO POJia ABJIAeTCs CleLyrolas 3a1a4a; B o6mactu ' ¢ rpanueii I HaiiTi pelnenue

ypaBHeHMsI Au = f, TaKoe, uTo Ha [" BHINOJIHSAIOTCS yCIOBHUS

ou ou

> — =0, u—=0.
u=0, ou on

O0600111eHHOE pellIeHue ITON 3aa4u YAOBIETBOPSET HE UHTErPATbHOMY TOXKIECTBY (KakK,
B ciiyyae 3aiauu J{upuxie), a HEKOTOPOMY MHTErpalbHOMY HEPABEHCTBY, KOTOPOE U HA3bIBAIOT
BapHaIlMOHHBIM HEPABEHCTBOM.

I. B monorpacduu [1, C. 279] 3amedeHo, 4To MOKHO U3ydaTh OJTHOCTOPOHHUE 3a7auu (FITU

BapHallMOHHBIC HepaBCHCTBa) JJIA TICEBOO ,Z[I/I(I)(I)CpCHLII/IaHBHBIX OIIepaToOpPoOB. HaHpI/IMCp, BO3bMEM

1
npoctparcto V =HZ (Q), Q(-11) 3aMKHyTOE BBIIYKIOE MHOXKECTBO

1

KI{UEV,UZOUEV,UZO I.B. B Q:(—l,l)};B V=H§)(Q) oreparop
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cu(y) [ duj
Au=ov.p.| ——=dy|u=—|. 1
_Jlx—y dy )

CymectByer eIMHCTBEHHOE U € K, yIOBIETBOPSIIOLIIEE HEPABEHCTBY

(Au,v—u)>(f,v—u) WekK 2)

nns 3ananHoro T uz Vx.
Wuterpan (1) cymectByer B cMbICiie IJIaBHOTO 3HadeHMsi no Komm B npocTpaHCTBe

1

L2(Q), rme ckamsipHOe HpousBeneHHe onpexeisercs Gopmymnoii [3]

) ¢ uv-dx
(U’V)HZE(Q) :_‘-

LJA-x)(x-1)

1
a CXOIUMOCTh B L3 (Q) SIBJISIETCS. CXOJMMOCTBIO B CPEJITHEM KBAJPATUYHOM C BECOM

x| <1.

> — 1
\/(1— x)(x—1)

1 1
Ornocurensho moxmpocrparcts V =HEZ (Q) u V =HZ(Q) npocrpancrsa CoGosesa

1
H®(Q) mpoGroro mopsinka s [2,C. 71-85], ormernm, uro mpoctpanctso V = HZ (Q) crporo

1 1

BIOXkeHO BV = HZ (Q) u umeer Golee CHIIBHYO TOMONOTHIO, yeM Tonosorusi B V = HZ (Q),

npuyem

1

HO%(Q):{U|U € HOE(Q);,O% =ue LZ(Q),peCS"(Q)}.

CHpaBCIlJ'II/IBa cicayromasn

Teopema [1]. Ilycts H runs6eproso npocrpanctse, K < H —3amknyroe Bhmmykioe

muoxkectBo n | € H'- 3anannerii snement, a oneparop A: K — AK smmumTiyen:

Ja>0: a|v[* <(Av,v) weK (3)
Torna BapuallOHHOE HEPABEHCTBO
(Au,v—u)>(f,v-u) Vv eK 4)
HE TOJIBKO OJTHO3HAYHO pa3pelInMo, HO U KOPPEKTHO pa3pernmo.
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Jloka3aTeabCTBO OJHO3HAYHOM pa3pelIMMOCTH BapUAllMOHHOIO HepaBeHCTBa (4)

YCTaHOBJICHO B [ 1], oOcTaHOBUMCS JIMIIIb B TOM, YTO 33jJlaya U KOPPEKTHO pazpemuMma. B camom

nene, myctb Uy # Uz € K — pemenus 3anaun (4), COOTBETCTBYIOIIME 3a1aHHBIM (QYHKIUAM
12 '

(Auy,V—1uy) = (fy, v—uy) YveK (5)

(Aug,v—ug)>(f5,v—us) VYvekK, (6)
rIe

|fo-fs[<d (6=const 0.
[onoxuBB (5) V=ugz, a B (6) V=U,, umeem
(Auy,V—uy) = (fo us—uy),

(AU U= 115) = ([0 —11,)
M CJIOKHB HX, HAXOJHM
(A(U,—u,),u —u,) <(f - f,u—-u,) .
Jlasiee, W3 OIHO3HAUHO PA3PEITMMOCTH BAPHAIMOHHOTO HEPABEHCTBA (6) CIEyeT, uTo
Juo = < A% £ = £, Ju —u].

OTcrona noiayyaem yciaoBHe KOPPEKTHOCTH paccMaTpuBaeMoM 3agaun OTHOCHUTEIIEHO

CBOOOJHOTO YJieHa HEPABEHCTBA!
Jug— us| <[ 476
0 Sl = )
II. B ToMm cmydae, kKorga MHOXECTBO COBMAJAae€T CO BCEM TMPOCTPAHCTBOM, T.C.

K= H(]Jj 2 (—11) BmecTo BapHamHOHHOTO HepaBeHCTRA (4) MOMTyYaEM BAPHUAIIHOHHOE YPABHEHHE

paf —dt = £ (( xI<2) Y
t-Xx

DTO ypaBHEHHE B JIUTEPATYpPe M3BECTHO O] HAa3BaHHEM HHTETPO-AuddepeHIInaaIbHbBIM

ypaBHeHnueM [panatns ( cMm. [3], ctp. 207 ) ¢ rpaHUYHBIMU YCIOBUSIMHU

u-)=0, u@=p (8)
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N3 nokazaHHOM BbIIIE TEOPEMBI CIEAYET CIAEIYIOIIAs

Teopema 2. Ilycte E =H — rums6eproso mpocrpancrtee, K < H — 3amknyroe

BEITyKJI0€ MHOKecTBo 1 | € H’- 3ananusiii snement, a onepatop A kosprutuBeH:

Ja>0: eV <(Av,v) Wek,

Torna ypasuenue (7) He TOJBKO OJHO3HAYHO Pa3pPENINMO, HO K KOPPEKTHO — Pa3perimMo.
I11. Eciiu Terieps BBecTH 0003HaueHne @(x) = u(x) (|x| < 1), To Bmecto (7) nonydaem

CHHTYJIIPHOE MHTErPAIbHOE  YPaBHEHHUE IIEPBOro poJa ¢ sapoM Komm
Lot
Py gdw F(x) (X<D), ©)
-1

rae 3amannas yakuus f(x) npuHamiexut kiaccy  H,(—1,1).

N3BectHO ( cM., Harp., [3], cTp. 62 ), uTo ob1Iee penieHue ypaBHenus (9) naercs popmynoun

¢ 1 g (10)
7-1=x2  zl-x2 3 =X

@(X) =

IZI€ C- IPOU3BOJIbHAS ITOCTOSHHAS.
[TpounTerpupysi 006e 4acTu IMOCIEIHEro paBEeHCTBA MO X U MpUHUMAas BO BHMMAaHHE

sHauenue uarerpana ([3], crp.208 )

j e 1 'Inl—tx+\/(1—t2)(1—X2)
J=x2(t-%x) 2J1-x2 1—tx—\/(1—t2)(1—X2)’

MoJIy4uM

13 1-tx+1-t2)A-%%)
21— X2 _Ilf(t)lnl—tx—\/(l—tz)(l—xz) &

Haxkower, yaoBieTBOpsisi TpaHUYHBIM YCIOBUSM (8), Haliem

u(x):Earcsin X+C, +
T

c=p, ¢,=0,5p.
Torna equHCTBEeHHBIM penieHreM 3aaa4 (8)-(9) sBnsercs GyHKIUSA
PorccinyaPo L]
U(X)=—arcsin Xx+—+—=—- | H(t,x) f (t)dt, 11
() =— 22 JHENTO (12)

rac
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1-tx+4/(1-t)(1- )
1-tx—/(1-t2)(A- x2)

H(t x)=In

1V. Ilokaxem Temepb, uTO 3aJadya pELICHHMs BapHUallMOHHOIO HepaBeHCTBa (4)

SKBUBAJICHTHA BAPUAIMOHHOM 3a]a4e: HATU QYHKIIHIO

ue K:J(u)=inf J(v). (12)
veK
rze kaapatuunbiii pyaknuonan J (V) (Ve K) onpenensercs gpopmymnoit

(V) :%a(v,v)—(f,v), vekK (13)

Iycrs a(U,V) —6ununeitnas HenpepbiBHas GopMa, OTBEYAKONIAs

maneiinomy HenpepesaoMy oneparopy A€ J[H % 2(=1,1),(Hyg % 2(-1,D)17, Te.

(AUYV) =a(u,v), Au € (H 2(-LD)" v e (H2(~11). (14)

Torma cootHomenue (12) sxBuBaneHTHO HepaBeHCTBY [ 1 ]
a(uv—u)>(f,v—u) vvek (15)
HaobopoT, B cuiy perieHue BapualmOHHOTO HepaBeHCTBa (15) siBiseTcss M pelieHueM
3amauu (12).

N3BecTHO, uTO ecnu OuinnHeitHas HenpepbiBHasE (hopMa yIOBIETBOPSAET YCIOBUSIM

a(u,v)=a(v,u) Wu VEH;( 11

a(v,v)>a|Vv] ,a>0, We H}/( 11),
a ccmn dymxmmonan J (V) [Ve H2 (- 11)) pomyKEi 1 mbdepeRmpyeMsIi, To ero
MPOM3BO/IHAS, ONIPEEseMas 10 GopMyIIe
(J'(w),v)= J(u + V)|,

paBHa

(J'(u),v)=a(u,v)—(f,v).

1
2
[Ipu sTom MHOXectBo K < H? (—1,1) sBnsercs BBIMYKIBIM M 3aMKHYTBIM. Ilpu

BBITIOJTHCHHUH BBIIIC IICPCUUCIICHHBIX YCJIOBI/Iﬁ BapuanMoHHasA 3aJia4ya

ueK:Ju)<J() Wvek, (16)

55



UMEET CIMHCTBCHHOE PEIICHHE, a 3HAYUT W BapHaIlMOHHOEC HepaBeHCTBO (15) oaHO3HAYHO
pa3peinMoO B CUJTY UX SKBUBAJICHTHOCTH.

Takum 06pa30M, MCTOAbI PCHICHHUSA BAapHUALIMOHHBIX 3ada4 HOpUIroAHbI W JIA PCIICHHA
BapHAIIMOHHBIX HEPABCHCTB.

V. B pabote [3] mogpoOHO M3ydeHO MOTHOE CHUHTYISIPHOE HMHTETpO-AudQepeHinaibHoe

ypaBHenue IIpanatis ¢ sagpom Ko u ¢ MansiM napamerpoM € > 0
1

o, _fl(tp;—(t)zdt — e (-7 f(x) (X<D), (18)

P TPAHUYIHBIX YCIOBUSIX
o(-1)=0, od)=p.

Omneparop, nopoxxaeHHbIN Gopmynamu (7)-(8), sBIASETCS YACTHBIM CIy4yaeM YypaBHEHHS

(18). Ilpuuem, ecnu mpu 3aJaHHOM 3HAUYEHUU € pelieHue ypaBHeHus (18) cymectByer, TO

dynxims @'(t) sBasercs orpaHMueHHOM U ¢ MOMOILBIO HEPABEHCTBA

|¢(X1) _¢(X2) | <

[t

' 1 1
o, xxl Gl
P P q
MOXKHO  yOemuThCs, 4YTO pelIeHHe (p(X) 3amaun  (18)-(8) mpuHamnmEXHUT  Kiaccy

H 2 (-1 1)([A],cmp.207).

PaccMoTpeHHBI BbIlIE cayyail OTHOCUTCS K ciydato € =0. A oTHocuTenbHO ciydas €70
OTMETHUM, 4TO Mpu 3TOM ypaBHeHue (19) cBoautcs [3] k uHTErpamsHoMy ypaBHeHuto Openroasma

BTOpOTO poaa
1
o(t) +% [HxDedt=g(x) (x<1), (19)
-1
rac

p p 17t
g(x) =—argsin x+—+—'[ H (x,t) f (t)dt,
V4 2 2m 2

1-tx+/(1-t2)(1-x2) o
1-tx—J(1-t)(1-x3)

H(t x)=1In

B mpocrpancree L,(—1,1) ypasuenne (19) mpencraBusier coGoii Kak omepaTtopHoe

YpaBHCHHUEC BU 1A
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Aw_ﬂw =g (g € L2 (_1!1))! (20)

rae A— BronHe HempephiBHOI M camoconpsokenusii omepatop B L,(=1,1) , mms xoroporo

cipaseinBa Teopema ['mnboepra — [lImuara.
B 3akitouenue orMeTuMm, uTo ypaBHeHue IIpaHaris nMeeT BakHOE 3HAYEHHE B TEOPUU
CMEIIaHHBIX KPAaeBBIX 337a4 U K HeMy npuBojsatTces ([2], ctp. 206):
a) 3a/1a4a 00 00TeKaHUH UJIeaTbHOMN )KUJIKOCTHIO TOHKOT'O KpblJIa KOHEYHOTO pa3Maxa;
B) 33/1a4a O B3aMMOJCHCTBUH YIIPYToil Ha pacTsyKEeHUE, HO a0COFOTHO TMOKOM HAKIIAIKH C
YIIPYTOM IOJYINIOCTKOCTBIO U JIP.
Jlureparypa.
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Annomayusn. B oannoii pabome opmynupyemcs u uzyuaemcs sadaua ¢ ycrosuamu I ernepcmeoma Ha pasHuIx
Xapakmepucmuieckux nioCKOCMAX Ol HASPYIHCEHHO20 YPAGHEeHUs Napabdono-eunepooiuieckoeo munda mpemse2o
nopsoka 6 mpexmepnou ooaacmu. OCHOBHbIM MEMOOOM UCCIe008AHUS NOCMAGICHHOU 3a0adu  A6IAEMCs
npeobpasosanue Pypve. Ha ocnose npeobpasosanus DPypve 3a0aya u ypasnenue c60OUMCs K NIOCKOMY AHANIO2Y
sadauu I ennepcmedma co CReKMpaibHbIM NApamMempoMm, Kak 8 YypasHeHuu, max u 8 SpAHUYHbIX YCA08USX.

Jlokazana eouncmseenHocmo peuienus NoOCMagieHHOU 3a0ayl ¢ NOMOWbIO HOB020 NPUHYUNA IKCMpemMyma O
HA2PYHCEHHBIX YPABHEHULl CMEWANH020 muna mpemove2o nopsaoka. Mcnonvzya obweco npedcmasienus peuieHus,
00KA3bIBAEMCSA CYWEeCMBOBAHUS peuleHUs 3a0aiy Memooom uHmezpaivhvlx ypasHenui. Kpome moeo, usyuyeno
acumnmomuueckoe nogeoenue peuenus 3a0auu npyu OoabWUX 3HAYEHUAX cnekmpanvho2o napamempa. Hatidenoi
docmamoumbie YCclo8us, npu KOMopvlx 6ce onepayull 3aKOHHb.

Knrwuesvie cnosea: Ypasuenue mpemvezo nopsaoka, HazpydlceHHoe ypaenenue, 3adaua Iennepcmeoma,

npeobpasosanue Pypve, pecyiapHoe peulerue, NPUHYUN IKCMPeMyMd, OYeHKA peuleHUs.
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Abstract. In this paper, we formulate and study the problem with Gellerstedt conditions on different
characteristic planes for a loaded parabolic-hyperbolic equation of the third order in a three-dimensional domain.
The main method of the study of the problem is the Fourier transform. Based on the Fourier transform, the problem
and equation are reduced to a planar analogue of the Gellerstedt problem with a spectral parameter, both in the
equation and in boundary conditions.

The uniqueness of the solution of the problem is proved using a new extremum principle for loaded equations of
mixed type of the third order. Using a general representation of the solution, the existence of a solution to the problem
by the method of integral equations is proved. In addition, the asymptotic behavior of the solution of the problem for
large values of the spectral parameter is studied. Sufficient conditions have been found under which all operations
are legal.

Key words:. Third-order equation, loaded equation, Gellerstedt problem, Fourier transform, regular solution,

extremum principle, estimation of the solution.

PaCCMOTpI/IM YpaBHCHHC
0 [Uy—Un—U,—J(x0,2) ¢ Q,
X |Uyy —Uy—U,, — 0 (x,0,2) 6 QUQUQ, Y

Myers Q=0 U UQ, UQ,U(Q N, )U(Q, N, )U (,N0)U
U (f_}z N 5_23) - 061aCTB TpéxMepHOTo IpocTpancTea (X, Y, Z) , orpaHudeHHas TOBEPXHOCTSIMH:
[,:x=0,0<y<h, ze(-o,+o), I';:x=1 0<y<h, ze(-w0,+wx),
[,:y=h, 0<x<1, ze(-oo0,+0), S:x+y=0, y<0, OSXS%, 7 € (—o0,+0),
S,iX=y=X%, Yy<0, %SXSXO, Ze(-0,40), S;:x+y=X, y<0, XOSXSHTXO, Z € (00, +0),

S,: x—y=1 y<0, %ngl 7 & (—o0,440), % €[0,1],
Trae

u=const<0 (2)

VYpasuenust (1) siBisercs mapaGonmueckuM U THmepOonnyeckuM B obnactax €2y u
Qj (j =l,3) COOTBETCTBEHHO.

Beeném o6osnauenus: A(0,0,2) = §0 N §1, E(X,,0,2) = 5_2 N §3,
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Cl(ﬁ;_%;zj:_lﬂgg, CZ[XOZJrl;on_l;Zj:§3mS_4, B(10,z)=T,NS,,

2
Q,=QN{ (x,y,2):x>0, y>0, ze(-m,+0)}, O =AACE, Q,=AEC,B, Q,=0CEC,B,

l,={(xy,2): 0<x<1, y=0, z&(=o0,+0)}, 1, ={(x,y,2): 0<x<%, y=0, z¢ (0,40},

L, ={(%y,2): % <x<L y=0, ze(~0,+0)}, l, =T, NS, ,=T,NS,, 1,=5,nS,

D=QN{z=0}, D,;=0;N{z=0}, (i=03), o;=5;N{z=0}, (j=14), 7,=I,Nfz=0}, (i=02) .

J;=1,N{z=0}, (JZTZ) El(XO’O):'J_lﬂJ_Z’ jo:jlujz-
Onpenenenue 1. L(—00,+OO)—MH0>1<eCTBo dyuxmmit H(X, Y, 2), onpenenennpix 8 Q u

a0COJIIOTHO MHTETPUPYEMBIX 10 IEPEMEHHOMY Z B UHTEpBaJIE (—OO, +OO) .

Onpenenenne 2. Oynxmus U (X, Y, Z) HAa3bIBACTCS PETYIAPHBIM PEUICHUEM YPaBHEHHUS

(1), €CJIM OHa YAOBJICTBOPSCT CICAYIOIIHUM YCIIOBHUAM:

1) U(x,Y,2) € C(Q) N L(—o0,+o0);
2) U,(x,y,2), U, (x¥,2), U, (XY, ) e C(Q) N L(-0,+0), xpome Toro, dyHKImH

U, (X, Y, Z) u U y (X, Y, Z) MOTYT 00pamnaTbcsi B 0ECKOHEYHOCTD MOPSIKA MEHbILIE €IUHULIBI

Ha JUHUAX IO’ Il u IZ’

3) U, Uy, €C(QuQ uQ, Q)N L(—0,+0), Uy € C(Q,) N L(—o0,40),

XXX
U, € C(Q2, w2, UQ,) N L(—o,+00) n ynosnersopsier ypasrenuio (1).

B o6mact ) s ypasHenus (1) uccieyem ciieayoonyro 3aaaqy.

3agaua AG . TpeGyercs Haiitu B o6mactu () perynspuoe pemenne U (X, Y, Z)

ypaBuenus (1), yIoBieTBoOpsoIiee yCIA0BUIM
(©)

Ul =@(¥.2), Ul =®y(y,2), 0<y<h, ze(-o0,+20),
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U,|. =¥(y.2), 0<y<h, ze(—o0,+0), (4)
0

Ul =¥,(,2), S| =¥,(x,2), 2<x<%,, 2€(-e0,420), ©)

)

U, =Y.(x2), Y =‘P5(X,Z),XOSXSX0+1, Z € (—o0,+0), (6)
3 onls, 2

fimu (x,y,2) = lim VYD) _ i VY 2) i VY1) @)

e oX ERFY doe oz

rae N —BHYTpPEHHSS HOpMAIIb, CDO(y, Z), CDl(y, Z), ‘Pj(X, Z), (j :E)— 3aJaHHble (DYHKIIHH,
mpuaem WV, (X, 2) =¥5(%y,2) =0, ®y(h,2)=¥,(0,2), D,(h,2)="Y¥,(12),
Of (y,2) eC([O; h] X R)ﬁ L(—o0,+0), (D'jy(y, 2)eC ((O; h) x R)r\ L(—o0,+0), (j=0,1),

¥, (y,2) eC([0,h]xR)NC?((0,h)x R) M L(—o0,+0),

‘Pz(x,z)eczﬂz }ijﬁl% )ijL(—oo,+oo),
T3(x,z)eC1[2 } JK\C ((% ijij(—oo+oo)
e
W,(x,7) cquo, on_i_l}x ijC?’((xO, onﬂ)x ij L (0, +0),

lim @,(y,z)=0, Vye[o,h],(i=0,1), (8)

|z| =0

¥, (x,2) eC?

N\

lim ¥, (x,2) =0, vXe{xo,ﬂ(k:Z,S) limV¥_(x,2)=0, VXE{XO,XOTJrl

|2]—>00 |z]—>00

(m=4,5). 9)

O mpearnoaoKeHusIX OTHOCUTEIBHO TTOBEACHUS (DYHKITUMA U (X, Y, Z) MBI MOKEM

BBECTH ClIeyroIue mpeodpazoBanus Oypre Mo NepeMeHHOH Z:
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u(x, y;A) = % j U(x,y;z)e*dz. (10)
Ecmm ¢pynkius

(x,y;4)e™*dA (11)

U(xy,z) \/_ I
apnsercss pemrenueM 3agaun AG ., To (ynkums U(X, y;/”t) JIOJDKHA OBITh PETYJISIPHBIM

peurennem 3agaun AG .

[Ipumenss npeobpasosanue Pypoe (11) x ypaBuenmio (1) m 3amauy AG , momyuum

CJIeIyIOIllee YpaBHEHUE

a{uy—uxx+ﬂ,2u—yu(x,0,/1), x>0, y>0, Ae(~o0,+m), )

~ X Uyy —Uyy +A%U—puu(x,0,4), x>0, y<0, Ae(—o0,+0)
u3amaue AG , - Onpenenuts GyHKuMIO u(x,y,A) rakymo, uro

1) u(x,y,/l)eC([_))mcl(D);

2) U(X,y,A) sBasercs perynspHeIM pelieHueM ypaBHeHus (12) B obmactax

D,. (k=0,3);
3) u(X,y,A) ynoenerBOpseT ycIoBHAM
u|70 :¢0(y1ﬂ*)1 u|7/1 :¢1(y1/1)1 OS ySh’ ﬂ,e(—()O,-l—OO), (13)
ul, =y,(x, 1), 0<x<1 Ae(-o,+0), (14)
2
ul,, =¥, (%, 4), au =w3(x,/1),%ﬁxﬁxo, A € (o0, +0), (15)
92
u, =pxA), =y 02, % <x<BIT de(ontn), g

o3

rie @y (Y,A), ¢ (Y, 4), (X, 2), (] =1,3)— sananmbie QyHKIMK, TPHYEM

P2 == | © (.2, (=00, v (0 ) == [ ¥, (x e dz, (j=18), (17
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Wy (X A) =y3(%, 4),=0 ¢y (h, A) =y, (0, 1), o, (D, 1) =y, (1, 1), (18)
@ (y,4)€C[0;h]NC (0, h), (i=0,1), (19)
w,(x,4) eC[0,1]nC3(0,1), (20)

w,(x,A) eC? {% xo}mC{%, XOJ, AV Cl[%, xo}mcg’(%, XOJ, (21)

v,(x,4)eC Z{XO;HTXO}QCSEXO;HTXO}%(X’&) EC{XO;HTXO}mcs[XO;l;XOJ- (22)

JIro6oe perynsipaoe pemenue ypaBHenus (12) npeacrasumo B Buze[ 1],[2]:

u(x, y;A) =o(x, y; ) + a(y; 1), (23)

rae U(X, y,/l) — pelieHue ypaBHEHUs

0 Dy —Uyy + 20— uv(x,0,1), (x,y)e Dy A€ (—o0,+0),
= (24)
Dy — Vg + A0 = p0(x,0,2), (X,y)eD LD, UD,, A& (—w,+x),

31€Ch

@y (y;2), ye[0,h],

X (25)
otyiA) =| (i), ye 2.0
@, (Y; ), YG{on_l,O},

a o;(y,4) (1=0,2) —npoussonsHsie mBaxasl HenpepsiBHO Auddeperunpyemsie GpyHkuun [3],

[4] npuyem 6e3 orpaHUYeHUs1 OOIIHOCTH MOXKEM IOoJIaraTh, 4YTo

@y (0;4) =y (LA)=0, @, (0;2)=w,(X);4) =0, @(X;;A)=w(;4)=0.  (26)
B cuny npexcrasienus (23) ¢ yuerom (25), zamaua AG , bemymmpyertcs K 3ajade

AGj1 HaxOoXaeHusi perynsipuoro B obmactu D pemenums 0(X,Y;A) ypaBnenus (24),

YIIOBJIETBOPSIOLIETO YCIOBUSIM
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Uy =00 =anyid), ol =g (i) -ay(yid), 0<ys<h AeR, (@)

y

o, =vi(y:2), O<ysh  ieR (28)
2

u\azzl//z(x;ﬂ)—a)l(x—xo;;t), Xo/2< X< X, A€R, (29)

1,

Un‘ :WS(X;1)+$a)1(x—XO;Z), Xg/2<X< Xy, A€R, (30)
92

u|03:ty4(x;;t)—a)2(x0—x;ﬁ,), Xo SX<(%+1)/2, 1€R, (31)

un‘ :1//5(x;/1)+%a)é(xo—x;/1), Xo SX< (X% +1)/2, 2€R, (32)
o3

rae o; (y;A) (1= ﬁ) — IIOKa HEU3BECTHAs (pyHKUHS.

[Ipumensis MeTON, HWCIOJB30BaHHBIM B pabore [5], mo0oe peryiaspHOoe pelieHue

ypaBHeHUs (24) npeacTaBUM B BUJIE
o(X, ¥, A) =W(x, y,4) +9(x, 1), (33)
rae W(X, Y, /1) — PpeUICHHUC ypaBHCHUS

W, —-W_+A°w ¢D
O ]
o=4 7 X , o (34)
W, —W, +A°W 6 D; (/=13),
a 9(X, l) — pelIeHuEe CIeyIOIEero OObIKHOBEHHOTO UG dEepeHIINaTIbHOIO YPaBHEHUS

9"(x,/1)—(/12 — )%, 2) =—pwW(x,0,2), 0<x<1 (35)
rne (X, A) =3 (x2), xeJ,, I A)=9(x 1), xeJ,, 9(xA)=4(x4), xeJ,.
3ameuanue 1. YuuteiBas, 4To QyHKIHS ajCh/lX+bjSh/1X, (j=0,2) ynosnersopsier

*
ypasHenuto (34), npu uccnenosanuu 3agaun AG P 0e3 orpaHuuYeHHs] OOLTHOCTH MOXKHO

IpeJroaraTh, 4To

$,(0,4)=9,(1,4)=0, (360)
3(0,2)=39(%,,4)=0, (361)
3 (%, 4) =841 2)=0. (362)
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Pemrenue 3amau (35), (360); (35), (361) u (35), (362) COOTBETCTBEHHO MPEACTABUM B BHJIE

9, (x, )= psh(x—2A* }sh tJA% - 1 w(t,0,2)dt -

\/12 — U Sh\//‘tz—,u 0

1
- 12“ [ sh(x—t)JA2 -z W(t,0,4)dt, 0<x<l, (370)
e

_ 2 _ %0
(x,2) = M XA~ p [ shtyAZ—p w(t,0, 2)dt -

Y A = shx A% = o

X0
- /12“_# jsh(x—t),/zz—yw(t,o,z)dt, 0<X<X, (372)

pshx (A2 = g ch x( A2 - & >
3, (X, 4) = h(l-t)yA°— t,0,4)dt -
) e (g A g 4 OO a0

2
2 2
_ pehXo A2 — p shx A2 — }sh(l—t)\/ﬂz—ﬂW(t,O,i)dt—

JAZ = sh(x, —1)yJA% — Xo

S jsh(x—t)«//lz—yw(t,o,l)dt, X, < X<1. (372)
0

NVERTE

B cuny npencrasnenus (33) ¢ yaerom (360), (361), (362) 3amaua AG” , bemymmpyercst K

3azaye AG:/1 HaxoKeHus B obnactu D perynsproro pemenust W(X, Y, A) ypasnenus (34),

YIIOBJIETBOPSIOLIETO YCIOBUSIM

W, =o(Yid)-a(y;4), W, =¢(y;4)-aly;4), 0<y<h, — (g)
7o n

Wx‘yz =y, (y, 1) =8 (x,4), 0<x<], (39)
W\JZ =y, (X A) - (X=X, 4) =3 (X, 4), % <X< Xy, (40)

1 1
W | =u,(XA)+—=a& (X—X;A)——=F (X, 4), X,/2<X< X, 41
n‘az v3(X4) \/50’1( 0, 4) N (X, A), %o/ 0 (41)

W, =¥, (6 A) -0, (% =X A) =% (X,A), X <x< (42)
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wn\ _%(xz)w_ {(% = X;A)— J’ (%, A), (43)

rae 9 i(X’ i), (| = 0, 2) onpenenstores u3 (37i) .
Jlnst nokasaTenbcTBa equHcTBeHHOCTH pemienue 3amaun AG, AG L u AGjl Urpaer

BAXXHYIO POJIb CIIE€AYyIoIIas JieMma.

Jewva 1. Eenn ¢(Y,4) =¢,(y,4) =0, ¥y e[0,h], wy(y,4)=0, Vye[0h],

axD)=p5(02) =0, Ve B | wix2) w1220, wxe| x|

;i,E(—OO,-FCXD),TO

Z'J-(X,Z)EO, VXejj (j=0,2),

seeh 7;(X,A) =W(X,0,4), Xe jj.

Jlemma foka3bIiBaeTCs € MOMOIIBIO aHajIora MpuHIMIA 3kcTpemyma A.B. bunanze [6].

Teopema 1. FEciu  BbIIONHEHBI  yCioBHS — JieMMbl | ® 9j (x,4) =0,

Vxed j (j=0,2), 1o B obmactu D  cooTserctBeHHO 3amAuM AG; | AG; it

ypaBHeHus (24) u (34) MoxeT uMeTh He OoJiee OTHOTO PEeIIeHHS.

Teopema 1 mokaspiBaeTCs C MOMOIIBIO MPUHIUIA DKCTpEMyMa JUIsl MapaboIMuecKux
ypaBuenwuii [1], [7].

Teopema 2.Eciu BBINONHEHBI yclaoBUs TeopeMbl 1, To B obmactu ) 3amaua AG
MO>KET UMETh He 00Jiee OHOTO PEeIIeHUsI.

Hcnone3ys npencrasienue pemeHue (23) u (33) ¢ yuyeroM ycnoBus JIeMMBI 1 JToKaxeM

eMHCTBEHHOCTE petnenus 3anaun AG s ypasrenus (1).

Teopema 3. Eciu Boinonuens! ycnosus (2), (18) - (22), To pemenne 3agaun AT, s

ypaBHeHus (12) cymecTByer.

Teopema 3 noka3bIBa€TCsi METOJOM MHTETPAJIbHBIX YpaBHEHUN [8].

U3 Teopemsl 3 crenyer cymectBoBanue penrenus 3agaun AG s ypasaenus (1).
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Ha3bIBACTCSI TOJMAHATUTHICCKON Topsnka N (Win KpaTko N — aHATUTHYECKON) B HEKOTOPOH

obmactu D mockoctn komruiekcHoro nepemennoro Z=X+1y , ecin ona B D umeer

HCIIPCPBIBHBIC YaCTHBIC IMPOHU3BOAHBLIC OO IOpsAAKa N  BKIOYHATEIBHO H YAOBJICTBOPACT

0006menHOMY ycinoButo Komu-Pumana:

n
2 W=O, eoe o1 g+i£ 1)
oz" o 2\ox oy

INonunanamuTudeckue (bYHKI_II/II/I TCCHO CBA3aHbl C IIOJJUTapMOHHUYCCKHMH (bYHKI_II/IHMI/I.

CDYHKI_[I/ISI U(X, y) TOorga M TOJIBKO TOraa sBJISACTCA HOHHFapMOHquCKOﬁ, €CJIM OHa CIIYKUT

BEIIECTBEHHONM WJIM MHUMOW 4YacThlO IMOJIMAHAINTHYECKOW (yHKuuu [7]. buananutuyeckue
¢ynkuunu (pemenus ypasaenus (1) mpu m=2) B BUIy UX CBSI3U C ONTapMOHNYECKUMU (DYHKIIHSMH,
UMEIOT BaXKHbIE IPUMEHEHUS.

B pa6otax I'. B. Konocosa, H. 1. Mycxenumsunu, 1. H. Bekya, A. B. bunianze, M. b.
banka, X. berepa M HX YyYEHUKOB pacCMOTPEHBI pa3JIM4YHbIE KpaeBble 3aJaud Ul
NOJHAHATMTHYCCKUX QyHKIMA [4,7-9]. B 3TuX craThsx KpaeBble YCIOBHsS 3a/al0TCS Ha BCEi
rpaHuLe o01acTu PeryasipHOCTH.

B nanHOlf paboTe paccMOTpuUM 3ajaqy MPOAOJDKEHHsS N-aHAINTUYECKOM (YHKIMU B
005acTh Mo ee 3HAYCHHUSIM M 3HAYCHUSIM IIPOU3BOAHBIX 10 (72 —1)-ro mopsiika Ha YacTH IPAHHIIBI
ATOH 00JIaCTH.

1. IOCTAHOBKA 3AIAYHN
Iycte D — orpannuennas o6nacte ¢ KycOYHO-IJIaAKAMM TpaHMIEH Tpedyercs

ompeneNuTh A -aHatuTHYecKylo (ymkmuio W(Z) B obmactu D mo 3nauenmam ee

akw
a7k
Z

(k=0,1,...,n—1), Ha 4acTH TPAHHUIIEI S(S C@D)

MOCJICAOBATCIIbHBIX ITPOU3BOAHBIX

3TOM 00J1aCTH:

akw 80w

g:fk(z) (k=01..,n-1), zeS E: (2)

Knacc nonmaHanuTUdeckux mopsaka N ¢yskumii B obmactu D o6osmaumm uepes
I1,(D). TIpu n = 1 >TOT KJTacc COBMAMAET C KIACCOM aHATUTHYECKHX B oOnactH D dyHKmii.

[ToaTomy 3amauy (1), (2) ecTecTBEHHO Ha3bIBaTh TPAaHUYHOW 3aJadyeil MPOJOJKEHUsS s
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noyMaHaTHIeckuXx GyHKuui. JlanHas 3agada sBIseTCS HEKOPPEKTHOU. Penenne eTMHCTBEHHO,
HO HeycToiuMBo. [Ipumep HekoppekTHOCTH THNAa Ajamapa npusesieH B [10].
2. ®opmyaa npoaokenus Kapiaemana
BaxxHpIM cpeZiICTBOM B TEOPUU aHATUTUYECKUX QYHKIUH SBIISIETCS HHTErpasibHas popmysa
Komm. [na » — ananutuueckoil pynkuuu H. Teomopecko [2] BhepBble MOJIy4U MOJO0HYIO

GopMyTy BBIpaXKAIONIYI0 3HAYEHUs Jl— aHAIUTHYecKod ¢yHkuuu B obmactu D uepes

3HAYCHHUM 3TON (QYHKIMHM M €€ MOCIeA0BaTEIbHBIX MPOU3BOTHUX Wik (k =0,1,...,n —1) Ha

rpaHuLE:

i_n 1 —(Z ! )kw_k (t)dt (W_o :W).
27t o oo KUt —2) t
3)
B cnywae 7 =1, pemenue 3anaun (1), (2) a1 ananmuTHaecKux QyHKIMI MOXKHO 3a/1aBaTh
dopmynoit Kapnemana ([S, ctp. 60-61]; [6, ctp. 18-19]). It 7 — aHanuTnyeckux GyHKIUAN
KOIZla 4acTb TIpaHUIbl O0JIaCTU SIBJISETCS OTPE3KOM JEHCTBUTENBbHOM ocu (00siacTh TUIA

manouku) popmyiaa Kapnemana nokasana B [10]. [Ipusenem ananor gpopmysasl Kapiemana st

/1 —aHAIIUTUYCCKUX (I)YHKI_II/Iﬁ B ClIydac Koraa 0071aCTBIO PEryIsapHOCTH ABJISACTBCA CI[I/IHI/I‘IHHﬁ

KpYT D, = {Z : |Z| < l} : S - nyra (t',t") OKPYKHOCTH
r_ i@' " __ i&" ’ "
oD,|t'=e"Y 1"=e'"Y 0<@' <O <27 | PaccMOTpUM rapMOHMYECKYIO Mepy @ JAyrd S

otHocuTenbHO kpyra D, [5]:

®,(2,0,0")==arg| = e 2

®ynkims Kapnemana nyru S otaocutensho kpyra D, cnenyroumit Bun [5]:

1
qﬁa(t,z)=:exp{a[/1(t)—/1(z)]},
e Z(Z) € A(Dy) ananutuueckas Qynkums B obmactu D, rtaxas uro @(Z)= Re/l(z),

o0 >0 mnonoxuTenbHbINA YHCIOBOIM rnapamerp.
Teopema 1. [Ina ¢ysxkmmm Well ( Dl) NC"* ( 51) npu L€ D1 CTPaBeJTUBEI
CJIeyIoIIre YKBUBAJIEHTHBIE (DOPMYJIbI TPOIOIKEHUS
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w(z)= lim —ZIﬂqb (t,2) wek (1)dt (4)

-1 (7 _F\
w( )=2img6's[f<l( t))wt_k(t)dt+

()

JdGZI W—k (t)ea[ﬂ(t)_ﬂ(z)] A(t)-4(2) dt.
k=0s ! (t—Z)

Jloka3aTejbCTBO. DKBUBAJICHTHOCTD (4) 1 (5) ciemyer u3 GopMyIIbl

27z|

JoxaxkeMm (4). V3 onpeneneuns Gpynxuun Kapnemana, cienyer uro @, npexacrasuma B

BHUIC
1
®O'(t’z):ﬁ+g0'(t’z)’

rac

9o (t2)=

peryisipHas OrpaHWdeHHas aHajquTHUecKas 1o [ QyHKImMs B obmactu D1- [TokaxeM, 4TO

byHKIISA

ABJIgeTCs aHanuTHYeckoiimo { B Dl , HerCpBIBHOﬁ Ha Dl' HpﬂMOC BBIYHMCJICHUC ITIOKAa3bIBACT

CIIpaBCAJIMBOCTb PaBCHCTBA:

~—+|

oF (t,2) (7—_) -0

n-l(s=_7¢
Torma dbyHkIus = (t, Z) =0, (t, Z) Z (Z _|t ) W (t) TOXKe SIBISIETCS aHATUTHYCCKOM
k=0 )

k

nmo t B D, orpannuennoit na D,. ITo teopeme Ko, nmeem:
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n-1

I ga(t,z)zﬂw_k (t)dt =0. (6)

oD, k=0 k!
N3 paBencts (3) u (6), monnuem
1 L (z-F)
W(z)==—= | @,(t,z) > ———wi (t)dL.
27l oD, e o K! t

HepennmeM MOCJICAHCC PAaBCHCTBA B BUA:

ZJ' (z-1) GEl(t)‘/I(Z)]W_k (t)dt +

 27i ki(t-z) t
k=05
(7)
n-1 - _F
+iz j (ZI t) e“[ﬂ(t)—l(z)]wt_k (t)dt
271 (S0 K= 2)
O1eHuM BTOPOM UHTETPAJT B HpaBoﬁ yactu (7):
n-1 _
Z J kzI t o-[/i(t)—/i(z)]Wt_k (t)dlt| < Cl(Z)e—Ua)(Z) ®)
27T 20 aD\s (t—2)

rjae Cl(z) BIIOJIHE OmpezeNieHHas (QYHKIHS HE 3aBUCSAIIAS OT O, KOHEYHAs IpPU KaXIOM

e Dl- [Tepexons k npeneny B (7), ipy O —> 00 W yYUTHIBas HEPABEHCTBO (8), mommaumM (4).

DOKBHUBaJICHTHBIE (OPMYJIIbI TpogoikeHus Tuma Kapnemana (4), (5) narot perieHue 3agauu
(1), (28 Dj.

PaccmoTtpuMm Bompoc cymiectBoBaHus, pemeHus 3amgaun (1), (2). C »Toif 1ensio
paccmotpum  obmacte Dy =Dy U {Z @' <argz< (9”}. O6o3naunm  uepes  L(S)
MHOYKECTBO abCOJIOTHO MHTErPUPYeMbIX Ha S (yHKkumii. Kputepuii paspemmmocty 3anaun (1),
2)B Dl JTaeT Cleyrouas

Teopema 2. ITycts

f, eL(S)NC"*(s%), s'=is (k=0,...n—1).

Jns  cymecrsoannst Gpynxkunn We I1 (D) N C " (D, US,) ynmosnerBOpsIOmEN

YCIIOBUSIM
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Wi (t)=fi (t) (k=01..,n-1),teSy, 9)

' (v
HEOOXOIMMO M JOCTATOYHO 4TOOBI JUIsi Kaxkaoro Z € D]_ CXOIMICH HECOOCTBEHHBIN

HHTErpal:

0 n— - =\K
iJ’dO.Z:lJ'(Z _'t ) fk (t)ea[ﬁ(t)_l(z)]Lﬂ)(z)dt <0 (10)

(paBHOMEpHO Ha KammakTax u3 D).
Jdoxa3areabCcTBO. HeoOxoaumocTsb. ITycth CyLIECTBYET byHKIISA

well (D)NC - (D, US,) ynosnerpopstowmas ycnosusm (9). ynkuus

01 (t,2) = %ea[ﬂ(t)%(zﬂ

! o o
npu  Kaxaom Z € Dl , sBnsietcst anamutuueckoiit mo B D, , menpepwBrOll  Ha Dl.
[ToaToMy TIOBTOpSIsI  pacCyXACHUE MPH JOKA3aTEeIbCTBE TEOPEMBI 1, MOXKHO YOEAUTCS YTO

paBeHcTBO (6) coxpaHseTcs eciu TaM 3aMeHuT  {, Ha (5

[ el A1) -2 j (z- f_) ek (Ot =

oD, (t—z
HepelmmeM IIOCJICOHEC paBeHCTBO B BUJIC:
n-1 T n-1 r
Z — t
o > U th 5 O = I o, 5 TS k,)w_k(t)dt ay
s k=0 oD\s k=0

OneHum HHTErpa, cTosiel B mpaBoi yactu paBercTsa (11). Umeem

.[ ea[l(t)—ﬂ(z)]i(t)—ﬂ(l) ”Z‘:l(Z—t_) W (0] < CZ—Cl o(2,00")
oD, (t-2) & K

rae Cl_ ‘W—k (f)‘ Cl_ maX (t)_/l(z)
0<ken-1 teoD;| (t—2)
tedD, zeK

Takum o6pazam
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[ecl0-22)] A =A(2) S _t_)kwt_k (Odt| < Coe ™20 2 e . (12)
s (t-z) & k!

U3 nepasenctra (12) cnenyet BoinoiaHenue ycnosus (10).

HMocrarounocrs. Ilyers  dynkumu  fi € L(S) M Cn_k_l(SO), YIOBIETBOPSIOT

ycnosusam  (10). Tlokaxkum uro cymecrByer ¢ynkuus We Il (D)NC it (D,US,)
yznoBieTBopsitonias ycinosusm (9). PaccmoTpum BbIpaskeHue B MpaBoil yacTH (5), €clii 3aMEHUT

Tam Wek (t) ma fi (t) (k :0,1,...,n—1). [lonydueHHOEe  BHIPAXKEHHE OOO3HAYHM HYepe3

g (Z) IlepBoe ciaraemoe B BbIpaxeHue (J (Z) sBigeTcs uHTerpanom tuna Konm mis 7 —

AHATTUTHYECKUX (QYHKIUH
k

Z j fk (t)dt, (13)

kOS

27r|

KOTOpPO€ IPEACTABIILET # — aHATUTUYECKYIO B D1 (GYHKIHIO F+(Z) A 7 — aHaJIUTUYECKYIO
AW n o

B D1 \ D1 GyHKIMIO F_(Z) TaKM€ YTO PA3HOCTb MX NPEIEIbHBIX 3HAYEHUN U IPEAEIIbHBIX

3HAQYEHUN MX NPOU3BOAHBIX JO (n —l) — TO TMopsiKa MO HOpMalIsM (WIM IO yriam

4 - _
OIPaHMYCHHOrO pacTBopa, a coorBercrByromme Toukn 2 €Dy un 77 e D/\D, upu

ctpemrenun k Touke U € Sy maxomsarcs Ha pasmbIX paccTosumsx ot t)ma S pasmmr i (1)
(k =0,1...,n —l) [4, cTp. 67-69]

OF.(t) OF.(t)
ot ot

=f (t),(k=01..,n-1),teS,.

HpI/Iqu, €CJIM OAHO U3 3THUX (I)yHKI_II/Iﬁ HCIIPEpbIBHA BMECTC CO CBOMMU MMPOU3BOAHLIMU 110

(n —1) —T0 MOpPSAJKAa B COOTBETCTBYIOMIEH 00JIaCTH BIUIOTH 0 SO , TO Jpyras Toxe o0jagaeT

naHHbIM cBoiicTBoM. CornacHo (10), BTopoe ciaraemoe BbIpa)KE€HUS g(z) ABIISIETETCS. N —

’
AQHAJIUTUYECKOU 1m0 Z B D1 . CnenoBarenbHO, BBIpAKEHHE g(z) ornpenenser M —
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ananmuThueckylo B D, Qynkimio gl(z) U 71— aHAIUTHYECKYIO B D1, \ [_)1 byHKLIHIO
92(z) m

k K
aagzlk(t) — Gag;k(t) = f (t),(k=01..,n-1),teS,. (14)

C npyroii cTOpoHbI BbIpakeHue st (Z) PaBHO BBIPAXXEHUIO MPaBOM yactu (4), eciau
3aMEHUM Wt_k (t) ma fk ® (k =0,1...,n —1) . Tak kak mug Touek Z € Dl, ﬂ{|2| >1}

byukuns  ©(z,60,0") upuHHMaer 3HaueHWs OOJBIIE EIUHWIBI, TO gz(z):O . Orcrona

CIIeayeT

k
Q%%on(k:QLwn—Qiesw

Ho torna u3 (14) nonyuum

k
Qg%ngdn(kquwn—nxesw

Cnenosarensno, (g ( Z) Tpebyemasi 71 —aHalIuTH4ecKas GyHKIUsS W( Z) .

Kpurepuii pazpemuMocTd 3a7aydl  aHATUTHYECKOIO MPOJOJKEHMs] BIEpBbE ObuLIa

nonydeHa B [3]. Teopema 2 siBnsiercs ananorom teopemsl Doka-KyHu 1st 77 — aHaAIMTHYECKUX

GbyHKLUH B KpyTe.
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PaccmoTpuM ypaBHEHUs BUjaa

T t X

K(t,x, y)u(t, y)do(y)+ [ H(tx,sh(s, x)dy(s)+ [ [Clt. x5, y)u(s, y)do(y)dw(s) =

t t, a

D ey T

= f(t,x),(t,x) e G, Gz{(t,X)ERZZtOStST,aSXSb}, (1)

Tae ¢(X)’ ‘//(t) SIBJIAIOTCSI CTPOTO BO3pAacCTalolIMe HeNpepblBHbIE (DYHKIIUU COOTBETCTBEHHO B

obacti [ab] [t,, T ]

B Hacrosee Bpemsi OOJBIION WHTEPEC BBI3BIBAIOT OOPAaTHBIE U HEKOPPEKTHBIC 3a/Ia4H.
[Mousitue koppekTHOCTH B padotax A.H. Tuxonos [1], M.M. JlaBpentseB [2] u B.K. HBanosa
[3], ommuHOE OT KJIACCHMYECKOro, a0 CPEICTBO ISl M3y4eHHsS HEKOPPEKTHBIX 3a1ad |

CTUMYJIUPOBAJIO HUHTCPECC K HUHTCIPAIIbHBIM YPAaBHCHUAM, HMCIOIIUM OOJIBIIIOE MPUKIIAAHOC
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3HayeHue. OCHOBOIOJIATAIOUIME pe3yJabTaThl A HMHTErpalbHbIX ypaBHeHMH Ppenarosnbma
IIEPBOrO0 pojJia NOoJyueHbl B [4], rae ansd pelleHus JIUHEHHBIX HMHTErpajbHbIX ypaBHEHUI
®penrosbma epPBOro poja MOCTPOEHBI PEryJIApU3upyroIue ornepatopsl 10 M.M. JIaBpeHTheBY.
B [5]- [10] uccnenoBanbl BONPOCH €AMHCTBEHHOCTH U YCTOMYMBOCTHU PELICHHUM JJIsI JIMHEHHBIX
MHTErpajbHbIX YPAaBHEHUH N1EPBOrO POAA.

[TonaTue npon3BOAHOI 10 Bo3pacraronield GyHkuu O6u10 BBeieHO A. AcaHoBbM B 2001
r. B [11] 1 urpaer ocoOyro poiib B HCCIICAOBAHUU. JTO MOHITHUE SBJISICTCS 0000IIEHUEM 0OBIYHOTO

IIOHATHA HpOHSBOI[HOfI (bYHKHI/II/I n ABJIACTCA O6paTHBIM OorcpaTopomM Ijis1 OAHOI'O KJlaccCa

HHTErpaia Crunrbeca.

K(t,x, y)={ (

| BN 2
B(t,x,y) t, <t<T, a<x<y<hb, (2)

(3)

A(t,X, y), B(t,X, y), M(t,X,S), N(t,X,S), C(t,X,S, y) - u3BeCTHbIE  (DYHKIMH,

OMnpeaACIICHHBIC COOTBETCTBCHHO B obractu

G, ={t.xy): t,<t<T, a<y<x<bh)
Gz:{(LX’Y): t,<t<T, a<x<y<bj
G, ={t.xs): t,<s<t<T, a<x<b}
G, ={t,x;s): t,<t<s<T, a<x<b}
G, ={t,x,s,y): t,<s<t<T, a<y<x<b}

f(t,X) -U3BecTHas, a U(t, X)- HeusBecTHas ()yHKIUS, (t, X)e G . Pemenue U(t, X)
UIIeTcs B LZ(/),I// (G) e V(t,X)E LZW,/ (G)

Hv(t, x) dp(x)dy(t) < oo |

G

TOTrJa U TOJIBKO TOI'Ia KOT'JJa

0O0o03HaYNM

{P(S, v,2)= A, Y,2)+ B(s,2,y), (s,y,2)eG,,
Q(s,y,7)=M(s,y,7)+ N(z,v,s) (s, y,7) €G,. (4)

Omnpenesaenus. [IponsBoaHoN 1o o(x) byHKIIIN F(x) 5 Touke * (a,b) Ha3bIBACTCS

npesen OTHOLICHUS MpupameHus (yHKINH AT(X) npupanieHno  QyHKIUU Ap(x) npu
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CTpEMJICHUH MPHUPAILEHHs apryMeHTa AX ¢ HYJIIO (€CIIN ATOT MPEJEI CYLECTBYET):

f'(x)— (X)—I AT _ gy T AN~ T(X)
® Ax—0 A(D(X) Ax—0 (D(X + AX) _(D(X)

Haxoxnaenne mpous3BOAHONW — (DYHKIIUU () o o (x) OylneM  Ha3bIBaTh

QG epeHIIMPOBaHUEM TI0 () 510 ¢ynkunu. Ecim QyHkius F(X) 5 roure X<(@b)

UMEET KOHEUHYIO ITPOU3BOJIHYIO 110 ?(x) , TO QyHKIHSA F(%) yasemsaeres g depeHpyeMoit

1o P(x) 4 9TOM TOYKe. DyHKIHSA F(x) , muddepennupyemast 1o ?(x) BO BCEX TOYKax

MHTEpBaJIa Ha3bIBaeTCA AU PepeHIIpyeMOon IO P(X) o (@b),

C moMoIpi0 MpOU3BOJHON MO BO3pacTarolield (GyHKIMH U METOJOM HEOTPHUIATEIbHBIX
KBaJIPATHYHBIX ()OPM JJOKA3BIBACTCS TEOPEMA CIMHCTBEHHOCTH peleHui ypaBHeHu (1).

[1yCTb BBINOJHSAIOTCS CIEAYIONINE YCIOBHUS:

1) P(s,b,a)>0, seft,,T],P(s,b,a)eClt,,T],

P'(y)(s, y,a)<0, (s,y)eG, P(;(y)(s, y,a)eC(G),

P, (s.b,2)20, (s,2)€G, P, (s,b,2) €C(G),
Pl (s y,2)<0, (s,y,z)eG, Pq;;z)¢(y)(s,y,z)eC(Gl),

Q(T,y.t,)=0, ye[ab], Q(T,y.t,)eC[a,b],
Q5 (5. V%) <0, (s,Y)€G, Q) (s, ¥.t,) €C(G), |
Q(T.v,7)>0 (y,7)€G, Q) (T,y,7)eC(G),

Q" s (8 ¥:7)<0,(8,Y,7) €G,, Q" 1), (5 (8 :7) €C(Gy).

U I IF000T0
v(t,X) e LZ(G),IA(t,x, y)v(t,y)dgp(y),JB(t,x, y)v(t,y)dw(y),jM(t X,S)V(s, X)dy (s) jN(t X,5)v(s,x)dy (s) e C(G),
a X f

rIe C[tO,T], C(G), C(Gl) u C(G3)-HpOCTpaHCTBO BCEX HETPEPHIBHBIX U OTPaHUYCHHBIX

(yHKIHMI COOTBETCTBEHHO B 00J1aCTH [tO,T], G,G, u G;
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2)C(T,b,t,,a)>0,

C,(s) S,b,to,a)EC[to’T]’ C’

e (8.0,t,@)<0 Vs e[t T],

(
C..(T.b,7,8)eClt,,T], C,,,(T,b,7,2)20V r€[t,, T],
Cly) (T.y.t,,a)eClab], Cly) (T.y.t,,a)<0V ye[a,b],
C(;(Z) (T.b,t,,z)eC[a,b], C(;(Z) (T.b,t,,z)=0Vze[a,b],

C”

w(s)o(

(s y.ty,2)eC(G), C;(S)¢(y)(s, y,ty,2) =0V (s,y)€G,
Coiooin (T, 7,5) €C(G), C oy (T, 7,1) <OV (y,7) G,
Cliws (8:0,1,2)€C(G), C) . (5:b,%,2) <0V (s,2) G,
Clipn (T:0,7,2)eC(G), C) ., (T\b,7,2)>0V (7,2) G,
Colomisiola (8 Y:7:8) €C(G3), Cllp o) (8:Y,7,2) 20V (8, Y,7) €6,
Coamis) (80,7,2) €C(Gs), CJ e (8:0,7,2) <0V (5,2,7) €G;,
C;’(Z)W(S)(p(y) (s,¥.1,,2)eC(G,), C(Z,(Z)W(S)(P(Y) (s,¥,t,,2)=0V (s,y,2) G,

Clierotaron (T:¥:7:2) €C(GL)s Clliypiayopy (T1¥:7,2) <0V (7,Y,2) G,

7)o( y(r)e
Coton(aw(siots) (5:¥:7.2) €C(Gy), C;'(Z§¢(Z)w(s)¢(y) (s.¥,7,2)20V (s,y,7,2)€G,,

o(s.b,7,a)eC(Gy), C)

Vot ($D,7:8) S0V (5,7) € Gy ={(s,7):t, <7 <5 <TH,

C;:(Z)w(y) (T’ y’tO’Z) EC(GG)’ C;(Z)co(y)(T’ y’to’z) SOV(y,Z) €G; = {(y,z) raszsys b},

3) Ilpu noutu Bcex (S, Y, T, Z)E G4 W JUIS THOOBIX Oy, Oy, Olg, Oy € R -

L(S’y’f’z’al’az’ag’a“):(s—to)l(y—a)(_Pag(y)(S’y’a))“f+
+(S—to)1(y_a)(_Q co(y)(S y to))afz2 +(S—t0)2(y—a)( (s,y.t a))alaz +



(—C;(T) (s,y.7, a))a3a1 +

y—a

~P o) (s,y, z))aj +

S_to (_CZ’ (S, y’tO’ Z))a2a4 +q(

+H(-2C] i (8,,7,2) s 20

4) Ecnu mpu moyTH Bcex (S, Y, T, Z)e G4 L(S, Y, 7, Z,al,az,a3,a4): 0, TO
BBIMOJIHSCTCSI, XOTS ObI, OJJMH U3 CIICIYIONIMX YCIOBHUI:

De, =0, 2)a,=0; 3 a;=0; 4) e, =
Teopema. Ilycte BoimonHswoTcs ycioBust 1), 2), 3) u 4). Torga pemienue U(t,X)

2
ypaBHeHus (1) €eTMHCTBEHHO B Kilacce L gy (G)
Joxka3zarenbcTBo. B cuy (2) ypaBHeHHe (1) 3anuiremM B BujeC

IA(t,x, yu(ty)de(y) IB (t,x y)u(t,y)de(y) IM (t,x,s)u(s,x)dy(s)+

:[N (t,x,s)u(s, x)dy/(s)+tj'jc(t,x,s, yu(s,y)de(y)dy(s)=f(t.x) (tXx)eG. (a)

O06e vactu ypaBHeHUs (4) YMHOKUM Ha U(t, X) U MHTerpupyem no odmnactu G:

A(s,y,z)u(s,z)u(s,y)dy (z)dy(s)de(y)+

|

+

& —y
S ey D C—
< T

B(s,y,z)u(s,z)u(s,y)dw (z)dw(s)de(y)+

D ey T

+THM (s,y,7)u(z,y)u(s,y)dy (z)dy (s)de(y)+

atyt,

TN v a0 60+
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b
]
a

S ey —

[[c(s.y.z.2)u(z,2)u(s,y)dy (z)dy (z)de(s)de(y) =
b ©)
=[] f(s.y)u(s,y)de(s)de(y).

t

m'—.o‘

o

[Tpumensist popmyny Hupuxie us (5), umeem

bTy

JIITAG.y.2)+ B2 0]u(s.2)u(s.y)dv (2)de(s)do(y) +

aty a

4530 N e G 0t
et e utmauy)o @l -

thO (6)
- [] s y)u(s)s0(s)d0()

VYuuteiBas 0003HaueHHS (3), MOTYyIHM

IIIP(S’ y,2)u(s,z)u(s,y)de(z)de(y)de(s)+

t,aa

+ﬂiQ(5 y,o)u(z,y)u(s,y)de(z)de(s)de(y)+
atyty (7)

[IpeobOpaszyeM KakIbIil 13 UHTETPAJIOB JIEBOM yacTu ypaBHeHUs (7). JBax bl

UHTETPUPYS 110 YaCTSIM U IpuMeHsst popmyny Aupuxie, A IEpBOro HHTErpaja MmoJIyqyum

Tby

I []P(s:yi2)u(s.2)u(s.y)dv (2)do(y)de(s) -

jjljy‘P (s,y.2 %Uu s,v) dv]dy/(z)u(s y)de(y)de(s)=
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Th

=§jp<s,b,a>@u<s,v>dv] dp(s)-2]] P;<y>(s,y,a>[Iu<s,v>va do(y)do(s)+

ty a

+%jiP;(z)(s b z)@u(s,v)dv) dy (z)de(s)
1':by J ‘ “
_E;[ﬂp"’,z (s,y,2) [Iu (s,v va do(y)de(s),

rae P'W(Z) (t,X,S), P(p'(x) (t,X,S) YaCTHBIC IPOU3BOJHBIC TIO t u S coorsercrenno.

I[Ba)KI[LI HHTCIrprUpYys 1O 4aCTAM U IPUMCHSS (1)OpMy.]'II>I [[Hpnxne IJIA1 BTOPOI'O HHTETpaJia, UMECM

bTs

[[]Q(sy.2)u(my)u(s.y)dp (2)do(s)do(y) -

atyt

bTs S

=—HIQ<s,y,r)§[Iu<:,y>d: deu(s,y)de(s)de(y) =

atyt

Q(T.v.t) U (&,y)dS | do(y)-

t

__IJQ S, y,to)UU(é,y)dfl dy (s)de(y)+

S

g : ©
2o [j (e y)ng do(2)dy (5)doly).

Jlnst mpeoOpa3oBaHus TPETHEr0 HHTErpasia, UCIOIb3yeM COOTHONICHUE

"

OV =(C7) o~ (Chi) oy (G )+ Cliotn”

Torna, MHTETpUPYS M0 YACTIM, UMEEM

bT sy

[[[]c(s.y.n.z)u(z.2)u(s,y)de(z)dy (z)dy (s)de(y) =

atyty a
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2

C.(s Y., z)(ﬁu(i,v)dvdé}u(s, y)de(y)dy (s)de(z)+

z

[anee, umes B BUY, YTO

" _ 1 2 " 1 ' 2 , 1 ' 2 ’ l " 2 ' '
CVVasinn _E(CV )W(s)(p(y)_E(CV/(S)V )(p(y)_a(cw(y)‘/ )q,(s)-'_ECV/(S)(ﬂ(y)V ~CVaVets

U npuMeHenueM Gopmyiy Jupuxie, moaydum
bT S y

—“.C (T,b,to, a)Uu (é,v)diju (S,V)dedl//(S)d(D(y)-l-
aty ty a

e o) Jfueveco | ovo-
—%:{ic;(s,b,r,a)@ J u(f,v)dvdf) dy (7)dy (5) -

2

aty

_lﬂc;y(T,y,f,to)mu(g,v)dvdg} dy (2)de(y) +
%jﬁc;gy(s,y,r,a)mu(g,v)dvng dy (7)dy (s) -

thtjc (s,y,z,a Uu(g y)ngUu(s v)dvjdz//(r)d://(s)

+%C;(T,b,to,z)(”u(f,v)dvdéJ do(z) -

ty 2
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+%31C; (T,b,z,2) Uju (&) dvdf] dy (r)de(z) -

_%mc;y(w,r ; [ [fu(ew) dvdij de(2)dy ()de(y) -

bTs

_%”jc;s(s,b,r,z)[jju(g,v)dvdgj dy (r)de(s)de(z) +

atyty

bT sy

e esea]

N C— <

atty a

U(f,V)dvdiJ do(z)dy (r)de(s)de(y) -
(10)

—Z]jic;z(s,y,r,z)@u(f,y)df]@u(S,V)dVJdcﬁ(Z)d'//(T)dW(S)d¢(y)

oo

Bripaxxenus (8), (9) u (10) moxacrasiss B (7), morydum

%(T,b,to,a)[ﬂu(f,v)dgdv]z +%_T[{P(s,b,a)[iu(s,v)d\/}2 .

—C,,(s.b,t5,2) (”u v,& dvng +C,(T.b,s,a U

at,

D ey T

u(&,v) drfdvj }dW(S)-l—
1b T 2 yT 2
+§£{Q(F,y,t )Uu () dcfj y)(T,y,to,a)£££u(v,§)dvd§] +
u(é&,v dvdﬁj } o(y)+

iﬂ”{ {””J“ v fu(&.9)42 <5’y>df’f”(s’v)dv]+

b

(T btoyU

~<'—.cr

2

+(s—t0)(y—a){ (s,b,y UU (s,v) dv] +Q, 6 (T:Y:9) UU &y dfj
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)T

f

m'—.~<
) Sy —|

jfu (&v dvdf}

u(s,v) dvdf}}

2
+C oo (s,y.t,@ [ u(&,v dvdfj —C, o (T V18,1, {

sb 2 T
‘C&y)w(s)(s’b’to’y)(”“(év)dvdfl +Clgoiy (TiD1S,Y) U

by

< — T

2
1 " 3
y—a[c‘”(”‘”(s)‘/’(y) Sy.7.a U u(g,v) dvdﬁ}

T

u(;‘,v)dvdﬁj ]+

—Cll e (80,7, y){

N Sy
< T

2 2
1 (f " B
+;{Cg}z>w(s)w(y)(3,y,to.Z)UJU(év)dvde =Clio2) T y,S,2) [”u Ev dvng ]
0 Sz

ty z

(V)
TCy ey (31 Y, 712 (

N'—-.U)

j“ (&v) dVd?J }dcﬂ(Z)dw(f)dw(S)d(p(y)—

——”C” (s,b,z,a @:u(f,v)dvdgj dy (7)dy (s)-

to ty

__,”CfZ(Z)w(y) (T, y.t,, z)UEu(é‘,v)dvdéJ do(z)de(y)=

(11)

[Iycth f (t, X) =0, (t, X) € G. Torma yuuThiBast ycioBus 1), 2), 3) u 4), u3 (11) umeem

ju(f, y)dE=0,v(s,y)eG fu(s,v)dv=o, V(s,y)eG

ty
Orcrona U(t, X) =0, TIPH BCEX (t, X) €G. Teopema mokasaHa.
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Tawxenm, Y30exucman

Aunnomayusn. B oannoii pabome 015 8bipodcoare20cs napaboIuuecKko2o ypasHerus 0pooHo20 nopsoka ¢

onepamopom 1 epacumosa-Kanymo uzyuaemcs nenoxamvhas oopammuas 3adawa muna buyaosze-Camapckoeo. /s

peuienus 3a0ayu UCNONb3Yemcs CNEeKMPAIbHbLI MEMOoO, ¢ NOMOWbIO KOMOPO20 PACCMAMPUBAEMAsl 3a0aYad C8OOUMCS

K UCCNIe008AHUI0 CHEKMPAIbHOU Kpaegou 3a0dauu 07si 0ObIKHOBEHHO20 OUPOepeHyuanbHo2o ypasHenus 6mopozo

nopAOKA OMHOCUMENbHO NPOCMPAHCMEEHHOU nepemennol. Hccniedosansvt cnekmpaibHble 80NPOCHl NONYYEHHOU, a

MaKdice CONPSNCEHHOU 3a0auu, npu SMom Ou@Oepenyuaivbhblli 0nepamop, COOMEemcmeyioWull CONPANCEHHOU

3adaue, noayuaemcs paspvieHvim. Haiidenvr cobcmeennvle uucaa, a makace coocmeaennvie QyHKyuU 3a0a4, 00Ka3ana

noaxoma, a makdxuce basuchocmsv Pucca nonyuennvix cucmem. /lanee, npu onpeoeneHHbiX YCI08UAX HA 3A0aHHble

@ynxyuy, 0oKazanvl meopemvl 0 €OUHCMBEHHOCMU U CYWECMBOBAHUs peuenuss nocmasiennol 3aoayu. Illpu

ookazamenbcmee eOUHCMBEHHOCMU PEUeHUsl 30U UCNONb3Yemcsl NOIHOMA CUCTHEMbL COOCTNBEHHbIX (PYHKYUIL,

coomeemcmayowel CneKmpaibHoU 3a0ayu, a peuienue 3a0aiu npeoCcmasisiemcst 8 uoe aOCoIOMHO U PAGHOMEPHO
cxooawezo psaoa.

Knroueewie cnosa: oopamnas 3aoaua, onepamop I epacumosa-Kanymo, ypasnernue OpobHozo nopsoka, 6asuc

Pucca, CONPANCEHHAA 3a0aua.
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Abstract. In this paper, we study a nonlocal inverse problem of the Bitsadze-Samarskii type for a degenerate
parabolic equation of fractional order with the Gerasimov-Caputo operator. The spectral method is used to solve the
problem. Using this method, the problem under consideration is reduced to the study of a spectral boundary value
problem for a second-order ordinary differential equation with respect to a spatial variable. The spectral questions
of the obtained problem, as well as of the adjoint problem, are investigated, and the differential operator
corresponding to the adjoint problem is being discontinuous. Eigenvalues and eigenfunctions of the problems are
found, completeness and the Riesz basis property of the obtaining systems are proved. Further, under certain
conditions on the given functions, uniqueness and existence theorems for a solution to the posed problem are proved.
When proving the uniqueness of the solution to the problem, we use the completeness of the system of eigenfunctions
of the corresponding spectral problem, and construct the solution of the problem in the form of an absolutely and
uniformly descending series.
Key words: inverse problem, Gerasimov-Caputo operator, equation of fractional order, Riesz basis, adjoint

problem.

1. Benenune u mocranoBka 3agaum (Introduction and problem statement). Cpean
NEPBBIX MMEIOIIUXCS B JIMUTEpaType padOT MO HEJIOKaJIbHBIM 3aJayaM MOKHO Ha3BaThb
UCCJIEIOBAaHKE, TOCBAILEHHOE W3YyYEHUIO HEJNOKAIbHBIX JJUIMITUYECKUX KpaeBbIX 3a/ad,
npuHaiexamee T. Kapnemany [1]. OH paccmorpen 3amady ¢ HEJIOKAJIbHBIM YCIOBUEM,
3aKITI0YAIOIIYIOCS B MOMCKE roJoMophHON (QyHKIIMM B OrpaHMYEHHON 00JIacTH, CBS3bIBarOILEH
3HAYEHMS 3TOM (PYHKIINU B Pa3HBIX TOUKAX IPaHUIlbl. JTa 3ajja4ya ObLIa CBEJIeHA K CUHTYJISIPHOMY
MHTETPAJIbHOMY YPaBHEHMIO C OTKJIOHEHHEeM. OTMeTuM Takxke padothl [2] u [3], B KOTOpBIX
U3y4aJInCh a0CTPAKTHBIE HEJOKAJIbHBIE SJUIMNTHYECKUE KPAaeBble 3a/1a4H.

HenoxanpHas kpaeBas 3ajlada HOBOTO THIIA JUISL JIMITUYECKOTro U depeHInanIbHOro
YpaBHEHHUs, BO3HUKAIOIIAas B TEOpUH Iula3Mbl, Obula copmynupoBaHa A.B.bunanze u
A.A.Camapckum [4]. Ota 3agaya Oblia cBeleHAa K HMHTErpaibHOMY ypaBHeHuto dpexaronbma
BTOpOro poaa. C mMOMOIIBIO MPUHIUIA SKCTPEMyMa JJIs SJUIMIITUYECKUX YpAaBHEHHH, JOKa3aHa
€IMHCTBEHHOCTh KJIACCUYECKOT'O PEIICHHUS.

Janee, pe3ynbTarhl 10 TEOPUHM YPAaBHEHUN B YAaCTHBIX MPOU3BOAHBIX U (YHKIIMOHAIBHO-
mubdepeHIIMaTbHBIX ypaBHEHUI IMO3BOJMIIM HCCIEIOBAaTh MpOOJeMy pa3peluMocTd s
LIMPOKOTO KJIacca HEJOKAJIBHBIX JUIMINTUYECKUX KPAEBbIX 3a7a4 [5]. AHaJIOrMYHbIE 3aa4M AJIs

yYpaBHEHMI CMEIIaHHOTO THUIIA U3yJaluch B padortax [6], [7].

IMyctre Q={(x,t):0<x<10<t<T}, T>0, CD&zJé{“%,O<aS1 -

o v o
uHTerpo-auddepeHnnanbHeIN oneparop I'epacumona-Karyro, a JOt - UHTErpAJIbHBIN onepaTop

Pumana-JInyBuiist, KoTopas onpeensercs mo gopmyiie [8]
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t

I p(t) :ﬁ j (t—7)" " o(r)dr,v >0.

B obmactu ) paccMOTpHM CIEAYIONIYI0 OOPATHYIO HEIOKAIBHYIO 33/1a9Yy:

3agaua BS. Tpebyercs naiitu napy ¢ynxmumit (U(X,1), g(X)) wu3 xmacca
u, .t7”Dgu, u, eC(Q), g(x)eC[0,1],

YIOBJIETBOPSIONIYIO B obsactu () ypaBHEHHIO

t7.Dgu(x,t)=u_ (xt)+g(x) (1)

" YCJIOBUSAM
u(x,0) =e(x),0<x<1, u(x,T)=w(x),0<x<1, 2)
u@0,t)=0,0<t<T, ulLt)=u(x,t),0<t<T. (3)

3nece @(X),w(X) - zamannsie dynxkumn, fF>0,0<x, <1.

2. CnekrpaabHble cBoiicTBa 3amaum BS (Spectral Properties of the BS Problem).
CHavajla M3y4nM CIICKTpajbHBbIC CBOWMCTBA 3amaum BS. s 3TOro paccMoTpum OZHOPOIHOE

YpaBHCHHUEC
t7.Dgu(x,t)=u_(xt), (4)

COOTBETCTBYMOIIEe K ypaBHeHuto (1). J{ns pemenus 3agauu BS mpuMeHnM cieKTpanbHbIN METO,
COTJIaCHO KOTOPOMY, HETPUBHAIBHOE YAaCTHOE pEIICHHE 3aJa4dl MIIeTCs B  BHJIE
u(x,t) = X(x)-T(t). Hoxcrasnss mocnensee B ypapHerue (4) ¥ HOb3yAch ycaoBusaM (3) a1s

naxoxaenus X (X) momyumm claeayromnyro cieKTpanbHyro 3a1ady
X"(X) + AX (X) =0, X (0) =0, X (1) = X (x,). ©)

pu A <0 wuccnenyemas 3amaua uMeeT TONLKO TpHBHAIbHOE pemienue, a mpu A >0

MMOJIYYHUM IABEC CEPHUU COOCTBEHHBIX YHCET

2 2
lm:[wl ,/Inzz(zn—ﬂ) neN, ©6)

1+ X%, 1-X,

KOTOPBIM COOTBETCTBYIOT COOCTBEHHbIE (DYHKITMH BHJ1a

X, () =sin 4, x, X, () =sin [2, x,neN. (7)
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OTMeTHuM, 4TO CpeIu IABYX CEpHi COOCTBEHHBIX YHCEN U3 (6) MMEIOTCS COBIIAIAOIINE.
JleiicTBuTensHoO, npupaBHuBas Ay u A, u3 (6), MOTydIHM COOTHOIICHHE MEXAY X,, S H

m:
_2s-2m-1

X, =———,5,meN,s>m, (8)
2s+2m-1

IIpH 5TOM, COOTBECTCTBYIOIIUEC 3HAUCHU A /Isl u ﬂfmz COBIIaAArOT, TaK YTO CUCTEMA COOCTBEHHBIX

¢ynkuuii (7) He OynmeT MONHOW M BO3HHKAeT MpoOieMa O JOMOJHEHHUH ATOH CUCTEMBI C
MPUCOCAMHCHHBIMH ()YHKIIHSIMH.

BriepBbie 3a1a4a (5) uccienoana B padboTte [9], rie moka3aHa moJiHoTa KOPHEBbIX (DYHKIIHIA
muddepeHIMATEHOTO OIepaTopa, COOTBETCTBYIONICH K 3TOM 3amade. CriekTpalibHas 3a/1a49a BUIa
(5) B Gosee oO1Iel MOCTaHOBKE HcchenoBana B padbore [10], rae HaiiaeH 6osee o0l KpuTepuit
0a3MCHOCTH, TO3BOJIAIONIMH  YCTAHOBUTh  0a3MCHOCTh  Pucca  KOpHEBBIX  (DYHKIIMIA

muddepeHIMaTbHBIX OMEepaTopoOB B CIydae HECAMOCOIPSHKEHHBIX 33/1a4.

Teneps, Tak kak cooTHOMIEHHUE (8) 3aBUCUT TaKKE OT TOYKHM X;, TO BBIACHUM XapaKTep

ATOM TOYKH, TEM CAMUM YTOUYHBIM PE3yJIbTATHI BHIIICYKa3aHHBIX Pa0oT.
SlcHo, uTo, KOra X, HMppanuoHanbHOE YKcio u3 uatepsana (0,1), cootHomenue (8) He

UMEET MECTO, 3HaUUT, COOCTBEHHBIE YKCIIa U COOTBETCTBYIOIINE COOCTBEHHbIE (PYHKIIMU 3a7aun
(5) paznuunbl. Tenepb OCTaeTCs BBIAICHUTD XapaKTep pallMOHAIBHBIX YMCEN U3 3TOT0 HHTEpBaJa.

Crnenyromuii nmpuMep TMOKa3biBaeT, 4To (8) HE HMeeT MeCTO M HpU HEKOTOPbIX
paluMOHANBHBIX 3HAYEHUAX X, . JeHCTBUTENBHO, pacCMOTpUM Ciydan X, ZE. Torma uz (8)

crenyer 2S=6M+1.Bcuny M,S€ N, uncno 6M+1 Bcerna neuernoe, a 2S - uetnoe, T0
ecthb (8) He umeeT Mecto Hu npu kKakux M, S € N . 3nauur, cymecTByrOT panmoHanbHEIE IPooH,

MPU KOTOPBIX BCE COOCTBEHHBIC (DYHKITUHU PA3TUYHBI.
Teneps HaxoauM CBA3b MEXIY 3HauUeHMAMU X,, S W M, IPH KOTOPBIX CIPABEIIHBO

paBeHCTBO (8), a Takke JaéM aqrOpPUTM HAXOXKIEHMS COOTBETCTBYIOIMX 3HaueHuit M,S€ N .

Nwmeet mecto:

Jemma 1. ITycts X, € (0,1) - paunonansroe uncio, Takoe, 4to X, = P, rie p<q,a
q

P u (- B3auMHO IpOCTHIE HEYETHBIE HATypaJIbHbIE uncia, npuueM ( — P kpatHoe Kk 4. Toraa

CYIIECTBYET CUETHOE YMCJIO 3HAaUeHUl S u M, Takue 4To /Ui ABYX CEpUil COOCTBEHHBIX YHCEI
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u3 (8) umeer mecro Ay =4, .

Joka3areabcTBO. J[€HCTBUTENBHO, M3 YCIOBUS Ha X, , COOTHOIIEHHE (8) mpuUMeT

[ (14%{01107178:370i

s_mp+q) 1
q-p 2

Io ycnosuio, — P - KpaTHOe K 4, TOraa oHo npeacrasisercs B Buae (— P =4r, rue

9)

e N.Orcrona = p+4r. Torna (9) npuaumaer Bua
m
g—mp+2r) 1
2r 2

[lo ycnoeuto, uncna [P,( wnedernsie. Torma, odeBuanHo, uto umcio [P+ 26 Taxke

(10)

HEYETHOE, a YHucia p+2r u 2¢ He MMEOT 00mMX nenureneil. 3Haumt, ycinosue S € N
MOKHO OOECIICYHTh TOJIBKO 3a CYeT 3HaueHWH M U, HETPYIHO BUACTH, YTO 3TO UMEET MECTO
TONBKO M TONBKO Torma, korma M=K-r , roe K -moGoe HedeTHOE HaTypaJbHOE YHCIIO.

JleficTBUTENBbHO, IpH TakuX 3HaYeHUAX M u3 (10) umeem
k(p+2r) 1
_Kpron) 1
2 2

u tak kak K(P + 2r) -ueuetnoe, orciona cnenyer, uto S N .
Takum o0pa3zoM, NI HAXOXKACHUS 3HaUeHM S u M, mpu KOTOphIX (8) UMEET MecTo,
MOJTYYIJIHA CIIEAYIOIIHE (POPMYITBI
m(p+a) 1
q-p 2
(11)

m=k-r,s=

—p

rie Fr=——, k=13,5,.... Jlemma noka3ana.
YuursiBas nemmy 1 u popmyiy (8), urrepsain (0,1) pasgennm Ha aBa MHoxectBa Q, u

Q,,rme Q, comepxur Bee panroHaNbHBIE X, , YAOBICTBOPSIOUMH yCIoBHsIM JieMMbl 1,2 Q)

- BCC OCTaJIbHBIC.

Hapsiny c 3anaugeii (5) paccMoTpuM 3a/1ady, CONPSIKEHHYIO K 3TOM 3a/1a4e

=Y"(x) =AY (x),x € (0, %,) W (X,,1), (12)

Y(0)=Y(@)=0,Y (X, +0)=Y(x,—0),Y' D) =Y'(X,+0)-Y'(X,—0). (13)
93



OtMmetum, uto 3anaya (12)-(13) koppekTHa, TO €CTh OHA HE UMEET JIUIITHUX YCIOBUU. DTy
3a/1a4y HaJI0 pacCCMOTPETh, KaK JBE KPaeBbIe 3aJ]a4M C YCIOBUSAMU CKJienBaHus Bujaa (13).

[TepexoauM K HaxOXJEHHIO cOOCTBEHHBIX (PyHKIWMI 3anau (5) u (12)-(13). Paccmorpum
ciydaii X, € Q,. B 3T0OM cityuae moiyunM ABe Cepur COOCTBEHHBIX 4ucel BUAA (6), KOTOPLIM

COOTBETCTBYIOT cOOCTBeHHBbIE (GyHKUIMH Buaa (7), mpuuéMm Bce AT (QYHKIMH pa3HbIE U HE

OpTOroHaJIbHEIC.

3amaua (12), (13) npu X, € Q, Taxxe mmeer cobcrBeHHbIe uncna Buga (6). Pemas oty

3a/1a4y, HETPYIHO BUICTh, YTO COOCTBCHHBIC ()YHKITUN UMEIOT BH/T

—451"1#51)(, 0<x<x, 0, 0<x<x,
+ X
Yo()=5 .. ° Y, () =1 2sin g, (x—1 . (14
, X < x<1 (1-x,)cos i,
(¥, +1)cos 4,

Jlemma 2. Cucremsl ¢pynkimii (7) u (14) sBisirorcst OMOPTOTOHAIBHBIME, TO €CTh UMEET

MECTO

1,s=m, =1 1,s=m,j=2

(Xsl(X)’ij(X))LZ(O,l) = ’(X52(X)’ij(x))Lz(0,1) - 0,s#m, J :1’2'

0,s#m,j=12

Jloka3aTeibCTBO JIEMMBI 2 TIPOBOJST HEMOCPEACTBEHHO C IOMOIIBIO BBIYUCICHUS

COOTBETCTBYIOIIMX HHTEIPAIIOB.
Jlemma 3. Cucremsi (7) u (14) obpasytor 6asuc Pucca L,(0,1).

OtmeTum, uto Oosiee moapoOHYI0 HHpopMaluio o 6azucax Pucca MoxxHO HailiTu B paboTax
[11, 12].

TakuM xe 00pa3oM HCCIENYIOTCS BOMPOCHI 0a3MCHOCTH COOCTBEHHBIX (YHKIIMHM s
sHaueHnit X, w3 Q,. Ormernm, 4yto B 3TOM ciydae 3amaun (5) u (12)-(13) umeror momumo

coOCTBEHHBIX (yHKUUH, e€m€ U NPUCOECTUHEHHbIE (YHKIUU, COOTBETCTBYIOLIUE TEM

CcOOCTBEHHBIM 3HAUEHUSIM, MOPSAKOBBIE HOMEpa KOTOPBIX, onpeenstores o gopmyinam (11).

3. CyliecTBOBaHME U eAMHCTBEHHOCTh pemuenus 3anaun BS mpu X, € Q, (Existence

and uniqueness of a solution to the BS problem for X, € Q,).

HepCXO,Z[I/IM K HCCJIICAOBAHUIO CYIICCTBOBAHUA WU CAMHCTBCHHOCTU PCUICHHUA 3adadU BS.

CornacHo TeopuH, pelIeHHE U(X,t) ) g(x) 3amaun OyJeM MCKaTh B BHJIE PA3JIOKEHHS IO
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CIeNUaIbHO BEIOpaHHOMY 0a3ucy u3 cuctembl GyHkIuit (7)

u(x,t) =i(un1(t)-xn1(x)+un2(t) X2 (X)), (15)
g(x)zi(gnl'xnl(x)+gn2 'an(x))' (16)

rae U, (t) - nemssectHsie pyHKIMU M, - HEU3BECTHBIE IOCTOSHHBIE.
[Moncraensas (15) u (16) B ypaBHenue (1), momydnM COBOKYITHOCTh YpPaBHEHHMH JUISA

naxoxaenus Gynkumii U, (t),U,,(t) nmocrosumbix §.4,0,,:

t77 ¢ Dgly (1) + AUy () =9y, =12, neN. 17)
W3 npencrasienus (15), yautsiBas yciaoBus (2), a Takke IOJHOTY CUCTEMBI (7), IOy4YuM,

uro Heussecthble Gynkumun U, (t),U,, (t) Taxke ynosnerBopsior ycnosusm

Upi (0) = @, Ui (T) =9y, (18)

Tae @ni Wi - KOOQOUIMEHTBI pa3nokeHus (QyHKIUHI @(X) u w(X) B pag nmo cucreme

bynkuuit (7), KOTOpble HaXOAATCS MO GopMysIaM
1 1

O = [ PO ()X = [ (Y, ()X, (19)
0 0

a Y., (X),Y,,(X) - bynxuuu, onpenenennsie o popmynam (14), =12, ne N,

Haiinem pemenue ypaBuenus (17). Kak cnenyer u3 [8], obmiee pernieHre ogHOPOIHOTO

ypaBHEHHUs, cooTBeTcTBYMOIIEE (17) nmeeT BUA

Uy () =CyE 55 (=2t”?),
“Haa
rue Ea,m,l (2) - pynxuus Kunbaca-Caiiro [8, 13].

gni

YuuTeIBas, 4TO (I)yHKuI/IH uni (t) = —— SBJIETCSI YaCTHBIM PEIICHHEM HEOIHOPOIAHOIO
ni

ypaBHeHus (17), obmiee pemeHrne KOTOPOro MpecTaBUMO B BUJIE
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_ f+a gni H
u”i(t)_C”iEa,Hﬁ,aﬂ(_ﬂ”it )+7, =12, neN.

ni

Y 10BIETBOPSS ATO pelleHUE nepBomMy ycioBuio u3 (18), monyunm

ni

_ p+a gni pra
bO=0UE At )+ /1—(1— E 0 )}. (20)

Teneps onpenenum HemssecTHble ., 0,5 . Hag sroro pasencrso (20) ymoBiaeTBopum

BTOpOMY YycnoBuio M3 (18). Torma Juid HaxoXKIEHUS TOCTOSHHBIX (.4, 0,, THOIy4nuM

CJIEAYIOLINE YPaBHEHHUS

a+ a+ gni
P Ea l+££(_/1niT ")+ (@2~ Ea l+éﬁ(_/lni-r ﬁ))T =i

OTcrona
ﬂ’ni [l/lni — G Ea .y (_ﬂ’niT a+ﬂ)J
g, = 2 = , 1=1,2,neN. (21)
1- Ea,1+ﬁ,ﬁ (—lniT )

Hoxacrasnss (21) B Beipaxenne wis pyaxumii U (t) B (20), nomyunm

1-E L, ,(2l" ) E (At -E (4T

u.(t) = a'aa _ a o a’a . 22
n|() 1—E Wm 1—E 1 ﬁﬂ(—ﬂuniT'BJra) (Dm ( )

rae i=1,2,n€N.

TakxuMm oOpazom, HaifieH popMaNbHBIN BU PELISHHS 3a1a4u B BUje psanoB (21) u (22), toe
kodpuimentel §,; u Gynxkumn U (t) ompenensrorest cootBeTcTBEHHO MO PpopMmynam (21) u

(22).

3.1. EauncrBenHocts pemenust 3agaun BS. (Uniqueness of a solution to the BS

problem). Crauana nmpuBomuM HekoTopble cBoicTBa (yHkumun Kunbac-Caiiro Ea,m,l (—x),

KOTOPBIC UCIIOJIB3YCEM IIPU NOKA3ATCILCTBE CAMHCTBCHHOCTH U CYIICCTBOBAHUA PCHICHUA 3a1a4n
BS.
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1
Teopema 1 [13]. IIyemv >0, m>0 u |>——. Tocoa ¢ynxyus Ea’myl(—X)

(04
A6Nsemcs 6NnoJiHe MOHOI’I’IOHHOIZ HA (O,OO) eCcjlu U MOJIbKO eCJlU 8blNOJIHAIOMCA yCﬂoeuﬂ a Sl,
I>m-—.
(04

Tak xak E, ., (0) =1, u3 s1oit reopemst cenyer, uro

Caencreue 1. Jna mwboii X>&>0  cywecmsyem O >0

1-E, .. (-x)>5>0.

, makoe 4Ymo

Nwmeer mecro:
Teopema 2. Ecniu pemmenue 3agaun BS cymecTByeT, To OHO €IMHCTBEHHO.

Joka3arenbcTBo. [Ipennonoxkum, npoTuBonookHoe. [IycTs CymecTByOT ABa pEIICHUs

LU (1), 0,()} 1 {uy(%,1),9,(X)} sanam BS.

O6ozmaumm  U(X,t) =u; (X, t) —U,(X,t) u §(X)=0,(X)—g,(X) . Torna dynxium

U(X,t) u §(X) ynoBieTBOPSIOT ypaBHEHHIO

£/ DE(x,1) = 0, (%,t) + §(X) (23)
U YCIIOBUSM

a(x,0)=0, 0a(x,T)=0, 0<x<1, (24)

a(0,t)=0, u(x,t)=0a(Lt), 0<t<l1. (25)

Paccmotpum QyHKIHIO

0y (1) = [ GO 1)Yy ()dx, (26)

rae pynxmms Y, (X) onpenensercs no popmyse (14), 1=12, neN.
Ipumenstn oneparop - Dy, k 0b6enm wactsm pasencrsa (26) ¥ yduTbIBas ypaBHEHHE

(23), a Taxoke yciosust (24) u (25), 3akmouaem, yro dyukuust U, (t) ymosnerBopser ypaBHEeHHUIO

U YCIIOBUSIM:

t7 o DGl (t) + A0y () = G, . G,;(0)=0, T, (T)=0, (27)
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e §ni =(G(X), Y5 (X))o, 1=12, neN.

N3 (17), (18) u (22) momyuum, 4TO perieHue ypaBHeHUs W3 (27), yAOBIIETBOpPSIOIICE

IIEPBOMY KpPaeBOMY YCJIOBHUIO U3 (27), UMEET BUJ

11 gni +a
0, (t) = 7[]—_ Ea,1+ﬁ,ﬁ (_ﬂ“nitﬂ )j

ni

Otcronia, yioBIETBOPSIsi BTOPOE KpaeBoe ycioBue u3 (27), moaydyum

Gni +a _
7[1— E At )j =0.

Hanee, yaursias cieacrsue 1, nomyanm, uto §,; = 0. Orcrona cnenyer, uro 3anada (27)

MMEET TOJIbKO TpuBHaibHoe pemenne, T.e. U (t)=0, §,,=0.
B pesymprare momyumM, uto mas moboro dukcuposannoro te[0,1] dymxuum

U(x,t),§(X) oproronansusr k cucreme (14), koropas nonna 8 L, (0,1). Torna G(x,t)=0,

f (X) =0. EnuncreenHOCTS peneHus 3a1a4u JOKa3aHa.

3.2. CymecTBoBanue pemenne 3agaun BS. (Existence of a solution to the BS problem).
Jlokaxxem cyliecTBOBaHUE penieHus 3aaauu. FimeeT mecro:

Teopema 3. Ilycts pynxtmun @(X), w(X) yaoBneTBopsioT ycnoBusm

@(x) € C*[0,1], 9(0) = ¢"(0) = 0,9(1) = p(%,). 9" () = 9" (%,) ,

w(x) €C10,41, w(0) =" (0) = Oy () =y (%,).w" (D) = ¥"(%,).

Torna pemenue 3agaun BS cymecrsyer.

HMoka3areabcTBo. [lockonmbky cucrema (7) oOpasyer Oasuc Pucca B mpoctpaHcTBe

L,(0,1), o gpynxuuu U(X,t) u g(X) mokHO mpencTaBuTh B BHje GHOPTOrOHANLHOTO ps/a

(15) u (16), rne koapduumenter ¢, u Qynkumn U.;(t) ompenensrorcst coorBeTCTBEHHO MO

dopmynam (21) u (22).
HpI/I IMOMOIIN HEMOCPCACTBCHHOI'0 BBIYHUCICHHUA HCCIIOXKHO II0Ka3aTb, 4YTO (bYHKHI/II/I

u(x,t), g(x), onpenenennsie psamamu (15) u (16), ynoBieTBopsioT ypaBHerHuIo (1) 1 ycioBusaM
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(2), (3). Ocraércss moka3aTh TPABOMEPHOCTh OTHUX JeHCTBHMA. Temeph MOKakeM, 4YTO

u(x,t) e Cf"to (S_)) . U3 (15), muddepentupys asa paza U(X,t) mo nepemennoii x momyunum

Uy (X’t) = i(_ﬂnl Uy (t) xnl(x) - ﬂ'nz Uy (t) an (X)) . (28)

Tak kak | X . (X)[€1, 1=12, orciona cnenyer, uto

U (] <D (A U (O] + A, U, (1)) (29)
n=1
Ouenum dpynkuun U, (1) u U, (t). Vunrtsisas cBoiictsa pynkunu Kunbaca-Caiiro (cm.
Teopema 1, ciencreue), u3 (22) umeem
2 :
|uni(t)|gg(|¢ni|+|l//ni |)’|:112- (30)
Jlanee, MHTErpUpys 10 YacTAM BbIpaKeHUs I KodQUUUEHTOB @i, ¥, 13 (19), ¢

yaetoM (30) u ycrnoBuit Teopemsl, u3 (29) nomyunm

‘UXX(X,t)‘<C§;(;ﬂl( (4) (4)) /;2( @) )j

gpnl ‘W ¢)n2 ‘(//
1
e ¢ = Ico'v ()Y, () dx, ) = IW'V (X)Y, (x)dx,i=1,2, C>0.
0
Taxum oOpaszomM, psz (28) MaxxopupyeTcs psiioM

(1 1
2| Jr e )}
CXOOUMOCTB KOTOPOIr'O CJICAYCT U3 HCPABCHCTBA KomH-HJBapua, a TaKKC U3 CXOOAUMOCTHU PAA0B

SIP RS WP P, i=12.
n=1 n=1

Torma cormacHo Teopeme Beliepmrpacca [14], psan (28) cxomutcst abCOMIOTHO U

4

(4)
¢nl

(4)
(Dnz

o o

paBHOMepHO B obmactu () M ero cymma siBIseTCs HENpepHIBHON (YHKIMEH B TOH 06IacTH.

Taxum sxe 00pa3oM J0Ka3bIBaeTCs, YTO t7’ <Du(xt) e C(S_)), a T(x)eC[0,1] Britexaer

u3 toro, uto 17 DEU(X,t) e C(S_)) , U, € C(f_l) u u3 ypasHenus (1). Teopema nokasana.
99



Jlureparypa

1. Carleman, T.. Sur la theorie des equations integrales et ses applications. [Text] / T.
Carleman. // Verhandlungen des Internat. // Math. Kongr., Zurich. 1932. Nel. P.138-151.

2. Vyshik, M.1. On strongly elliptic system of differential equations. [Text] / M.I. Vyshik.
// Mat.sb. 1951. Ne 29. P.615-676.

3. Browder, F. Non-local elliptic boundary value problems. [Text] / F. Browder. // Amer.
J. Math.. 1964. Ne86. P.735-750.

4. bunanze, A.B. O HEKOTOPBIX IMPOCTEUITUX OOOOIICHUAX JTMHEHHBIX AJUIUNTHYSCKUX
KpaeBbIx 3a1a4. [ Tekcr] /A.B. buniamze, A.A. Camapckuii. //JJoxn. AH CCCP. /-1969. -T. 185. Ne
4. -C. 739-740.

5. Ckyb0auenckuii, A.JI. Hexitaccuueckue kpaesbie 3anaun [ Texct] /A.JI. CkybaueBckwmii
// CoBpemenHast Marematuka @ynnamentansusie Hampasnenus / -2007. -T. 26. -C. 3—-132.

6. H.Al.Shamsi, The Bitsadze—Samarskii type problem for mixed type equation in the
domain with the deviation from the characteristics. [Text] /H.Al.Shamsi, B.J.Kadirkulov,
S.Kerbal. // Lobachevskii journal of mathematics. 2020. Vol. 41. P.1021-1030.

7. Khubiev, K.U.. The Bitsadze—Samarskii problem for some characteristically loaded
hyperbolic-parabolic equation. [Text] / K.U. Khubiev. // Journal of Samara State Technical
University. Ser. physical and mathematical sciences. 2019. Vol.23. No.4. P.789-796.

8. Kilbas, A.A. Theory and applications of fractional differential equations. [Text] / A.A.
Kilbas, H.M. Srivastava, J.J. Trujillo // Elsevier. — Amsterdam: 2006. -523 p.

9. Epomenkos, E.Il. O nomHoTe cucteM KOpHEBBIX (GyHKIMHI IBYX 3amau bunanze-
Camapckoro. [Tekct] /E.IT.Epomienkos, b.K.Kokebaes. // B ku.: Tesucsr moxmanos VI pec.
Hay4. KOH(]. IT0 MaTeM. ¥ MeX., 9acTh 1/ Anma-ara: 1984. -C. 131.

10. Wnbun, B.A. HeoOxoauMele M J0CTaTOuHbIe yciaoBUsl OazucHOCTH Pucca KopHEBBIX
BEKTOPOB Pa3phIBHBIX oreparopoB Broporo mopsaka[Tekcr] / Uabun B.A // Tuddepen.
Ypaeaenus. 1986, tom 22, Ne 12, C. 2059-2071.

11. bapu, K. buoproronampHbie cHCTeMBl W 0a3WChl B THUILOEPTOBOM MPOCTPAHCTBE.
[Tekcr] / Bapu K. /Yu. 3an. MI'Y / -Mockga. -T. 148. Beim. 4. -1951. -C. 69-107.

12. Bynaes, B.JI. OproronansHbie u OnoproroHansHble 0azucel. [Tekcr] / bynaes B./I.
//N3Bectus PITIY um. A.W. Tepriena. -2005. -T. 5, Ne 13. -C. 7-38.

13. Boudabsa, L. Some Properties of the Kilbas-Saigo Function. [Text] / L. Boudabsa, T.
Simon. // Mathematics. 2021. 9 (217). P.1-24.

14. Wnbun, B.A. OcHOBBI MaTemaTHueckoro aHaimu3a. Yactp 2: yueOHuk [Tekcr]| /B.A.

Wnweun, D.I'. Tlo3nsk // — MockBa: Hayka, 1998. -448 c.

100


https://link.springer.com/article/10.1134/S1995080220060025#auth-H__Al-_Shamsi
https://link.springer.com/article/10.1134/S1995080220060025#auth-H__Al-_Shamsi
https://link.springer.com/article/10.1134/S1995080220060025#auth-B__J_-Kadirkulov
https://link.springer.com/article/10.1134/S1995080220060025#auth-S_-Kerbal
https://link.springer.com/journal/12202
https://journals.eco-vector.com/1991-8615/search/authors/view?firstName=Kazbek&middleName=Uzeirovich&lastName=Khubiev
https://journals.eco-vector.com/1991-8615/search/authors/view?firstName=Kazbek&middleName=Uzeirovich&lastName=Khubiev
https://www.elibrary.ru/contents.asp?id=33379417

BECTHUK OIIICKOT'O TOCYJAPCTBEHHOT'O YHUBEPCUTETA
MATEMATUKA, ®U3UKA, TEXHUKA. 2023, Nel

VJIK 517.968.22
https://doi.org/10.52754/16948645 2023 1 103

PET'YJISAPU3AIIAA HEJTUMHEHXHBIX THTETI PAJIBHBIX YPABHEHUM
BOJIBTEPPA TPETBEI'O POJA C IBYMS HE3ABUCUMBIMU IEPEMEHHBIMU

Kapakees Taanaidex Tynmemuposuy, 0.¢h.-m.H., npogheccop,

ttkarakeev@gmail.com

Ocenamanosa I'vican Kybanosua, cm. npenodasamens,

9999 gggg 74@inbox.ru

Kuipevizckuii Hayuonanvuwiii Yuueepcumem um. K. banracaevina

buwrex, Kvipevizckas Pecnyoauxa

Annomayusn. B pabome uccnedoeanvl 60npocsl pe2yispu3ayull HeIuHeuHblX 08YMEPHbIX UHMEZPANbHbIX
ypasuenuii Boremeppa mpemwez2o pooda 6 npocmpancmee Henpepwighvix Gynxyui. O60cHo8an Memoo pe2yispusayuu
J1a8PEHMbeECKO20 Mund, 00KA3aHaA CXOOUMOCMb Pe2YIAPU308AHHO20 PEUEHUs K MOYHOMY PEUEHUIO NO PABHOMEPHOU

MempuKxe 1 eOUHCMBEHHOCb PeuleHUs. YPAGHEHUs. 6 NPOCTPAHCTNGE HENPEPBIBHbIX (IYHKYUIL.

Kniouegvie cnosa: pezynapusayus, ypagnenue Borbmeppa, pagnomepHas cxooumocmy, Manblii napamemp.

9KHN KO3 KAPAHBICHI3 O3I'OPYJIMOJIYY YUYHUY TYPJAOI'Y
BOJIbTEPPAHBIH CBI3BIKTYY OSMEC UHTEI'PAJI/IBIK TEHAEMEJEPUH
PET'YJAPI0OO
Kapaxees Taanraibex Tynmemuposuy, ¢h.-m.u.0., npogheccop,
ttkarakeev@gmail.com
Ocenamanosa I'viocan Kybanoena, aeca okymyyuy,

9999 gggg 74@inbox.ru

JK.Banacazein amvindacvl Kvlpewiz y1ymmyk yHueepcumemu

buwxex, Kvipewviz Pecnybauxacol

Annomayun. Makxanaoa sxu K63 KapaHowvlcvl3 6326PYIMONYY YUYHUY mypoecy Boremepparvin coizvikmyy

omec unmezpaniovblk meyoemenepun yY3eyimyKkcy3 QYHKYUsiap meukunousunoe pezyasipooo maceiecu U3uioeHem.
Jlaspenmbeoux munmezu Memoo He2u30eneen, pe2yusipoaiean YbleapbliblUmblH MAK YbleapblibluiKkd OUp Kaibinmd
JHCHIIHATLYYCY JHCAHA MEHOEMEHUH YbleAPLLILIUBIHLIK Y32YAMYKCY3 (DYHKYUALAD MEUKUHOUSUHOE IHCANCbI30bIebl

OanunoeH2eHn.

Aukwtu co300p: pecynsapooo, Borvmeppanvin meyoemenepu, Oup Kanblnma JHColliHaLyy, KUiu napamemp.

REGULARIZATION OF NONLINEAR VOLTERRA INTEGRAL EQUATIONS
THE THIRD KIND WITH TWO INDEPENDENT VARIABLES

Karakeev Taalaibex Tultemurovuch, Dr Sc, professor,

ttkarakeev@gmail.com
101


https://doi.org/10.52754/16948645_2023_1_103

Esenamanova Guljan Kubanovna, teacher,

0999 gggg 74@inbox.ru
Kyrgyz National University J. Balasagyn

Bishkek, Kyrgyz Republic

Abstract. In this work, questions of regularization of nonlinear two-dimensional Volterra integral equations

of the third kind in the space of continuous functions are studied. The method of regularization of the Lavrentiev type

is substantiated, the convergence of the regularized solution to the exact solution with respect to the uniform metric
and the uniqueness of the solution of the equation in the space of continuous functions are proved.
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B pa6orax [1-3, 10] wucciemoBaHbl BOIPOCH PETYIAPU3UPYEMOCTH HMHTETPATBHBIX
ypaBHeHuir BomabTeppa Tpethero poma. B [1,5-8] oaHMM H3 CYIIECTBEHHBIX YCIOBUW Jis
MOCTPOCHUS PETYyJISIPU3UPOBAHHBIX YPABHEHUM, KOTOPBIE 00J1a1al0T CBOMCTBOM BOJIBTEPPOBOCTH
U OTHOCSTCS K MeToJiaM JaBpeHTheBckoro Tuma [9, C.49] sBnsercss cBOWCTBO MOHOTOHHOCTHU
U3BeCTHOU (pyHKIMH p(x) IpU HCKOMOU (PyHKIIMHK BHE HHTErpasia. Llepro JaHHOTO HCCIIeIOBaHHS
SBJISICTCSI U3YYEHUE BO3MOXKHOCTH PACIpOCTPAHEHHE METOJa PETyIIsipU3allii JIABPEHTHEBCKOTO
TUIA Ha CIy4all MHTErpajbHbIX ypaBHEHUN BosbTeppa TpeThero poaa ¢ 1ByMs HE3aBUCHMBIMU
IIEpEMEHHBIMA M OIIEPaTOPOM YMHOKCHHs Ha HempepbiBHYI (yHkuuio p(x,y), Koropas
SIBIIICTCSl HEYOBIBaroOIIel MO0 HeBo3pacraromiedl mo x QyHKIHUEH mpH BCeX Y W3 3aJaHHOTO
OTpe3Ka.

PaccmoTtpum nuHeitHOE MHTETpaIbHOE ypaBHEHUE BonmbTeppa TpeThero poaa

X

p(x y)u(x, y)+IK (x,y,s)u(s, y)ds+ﬁQo(x, y,s,7,u(s,7))drds =g (x,y), (1)

0

rie u3BectHbie QyHkmu p(x,y), K(x,y,s), Qo(x,y,s,T7,u), g(x,y) MOTIHHSAIOTCS YCIOBUAM:
K(x,y,s) € C(Dy),K(x,y,x) =20,Dg ={(x,y,5)/0<s<x<b0<y<c}h
G(x,y)=d;>0,G(x,y) = Cop(x,y) + K(x,y,x), 0 <d,,Cy = const;
Qo(x,y,s,T,u) EC(Dy XR),D; ={(x,¥,5,7)/0<s<x<bh, 0<t<y<c}
Qo(x,y,x,7,u) =0,9(x,y), p(x,y) € C(D),D = [0,b] X [0,c].

Ilycte [ - TOXIECTBEHHBIM omeparop, J - omeparop Boareppa: Jv = f;c v(s,y)ds.

HeiictBys onepatopom [ + CyJ Ha ypaBHeHwue (1) momyuuM ypaBHEHUE BUAA

X

p(X y)u(x, y)+'fG(s, y)u(s,y)ds=
X O Xy (2)
= [L(x y,s)u(s,y)ds+[[Q(x,y,s,7,u(s,))deds+  (x,y),

rIe
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L(x,y,s) =K(s,y,5) —K(x,y,s) — C, foK(v, y,s)dv,
Q(xy.s,tuls, 1) = =Qo(x.y,57) = Co [ Qo(v,y,5,7,u(s, 7))dv,

fx,y) = g(xy) +Co [y g(s,y)ds.

PaccmoTrpum ypaBHeHHE ¢ MalibIM TapameTpoM & u3 uHTepBana (0,1)

X X

(g+ p(x, y))ug (x, y)+IG(s, y)u, (s y)ds = jL(x, y,s)u, (s, y)ds+
o ° ’ ®3)
+[[Q(x.y.s.7.u,(s,7))drds +2u(0,y)+ f (x,y).

00

BocnonibzyeMcs pe30abBEHTOM

X
1 G(v,y)dv
——— exp| - | —————= |G(s,y)
e+pk,y) p( !Hp(v,y)) g
saapa (—G(s, y)/ (s + p(x, y))) U, ypaBHeHUE (3) pUBEAEM K CICIYIONIEMY 3KBUBAIICHTHOMY

BUY

N —Xex XG v,y)dv G(s,y) s S v v
(%)= e+p<xyJ p[ [, sz(sy)ﬂ“'y’)

u, (v, y)dv _[ (X, y,v)u, (v, y) dv+ﬁQ s,Y,v,7,U, (v,7))drdy —
0 00
Xy

1
-Jfo(x y,v,r,ug<v,r>>drdv+f<siy>-f<x’y>}ds+m

X

exp( TG v, Y) j{IL (X, Y,s) (s,y)ds+Jx'Jy.Q(x,y,s,r,ug(s,r))drds+f(x,y) . (4

Jlemma 1. Ilycte mns Becex 0<s<x<b, 0<t<y<c oynxkmus v(x,y)
HEOTPHIIATEIILHA U YIOBJICTBOPSACT HEPABEHCTBY

X x Y

v(x,y) <c; +c¢y f v(s,y)ds + c;3 f J v(s,t)dtds,
00

0
rne cq,Cy,C3 —NOCTOSHHEIE, ¢; > 0,c, = 0,c3 = 0. Torma
1,C2,C3 1 2 3
v(x,y) < clexp(x(cz + c3y)).

HYCTB BBIITOJHAKOTCA CICAYIONINUC YCIIOBUA
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0) g(0,y) = p(0,y) =0, p(x,y) >0, vx € (0,b],Vy € [0,c], p(x,y) —

HeyObIBaromIas mo x GyHkius B odbnactu D,

ac) My = CoLg + Lgq, Lg = Lip(K(x,y,5)|x), Ly = Lip(K,(x,y,5)[x),
|Q0(.X',S,U,) - QO(x)S’ (l)) - QO(y) S,'LL) + Qo()’: S, (L))l < LQ(x - }’)|u - (JJl

Jns oneparopa (Hou)(x,y), 3aJaHHOTO B BUIE

(Hu)(xy)= #(X,y)exp[—J{Mdv][u(o, y)-u(xy)]|-

s+ p(v.y) )
< (1 G(ny) ) G(sy
_mgexp(—!ﬂ p(v,y)vaaer 5,Y) [u ¥)=u(xy)Jds.

uMeet mecto [1]
Jlemma 2. Tlpu BeITOTHEHUH YCIOBHi @) - 0) aust u(x,y) € C(D) umeer MecTo OICHKA
I(H) (x, Wl ey < 4(die) e P llulx, Y llcpy + wu(€F),
rae |l llepy = maxl-l, wy(ef) = sup JuCey)—uls,y)l, 0<B<1.

|x—s|<eB
YE[0,c]

Teopema 1. ITycTh BBINOJHSIOTCS YCIOBHUS a) — oic), U ypaBHeHue (1) uMeer pemieHue
u(x,y) € C(D). Torna npu € — 0 pemerne ypaBHeHus (3) paBHOMEPHO CXOAUTCS K PEIICHUFO

ypaBHeHus (2). [Ipu 7ToM umeeT MecTo oreHKa

e, y) = @ ey < Mz (4(dse) A llute, ) lewy + wu(eF)),

M, = exp(bMy(1 +¢)), My = (M; + Ly)di (2 + e71).
Hoka3zareabcTBo. [lomoxum 7.(x,y) = u.(x,y) —u(x,y), rme u(x,y) — peuieHue

ypaBHenus (1). Torga u3 (5) moayyum cieayroiiee ypaBHEHHE

X ——;Xex I G(v.y) v G(sy) | S, Y, V)x
n.(%y)= g+p(x,y)£ p( !€+p(v,Y)d JHP(S,Y){!L( )

x, (v, y)dv—_[L(x, y.v)n, (v, y)dv+j-'|y.Q(S, Y.V, 7,1, (v,r))drdv—

0

Xy

_”Q(x, yv.o.m, (v.7))drdv+e(u(s,y)-u(x, y))}ds+

00

X

=== va{IL X,¥,5)7, (5, y)ds+

e+p(xy) {05+pvy

B ————

(6)

Tak kak p(x,y) HeyObIBaromias 1o x B obyactu D, 1o ipu v < X
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1
<
e+plx,y)  e+pQ,y)
Torna ucnons3ys ycnosue G(x,y) = dq, (x,y) € D, nast byHKumu

,(x,y)€E€ED.

X
1 G(v,y) G(s,y)
B.(x, =—fex —f dv x — s)ds
:(07) 8+p@w% P S€+M%w e+p@y% )
[IOJIyYUM
: LG,y G(sy) [ GY)
_ v,y S,y v,y
B.(x, Sdlfex —f dv dvds =
IB:-(x,y)l < ds J P S€+P@J) 8+M&wse+p®J)
x G( ) We(x,y,0) e
v,y _ _ _
W.(x,y,s) = | ——————d =dlj _pd<dlf_pd=d1.
(x,y,5) f€+p®J)V‘ 1 e Ppdp <di” | e Ppdp =d;
N 0
Taxk xak

|L(x,y,v) — L(s,y,v)| £ M,(x — s),
TO B CHILY 7K) UMEEM

N

‘f Gwy) | Gy {JL(SW)X

ol
—— | exp
8+ano SE+M%w E+P@J)0

X sy

Xr)g(v,y)dv—jL(x,y,v)ng(v,y)dv+JJQ(s,y,v,r,ng(v,r)) dtdv —

0 00

x Yy X
j ] Q(x,y,v,t,1:(v,7)) drdv ; ds 32(M2+LQ)|B£(x,y)|{ f In:(v,y)| dv +
00 0

x Y
+]]Ing(v,r)|drdv ;
00

1 Jx G(v,y)dv

X
— exp| - | ———— L(x,y,s s,y)ds +
e+p(x,y) ) £ +p(v,y) {oj (x,y,5)ne(s, y)

x Yy
+jjQ(x,y,s,T,ng(s,r))drds < (M, +LQ)5+—()J G(v,y)dv x
00

x Y

G(v,y)dv {j (v, dv + j f In. (v, 0)| dedv | <

Xexp| —

mf
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x Y

pe
< (M, + LQ)dfle—l{ f Ine(v, 9 dv + f f Ine (v, )] dedv \,
0 0, 0

X

[peP]<e? 1 f G(v,y)dv
sup|pe <e -, =—e¢exp|l—| ———|.
P S o J e+ p0,)

B cuiy nosmyueHHBIX OLIEHOK U3 (6) umeemM

X x Yy
|ng(x.y>|s1vzo{f (v, )] dv + f j 7. 0] dedv b + [ (Ha) (69 ey
0 00

rae My = (M, +Ly)dit(2+e™ ).
Otcrona, ucnosnb3ys JleMMmy 2 mojiyduM OLIEHKY
I G631 < exp(xMo (1 + 1)1 (He) W) lleoy-

CrenoBarenbHo, mepexos K Hopme B C(D) u ucnosb3ys oneHky Jlemmsl 2, ipu € — 0,
HOJy4dM, 4YTO peryispu3oBaHHoe perrenue u.(x,y) = u(x,y) pasHomepHo. Teopema 1
JIOKa3aHa.

CaencrBue 1. [lpu BbimonaHeHuu ycinoBuih TeopeMbl | pemenue ypaBHeHus (1)
enunctBeHHo B C(D).

[Ipeanonoxum, 9To

e) p(b,y) =0, p(x,y) >0, Vx €[0,b),Vy € [0,c], p(x,y) — HeBO3pacTarommas mo x
¢yHk1us B obnactu D.

Jlemma 3. Tlpu BBITOJHEHUH YCIOBMM a)-2), e) mias byukuumii u(x,t) € C(D), wumeer
MECTO OLICHKA

I(H0) (6, M)l < da(ep™(0) + (d162) 7 e F) |lu(x, Wlewy + dw,(€P),
rme dy =4+2M, d; =1+65%, 6,=1-6,0<6, <1,

wu(eﬁ) = sup |ulx,y)—u(t,y)|l, 1/2<p<1.

|x—t|<e
Teopema 2. [1ycTb BBINONHSIOTCS YCIOBUS a)-2), Jc-e) U ypaBHeHHe (1) nMeeT pelieHue
u(x,7) € C(D). Torna peuieHre ypaBHeHus (3) pABHOMEPHO CXOJMUTCS K PELICHHUIO YPaBHEHHS
(1) mpu € - 0 u UMeeT MeCTo OIeHKa

llue (e, y) — ulx, Vllepy <
< (; (dz(p_l(O,y)s + (d1628) 7 ) lu(xe, Mlcy) + d3wu(5ﬁ)),

rae d,, ds, wu(eﬁ ) - OTIPEISNIAIOTCS Takke Kak B iemme 1, 0 < C, = const.
CaencrBue 2. Ilpu BbIMOJIHEHMM YCIOBHM Teopembl 2 pemieHue ypaBHeHus (1)

enunctBeHHo B C(D).
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APPROXIMATE SOLUTION OF THE PROBLEM OF NONLINEAR
OPTIMIZATION OF THE THERMAL PROCESSES DESCRIBED BY A FREDHOLM

INTEGRAL-DIFFERENTIAL EQUATIONS
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Abstract. The article investigates some features of the construction of the approximate solution of the problem
of nonlinear optimization for the mobile point control of the thermal process in the case, when the boundary value
problem of a controlled process in the equation contains the integral Fredholm operator. The convergence of the
approximate solution is studied and sufficient conditions for their convergence are found. The methods of the optimal
control theory of distributed parameters systems, methods of classical variational calculus, methods of solving of
equations of mathematical physics, methods functional analysis and the theory of nonlinear integral equations.

Key words: optimal control, optimal process, approximate solution, convergence, functional.

Beenenue

[Ipu uccnenoBanuy 3a1a4u ONTUMAIBHOTO YIPABIIEHUSI CUCTEMAMH C pacIipeieICHHbIMU
napamMeTpamMH, ONHCHIBAEMBIMH HWHTETPO-TU(GPEepeHIINaTIbHBIMI  YPABHEHUSMH B YaCTHBIX
MPOM3BOJIHBIX OOHAPYKUBAETCS, UTO HAJIMUKS HHTETPaJIbHOIO OIepaTopa TOro Uik HHOTO BHUIA
IOPUBOAUT K M3MEHEHHUIO CTPYKTYpbI pelleHHs 3aJadyd HeduHeiHoM omrtumuzanuu [1]. B
pabotax [2, 3] uccrnenoBaHbl BOMPOCH! Pa3peIIUMOCTH 3a7a4d HEJIMHEHHOW ONTUMH3AIUU TPU
MOJIBU’)KHOM TOYEYHOM YIPABJIEHUHU TEIUIOBBIM IPOILIECCOM B Cllydae, Korja Kpaemas 3ajaya
yIIpaBJIIEMOT0 TpoIlecca B ypaBHEHUHU COJICPKUT HHTETpajibHbIN onepatop dpenronsma.  31ech
MBI TIPUBEIEM HEKOTOpPHIE JaHHBIE, KOTOPbIE MOTYT OBbITh HCIIOJIb30BaHBI MPH J0Ka3aTEIbCTBE
CXOJMMOCTH MPUOIMKEHHBIX pelneHuid. Tpedyercs MUHUMU3UPOBaTh (QYHKIIMOHAT

2

Iu®]= [V (T, %) -£()] dx+ﬂj p[tu®)dt, B>0

O e

Ha MHOKECTBE PEIICHUI KpaeBoOu 3a1a4u
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V, =V, +/1]K (t7)V (7, x)dz+8(x =%, (t)) f[tu(t)], 0<x<l O<t<T,

V (0,x) =y (x), 0<x<1
V,(t,0)=0, V,(t, )+aV(t JI= 00<t<T.

rae sanannble pyuxkmn  E(X)eH(0,1), w(x)eH (0, wmsampo K(t,7), ompenencnas s
obmactu D={0<t<T,0<7<T}, Bce ABIAIOTCA DIEMEHTAMU TI'MIbOEPTOBA NPOCTPAHCTBA

H(Y) . 3xecs H(Y) — npoctpancTBo I'mnbbepra KBajpaTMYHO—CYMMHUPYEMBIX (YHKIMH,
onpeneneuubix Ha muoxkectee Y ,  T[t,u(t)]e H(0,T) — zamannbie ¢ynxiun, npudem

Gynxuus f[t,u(t)] —HenuHelna no GyHKIMOHAILHOM IEPEMEHHOM ut)eH(O,T) wuspnsercsa

MOHOTOHHOHM ()YHKITHEH, T.€.
of [t,u()]

— 2= %0,VvVte[0,T];
ou(t)
O(X—X,(t)) — cunrynspuas oGobwennas ¢ynkums Jupaka, 0<X,(t) <1, T -

(DHKCHPOBAHHEIH MOMEHT BPEMEHH, (¢ — HOJIOKUTENbHAS TIOCTOSHHAS, A — mapameTp.

1. Ipubam:keHne ONTHMATBHOIO YIIPABJIEHUS U UX CXOAUMOCTb.

AJ'IrOpPITM MMOCTPOCHUA HpI/I6J'II/I)KeHI/II71 ONTUMAJIBHOTO YIIPABJICHUA OIPCACIAOTCA I10

bopmynam
U, =¢[t.,0). 5], n=123....
rae (, (t) HaXOJIUTCA METOJOM TOCJICIOBATEIBHBIX MPHOIUKEHUH, KaK peEIIeHue

HEIUHEHHOTO HHTCTrpaJIbHOI'0 YPaBHCHUA, U B IIPCACIIC COBNAAACT C TOUHBIM PCIICHHUEM, TO €CTh

limq, (t) =q° (t), [PUYEM YIOBICTBOPSET OIIEHKE
N—o0

le®-a,0)],  <S—|6[h®)], ., —=0 n=123..,0<y<L
4 (0,7)

HOT)

Jlemma 1. TlpuOnmkeHHs ONTHUMAIbHOTO YIPABICHUS CXOJUTCS K ONTHMAaIbHOMY

YIIPaBIEHHUIO 110 HOpMe ruibbeproso npoctpanctea H (0,T).
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v ® =1, ®, o7, = e[t a°®) -0t 0. 8], . <2 (B)]a°®) —a,O)

H(O,T) H (O, T)

Sgoow)%ue[hm]u 0,

HOT) N

TaK KaK (QyHKIus (D[t, q°(t), B } SIBIISIETCSI DIEMEHTOM IHiIb0epToBo mpoctpancTa H(0,T).

2. TlpubaukeHUsi ONTHMAJBLHOTO MPOIeCCca M UX CXOAUMOCTb.
Paznuuatot crnenyronue Buabl NpUOIMKEHUI ONITUMAIBHOTO IIpOLECCa:

1) M—e npubIMKeHrne ONTUMAIBHOTO MpoIecca Mo “pe3ojabBeHTe:

V_(t,x) = Z{V/n {e nftee +/1IR”‘(t s, l)e“nsds}tj "(T,7,2)2,(% (7)) f [(r,u‘)(r)]df}zn(x),
rac R:(t,s,ﬂ) = Z/’Li_lKn,i(tas)’
i=1

;
g (D) +/1I RM(t,s,A)e ™ “7ds,0< 7 <t,
8:‘('[,2',/1) = ‘

]
A RM(t,s,A)e " s t<7<T.

Jlemma 2. HpI/I6J'II/I)KeHI/I}I OINITUMAJIBHOTO IIponecca MO PE30JIbBCHTEC CXOAUTCA K

ONTUMAJILHOMY MpOIlecCy M0 HopMe TUIILOepToBO MpocTpanctea H (0, T).

2m
”Voa,x)—vns(t,x)HH(Q)sc{w ;j} — 0.

2) m,k —C HpI/I6J'II/I)KeHI/Ie ONTHUMAJIBHOI'O IIponecca, MOCTPOCHHOEC C YUCTOM HpI/I6J'II/I)KeHI/ISI

OIITUMAJIBHOT'O praBJ'IeHI/ISI
© ) T , T
VE(t,X) = Z{% {ei“(”) + 2 j R"(t, s,z)e“ds} j el (T,7,A)2, (% (7)) f [(r,uk(r)]dr}zn(x) .
n=1 0 0

Jlemma 3. m,k —e npubimkeHne ONTUMaIbHOIO Mpolecca cxoaures no Hopme H(Q).

(ATCROEAVAT () T o 27 (ﬂ)—HG (O], 0, —5—0-

3) m,k,r —e KOHEYHOMEpHOE MPHOIMKEHHE ONTHMAIBHOTO MpoIecca
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VR (t, X) = Z{y/n[ “ijm(tsz)e—%Sds}j (r,f,z)zn(xo(r))f[(T,uk(r)]dr}zn(x).

Jlemma 4. KoHeuHOMepHOE NpUOIIMKEHUE ONITUMAIBHOIO MPOIlecca CXOAUTCA K m, K —
My HpUOJIMKEHUIO ONTUMAJIBLHOIO Ipoliecca o HopMe Tiib0epToBo npocTtpancTBa  H(Q).

0.

2 2 r—o

1 1] Cr+l
Tor

Ve (6. ) =V, x)HH(Q) 7[2[?+F -

Jlemma 5. KoHeuHoMepHBIE MPUOIMKEHUS CXOTUTCS K ONTHMAIbHOMY IPOLECCY MO

HOpME THIBOEpPTOBO mpocTpancTBa H(Q).

Vo) -V @ x|, <[Vt )=V, (6 )|, HVa 6 X) =V (t X))

H(Q) H(Q) H (Q)

+||\/n'f(t,x)—an'r(t,x)||H( — 0.

m,k,r—o

3. [Ipn6im:keHNnss MUHUMAJIBHOTO 3HaYeHUs] (PYHKIMOHAJIA M MX CXOAMMOCTb.
JUis MUHUMAaNbHOIO 3HAa4eHMs] (yHKIMOHAIAa OYyJEeM pa3iauydarh CIEIYIOIIME BUJBI €ro
IpUOIMKEHUH:

1) M-—e npubamwKeHne 1Mo “pe30JibBEHTE” MUHUMAIBHOTO 3HAYCHUS (YHKIIMOHATIA

In[ U] = [[Va (T 0= £(0] dx+ B[ p*[t,u°) dt, B>0,

Jlemma 6. M—e npuOamxkeHue GyHKIMOHAIA IO PE30JIbBEHTE CXOAUTCS K MUHUMAIIbHOMY

3HauUeHUI0 QYHKIMOHATA.

[IW) =3, W) <V, x) +V (T, %) - 2g(x)HH(Ol) VT ) -V (T, 9, ———0,

H(0,T) m—

2) M, K — e npubmmxenne MUHUMAITBHOTO 3HAYeHHUs (QYHKIMOHAIA

[u ®]= [[Va (7,0 =09 | dx+A] p*[t,u, ()]dt, >0,

Jlemma 7. m,k —e npubinxeHrne MUHUMAaJIbHOTO 3HAYEHUS! (PYHKIIMOHANIA CXOJUTCS K

M—My NpUOIMKEHUIO.

|95, ) = 3, )| < V2 T ) +VE (T, ) = 2E(X)|, . C, Toy (B) |u°®) —u, (1)

H(0,1) H (0, T)

+Bp(t,u’ 1) + p(t.u, O] Ju’®) - u, O 0,

H(O,T) k—>°°

3) M, K, T — ¢ npu6mmxenue MunnmansHoro sHavenus ¢pyHkuHonaa
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In[u ®]= [[Vir .0 - &) ] dx+ 8] p[tu, O]t 4 >0.

Jlemma 8. m, K, r — e npuOImKeHUe MUHUMAIBHOTO 3HaUEHUS (DYHKIIMOHANIA CXOUTCST K

m, kK — My npHOIMKEHHUIO.

‘]m(uk)_‘]r;(uk)‘g

Jlemma 9. KoHeyHOMEpHBIE NPUOTMKEHUS CXOIATCI K MHHHUMAIBHOMY 3HAYCHHIO

VAT 4V (T 1)~ 2500), . Cs = 50,

H(0,1) 3 72_2 r2 r—o

dbyHKIIMOHAA.

3 =35 ()] ]I W) =3, U] +]3,(u*) = 3, W]+ I () = 35, W) —5755—0.

m,k,r—oo

BeiBOS.
Kak cnengyer wu3 TMOJMy4YEeHHBIX PE3YJIbTATOB HAIMYHME MHTETPAIBHOIO OIEpaTropa
®pearosibmMa B KpacBoOW 3a/1ade YIpaBISIEMOTO MPOLECCa CYHIECTBEHHO BIIMSIET HA MOCTPOCHUE
npuOIMKEHUH KaKk ONTHMAaJbHOTO MpoIlecca, TaK M MUHUMAJIBHOTO 3HAaYeHUs (DyHKIMOHATA.

OTMeTI/IM, YTO 3TO OOCTOATEILCTBO BIMIET TAKXKE Ha CKOPOCTH CXOOAUMOCTHU HpI/I6J'II/I)KeHI/II7L
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KPUTEPUM EJJMHCTBEHHOCTH PEINIEHUS HEJIOKAJBHOM IO
BPEMEHMU 3AJIAYM JJISI HEKOTOPBIX JU®D®EPEHIIUAJIBHO-OINEPATOPHBIX
YPABHEHUM
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Cabupoicanos Myszagppap, PhD ooxmopanm
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Ouwickuii I'ocyoapcmeennulil Ynugepcumem

Ouw, Kvipevizcman

Annomayusn. B HacTos1IeH cTaThe HCCIIEyeTCs BOIIPOC €ANHCTBCHHOCTH PEIICHHS PETYIIIPHON 10 BpEMEHH

samaun i audgepenimansao-onepatopaoro ypasaenus 1(-) —A ¢ omeparopom Tpuxkomu A . Ilopsmok

muddepeHunanbHOro  BoIpakeHHss 1(*)  cuMTaeTCs OPOM3BOJNBHBIM  HATYpalbHBIM  4mciaoM N . Jm

nuddepeHnnanpHoro BeipakeHus 1(+) 3amar0Tcst peryispHble KpaeBble YCIOBHS MO BPEMCHHOM MEPEMEHHOH t.

Onepatop A sBnsiercs nopoxaeHHol ypapnenueM Tpukomu Av = Yy, (x,y) + vy, (x,y). [panudnbie ycnosus

quist oneparopa Tpukomu 3anarorcsi ycioBueM [lupuxiie Ha JJUIMITHYECKOW 4acTH M APOOHBIMHU MPOHM3BOJHBIMH

CllelaMH PelICHHs BJOJIb XapaKTePHCTHK. YKa3bIBA€TCs, YTO JaHHBIM ONepaTop SBISETCS CaMOCOIPSIKEHHBIM

ormepatopoM B Lp(2) . CamoconpspkeHHOCTh omepatopa A  TapaHTHpPYeT CYIIECTBOBAHHE —IIOJIHOM

OPTOHOPMHUPOBaHHOW B L,(f)) cucteMbl COOCTBEHHBIX (YHKIWH, eciau {2 -- 00JacTh, OrpaHHMYCHHON KpPUBOM
JIsimyHOBa M XapaKTEPUCTUKAMH BOJIHOBOTO ypaBHEHHS.

Knrwouegvie cnosa: ypasHenue Tpukomu, peryisipHbIe KpaeBble YCIOBHS 110 BPEMEHH, TpOOHbBIE IPON3BOTHbIC

Pumana-JInyBuIIA, €IMHCTBEHHOCTh PEIIEHHsI, COOCTBEHHBIE (DYHKIIUH, TOJTHBIC OPTOHOPMUPOBAHHBIE CHCTEMBI.

CRITERIA FOR THE UNIQUENESS OF A SOLUTION NONLOCAL TO ATIME
PROBLEM FOR SOME DIFFERENTIAL-OPERATORIAL EQUATIONS

Koshanov Bakytbek, Dr. ph.-m. sciences, professor,
koshanov@list.ru

Institute of Mathematics and Mathematical Modeling
Almaty, Kazakhstan

Sabirzhanov Muzaffar, PhD student
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Osh, Kyrgyzstan
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Abstract. In this article, we study the question of the uniqueness of the solution of a time-regular problem for
a differential-operatorial equation I(-) — A with the Tricomi operator A. The order of the differential expression is
considered to be an arbitrary natural number n. The differential expression I(-) is given regular boundary
conditions with respect to the time variable t . The operator A is generated by the Tricomi equation Av =
Yxx (X, ¥) + vy, (x,¥). The boundary conditions for the Tricomi operator are given by the Dirichlet condition on
the elliptic part and by the fractional derivatives of the traces of the solution along the characteristics. Specifies that
the given operator is a self-adjoint operator in L,(2). The self-adjointness of the operator A guarantees the existence
of a complete orthonormal system of eigenfunctions L,(2) ifis 2 adomain bounded by the Lyapunov curve and the
characteristics of the wave equation

Key words: Tricomi equation, regular boundary conditions by time, Riemann-Liouville’s firactional

derivatives, uniqueness of solution, Eigen functions, complete orthonormal systems.

1. B ¢yskouonanenom mnpoctpanctBe L,(0,7) paccmorpum omepatop B,

MOPOKJIEHHBIN T depeHIInaTIbHbIM BbIpaXKEeHHEM

n n-1
(W) = 2+ p() o+ 4 Pa(OW(D), 0 <t < T (1)
C pETyIIPpHBIMU KPACBBIMU YCIIOBUAMU
Yt [aw®(0) + B,w® ()] =0, j=1,2,..,n (2)

raep;(t)e C™PD[0,T], j=1,2,..,n

TpedoBanue |. Ilpeamonoxum, yTo 00JIaCTH OmMpeneneHus omneparopa B 3amaercs
perymsipibiMu B cMbiciae bupkroga kpaeBbiMu ycnoBusimu [1]. MHaue roBops, B ciiydae
HeyeTHOro nh = 2p — 1 cnegyromue aBa onpenenutenss 0y, 0; OTIWYHBI OT HyIA; B Clydae
YETHOTO N = 2P CleAyIoUIue ABa onpeaenuTens 0_;,0; OTIMYHBI OT HYIIS.

Conpspxennslii onepatop B* 3amaetcs nuddepeHnanbHbIM BbIpaKeHUEM

B*R(t) = IT(R), 0<t<T
U 00JIaCThIO ONpeeIeHUs
D(B*) = {ReWJ}[0,T]: V;(R) = O,...,V,(R) = 0}.

B pabote [1] mokazaHo cheayrolee yTBEpKICHHE.

Teopema 1 [1]. Ilycmov obracms onpedenenus onepamopa B 3adaemcs pezynsipuvivu 6
cmvicnie  bupkeogpa  kpaesvimu  ycnosuamu. Toeda obracme onpedenenus onepamopa

conpsxcennozo B* 3a0aemcs makowce peeynapuvimu 6 cmvicae bupkeoga kpaegvimu yciogusimu.
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Hawm motpeOyercs Taxoke ciieayroriee yreepxacaue [3].

Teopema 2 [3]. Ilycmb onepamop B nopooicoen pecynapuvimu 6 cmuiciie bupreogpa
Kpaesvimu ycnosuamu. Toeoa cucmema coOCmMEEHHbIX U NPUCOCOUHEHHBIX DYHKYUL onepamopa
B ssnsemcs nonnoti cucmemoti 8 npocmpancmee L, (0, T).

[Mpumensis Teopemy 1 um Teopemy 2 K CONpsSDKEHHOMY omeparopy B* , Moxem
c(hOopMyIIUpOBaTh YTBEPKICHHE.

Teopema 3. [lycmv evinoanenvr mpebosanue . Toeoa cucmema cobCcmeeHHbIX U
npucoeounHeHHvlx Qynkyuii onepamopa B* nonna 6 npocmpancmee L,(0,T).

2. Ilycts 2 € R? - xoHeuHas o6nacTh, orpaHuueHHas npu y > 0 kpusoii JlanyHosa

o, okanuuBatomieiics B okpectHoctu Touek 0(0,0) u B(1,0) mampiMu ayramu "HOpMalIbHOM
2 3 2 3
KpuBoi" 0y, a mpu y < 0 — xapakrepuctukamu OC: X — E(—y)z =0, BC:x +§(—y)2 =

1 ypaBHeHUs

Av = yu (,y) + vy (xy) = fF(x,Y) 3)
3agaua T. Haiitu B (1 pemenue ypaBHeHus (3), yIOBIETBOPSIOIINE YCIOBUIO
U@y lo =0, 0p:(x—D2+2y> =1, (4)
x5/5D/ (u(xo(X))x#3) + (1 = YD (W ()1 -3 =0, (5
rac

3x1?/3 1
u(XO(X))=u<x,—[7 ), OSXSE,

_ \42/3
U(X1(X))=U<X,—[¥] ), %SXS 1.

3,[[CCB I'paHUYHBIC YCJIOBUA 3aJar0TCd C IMOMOIIBIO I[pO6HLIX IMPONU3BOAHBIX Pumana-

JnyBums [2]

1/6 g®
+8(0) = dxf G—pwedt
1/6g( )= __j g(t dt.

X)6

Omneparop, cooTBeTCTBYIOMUI KpaeBoi 3amaue T o6o3Haumm uyepe3 A. CoOCTBEHHBIC
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3HayeHus omnepatopa A OyzneM HymepoBaTh Mapod ILEJTOYHCICHHBIX HMHIEKCOB  Tp,.
CoOctBennble (yHKIHMH omnepatopa A 0003HAUMM Yepe3 UV, (X,Y) COOTBETCTBYIOIIUX

COOCTBEHHBIM 3HAUYEHUEM T|p,.

B pab6ore [4] nokazaHo cieayroliee yTBepKACHHE.

Teopema 4 [4]. Onepatop A SBISIETCS CAMOCONPSIKEHHBIM B TPOCTpaHCTBE Lo ((2).

Kak cnencrBue naHHOM TeopeMbl 4 3akio4aeM, 4YTO COOCTBEHHBIC (DYHKITHI
{vm(x,y),m = 1,2,...,} oneparopa A 00pa3yloT MONHYIO cuctemy QyHKIud B L, ().

4. [Tycth {2 - KOHE4Has 00JaCTh M3 MPEIbLAYIIETro NyHKTa. B obmactn Q@ = ) X

(0,T) paccmoTpuM ypaBHEHUE

n

o™u(x, y; t) 0" Ju(x, y; t)
TN SN C T

2%u(x,y; t
y (y)Jr

oatn 4 atn—j 0x2
Jj=1
2 .
+2 ua(;éy’_t) +f0ny; 0, (ny) €02, 0<t<T ©6)

C KpacBbIMU YCJIOBUSAMHU 110 t
Uy(uxy;))=0, v=12.,n (xy)€N (7

U C ycIoBUsMU 110 (X, )

1 4 1
u(x’y; t)lo‘o = 0; Op: (x —5)2 +gy3 = Z , (8)

x /6D51° (o (1); )x23) + (1 = x)%/° D,/° (u(r (0); (A — x)72/%) = 0, 9)

rac

2
3x13 1
u(xo(x);t) =u x,—[7] it ,()ngz

~-

2
3(1 —x)]3 1
T ;) ESXSL 0<t<T.

u(x;(x);t) =u x,—[

OmneparopHas 3anuch BelenprBeeHHON 3a1aun (6)-(9) nmeeT BuI
Bu(x,y;t) = Au(x,y;t) + f(x, y;8),  (x,y;t) €Q. (10)
3neck onepatop B nelicTByeT 1o NEPEMEHHOM ¢ M €ro CBOMICTBA NPUBEACHBI B IIYHKTE
1. Omeparop A nAeicTBYeT 1Mo mepeMeHHBIM (X, Y) | €ro CIeKTpajbHbIE CBOMCTBA MPUBEICHBI B
IIyHKTE 2.
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B n1aHHOM TmyHKTE MOKaXXeM KPUTEPUH EAMHCTBEHHOCTH PEIICHUS OJHOPOIHOTO
oneparopHoro ypaBHenus (10).
Teopema 5. Ilyctes BbeImosHeHo TpeOoBanue |. Torma omHOpomHOE oOmEpaTOpHOE
ypaBHEHUE
Bu = Au (11)
umeem moavko mpusuanvhoe pewenue u € D(B) N D(A) mozoa u monvko moeda, koeoa
oc(B)yn a(4) =0, (12)
20e a(B) u o(A) - cnexmpol onepamopoé B u A coomseemcmeenno.
Funding: ABtopsl 6sl1H moaaepxkanbl rpanToMm AP 14869558 MOH PK.

Jlureparypa

1. Haiimapk, M.A. Jluneitasie nuddepenimansasie oneparopsi[ Texcr] / Haiimapk M.A..
1969. Hayka, Mockaa. 528 c.

2. Kilbas, A.A. Theory and Applications of fractional differential equations[Tekct] /
Kilbas A.A., Srivastava H.M., Trujillo J.J.. 2006. Elsevier. 541 p.

3. Kecenbman, I'M. O 06e3ycnoBHOW CXOAMMOCTH PAa3JI0XKEHUH IO COOCTBEHHBIM
GyHKIMAM HEKOTOpbIX AuddepenunanbHbix onepatopos[Tekct] / Kecensman I'M.  // U3s.
By30B. MateM. 1964. Ne 2. C. 82-93.

4. KanpmenoB, T.III. O caMOCONpsKEHHBIX KpaeBbIX 3ajavax Uil ypaBHEHHUS
Tpuxomu[Tekct] / Kansmenon T.1. //[Iuddepenumansusie ypaaenus. 1983. T. 19, Nel. C. 66-
75.

118



BECTHUK OIIICKOT'O TOCYJAPCTBEHHOT'O YHUBEPCUTETA
MATEMATUKA, ®U3UKA, TEXHUKA. 2023, Nel

VJIK 517.956.6
https://doi.org/10.52754/16948645 2023 1 121

O HEKOTOPBIX KPAEBBIX 3ATAYAX /IUISA OJHOI'O KJIACCA
YPABHEHHMI TPETHEI'O MOPSIIKA TAPABOJIO-TUINEPEOJIUYECKOI'O TUIIA
B TPEYT'OJIbHOM OBJIACTH C TPEMSA JIMHUSAMHA U3MEHEHHS THIIA
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Koxanockuil eocyoapemeennwiii nedazoeuieckuti UHCIMUmym,
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Annomayun. B nacmosuyeti pabome cmasumcs pad Kpaesvix 3a0ai 015l YPAGHEHUs Mpemvezo NopsoKa

0 0 .
napabono-eunepooIUtecKo20 muna 8uod a6_+b@+c (Lu) =0 ¢ mpeyeonvhoil obracmu ¢ mpems TUHUAMU
X

usmenenus muna. Cpopmynuposana meopema cywecmeosanis u eOUHCMEEHHOCMU PeuleHus NOCMAgIeHHOU 3a0ayu.
OoHo3HauHas paspeuumocms NOCMAGIEHHOU 3a0ayu 00KA3bI6AENICs C HOMOUbIO Memooa NOCMPOEHUs PeuleHUsl, a
Makoce Memooamu UHMeSpanbHulx U OUp@epeHyuanoHulx ypagHeHull

Kniwouegvie cnosa. [Judhepenyuansuvie u unmezpanbuvie ypasHeHus, Memoo noCmpoeHus peuleHus, Kpaeeasl

3a0aua, napabono-eunepoorudeckull mun, 0OHO3HAYHAS PA3PEUUMOCTD.

ON SOME BOUNDARY VALUE PROBLEMS FOR A CLASS OF THIRD
ORDER PARABOLIC-HYPERBOLIC EQUATIONS IN A TRIANGULAR DOMAIN
WITH THREE LINES OF TYPE CHANGE

Mamajonov Mirza, Candidate of Physical and
Mathematical Sciences, Associate Professor
mirzamamajonov@gmail.com

Kokand State Pedagogical Institute,

Kokand, Uzbekistan

Abstract. In the present paper, a number of boundary value problems are posed for a third-order parabolic-

hyperbolic type equation of the form (a§+b%+c](w)=0 in a triangular domain with three lines of type
X

change. The theorem of existence and uniqueness of the solution of the stated problem is formulated. The unique
solvability of the problem posed is proved using the method of constructing a solution, as well as methods of integral
and differential equations.

Key words: Differential and integral equations, solution construction method, boundary value problem,
parabolic-hyperbolic type, unique solvability.

B ato0ii paGote cTaBUTCS OIMH KiacC KpaeBBIX 3a/1ad JUIs YpaBHEHHs TPETHETO MOPsIKa

napabos10-rTunepOOINIECKOTO THIIA BUIA
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(a£+b%+cj(w) 0 )

OX

B TPEYrOJIbHOW 00J1acTH G miockocTH xOy, rae a,b,c eR, 3.2 + b2 * O,

Uy _uly’ (X’ y)eGl’
Ui _uiyy’ (X’y)eGi (I :2’3’4)’

Lu=

G=GuG,uGuG,ul,Uul,uUl,,a G, ecrb nPIMOYroIbHHK C BEPLIMHAMU

B Toukax A(0;0), B(L0), By(L1), A(01); G,— TPEYroibHMK C BEpIIMHAMHA B TOUKAX A,

B, C(]/Z,—]/Z); G, — TpeyroibHUK ¢ BepiMHaMu B Toukax A, D(—l,l), A; G, —

TPEYrOJbHMK C BEPIIMHAMH B TOukax B , E(Z,l) , By; J,— orkpeITHIl OTpesok ¢

BepumHamyu B Toukax A, B; J,— oTkpeIThIi OTpe3ok ¢ BepmmHamu B Toukax A, Aj;
J; — OTKpBITHI OTpe3ok ¢ BepumHaMu B Toukax B, B;.

Ham cnexyer sanmcars obnactu G, (i = 3,4) B CJIe/yIomeM Buje (M3 KOTOPHIX Oyaem
nonb3oBatkes B pansHeiimem): G, =G, WG, VAR, G, =G,, UG,, UBF,, rre G,
— TPEYroJbHUK C BepuMHamu B Toukax A, A, Fl(—]/ 2,1/ 2) ; G;, — TpeyrombHuK ¢
Bepumnamu B toukax A,, D, F; G, — tpeyronsnuk ¢ Bepumnamu B Toukax B, B,

F, (3/ 2,1/2) ; G,, — tpeyromeruk ¢ Bepmmuamm B Toukax B,, E, F,; AF -

OTKPBITHIH 0Tpe3ok ¢ BepmmHamu BToukax Ay, F; ByF, — orkpertsiii orpesox ¢ Bepumnamu

B TOYKax By, F,.

[Tepen Tem, Kak MPUCTYMUTH K MOCTAHOBKE KPAEBbIX 3a/1a4, 3alUIIIEM BCE KPaeBbIe YCIOBUS
W YCJIOBHS CKJICMBaHUS HA JIMHUSAX W3MEHEHHS THUIIA, U3 KOTOPHIX OyJIeM TMOJb30BaThCS MPH
MOCTAaHOBKE KPAEBBIX 3a]1a4:

KpaeBeie ycioBus:

U, =W (X), 0<x<1/2, )
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Uy, =1 (%), 1/2<x<1,

ou,

— = , 0<x<1/2
on |, l//z(x) x<l
ou,

e | J1/2<x<1
on | ‘//3()() 1/2<x

Us o, =W4(X), —1<x<-1/2
Us e =W3(X), —1/2<x<0
ou,

] . —1<x<0
on |.p s (X) "

alya = (%), 1<x<2
ou,

Sul 2 L 1<x<2
N |oe (%), 1

YcnoBus CKICUBaHUS:

u,(x,0)=u,(x,0)=7,(x), 0<x<1,

Uy, (X,0)=u,, (x,0)=v,(x), 0<x<1,

Uy, (X,0)=U,, (X,0)=4(x), 0<x<1,

u,(0,y)=u(0,y)=17,(y), 0<y<1,
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©)

(4)

()

(6)

(7)

(8)

©)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)



U, (0,¥)=Uy (0,y)=v,(y), 0<y<1, (20)
U (0,Y) =Ugy (0,¥) =1, (y), 0<y <1, (21)
u(Ly)=u,(Ly)=7(y), 0<y<1, (22)
Uy (Ly)=u, (Ly)=vs(y), 0<y<1, (23)
U (LY)=Upe (LY)=15(y), 0<y<1. (24)
3ech Wi(i :1,_7), f J.( j =1,_4) _ jajaEHBle NOCTATOYHO iAKHe GYHKIWH, a

7, V,, i (1=1,2,3) — nemssectHbIe MOKA AOCTATOYHO TaaKue QYHKUMM, N — BHYTPEHHsS

nopmans K npsmoit X+ Y =0 wm X—-Yy=1.

B 3aBucumocTH OT 3HadeHmit kodpduuuenTop d u D, To ecTh OT 3HAYEHHMIi yrIOBOrO

xod>ddummenta ¥ =0b/a omeparopa mepsoro nopsaka ypasnenus (1), monydaroTcs pasiuHbIe

cily4ad. YUMTbIBas 3TO AJs ypaBHeHus (1) craButes cienyromias 3aiaqa:

3apgaua 1. TpeGyercs HallTH QyHKIMIO U(X, y), KoTOpas 1) HempepbrIBHA B 3aMKHYTOH

obnactu 5; 2) ynosnerBopsier ypasHeruio (1) B otkprrToit o6mactu G mpu X#0, Y #0; 3)

YAOBJICTBOPACT CICAYIOIIUM KPACBbIM YCJIOBUAM U YCIIOBUAM CKIICMBAHUSA HA TUHUAX U3SMCHCHUS

TUIIA, KOTOPBIC YKA3aHbI B cne,uyfomeﬁ Ta6J'II/II_IeZ

VYcenosus
3HavyeHus J Kpaesbie ycnoBust
Ne CKJICUBAHHUS
1 y=0 (a=0, | (2),(4),(6),®), (11), (12), (15) (16), (17),
' b=0) Bceero: 24 takux rpymni ycioBui. (19)-(24)
5 y=o (a=0, | (2),(4), (5), (6), (8), (10), (11), (12), (13) | (16)-(20),
- b=0) Bcero: 18 Takux Tpymm ycioBHiA. (22), (23)
3 0<y<1 (2), (4). (6), (8). (11), (12), (15) (16)-(24)
Bcero: 6 Takux rpynn ycioBuil.
(2), (4), (6). (8). (9), (11), (12) wmm
4. y=1 (a = b) (2), (4, (1), (8), (9), (11), (12) (16)-(24)
(2), (4), (8), (9), (11), (12), (14).
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e 1<y<0 (2), (5), (10), (11), (12), (13), (14) (16)-(24)

Bcero: 6 Takux rpymnmn ycioBuil.
(3), (5), (10), (11), (12), (13), (14) wm
6. y=-1 (a = —b) (3), (5), (9), (12), (12), (13), (14) wm (16)-(24)
), (5), (11), (12), (13), (14), (15).
—o<y<-1u | (2),(4) (5), 6) (8)(10), (11), (12), (13)

7. (16)-(24)
l<y<+4o0 Bcero: 18 Takux rpyni ycioBUi.

371ech MbI YKa)KEM PELLEHUE NTOCTABJIEHHON 3a7auy JHILIb B Ciiy4ae 1 ¢ rpymnmnoil yciaoBuii

(2), (4), (6), (8), (11), (12), (15). B aTom ciiyuae ypaBuenue (1) umeer Bua

(a£+cj(Lu):0 (1)

OX

Hmeet mecTo crneayromas

Teopema. Ecmn y,€C’[0,1/2] , w,eC?[0,1/2] , w,eC’[-1-1/2] ,

f e c? [—1,0] , W € C? [—1,0] , f,e C? [1,2] , f, e C? [1,2] , TIPUYEM BBIOIHSIIOTCS

1 J2

CIEIYIOIIUE YCIOBHMsS COIIACOBaHHUA T, (0) =y, (0) , Tl'(O) ZEI,//{(O) + 7!//2 (0) ,

f, (—1) =y, (—l), /8 (O) =y, (O) , TO 3a1a4a | MMeeT eIMHCTBEHHOE pelieHne B ciydae 1 ¢

rpymmoit yenosnit (2), (4), (6), (8), (1), (12), (15).
I[OKal’uaTe.TIBCTBO. TeopeMy JOKaXXEM METOAOM HOCTpOCHI/ISI peIJ_ICHI/IH. I[J'IH 3TOT'O

ypaBHeHue (1') nepenuiiem B BUje

U — uly = a)l(y)e_gxl (X1 y) € Gl’
(25)
Uy —Uy, =@ (Y)e 2, (xy)eG, (i=234), (26)

r7le  BBEICHO 00O3HAYeHHE u(x,y):ui(x,y) , (X,y)eGi <i=].,_4) , TIpudeM

0] (y) (i =1,4) — HEW3BECTHBIE TOKA JOCTATOYHO THafKue (YHKIUM, MOJJIEKAIIHE

ONIPCACIICHUIO.

Yunreisas Buapl obnacreit G, (I = 3,4) , KOTOPBIE HAIMCAaHbl HABEPXY, YpaBHEHHE (26)
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(i =3, 4) HEpENULIEM B BHIE
U Uy, =@ (V)€ 2, (X,Y)€G, (i=34k=12),
(27)
rae  BBEJEHBl 00o3HaueHus U (X, y) =U;, (X, y) ) (y) =Wy (y) \ (X, y) € Gik

(i=34k=12).
CHavana paccMoTpuM 3azady B obmactu D, . 3amuceiBaem pemrenne ypasuenust (27)

(i =3 k= 2) , ynowieropstomee yciosusm (11) u Uy, (X,l) =V, (X) (v, (X) —
HEU3BECTHAs MOKa 0CTATOYHO IV1aaKas GYHKIMS, TI0IekKaIas ONpe/eIeHUIO):

f(x+y-1)+f (x—-y+1
iy (xy) =Xy =D B(x=y D)

: (28)
1 x+y-1 1 y X+y-n c
+= I v, (t)dt ——Iw32 (n)dn I exp(——fjdé
2 X—y+1 2 1 X—y+n a

[Toncrasiss (28) B ycnosue (8), HaX0AUM

oy (Y) =«/§w;(—y)exp(—§yj,

<y<l

N |~

A nmopncrapnss (28) B ycnosue (6), HaxoquM ¥ QyHKIMIO V, (X):

x-1
, x=1 i c
v, (X)=f/(x) -y, (Tj + J. s, (n)exp{—g(x 1+ n)}dn . (29)
1
Taxum oGpasom, Mbl ompememumn QyHKkumo U, (X, y) . Ecnu BBenem o0o3HaueHue

U,, (X, X+ l) = hl(X) (rme h1 (X) y’Ke u3BecTHasi PyHKILHNA), TO Ui onpeAeneHus: QyHKIUu

Us, (X, y) IOJIy4YUM YCIOBUE

Uy (X, X +1)=h (). (30)

Teneps 3anmchIBaeM pelleHWEe ypaBHeHHs (27) (i =3,k =l) , YIOBIICTBOPSIOLIEE
ycnosusim (19), (20):
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o, (y+x)+7,(y—x)

Uy (X, Y) = 5 +
y+x y+X-1 (31)
+= j V2 t)dt+= Iexp(——njdn j 0)31 dé
y—X+1
[Toacrasmss (31) B ycnoBue (8), Haxoaum
' C 1
oy (Y) =2 (—y)exp(—gy), O<ys<>. (32)

Tenepp OyZieM 10JIb30BaTHCS U3 YCIOBUS

(8u31 _8u31] _[%_Gu_&)
6‘X ay y=x+1 8X ay

oy (y) =y, (V) =20l (~y )exp[—— yj

y=x+1

Torna nmeem

r\JlH

U3 nocneanero paBeHnctna u (32) cnegyer
, C
wy (Y) =2y (—y)eXp(—g yj, 0<y<1.

Teneps mnoacraenss (31) B ycnoBue (30), mModyduM MEpBOE COOTHOLIEHHE MEXITY

HEU3BECTHBIMU QyHKIMAMU T, (y) u v, (y) :

v,(Y)=B.(y)-7(y), 0<y<1, (33)

rie
¥yt

(y-1) ¢ c
A(y)=h| ==~ | exp| =1 |@y, (y—n)dn.
0 a
Jlanee, mepexons B ypaBHeHHsxX (25) u (27) (i =3k =l) x npeneny npu X —>0,
TOJIyYHUM BTOPOE U TPEThE COOTHOLIEHHS MEXK/y HEM3BECTHBIMH QYHKLMAMU T, (y) v, (y)
Hy ( y) n o ( y) :

1 (Y)=7,(y)+a(y), (34)
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1 (Y)=75(y) + @u(y). (35)
HUckmouas u3 (34) u (35) dyukuuio L, (y), nMeeM

o (Y)=7(y) -7 (¥) + @y (y). (36)

Teneps nepexomuM B obmacts G, . 3anucpiBaeM peureHne ypasHenus (26) (i = 2) ,

yaoBieTBopsitoiee ycioBusm (16) u (17):

T (X+Yy)+7(x- 17 1t R
0 (x,y) =2 V)Z 1 y)+§Jvl(t)dt—§ja)2(n)dn [ e=de. @
X—y 0 X=y+n
[Toncrasmss (37) B ycnosue (4), HaXo0auM
,(y)=v2y}(~y)e * , ~1/2<y <0. (38)

Hanee, nmoacrasnsisi (37) B ycnmoBue (2) mociie HEKOTOPBIX BBIKIIAIOK, UMEEM TIEPBOE

COOTHOIIEHNE MEXKy HEU3BECTHBIMU QYHKIMAMU T, (X) u v (X) :
7 (X)—v (X) =4 (X), 0<x<1, (39)
rie ( X) — wu3BecTHas QyHKIUS.
Iepexons B (25) k mpemeny mpu Y —> 0 | mmeeM BTOpoe COOTHOIIEHHE MEXTY

HEU3BECTHBIMU QYHKIUAMU T, (X) u v (X) :

X

7/(x) -1 (X)=@ (0)e &, 0<x<1, (40)

TIe a)1 (O) —HEHN3BECTHAA ITOKAa IMOCTOSAHHAA.

Ucknrouas us (39) u (40) pynkuuio v, (X) , IPUXOJINM K YPaBHEHHIO

(X)) =71 (X) ==, (X) + y (0)e =, 0<x<1.

Uurerpupys 510 ypasaenne or 0 1o X, mmeem

7/ (x) =7, (x) =, (x) + o, (0) [e = dt + K, (41)
0
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X

rac 052 (X) = jal (t)dt ,a kl — HEHU3BCCTHaAs I1OKa IIOCTOsSIHHAaA.
0

Juddepenrupys (33) u nonaras B nonydennom pasenctee Y =0, nmeem

22(0)+v;(0)=5(0).

Ecnu yuutsiBaem ycinoBus Z'g(O) =4 (0) ) Vé (0) = Vl' (0) , TO IIOJIy4YHUM

1, (0)+v/(0)=4/(0). (42)

Teneps nonaras B (26) X=0 u Y =0, umeem

£2(0)~ 15(0) = (0)

Wcknrouas u3 mocieaHero papeHcrea u (42) uucno L4 (O), MMEeeM COOTHOIIECHUE

2/(0)+v/(0) = (0) + @, (0).
Huddepenunpys (39), nonyunm
7/(0)—v/(0)=4(0).
VIckiiouas U3 TIOCIEHAX ABYX PABEHCTB V| (0) , HaxoIuM

y 1, 1 1
£1(0) = (0)+ 5 A(0) +5@,(0).

Pemas ypaBuenue (35) npu yciaoBusix

(0)=14(0). =(0)=2v(0)+ Ly, 0
27(0) = a'(0)+% 1’(O)+%a)2(0)

7,(x)= :[exp(x ~t)ar, (t)dt + a)l(O)J:[exp(x ~t) —1]exp(—§tjdt +

+k, | exp(x) —1]+k, exp(x),

rac
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@ (0)=wi(0)+2 4(0)+ S, (0) -

5 Wz(o)'

2

Teneps nepexoquM B obnacts D, . 3amumem pemeHue ypasaeHust (27) ( =4; k= 2)

yaoBieTBopsitomero yciaopusam (12), (15):

f,(x+y-1)+ f,(x-y+1)

U42(X’y): 2 "
1 x+y-1 1% X+y=1 (43)
+ | f4(t)dt—§jw42(77)d77 | eXP(——f)df
X—y+1 1 X=y+n

Hanee, nepexoaum B obnacts D,,. 3anumem peuwenne ypasaenus (27) ( =4,k = 1)

YIOBIIETBOPSIONIETO YCIoBUsIM (22), (23):

(Y +x=1)+7,(y—x+1)

Uy (X, y)= > +
1 y+x-1 y+X-1 (44)
+E I v3( dt+ Iexp(——njdn I a)4l d§
y—x+1 y—X+7
bynem nonb30BaTbcs U3 YCIOBUSA (% + %j = (% + %j . Torma
x oy ), Lo o),

MOCJIe HEKOTOPBIX ITPeoOpa3zoBaHuii, UMeEeM

1

a)42(y):0)41(Y), ES ygl

Tenepsr Oynem mosib30oBaThCs U3 yciaoBust U 41(X, 2— X) =Uu,, (X, 2— X). Torma nmocne

JJIMHHBIX Hp606pa3OBaHHf/'I npuxoguMm K COOTHOIICHHUIO MCKAY HCHU3BCCTHBIMU (I)YHKL[I/IHMI/I

2'3(y), Vs(y) 1 0)41()/)3
ja)41 ‘5’7+”d77:,32(y),03 y<1, (45)
me B (y)=f(2-y)-F(2-y).
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Teneps mepexoms B ypaBHeHusx (25) u (27) (i =4;k :1) npu X —>1 nomyuum

COOTHOLICHU A

w(¥) -2 (V)=a(v)e ® m(y)-ri(y)=an(y)e

Hckmouas u3 5TUX COOTHOIIEHUH QyHKIMIO [, ( y) B cuiy (45), HaxoauM

os(Y)=[Z(Y)-m()]-[=()-n(y)|e +eu(y).  ¢o
[Toncrasisis (46) B (45), umeeM

- [l =)L) - e s ot

+7,(y) - S, (y), 0<y<l.

Teneps mnepexoauMm B obmacte D, . 3Bamumem pewenne ypaBHenus (25),

(47)

yaoBieTBopsitoiiero yciaosusim (16), (19), (22):

u, (X, y):'y[rz(ry)Gg(x, y;0,7)dn —Jy‘rs(n)Gf (x,y;Lm)dn +

+2,(£)6(x;¢,0)d¢ ~ [@,(n)dn[e = G(x y:&n)dé.
rae

(xyén)} Z . p[ 5—2n)2]$exp[_(x+§—2n)2]
N(x,y;&m) 2./7[ (y—-n) 4(y-mn) 4(y-n)

— ¢ynkuuu ['pruna nepBoii 1 BTOPOil KpaeBbIX 3a/1a4 Ui ypaBHEeHus (25).

Huddepenunpys 310 pemieHne mo X u ycrpemiisis X K HYNIO U K €JUHUIE C yYeTOM

(33), (36) u (47) mocie NIWHHBIX BBIUMCICHUN U TPEOOpa30BaHUM, MOJYIHUM CHCTEMY IBYX
) /4 !

ypaBHeHHMI Tuna AGens OTHOCHUTENBHO T, (y) u 2'3(y). [IpuMeHsIT K 3TUM ypaBHCHHUSIM

oOpamenue AOens mMOCie ATUHHBIX BBIUMCICHHUNA, MPUXOAMM K CHUCTEMY HWHTErPaIbHBIX

ypaBHeHU BompTeppa BTOpOro poaa OTHOCUTEIHHO HEU3BECTHBIX (PYHKITHI 2'2"( y) 51 Z'?: ( y) )

7 (Y) +le(y,n)r£’(n)dn +TK2 (v.m)zs(n)dn=g,(y), (48)
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73(Y) +fK3(y,n)r3’(77)dn + iKz‘(y,n)ré’(n)dn =9,(Y). (49)

rae Kl(yJ?), Kz(y,ﬂ), Ka(y’n)’ K4(y’77)’ gl(y)l gz(Y) — U3BECTHBIC

GyHKIMH, TpUYEM spa Kl(y,n) u K3(y,77) UMEIOT CJIa0yr0 OCOOEHHOCTH (]/ 2) , a

ocTaJibHbIe (PYHKIIMU HemnpepbiBHBL. [loaTomMy cucrema ypaBHeHumit (48), (49) nmomyckaer

€IMHCTBEHHOE pEIICHHE B KJacce HEMpepbIBHBIX (QyHKUuMi. Pemas 3Ty cucremy, Haxoaum

byHKIMM Z'g(y) u Z'é(y) TEM CaMbIM, U (QYHKIUU vz(y), v3(y), a)l(y), a)41(y),

@, (Y), U (XY), Usg (X Y), Uy (XY) 1 Uy (XY).

3amMeuyanue. AHAJIOTMYHbBIC 3a/a4M JJIS YPaBHEHHH TPETHETO W YETBEPTOrO MOPSIKOB
napaboJI0-TUIepOOTHYECKOT0 THITA PACCMOTPEHBI B padoTtax [1]-[10].
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Abstract. The paper is devoted to the study of the uniqueness of the solution of the Showalter—Sidorov—

Dirichlet problem for the Hoff equation on a segment. The Hoff equation simulates the dynamics of deformation of an

I-beam under constant load. To investigate the question of the (non)uniqueness of solutions to the Showalter—Sidorov

problem, the phase space method will be used, which was developed by G.A. Sviridyuk in the study of the solvability

of Sobolev-type equations. It was previously shown that the phase space of the model under study contains features

of type 2-Whitney assembly, which entails a possible non-uniqueness of solutions. The conditions of uniqueness or

multiplicity of solutions of the Showalter—Sidorov-Dirichlet problem depending on the system parameters are

presented, an algorithm for numerical solution of the problem based on the Galerkin method is constructed and
computational experiments are presented.

Key words: Sobolev type equations; Showalter—Sidorov problem; the Hoff equation; nonuniqueness of

solutions; phase space method; the Galerkin method.

1. BBenenue

[Moaxon, npeanoxenuslii B padore Xodda [1], g uzydenus nepopmanuu npu cxatuu
(BBITyUYHMBAaHUE)  CTEPXKHSA  pPACIpOCTpaHSETCs Ha  CIy4aid  TON3y4ecTH  HayallbHBIX
HenpaBwibHOCTEeH. [lom ToONM3ydecThio ClenyeT MOHUMATh JaedOpMaIldio TBEPAOTO Tea,
nmpoxoadmyrd € TCUYCHHUEM [JIMTCIBHOIO BPEMCHH, I10J I[el\/JICTBI/IeM OCTOSIHHOU Harpysku.
Martematuueckass Monenb aAedopmanuu JBYTaBpOBOWM Oalku MPUHAMIEKHUT K Kiaccy
MONYTUHEHHBIX BBIPOXKIEHHBIX MoJene u OyaeT HcclefoBaHa B paMKax aOCTPaKkTHOTO
MOJIYJIMHEHHOTO ypaBHEHUsI coOoeBckoro Tumna. B 0030pHOi cTaThe [2] coOpaHbl pe3ynbTaThl

MHOTOJIETHUX MCCIIEIOBAaHUN Borpoca (He)eanHcTBeHHOCTH 3a1a4n [1loyontepa — CunopoBa

L(u(x,0) —up(x)) =0 (1)
JUTs1 aOCTPAKTHOTO TOTYJIUHEHHOTO YpaBHEHUS COOOJIEBCKOTO THITA
Lu = Mu + N(u),ker L # {0}, (2

IPUBENCHBl TMPUMEPHl MaTeMAaTUYECKHUX MoOJIeNel, y KOTOPbIX BO3MOXHO CYILECTBOBaHHE
HEeCKOJIbKUX perienui 3anaun Lloyontepa — Cunoposa. Borpocs! (He)eTMHCTBEHHOCTH peLeHUH
YPaBHEHUH M CHUCTEM YPABHEHM, CBOJAIIMXCS K NOJNYJIUHEHHBIM YPaBHEHMIM Buja (2) U CBS3U
HEEJIMHCTBEHHOCTH PELICHUI C CylIecTBOBaHMEM B ()a30BOM IPOCTPAHCTBE ypaBHEHHH (2)
cOOPOK U CKJIIaJ0K YHUTHHU ObUIN OCBEIICHHI B cieAyomux padorax: A.®. 'unbMyTAMHOBOMN AJist

MaTeMaTHYeCKOM MOACIN IImorunkoBa ObLIH BBISABJICHBI yCJI0BUsA CYIICCTBOBAHUSA
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HeeIMHCTBEHHOCTH pemienus 3anauu [3], T.A. bokapesoii u ['.A. CBUpHAIOKOM [J11 MOJEIH
pacnpocTpaHeHUs HEPBHOTO UMITYJIbCa B MEMOpaHE U JIJIsl MOJICN aBTOKATAIUTUYECKOU PEaKIIun
¢ muddy3ueit mokazaHo CymecTBOBaHUE 2-cOOpkH YUTHU U 1-cOOpKH YUTHU COOTBETCTBECHHO
[4], H.A. ManakoBoii u O.B. ["'aBpusioBoi AJis1 MOJEIN pacpOCTPAHEHUSI HEPBHOTO UMITYJIbCa B
MeMOpaHe ObUIH BBISIBJICHBI YCIIOBHS CYIIECTBOBAHUS HEEAMHCTBEHHOCTH peIllleHus 3a1auu [S].

B nmannoii pabote Oynem paccMmarpuBath 3aaauy Llloyonrepa — CumopoBa

Au(x, 0) = up(x)) + (usx (%, 0) — up(x)) = 0, x € (0,1), ©)
s ypaBHenune Xodda
My + Uy = au + pud, t € (0,T), (4)

¢ ycioBueM [upuxne
u(0,t) =u(l,t) =0, x € (0,0),t € (0,T). (5)

Tpebyercss HAWTH yCIOBUSA HEEAMHCTBEHHOCTH peimieHui 3amaud (3) — (5) B 3aBHCHUMOCTH OT
3HAYEeHUH NapaMeTpoB 3aJlaud, IOCTPOUTh AJITOPUTM UYHUCIIEHHOro pewmenus 3anadu (3) — (5) ¢
yueToM (He)eIMHCTBEHHOCTH pemieHus B ciydae aff < 0.

B pa6ote [6] I'.A. CBupuatokom u B.O. KazakoM 0bU10 noKa3zaHo, 4TO (pa30BOE NMPOCTPAHCTBO
ypaBHeHusl (4) siBisieTcsi IpocThiM OaHaxoBbiM C *-MHOr000Opasuem B ciydae aff > 0. B ciaydae
af < 0 ¢a3oBoe IPOCTPAHCTBO ypaBHEHUs (4) y'ke HE OYJET MPOCTBIM MHOT000Opa3HeM, — OHO
JeKUT Ha 2—cOopke YHUTHM Kak IMOKa3aHoO B crarbe [7]. B manHOll pabote nns peanuzanuu
YUCJIIEHHOTO pEUIeHUs 3aJa4d MCIIONb3yeTcsl MeTo [anepkuHa. BniepBele Il MOMYIMHEHHBIX
ypaBHEHMI cOO0JIEBCKOT0 TUMa 3TOT MeTo/] 01 puMeHeH . A. Ceupuatokom u T.I'. CykaueBoii
[8]. B ciydae BBIpOXKIEHHBIX MOJYIMHEHHBIX YpAaBHEHHH Ui HAXOXAEHUS NPHOIMKEHHBIX

pemenuii, meton ["anepkuHa ObUT UCTIONB30BaH B padoTax [9-13].

2. Oco0enHocTH ()a30BOr0 NPOCTPAHCTBA

Penyuupyem 3amauy (3) — (5) x 3agaue (1), (2). Ansg storo nonmoxkum U = L,(0,1), h =
W(0,1). Omepatopsl L,M,N onpenenaum popmyaaMu

(Lu,v) = fol (Auv — u, v, )dx, Yu,v € b,
(Mu,v) = afol uv dx, Yu,v €D, (6)
(N(w),v) = ,Bfol udvdx, VYu,v €1,
rae (') — ckamspHoe npousseneHue B L, (0, [).
ITycts napamerp A € o(—A), torma ker L = span{gy: A = A}, im L = (kerL)*, rne {4} -
opTroHOpMHpOBaHHOe (B cwmbicie L,(0,1)) ceMeHCTBO COOCTBEHHBIX (DYHKIIUH OJHOPOIHOM

3agaun [upuxne Ha unrtepBaie (0,l) ans omeparopa Jlammaca (—A), COOTBETCTBYIOIIUX
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COOCTBEHHBIM 3HaUCHUAM {A 4}, KOTOpBIE 3aHYMEPOBaHBI 110 HEBO3pacTanuio. IIpuatom @4, A4

IIPUMYT BUJL

Pg = \/%singx, Ag =9°% 9g=12,..
3agaguM MHOXKECTBO B CIIETyIONIMM 00pa3oM:
B={uel:(Mu+ N),pr)=0,1=2}
Cunras, uto aff <0 u A = A, HpeICTaBUM BEKTOp U B BUAE U = Sp@y + Ui, Tae Ui €

Uik = {uy, € W: (uy, @) = 0}, 3amMeTum, 4T0 MHOXKecTBO B € P-1ud(PHeoMOPHO MHOKECTBY
B = {(si,ui) € RX W:sd Il oy I+ 3s2 fol piui dx +

,
+ sk Bf @Ru)? dx+ap ™t + [ or(ud)® dx = 0}, )

B [7] mHOXecTBO B Ha3zBaHO 2-cOopkoit YuTHH, B [6] mokazaHo, yTo B ciydyae aff > 0 mnpu

no6oM BekTope Ui € Uy CyIIECTBYET TOYHO OJHO YUclo S; € R Takoe, 4to Sp@y + up € B.

YpaBHeHUE, OTIPENIEISIONIEe MHOKECTBO B, SBISACTCS KyOMUECKUM YpaBHEHUEM OOIIeTo BUIA
asg + bsg + csy +d = 0. (8)

CornmacuHo dopmymnam Kapnano, mroboe KyOWdeckoe ypaBHEHHE OOIIETO BHUAA TP ITOMOIIU
b .

3aMCHBI S = Y — —— MOXeT OBITh IPUBEICHO K KAHOHUYIECKOMH (hopme

y3 +py +q =0 ckoddpunuentamu

a=lgly b=3J, piut dx,
l _ l
c =3, pRu)? dx +ap™l, d = [ g(ui)’dx,

_ 3ac—b?
~ 9az ’ 9)
1/ 2b3 bc d
q —z(ms _EJFE)'
Qr(su) =p* +q%,
Ric(siow) = 352 | oy I+ 6sic [ pfui dx +3 [ o (uf)? dx + af.

JUist JanbHERIIEro pacCMOTPEH S BBEIEM CIIEAYIOIIIE MHOKECTBA
1_ 1. _
(U)o = {u € Uj: Ri(sk,u) = 0},

(U)s = {u € Ug: Qu(siow) > 03, (10)
(Uk)f = {u € II# Qk(sk’ U) < 0}

Teopema 1 [13]. Ilycmy aff <0 u A = Ay. Toeoa
+ ais moboro uy € (U ) N (UL cymectsyer Tpu pemenns 3anauu (3) — (5);
« gus moboro ug € (Ux) N (U : N (Uy)g cymecTByeT aBa pemienus ypasaenus (3) — (5);

« s moboro uy € (Up)t N (Up): cymectsyer oguo penrenue 3aaaun (3) — (5).

3. BerunciuTebHbIe IKCTIEPUMEHTBI
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PaccMoTpum nmpuMephl YUCICHHOTO UCCIIEA0BAaHMS BOIPOCA HEEAMHCTBEHHOCTH PEIICHUH 3a1auu
[oyonrepa — Cunoposa st moaenu jaedopmamnuu aByTaBpoBoii Oanku (3) — (5) Ha OCHOBe
AHATUTUYECKUX PE3YJIbTATOB, OMMMCAHHBIX BhINIC. TpedyeTcs HAWTH YUCIIEHHOE PEIICHHUE 3a/1a9l
[Iloyontepa — CugopoBa

(u(x,0) = up(x)) + (Urx(x,0) —up(x)) = 0, x € (0,7), (15)
JUTSL ypaBHCHHUS

Up + Uy = —u +u3, t € (0,1), (16)

C KpaeBbIM ycioBueM Jupuxiie

u(0,t) =u(m,t) = 0, x € (0,m), t € (0,1), a7

npu Uy(x) = \/%sin(Zx).

[TpuGnmxennsie penienus 3aaaqn (15) — (17) va uatepBasie (0,77) MOryT OBITh IPEACTABICHBI B

Bute u(x,t) =u(t)o1(x) + u(t)@,(x), roe @r(x) = \/%sin kx, k =1,2. Tak xak B

YCIIOBHSX JIaHHOTO JKCIIEPHUMEHTa A COBHANAeT C MEPBbIM COOCTBEHHBIM 3HaueHHeM A; = 1
oaHOpOoaHOM 3amaun Jupuxie mist (—A), 11 HaX0KIEHHsI HEU3BECTHBIX U (t), U, (t) momydnm

cuctemy anredpo-auddepeHIaIbHbIX ypaBHEHUI

uy () (—3u2(t) — 6uZ(t) + 2m) = 0 18)
—6u (t)u, (t) — 3us(t) + 6mu, (t)dt + 2mu,(t) = 0.

Hcnonesys dopmynsl (9), Hatinem @ = —0,0000311696 < 0, u3 yero criemayer, 4ToO JaHHas
cUcTeMa YpaBHEHUH MMeeT TpH pemieHus. PaspemmB anreOpandeckoe ypaBHEHHE CHCTEMBI B
HayaIbHBIH MOMEHT BPEMEHH, MOJIy4MM TpH HadaibHbIX yernoBus uj(0),u?(0),u3(0). Pemas

HOJY4YMBIIYIOCS cucTeMy MeTooM PyHre — KyTTa, mosryuyum Tpu YMCIeHHBIX perieHus (puc. 1).

0.100-08 0.06-

Puc. 1. Uucnennoe pemenue 3amauu (15) — (17)
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E, EBKJUJJIMK MEAKMHIUTUHAE f? BOJYKTOI

YAT'BUITYYCYHYH KBA3ZUKOIIMOK CBI3bIKTAPBIHBIH KAIITAIBI
KOHYH1O
Mamuesa I'., ¢p.-m.u.0., npogheccop,
Kypbanbaesa H.H., ¢.-m.u.x., Ooyenm,
Ouickuil Mamaekemmux yHueepcumemu,
Ouw, Kvipevizcman
Ab6oynnaesa 4.X., ¢p.-m.u.x., doyenm,
b. Cuiovixoe amvindazel Keipeviz-O30ex i apaivlk yHusepcumemu,
Ouw, Kvipevizcmat,
Annomauus. Hsundoonyn npeomemu xamapbl bew uenemoyy eskiuonuk E, Meiikunouxmu 6enyxkmeon
uazeLimyy Mmacenecu kaparam. Hsundeonyn makcamer Oonyn E,  metikunoueun 6Gonykmen ua2ulimyyHyH
KEA3UKOUMOK  CbI3bIKMAPBIHbIH  JHCAULAWBIHBIE 3APbLL JICAHA HCEMUWMYY Wapmmapvly mabyy 9cenmenuHem.
Hsundeenepoe: Kapmanovli colpmkol popManap jHeana  KolliMblioyy penep Memoooopy KOAOOHYIOY.

byn oicymywma eskaudoux anmol yeHemOyy MeUKUHOUKmu OONYKMON HASblimyyed Mueweiyy macene
Kapanea. Qc Eﬁ aimazvulHOa YulyHOAl JHCLLIMA CbI3bIKMAapOblH Konmyey Oepuicen: ap oOup Xen

yeKumu apKwliyy Oepuiicen KONmMyKmyH oupoen 2ana covl3viebl omom. Ywyn cvizvik yuyn @penenun penepu 6010

mypeanoail KultiMbli0yy penep manoaivin aiviiean. byn penepoun xoopounamanvik 6eKmMoOpIOPYHYH UHIMESPALObIK

3 2
cvizvikmapsl Openenun mopuocyn mysywom. Yuyn mopuonyn O coizvlebiubii scanvimacuinoa F3 yexumu

2
UHeapuaHmmaslK mypt)e anvlkmaiam. X uekumu Q alMazelHOa KulliMbliled KeleeHoe F3 YeKumu O3yYHYH

2 2 2 2. 2
Qg - E6 aiimazvin - coizbin  uvleam. Hamviiiocada f3 (X ): F3 601201001 f3 12 _)Qg

0O6IYKMOn 4azvlimyycy aHbIKmaiam.

2
Topm uenemOyy 601yuUmypyyiopeo maauovik 60IYUKAH CbI3bIKIMAPObIH f3 00IyKMON 4aculimyyCyHyH

K8A3UKOUWMOK CbIZLIKMAP OOTYULYHYH 3APbLI HCAHA HCEMUUMYY WUAPMmMapsl UsUI0eH2eH

H3Un000HYH JHCOLIILIHMBIZLIHOA MOPM YEHEMOYY OONyWmMYpPYYAopeo MAAHObLIK DOAVUKAH CI3LIKMAPObIH

2
Kapanvln  H#CamKau f3 boenyKmon uazelimyycy YuyH KEA3UKOWMOK CbI3bIKMAp OOJYUIYHVH 3apbll  HCAHA

2
arcemuwmyy wapmmapul maobwviiean. Topm uenemoyy 6o1yumypyyiopeo maauovik OOIYUKAH Cbl3bIKMAPOLIH f3
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OONYKMONn  YaLLLIMYYCYHYH KBA3UKOWMOK CbI3bIKMAPbl OOLYUWYHYH 3aPbLL JHCAHA HCEMUWMYY WUAPMMAapbIH
UBUNOOO MAKANA0A AN2AYKbL Upem UBUTOEHUN JHCAMKAHOBIKIMAH, ANbIHeAH JICLIUBIHMBIKIMAD JHCanbl  OO0yN
acenmenunepu KOpcomyncoH. AnvlHean iCOlbIHMbIKMAP OUuPhepeHyupienyyuy Hacblimyyiap meopusicbiHOd
KOJIOOHYY YYYH CYHYWMAAMm.

Aukbly  c0300p: e8KIUOOUK MelkuHoux, Ppernenun penepu, OpeHeHuH mopuocy, 6OIYKMON yYazvlimyy,

bOnyumypyy, K8a3uKOUMOK Cbi3bIK.

O CYIIECTBOBAHUHU KBA3UIBOMHBIX TUHUNA YACTUYHOI' O
OTOBPAKEHMS f7 B EBKJIMAOBOM INPOCTPAHCTBE E,

Mamuesa I'., 0.¢p.-m.H., npogheccop,

Kypbanbaesa H.H., k.¢p.-m.n, doyenm,

Ouwickuti 20Cy0apCcmeenHblll yHugepcumen,

Keoipevisckas Pecnybnuxa

Ab6oynnaesa 4.X., k.¢p.-m.H, doyenm,

Keoipevizcko—Y30exckoeo Meocoynapoonwiii ynusepcumem umernu b.Coi0bikosa,
Keoipevisckas Pecnybnuxa,

Annomayun. B oannoil pabome paccmompena 3a0ayd, OMHOCIWAACA K HACMHbIM OMOOpadceHusim 6-

Mepnozo esknudosa npocmparncmea.B oonacmu {2 C EG 3a0aHO CeMeliCmEo 21a0KuX JUHUL MaK,uymo depes

KA2HCOVIO MOYKY Xen npoxXooum 0OHA TUHUsL 3A0AHHO20 cemelicmaa. Bulopan noosusichblil penep mak, 4umoosi

on Ovin penepom Ppere 05 AUHUU 3a0aHHO20 cemelicmea. UnmezpanbHule TuHUU KOOPOUHAMMHBIX3 BEKIMOPHBIX NOJeEl

. 3 .
amoeo penepa obpaszyiom cemv @pene. Ha rxacamenvrou x qunuu O smou cemu uH8APUAHMHBIM 00OPA30M
F 2 X Q0 F 2
onpeoensiemcs. mouka 3 . Koeda mouka cmewaemes: 8 obnacmu , mouka T3 onucvieaem ceow
2 2 . 2
obnacmo Q3 - E6 . Taxum 06pazom noyyaemcs yacmuyHoe omoopasicenue f3 100> Qg, makoe, 4mo
f2(X)=F;
3 = 3 . Hccneoosanvl Heobxooumbie u 00CmMamouHwvle yCiogusi Oiist Mo2o, Ymoodbl IuHUl, RpUHaoaexcaujue

2
mpexmepHbiM pacnpet)eﬂel—tuﬂm, SGJIANUCH KEAZUOBOUHBIMU JTUHUAMU YACMUYHO20 0m06pa9fceHuﬂ f3 .

Hpedjvtemom UCCNeO0BAHUSL ABISACMCH npoyecc 4acmu4inozo omo6pa9fceHuﬂ wecmumepHoco eBKIU008a

npocmpancmea EG . HEJZb UCCNEe008AHUSL - HAUMU HeobXooumMble U O00CMAMOYHbLE ycuosust cyuecmeoeanus

K8A3UOBOUHBIX TUHULL YACMUYH020 OmOobpadicenus npocmpancmea E . B UCCNe008aHUU UCNONb30BANUCH. MEMOO

sHeutnvlx popm Kapmana u memoo noosusicnozo penepa. B pesynbmame uccinedosarnus 6vliu HatioeHvl HeobXo0umble

u oocmamoumvle ycuaoeust  cyujecmeosanusl KBA3UOBOUHBIX JUHULL OIS pacemampueaemoco  4acmuinoco

2
0mo6pa9fceﬂuﬂ f3 JUHUU, npuHa()ﬂlecamux UemslpexmepHbim pacnpe()eﬂeHuﬂM‘
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Hccnedosanusi HeobxoO0umblx u O0OCMAMOYHBIX YCAOGUU Ol MO20, 4MOObl JTUHUY, NPUHAOLeNHcaujue

2
uemslpexmepHobim pacnpeaeﬂeﬂu}m, SAGNANUCHL  KBABUOBOUHBIMU  JTUHUAMU  HYACTMIUYHO2O 0m06pa9/ceHuﬂ f3

PAaccmMompeHo 6nepevie, NOIMOMY NONYYEHHble pe3YNIbmamvl AGAAIOMcs HoeblMu. [lonyuennvie pesynvmamol
PpexomeHoyemcs 05l UCRONIb308aAHUS 8 MeopUU OUG@epeHyupyemMbix omoopadtceHul.
Knrwouegvie cnosa: esxkiudoso npocmpancmeo, penep Ppene, cemv Dpene, uacmuunoe omodpasicenue,

pacnpedenenue, KA3UOBOUHAS TUHUSL.

ABOUT EXISTENCE OF A QUASIO-DOUBLE LINES OF THE PARTIAL

MAPPING f? INSPACE Ej

Matieva G., Doctor of Physical and Mathematical Sciences, Professor,
Kurbanbayeva N.N., Ph.D., Associate Professor,

Osh State University,

Osh, Kyrgyzstan

Abdullaeva Ch.Kh., Ph.D., Associate Professor,

Kyrgyz-Uzbek International University named after B. Sydykov,

Osh, Kyrgyzstan,

Abstract. It is considered the problem related to partial mapping of 6- dimensional Euclidean space £
A family of smooth lines is given in the domain £2 C E6 so that through each point Xe passes

one line of a given family. A movable frame is chosen so that it was Frenet’s frame for the line of the given family.

. . . . 3
The integral lines of the coordinate vectors fields of this frame form a Frenet’s net. On a tangent to the line (O of
this net a point 3 is defined in an invariant way.

2 2
When the point X moves in the domain {2 the point F3 describes its domain .Q3 - E6.Inthis

2 2
way we get a partial mapping f32 Q- Q32 such that f3 (X) = F3 . The necessary and sufficient conditions

2
for the lines belonging to 4-dimensional distributions, were quasi-double lines of the partial mapping f3 .

The subject of research is the process of partial mapping of the six-dimensional Euclidean space £ . The

purpose of the study is to find the necessary and sufficient conditions for the existence of quasi-double lines of a partial

2
space mapping f3 . The study used: the method of external forms of Cartan and the method of moving reper. As a

result of the study, necessary and sufficient conditions for the existence of quasi-double lines for the considered partial

mapping of lines belonging to 4-dimensional distributions were found.
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The study of necessary and sufficient conditions for lines belonging to 4-dimensional distributions to be quasi-

double lines of a partial mapping f3 is considered for the first time, so the results obtained are new. The results

obtained are recommended for use in the theory of differentiable mappings.

Key words: euclidean space, Frenet frame, net of Frenet, partial mapping, distribution, quasi-double line.

Kupumyy. (2 C E, wmeiikupmuruann () aiiMarsinia yryHaai sKbUiMa ChI3bIKTapIbIH
KOITYTY OCpHIreH X < () ap 6up UeKHTH apKbLTyy OepUIreH KONTYKTYH OUpIEH TaHa ChI3BITHI

eTeT. OpTOHOPMAJIAaHTaH, R = (X ’éi, ) (i’ j,k = 1,6) perepuH Q) aiimareina Oy penep

OepuireH KONTYKTYH @®" ChI3BITBI yuyH ®penennn penepu [1], [2] 6omo Typrangai TaHmamn

anabpi3. R penepuHMH AepUBALMOHAYK (GOPMyIIagapbl TOMOHKYIOH KOPYHYIITO GOJIyLIAT:

dX=0'e,de=0ke, . 1)

i k .
MbiHgarsl @', @' maddepenunangplk  Gopmanapel €BKIMIIMK MEHKUHIMKTHH

CTPYKTYpaJIbIK TCHIACMECJICPUH KaHAaaTaHAbIPHIIIAT.

/\a)li(,Da)li(:a),J/\a)lj(,a},J+a)}:0. (2)

Do' = o

—_—

1
ei BCKTOPAYK TallaaJlapblHbIH HWHTCTPAJIABIK CBI3BIKTAPbI 6epI/IJ'IFeH KONTYKTYH @

ChI3BITEl yuyH ®penenuH Topuocyn [1] 24 Tysymer. R pemepu 25 | TOPYOCYHYH

k
CBHI3BIKTAPBIHBIH KaHBIMANAPBIHA TYprysynraHabiktan, @ i dopmanapsl Gamksl dopmanap

6omymart, 6.a.
k kK _j
o = Ajo!. (3)
(2) popmynanapabiH aKbIpKbI 0apOAPABITHIH ICKE aJCaK, aHIa TOMOHIOTY KEJIHIT YbIrar:
) _
Aij = _A:(j ' (4)
(3) bapabapabIKThI ChIpTTaH AU GEpeHINpPICT TOMOHIOTYHY AJ1a0bI3:
K _ A Ak j k j
Do =dAf n@' + A/ Do’
Mperanas, (2) hopmynaHbl KOJITOHCOK, TOMOHIOTY KEJIUI YbITaT:
o Ao =d A A0 + A A0 A )]
[ j ij J ‘-
(3) popmynaHbIH HETH3UH/E aKBIPKBI OapadapIbIK TOMOHOTY/101 KOPYHYILIK® KEJIeT:
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j k £ k j k __j Y4
o Ny =dA Ao’ - Ao Ao
XKC
K . k j k j /
Aol no =dA NGO = A Ao AN

(6apabapAbIKTHIH OH KarbIHJATbl SKMHYH MY46/16 jKaHa UHAEKCTEPUHUH OPIyH aJIMAIITHIPIBIK).

MpbIHIaH TOMOHIOTYHY ala0ObI3:

k j k .« j "N ¢
dA; Ao’ — Ay, A’ — Ao Ao =0

xKe
dA — A0 — Ao’ ) Ao’ =0
Aij 44 j Y — V.
AxbIpkbl Gapabappikka Kapranabia temMachi [3] KoagoHyn ToMeHIeryre 3 60100ys3:
k P K 0 _ gk _m
d/Lj _Ai/,a)j _Aéja)i = /Ay, @
xKe
k[ 4k k 41 k 41 m
dAij_( ijm+AiIAjm+Aleim)a) : (5)
k Ak
YoHayKkTapapiH {/1IJ ,/ij} CUCTEMACHl dKHHYM TAPTUITETH TEOMETPHUSIBIK OObEKTTH
TY3YIIOT.

1 .
bepunren kenTyKTyH @  CbI3BIIBI YuyH DpeHeHuH (opmynasapbl TOMEHArYyIei

KOPYHYIITO OOJyIIarT:
—_— _ 2 e
dlel - All eZ !

- L= . —
d1e2 :A21e1 +A21931

- 2 4
dle3 =A31 €, +/131 €4

e

o 3 4 45
de, =A,€ +4,8,

KaHa

/1131:—/1131:0, A141=—A411:O,Alsl:—/1511:0,/1161:—/1611:0 (6)



A251:_A521:0v A241:_A421:O1 A351:_A531:O-

7
A261:_A621:O’Af’fl:_A:l:O'Aglz_Aflzo )

1 2 1 3 1 4 1 5 4
MBbIHArBI kl =A k2 =A, k3 :/]31 . ky=A=-A,

kKi=Ao=-A> !
5 =\ 5= /N g — (@ CBHBBHITBIHBIH OMPUHYM, SKHHYH, YIYHUY, TOPTYHUY JKaHa OCHIMHYA
. 1
uiipuinKTepy (Tuewener typae), d,; — (U cbi3birsl 6oroHYa TudhepeHIMpPIOOHYH CHMBOILY.
i i ..
2 TOpPUOCYHYH (V' CBI3HITBIHBIH JKaHBIMACHIHZArbl I (i=j) mnceszodokycy

TOMGH,HOFYHOﬁ paanyC — BEKTOPp MCHCH aHbIKTAJIAT:

Fiox_to-x, ta ®)

Ap 6up (X ’éi ) ’KaHBIMAChIH/Ia TOPTTOH TICEBAOPOKYC HKAIIIANT:
(X ,él) JKaHBIMACBIHIA — Ff,Ff,Ff,Ff,Ff ;
(X ,éz) JKAHBIMACHIH/A — le , F23 ) F24 ) ng ’ er ;
(X ,é’s) JKaHBIMAChIH/Ia — F311F32 ,F341F35 1F36 ;
(X ,§4) ’KaHbIMAChIH/A — F41,F42 ’ F43 ) F45 , F46;
(X ,§5) ’KaHBIMACBIHIA — F51 : F52 \ F53 \ F54 ) F56 ;
(X ,és) »KaHbIMAChIH/a — Fel,FGZ,FGS,F64,F65-

Q - EG aliMarsIHIarsl 26 TOPYOCY chCHCHI/IH OUKIIIUK TOPYOCY ACI aTajaatr, darepac

1 2 3 4 5 6
TOMOHIOry permepiep Oup yuypma @, O |, @O |, @ , © O cpI3BIKTapEl YYYH

(tuemenem Ttypne ) Openenun pemnepiepu Oosyiica: Ry :(X’é1’§2 €5.6, ’§5’é6) ,

‘RZ = (X ,éz 1é3 l§4 ’§5 7é6 ’él)
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~

26 Topuocy DPEHEHMH LMKIIMK TOPUOCY OONCYH JEN SCENTEHIM KaHa aHbl 2 g

KOPYHYIIYHIO OCNTuiIeions.

I/I3I/I.TI)199HYH mMarTrepuajaiapbl.

2 = .
F e (X ,93) nceBaoOKyCy TOMOHIOTYIOH paanyc-BeKTOpP MEHEH aHBIKTAJIaT:

- - 1 - - 1 —
Ff=X- e, =X + e, . 9)
? AsZ ? AgZ :

. . 2
X uekutn (2 C E, aliMarbinja KbliiMbUIra KEITEHIE, F;" uexutu e3ynyn 0 cE,

o o 2 2 o
aiimarein  “cei3bin’”  wpirat Harteiikama fo (X )=F"  6Gomo typrammaii f7:Q — Q2

0eJTyKTeIn 4arbuITyycyHa 33 0607100Y3.
(9) Gapabapmeiktel audpdepennupaen sxaHa (1), (2), (3) dopmymnanapabl KOIAOHYI

TOMOHJIOTYHY aIa0bI3 !

dF2=dX —d

XKE

. 2 m i m
B2 e 4 Com®@ o= Mm@ =
3 m /12 2 3 Az i

( 32) 32

2 _ 2 2 l 2 ¢ m __ 2 m
mpiga 0 A 5,= (A aomtT Az Aot A Agy =Chn,o .

AKBIpKBI OapabapIbIKTaH:

i 2 i
— |— C%i, — Ay — — C%, — A, —
dFy =|e,+ —2 e, ——le lo'+|e, + — 2 e, ——Lg |o°
(Asz) A3, | (/132) A3,
i i i 2 i
- C§23 - A33_' 3, 1A C324 - A34_' 4
+63+ /12 283—/12 € (D+e4+/12 283—/12 € |o +
L ( 32) 32 i ( 32) 32
i i 2 i
- ngs = Ass_' 5 - C326 - Ase_’ 6
+| €5 A2 283—/12 e | +e6+/12 283—/12 e |
i ( 32) 32 ( 32) 32

KEJIMII YbITaT. TOMOHIOTY 101 OeITUI00Iopay KUPTH3eOns3:
2 i
—- =~ C 321 o Ay =

€, > €
Agz)z A32
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CZ_e2+ 2 /12 i
( 32)2 32
2 i
E?:—g:;+ C s e, Assé"
2 /12 !
(A32)2 32
2 i
E’:e_'_|_ C324 e _A34§’;
4 4 2 3 /12 i
(A32)2 32
2 i
Q:€+ Cs e3_A35é'
2 /12 !
(A32)2 32
— — C? AL —
C, =6, + 326 _ 36

~

2 6 Topuyocy DpeHeHHH MUKIAUK Topuocy OonroHaykTaH C; BEKTOPIOy TOMOHIery

KOPYHYILTO OOJIyIIaT:

2 2
_’__’_A31_’ C321 a
C,=8 — 31+ A e~

A32 (A32) A32

Agl_'

2 4
—_ = Cu _’_Aaz_’

(Agz)z 3 Agz €,

o
N
Il
)
N
+

— Cie | Ag—

C, =1+ —55 e, ——=2e,; (10)
(A§2) A32

— A2 — 2,

C Mo +—% e +e,;
32 (Agz)z

~ A§5—’ ngs g5

C = 2 T e e
32 (Agz)z 32
2 2 4

P _A36_’ Cae = Az

Cs > e, 263 2 e, +6€

A 2 A

32 (A32) 32

0 5 aliMarplHa KbIMAMBUIYY R = (F32 ) Ci) penepun OupuxTHpedous. XKanmsr yuypaa
(10) BEeKTOPJIOP CHI3BIKTYY KO3 KapaH bl OOTYIIIANT.
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—_— — — —

Tepr uenemayy A ,= (X, e, ,6;,¢e ,95) OOJIYIITYPYYCYHO TaaHABIK OOJITOH ")

S 20 34 L S4a L S5a
CBISBITBIH  KapailObi3. AHBIH kaHpMa Bekropy O =0 €, +0°€,+d7€, +0°€;

—

— ) =
KOPYHYIIYHIe O0JIOT. o= f3 (6) CBI3bITBIHA JKaHbIMa BEKTOPY o TOMOH/IOTY 161

AHBIKTAIAT: O =0 C, +0 C3+5 Cy +0 Cs .
(10) popmymnanapsl 3CKe ajcak:
5= (52 +o'c; +0°¢; )g +(5zc§ +o% +5°c +o°c] )e3 +(§2c;‘ +o%; +o0' +5°¢c; )e4 +5°8,

e ——

j :
KCJIMII 4YbIl'aT, MBIHJ1a MBIHJA 5 i — c i BCKTOPYHYH ] — KOoOpAMHATacChl

—_— = 2
0,0 ,XF3 €A4 SKCHIWTHH KepeOy3, MdeMeK, O ChI3BIIBI  ap  JaibIM

2. 2
fy 102 — Q7 Genykren uarkLITyyCyHyH KBA3MKOUIMOK ChI3BITEI GOTIOT IKEH.

_— — — —

Xoropyaarsira oxmioin 3ie A 4= (X 81, 6,,84 ,64) 0OJIYLITYPYYCYHO TaaHABIK

2
00NTOH ) CBI3BITHI ap JabIM f3 0eJIYKTeN YarbUITyyCYHYH KBa3HMKOIIMOK CBI3bITbI 00JI0

TypralabII'bl KCJIWII YbIT'aT.

—_—— — —

Omu AZ = (X €1, 65,64 ,65) OONYIITYPYYCYHO TaaHABIK OONTOH ﬂ CBI3BITBIH

KapaiObI3. AHBIH KaHbIMa BEKTOPY ﬁ = ,316; +ﬂ3%+ﬂ4a + ,BSE; 6onor. = f32 (ﬂ)

CBISBIT'BIHBIH JKaHbIMa BEKTOPY ﬂ TOMGHI[OFYI[OI\/JI AaHbIKTaJIaT:

—

p = ﬂlcl + ﬂ303 + ,34 C,+ ,35 Cs (10) dopmynanapasl KOJIJIOHYY MEHEH TOMOHKYHY

ama0bI3:

- 17 1.2 4 2 5 2\ 1.3 33 43 5 3\
B =ple, + (B2 + pict+ Bt e, + (Bt + B + Bict + B°CE e, +
H(Blet + et 4 B B Jes + B

_—

2
BB XF €A wmapreinan ToMeHery KeTuIl dbIrar:

1.2 4 2 52
pc, +pc; +pcc =0.
Meianan (10) hopmynanapasl ke aryy MEHEH TOMOHIery OapadapIbiKka 33 00100y3:
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2 i 2 4 2 5
A B +A5, B +A56° =0 (11)
Teckepucunue, srepie A, GONyITYPYYCYHO TaaHIBIK GOITOH /3 CHI3BITHIHBIH XKaHBIMA

2
BEKTOPYHYH KoopauHatanapel (11) mapTTel KaHaaTTaHIBIPBILNICA, aHIA [ CHI3BITHI f3

OOJYKTOIl YarbUITyyCYHYH KBa3UKOIIMOK CBI3BITBI OOJIOT.

—_— — — —

Tepr uenemnyy ( A = (X 8,5, 65,65, 66) ) GemymTypyycyHe Taanasik 6omron O

e

24 34 54 6,
CBI3BITHIH  Kapaiibl. AHBIH JKaHbiMa Bektopy L =P €, +p €3+ p €+ p €

. 2
KepyHymyHme Gomor. O = f3 (,0) CBI3BITHIHBIH JKaHbIMa BEKTOPY TOMOHJAOryAeW TaObuiar.

—

2 3 5 6 .
P =P Ct P Ca+ P C+ P Cqg KepyHYLIYHIO U3ACHOU3

—

- 5 2 6 2 \~ 2 3 3 3 5 3 6 3 \~
P:(p C; +P Cq )€2+(p C, +PpC3+pPCs+pP Cq )63+
+(p2cg+p3c§+p5c;‘+p6cg‘ )e4+p5€5+p6€6.

- = 2 "
P ,p, XK € A maprean temenneryny ana6eis:

2 4 3 4 5 4 6 4
pc, +pcg+pcs + pcg =0 Mumman, . (10) dpopmymanapae! maiiranansim

TOMOHJIOTYHY aJ1a0bI3:
4 2 4 3 4 5 4 6
App "+ Ay p +Agp +Aygp =0. 12)

—

L4
Teckepucunue, arepae A4 OeJIYIITYPYYCYHO TaaHIbIK OOJITOH P cesbirbiEbE O

2
’KaHbIMa BEKTOPYHYH KoopauHaramapbl (12) kaHaaTTaHmsipbimica, aHga [ ChI3BITHI f3

0OOTYKTOIl YarbUITyyCYHYH KBa3HKOIIMOK CBI3BITHI OOJIOT.
KbLIMBIHTBIK.
JKoropynarsl n3niiieenepayH HETU3UHAE TOMOHAOTYA0U TeopemMa JaIIICHIN.

Teopema

—_—— — —

a) (A’ 2= (X 81,6, ,65 ,64) )OONMYIITYPYYCYHO TaaHIBIK OOJTOH 5 (7/ ) CBI3BITHI

2
ap maiieiM ! 3 GemykTern 4arbUITyyCyHYH KBa3MKOIIMOK CBI3BITHI 0OJIOT;
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_—— — —
_

6) 4, = (X €1, €3 ,a ,E&;) ( AZ = (X €5, €3,6€5 ,ee) ) OenymTYpyYCYHO TaaHIbIK

2
00aroH ﬂ(,O) chi3birer | 3 0OIyKTeIl YarbUITYyCYHYH KBa3UKOIIMOK ChI3bITbI OOIYILY YIYH

(11) ((12)) mapTThIH OPYH aJIBIIIBI 3aPbLT )KaHA JKETHUILTYY.

" f2 f1 f4 f°
bem YCHEMAYY CBKIMAIUK MCHUKHWHJIMKTH 3, 2, 5 , , 66HYKTGH

YarbUITYYJIAPBIHBIH KBAa3UKOLIMOK ChI3bIKTApBIHBIH Kamramsbl [8], [9], [10], [11] makananapnaa
W3WIACHTCH
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AHAJIN3 BUTAPMOHMNYECKHWX MOJIEJIEA METOJAMHA
UTEPAIIMOHHBIX PACHIUPEHUM

Menvyatikun Eszenuti Anopeesuu,

e.meltsaykin@gmail.com

Ywaros Anopeii Jleonuoosuu

ushakoval@susu.ru

FOoicno-Ypanvckuii cocyoapcmeennulii yHugepcumem,

2. Yenabunck, Poccutickas @edepayus

Annomayus. B cmambe npugooumcs ONUCAHUE AHANU3A OUSAPMOHUHECKUX Mooenell Memooamu

umepayuounslx pacwupenuli. Paznuunvie cmayuonapuvie Qusuueckue cucmemvi 8 MexaHuke MOOeAupylomcs c

ROMOUbIO Kpaesvix 3a0a4 01151 He0OHOpoOHbIX ypasueruti Copu JKepmen. Ucnonv3ys dueapmonuieckyro Mooenb, m.e.

Kpaegylo 3a0auy 0/isi He0OOHOpoOHoz2o ypaenenus Cou IKepmen, onucvieaiom npocubanue niacmuH, nOmMoKu npu

meuenusix ocuokocmeu. C nomowpio paspabomanHvlx Memoo08 UMEPAyYUOHHbIX PACUUPEHULl NOTYYAIOMCsl
apexmusnbvle aneopummbl peueHus paccmampusaemvbix 3a0au.

Kniouesnvte cnosa: bucapmonuueckue mooenu; memoosbl UmepayuoHHbIX pacuiuperull.

ANALYSIS OF BIHARMONIC AND HARMONIC MODELS BY THE

METHODS OF ITERATIVE EXTENSIONS
Meltsaykin Evgeniy Andreevich,
e.meltsaykin@gmail.com
Ushakov Andrey Leonidovich
ushakoval@susu.ru
South Ural State University,
Chelyabinsk, Russian Federation
Abstract. The article describes the analysis of biharmonic models by iterative extension methods. Various
stationary physical systems in mechanics are modeled using boundary value problems for inhomogeneous Sophie
Germain. Using the biharmonic model, i.e. boundary value problem for the inhomogeneous Sophie Germain equation,
describe the deflection of plates, flows during fluid flows. With the help of the developed methods of iterative
extensions, efficient algorithms for solving the problems under consideration are obtained.
Key words: biharmonic models; methods of iterative extensions.
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npobuiemsl. [lepcriekTuBHOE HampaBiIeHNEe METO bl (PUKTUBHOM 00JaCTH MO PEILIEHUIO 3TUX 3a7a4
TaKke MMeeT mpobiembl. Byaem, mcnoib3oBaTh, 4TO, €CIM 3aJauyd, PacCMaTpUBAEMBIC Kak
CHCTEMBI aHAJIOTHYHBI, TO OHU MMEIOT aHAJOTMYHbIE CBOICTBA, a METOABI PELICHUS ITUX 33]a4
OyIyT TaKKe aHAIOTMYHBI MEX Ay co00M. JJis pa3paboTKu HOBBIX A(h(DEKTUBHBIX METOJIOB OyJIeM
MPUMEHSTh 00001IeHNs MeTo1a GUKTUBHON 00JIaCTH, T.€. METO/Ibl UTEPALIMOHHBIX PACIIUPEHUN.
B meroge ¢ukTHBHOI 007acTH HAa TpUMEpPEe MEXAaHUKH YBEJIWYMBAEM DPEAKLHUIO OMOpPbI H
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TPEXCKOPOCTHAS OBPATHAS 3AJIAYA J1JISI HATPYKEHHOI'O
CHUHI'YJIIPHO-BO3MYIIEHHOI'O YPABHEHUS IEPEHOCA C HTHTEPTAJIOM
CTOJIKHOBEHUM B HEOT PAHUYEHHOM OBJIACTH

Omypos Taanaubex Japoaiivinosud, 0.¢h.-m.H., npogeccop,

Caprenosa XKvinowis Kanviuwesna, cm. npenodasameins,

sjjyldyzaa@gmail.com

Kuipevizckuii nayuonanvnuiti ynueepcumem um. K. banacaevina,

buwxex, Kvipevizcman

Aunnomayun. B Oanuoti cmamve ucciredyemcsi MHOZOCKOPOCMHASL CUHZYTIAPHO-BO3MYWEeHHAs 0OpamHuas

3a0daua neperoca 8 Heoepanuiennou ooracmu. B pabomax [1, 2] u Op., mHodcumenem unmezpaia CmoiKHOBeHUL 6

O00bIYHBIX 340ayax nepeHoca  ObLIO MAKCEENI08CKOe pachpedeieHue Ul MAKCEeLI08CKoe pacnpeoeietue

VMHOJICEHHOE HA 4aACMOmY CMOJIKHOGeHUsA. B omauuuu om ykazanwou 3adauu, 30ecv paccmampueaemcs

HeUHelHoe CUHZYNIAPHO-BO3MYUeHHOe UHMezpo-Oupgepenyuanvuoe ypasHenue  nepeHoca 6mopoeo nopsokd,

npuuem HapyuwleHue ManoCcmu noZpaHciouHOU GYHKYUU OMHOCUMENbHO MAN020 NAPAMempa HOCUM HEeIOKANbHbLI

xapakmep, 8 Yem u 3aKIYaAemcs AKMyaibHOCMb UCCIe008AHUS YKAZAHHOU — CUHSYIAPHO-803MYWEHHOU 00paAmHOU

3a0auu.

Pezynomamor  ucciedyemoui  cCuHeyIapHO-803MYWEHHOU 0OpamHOU  3a0auu, NOJYYeHbl HA O0CHO8e
npeocmasieHus. AcCUMIMOMUYEcKo20 xapakxmepa.

Knrwouesvie cnosa: cuneyiapHo-603MyujeHHAs 00pamuas 3a0aya nepeHocd, ypasHeHue mnepeHocad,

npedcmasgienue acuMnmomu4ecko20 XapaKxmepd, blpoAiCOeHHAs 0OPAMHAs 3a0aia, MAbli NApamemp.

YEKCH3 AMMAKTA KATBLIBIITYY UHTEPAJIBI MEHEH KYKTOJITOH
CUHI'VJIAPABIK KO3T'OJII'OH KbLJIBIINYY TEHAEMECH YYYH Y4
BIUIJAMABIKTAI'BI TECKEPU MACEJIE
Omypos Taanaiibex JJapoativinosud, ¢b.-m.u.0., npogeccop,
Capxenosa Keindwis Kanviesna, aza okymyyuy,
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JK.Banacazein amwindazer Keipavis ynymmyx ynusepcumen,
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Annomayusn. byn maxanrada 6u3 uekcuz auMaxkma Kon blI0AMObIKIMAZL CUHSYISAPOYY KO320720H mecKepu
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JACHLIBIUYY Maciecun usunoenous. [I, 2] ocana Oawka unumuil dmeekmepoe KAOUMKU JHCHIIBIULYY MAClecu
KA2ulIbIUUYYHYH uHmezpanovik pakmopy — Maxceennoux OoIyumypyy e KazbLiblulyy HCblUmbleblHa KOOOUmMy12oH
Makcsennoux benywumypyy 60120H.

Kopcomyneon maceneden ativipmanansin, 6y sdcepoe bu3 SKUHUU 0aPaAHCAOA2bL CHIZLIKMYY IMEC CUHSYTAPOVY
KO3207120H UHMe2PO-OUuPpepenyuanobik HColIblyy meHoeMecun u3uioetous, ai sSMu 4Y4eK apa Kammap
QYHKYUACLIHBIH  KUYUHEKel napamempee Kapama a30bleblibli OY3yayuly JOKANObIK dmec 00N20H yuyH, 6y
KOPCOMYN2OH CUH2YNAPOYY KO3201120H MECKePU MACeNeHU U3UN000 akmyandyy 60Iyn cananam.

H3unoenzen cunzynapoyy Ko320120H mecKepu MACeneHUH HaAmblidicaiapbl acUMNmOMuUKAIbIK KOPYHYWmyH
He2u3uHOe AIbIHAM.

Aukviy  co300p:  CUHSYIAPOYY KO32ONCOH MECKEPU  JHCHUIbIUYY MACenecu, JCbLIbiuyy menoeme,

ACUMNMOMUKAIbIK Kepcomyy, mecKkepu maceie, Kuuunexei napamemp.
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Abstract. In this article, we study a multivelocity singularly perturbed inverse transport problem in an

unbounded domain. In [1, 2] and others, the factor of the collision integral in conventional transport problems was

the Maxwellian distribution or the Maxwellian distribution multiplied by the collision frequency. In contrast to the

specified problem, here we consider a nonlinear singularly perturbed integro-differential transfer equation of the

second order, and the violation of the smallness of the boundary layer function with respect to a small parameter is
non-local, which is the relevance of studying the indicated singularly perturbed inverse problem.

The results of the studied singularly perturbed inverse problem are obtained on the basis of an asymptotic

representation.
Key words: singularly perturbed inverse transport problem, transport equation, asymptotic representation,

degenerate inverse problem, small parameter.

PaccmoTpum TpexckopocTHyo kK03 QUIMeHTHO-00paTHYO 33129y TiepeHoca BHIA:
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X2 +y? +7°

(U o (ta X! y, Z) |t:0:Vt(i) (O’ X’ y’ Z) + (2aixg_l + 2a2 yg_l * 2a‘228—1)i exp [_ j’
£ (2.4.2)

&t

VO0,%Y,2) =g (% y.2,), (i=01), ¥(xy,2) R,

(a3,

24.3
(\/t + aivx + aZVy)t:T = gO(X’ y1 Z)’ V(X! ya Z) € Rs, ( )

{(U 1’1’111,a3)) |I:T = (Ust + alusx + aZU gy + a3U gz) |t:T = gO(X’ y’ Z) + gg (X’ y’ Z)’

IIpU 5TOM BBOOUTCHA PIH(l)OpMaI_[I/ISI OTHOCUTCJIBHO UCXOOHBIX JAHHBIX B BUJIC:

p
g, ||Lp(R3)=[ [[lo.ccy. )PP dxdydzj <A(e),
R3

19, (x~a,(t—5),y~a,(t~5),2-a,t~5))l, s, =

=(sgp [lo.(x-a,t-5).y-a,(t-s).z-a,t-s) |’ dst <A, (e), (2.4.4)

(Ay, 2, < 44(2) 20),
1
p

1
) L
U, (0,%,y,2)-V(0,X,Y,2) ”Lp(RS)S[E] e® =y,e",

EGh . :g+aii+a2£+agﬁ,
VROt OX oy oz

rae (U,,Z,) - ABIAIOTCA HEM3BECTHBHIMH (YHKIUAMH. B yka3aHHBIX yCIOBHAX TpeOyercs

NoKa3aTh OJM30CTH PELICHUH CUHTYJISPHO-BO3MYILEHHOM OOpaTHOM 3ajauM M BBIPOXKIEHHOU

oGparHoii 3anaun B kmacce pynxumit W' (Q,) , 3meck: 0<hy(X,,2), f(t), @ (X, Y,2),0<K(),
. — 1
9,(% ¥,2,),9,.(x,¥,2),0<a, A=const, (i=13), 0<p< > SIBJISIFOTCS U3BECTHBIMU, TIPHYEM
KU, = .[ K(x,y,z,x,y,z')h(X,y,z")U, (t, Xy, 2')dQ,(dQ = dxdydz),
R3

J.K (x,y,2,x,y",2)dQ =1 hy =h (x)+ h,(y) + hy(z) + h(x, y, 2),

0<h<h=const,0<h, <h, =const, V(x,y,z) € R®,

o _ ) (2.4.5)
j h(x,y,z)dxdydz | <y, =const;sup| f(t)|< f, =const, (i =0,1),
RS

[0T]

f(0)=0; f(T)=0; f(T)—]-exp(—giﬁ(T —s)jf (s)ds =M (T, 4,&") =0,

Vee(0,1),(6=0);0< % = const << 1.
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1. UssectHo, uto pu &£=0 wu3 KodpduuuenTHO-00paTHOU 3amaun (2.4.1) - (2.4.3)

CIIETyET:
E oy anV +%ho(><, y, 2V = %Z (x,y,2) f (1), (2.4.6)
V.2(0,x,y,2) = (X Y,2), (i =0,1), V(x,y,2) € R?, (2.4.7)
(Bt oV ) hr=0o(x,Y,2), ¥(x,y,2) € R?, (2.4.8)

rae 3amada (2.4.6) - (2.4.8) Ha3pIBaeTCS BBIPOXKICHHON OOpaTHOM 3ajiayeii mepeHoca, mpuyem

(V Z ) — HEU3BECTHBIC (PYHKITUH.

Bunno, 4Tto W3 BBIpOXKIIEHHOW oOpaTHOH 3amaun B ycnoBusx (2.4.5), (2.4.7), (2.4.8) u3

ypaBHeHus (2.4.6) ciaenayer cucremMa:

BV ROV =(HT) £ G0y, 2+ A |=(BY)6%3.2),

i (2.4.9)
Z(x,y,2)=(f (M) [Age(x, Y, 2) +hV (t, X, Y, 2)].
CruenoBaTrenabHO, Ha OCHOBE
X y 4
V=Q¢x%n®mﬁﬁjhmmq+ﬁjm%ma+ﬁfm@waﬂ, (2.4.10)
C YCIIOBHEM
X y 4
Qu=%m»nw{ﬁ{mmwa+ﬁjmmwa+ﬁjmmm%}e (2.4.11)
= I//O(X’ y! Z)v V(X, y! Z) € RZ,
u3 (2.4.6) umeeM ypaBHEHUE BUJA:
111 _ _l i 0
E(al,az,az)Q = { P h(X, Y, Z)V + (BOV)(tv XY, Z)}exp{ﬂal :[ohl(fl)drl + (2412)

1t 1 %
+/1—az£h2(rz)drz+E£h3(rs)dr3J,

T.c. (2.4.11), (2.4.12) - snsrorcs 3amaueit Komm otHocurenbHo dynkiuu Q(t, X, Y, z). Torna us

(2.4.2) cnenyer:
Q=y,(x-at,y-at,z—at)+

t 1 X—a (t-s) ( )d 1 y—az(t—s)h ( )d z—a3(t—s)h ( )d
+|| exp| — r,)dr, +— r,)dr, +— r,)dz, | |x
_([ /181 j hl 1 1 /13. 2\"2 2 13.3 I 3\"3 3 (2413)

x{éﬁ@—qa—9»—%«—91—%0—9N@m—%a—9d—%a—91—
—a,(t—s))+(B,V)(s,x—a(t—s),y—a,(t—s), z—a3(t—s))} ds.

[TosTomy, noacrasiss (2.4.13) B (2.4.10), umeem
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1} 1
V =g, (x-at,y—-a,t,z—at)exp [Z_ L h(z)dz +—— If1@9d5+

2 y—apt

+iiha(rs)dr3ﬂ+j.[exp{i I hl(rl)drl+% JX h,(z,)dz, +

z—agt 0 j’ai X—a (t-s) 2 y—a,(t-s)

+izaj;s) hs(rg)dngn{%h(xal(t —s),y—a,(t—s),z—a,(t—s))x (2.4.14)

XV (s, x—a,(t—s),y—a,(t—s),z—a,(t—s))+(B,V)x
x(s,x—a,(t—s),y—a,(t—s),z—a,(t—s))} ds = (BV)(t,x, Y, 2),

rae (2.4.14) sBaseTcst Harpy>KeHHBIM MHTETPaJIbHBIM yPaBHEHHUEM BTOPOTO POJa OTHOCUTEIHHO
¢byakmun  V (t,X,Y,2z) . Tak kak O<%=const <<1, T10 omeparop B momyckaer ycmoBwus
npunnuna banaxa [3], T.e. ypasuenue (2.4.14) paspemmmo B C(Q,). A 3T0 03HA4aeT, 4TO
dynkuus V e CH*(Q,) sensercs m3sectHoit. Torna, ¢ yuerom (2.4.9), u pynxuus Z(X,Y,z)

CUUTaeTCs U3BECTHOM. B 3TOM ciyvae MIPEAIIONO0XKUM, 4TO GyHKIMY:

Vo V)i V) (V,), € L(0,T) st Beex puxcuposannsix (X, Y,z) € R?, Te.:

T 0

IV ll,= jIVtz(t,x,y,z)Pdt] <C,,,
0

1

p p
Vo llo=| [Vt .y, 2) [P dit | <C,
0

o |~

]
IV llo=| [IVy (tx y,2) [P dt | <Cy, (2.4.15)
0

o |+

i
IV Il =| [IVe (6% y,2) P dt | <Co,, ¥(x,y,2) € R?,
0

Co = maX(Cov Co2 Cos ) C304)-

Jlemma 2.4.1. IIpu BeimonHeHuu yciaouii (2.4.5), (2.4.7), (2.4.8) BBIpOXKAEHHOE YpaBHEHUE
(2.4.6) paspemuumo B C™(Q,), npuuem nomyckaercs ycnoue (2.4.15) mns pyHKumii
V., V., V,,V,.

t2' tx? Vty?
2. lanee, 4yTOOBl  BBISICHUTH  Pa3peIIMMOCTh CHHTYJSIPHO-BO3MYILEHHONH 0OpaTHON

3ala4yu NIepCHOCa, TPUMCHUM MMPCACTABJICHUC ACUMIITOTUYCCKOI'O XapakKTepa, T.C.:
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(x—at)’ +(y—a2t>2+<x—a3t)2J
& | (2.4.16)

U (t,x,y,z2)=V +¢&, +exp(—

Z.(x,y,2)=Z+n,(XY,12).
Torma uz (2.4.1), ¢ yderom (2.4.6), (2.4.16) BBITEKACT:

gﬁ{a( Ea, a3)§) [V +§g+exp[_(x_a1t)2+(y_azt)2+(2—a3t)2ﬂ }Jr

ot &

(ay,3,,33) e

FAEL 5+ho(x,y,z)[c;+exp(—(x‘alt)2+(y‘a2t)2*‘Z‘ast)znz (2417)

=7,(x ¥, 2) f(t) &’ (V. +aV, +aV, +aV, ),

rie (V,Z)- peliieHre BBIPOXKACHHOM 00paTHoii 3anaun (2.4.6) - (2.4.8), (§5,77€)- OCTaTOYHBIC

(GyHKIIMH, KOTOpbIE coiepkarcs B ypaBHeHuu (2.4.17) ¢ ycnoBusamu:
t(i) (t1 X! yl Z) |t:0: O, (i = Oll)l (2418)

(B & ) hr=0.(x,¥.2), V(x,y,2) R (2.4.19)

@DakTU4YEeCKH OCTaTOYHBIE (PyHKLINU (55,775) OTIpeNeNIAroTCesl U3 00paTHoii 3anaun (2.4.17)

- (2.4.19), roe (2.4.19) aBnsercs nomonHUTENbHOU MH(OpManmen st 3Toi 3amaun. [ToraTomy,
YTOOBl BBISICHUTH PAa3pEUIMMOCTh OOpaTHOW 3aJayd OTHOCUTENIBHO OCTATOYHBIX  (DYHKIHUH,

cHayvaua, (2.4.17) npeobpa3yem K BUIY:
111 1 t /1
(a1 a,, a3)§ = _ﬂJ.eXp _g_ﬁ(t - S) {_ho (X1 Y, Z)ég (S, XY, Z) +7, (X’ Y, Z) f (S) -
0

. {256(5, Xy, z)(v 5.5y, z)+exp(— (x—as)* +(y-a,8)* +(z-a,8)’ J} (2.4.20)

&

+§f(s,x,y,z)]}ds+Yl(t,x,y,z,g) ( 0§ (txy,z)+ j (—giﬁ(t—s)jf(s)de

xng(x1 y’ Z) +Y1(t1 X1 yi 218)1

rae dynkmms Y, (t, X, Y, &) onpenensercs no Gopmyie:
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YlEjEXp(_giﬂ(t_s)j{ (V (S, X, Y, 2) +aV, (s, X, Y, 2) +aV (s, X, Y, 2) +

+aV,, (s, X, Y, z))—[v (s,%,Y,2) +exp(— (x—as)’ +(y-a,8)° +(z2-as)’ n }ds,

&

1

|Yl|s€§(CO+CO(a1+a2+a3)) LI LS R Y Y I
Aq A 0 g p

sup|V £T,.
o

U3 ypaBuenus (2.4.20), Ha ocHoBe (2.4.19) cnenyer ypaBHEHHE:

7,06Y,2) =M (T, 2,8) {0, (%, ¥, ) ~Y,(T, X, ,2,8) + (Ho& ) (T, %, ¥, 2)]:
CnenoBarenbHo, noacTasisst (2.4.22) B (2.4.20) nomyunum:

it )& =—(Ho& )t Xy, 2) + = Iexp(——(t s)j f (s)ds x

xMgt (Ho& ) (T, X, Y, 2) +Y, (8, X, Y, 2,8),
rae

Y, =Y, +iﬁj‘exp(—iﬁ(t—s)jf (s)dsx My {g,(x,y,2) =Y, (T, X, y,Z,¢€)}.

e’y &£
[Toatomy, ¢ yuetom (2.4.18) u3 (2.4.23) umeem:

£(txy,2)= j Ho&, ) (s, X—a,(t—5), y—a,(t—s), z—a,(t—s)) +

+8—ﬂjexp[—g—,,(5—8')f(S')ds'xMal(Hoé)(F,x—ai(t—s),y—az(t—
—-5),z—a,(t—s))jds+Y (t,x,y,2,&) = (PE)(t, X, Y, 2),
31€Ch

Y= {Yl(s,x—ai(t—s), y—az(t—s),z—ag(t—s),g)+iﬂjexp(—iﬁ(s—s‘)j f(s")ds'x

L ot—

My, (x—a (t—s),y—a,(t—s),z—a,(t—s))-Y, (T, x—a,(t—s),y —a,(t—s), z—a,(t - s)g)]}

|Y |S51(5)(T+| Mo_ll fo;j‘” Mo_ll fozﬂgg(x—ai(t—s),y—az(t—s),z—as(t—s))|ds§
0

Jlemma 2.4.2. B ycrnoBusix jemmsbl 2.4.1 u cuctemsl
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b P e 1 e 1
S7/251(‘9)"'7/3[_..|gg |p dSJ S7/251(‘9)"'7/3A0(‘9)252(5)17/2 =T+| Moll fo Z; 73 =| Moll foz(T)q-
0

(2.4.21)

(2.4.22)

(2.4.23)

(2.4.24)

(2.4.25)

(2.4.26)



L, <1,
_ (2.4.27)
P:S, —S,, (SrO :{gg & €, =const, V(t,X,Y,2) eQO}),

ypaBHeHue (2.4.25) pazpemmo BC (QO) , IpU4YeM

1€, < (1-L,) 5,06, (2.4.28)

CrnenoBatenbHO, Ha OCHOBE (2.4.22) UMeeT MecCTO:
w1
17,06, 2) ey S M 1(R) 2D+ M 185D, + 7| Mg 1 70 L,)  x
x0,(&) = 65(¢),
LR 2T, 4D+ Q-1 ) 6,()) <
~(h+20,+1)+A-L,)5,(2)) < 74,

1z, -Z||

(2.4.29)

oy 7 g ey -

B camom niene, pe3ynbTarhl 1eMMbl 2.4.2 04€BUIHBIL, TAK KaK IPU BbINIOJIHEHUU (2.4.27) s
omeparopa P peanusyrorcs ycnosus npuHinuna banaxa, a 3to o3Havaet, uto ypaBHenue (2.4.25)
MMeeT eMHCTBEHHOE U HempepbiBHOe pemtenue B C(£,). Torma, ¢ yderom (2.4.22) umeem
otieHky Buna (2.4.29). YuT/l.

Tak kak OTHOCUTENIbHO BceX ciaraeMbiX (QyHKIuUM (2.4.16) BBINOIHAIOTCS BBIBOJBI JIEMM

2.4.1,2.4.2, nu Ha ocHOBe (2.4.16) ciienyeT olleHKa BUA:

U, -V IE Il +exp(— (x—ab”+(y-a0)"+(z-af) ] (2.4.30)
&

[Toatomy, yuutbiBasi ycnoBus jiemMm 2.4.1; 2.4.2 u onenuBas (2.4.30) B cMbIciie HOPMBI
Ly (Q,), momyuum:

T 11
1U, VIl < @-L,) 5, (e) (M) +(AT) 756" = 8,() 0. (2.4.31)

Janee, paccmaTpuBas COBOKYIHOCTH pe3ynbTaToB (2.4.29) u (2.4.31), u yuuThiBas
v=(,-V:z,-2Z),
UMEEM OLIEHKY:

Whp (QO) = {(t’ X’ y’ Z) < QO :Wl(t’ Xv yv Z) = LE (QO)7 l//Z(X, y! Z) € LE(RZ)}’

. (2.4.32)
19 llyp oy Y =Vl o) TI1Z=Z Ml o) < 5. (£) +6,(£) = Ale) = 0.

Teopema 2.4.1. B ycnoBusax nemm 2.4.1, 2.4.2 u (2.4.32) CUHTYISPHO-BO3MYILIEHHAs

oOparHas 3anada (2.4.1) - (2.4.4) umeeT eAMHCTBEHHOE pelieHue no npasuiy (2.4.16), npuuem
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JOIYCTHMasl TIOTPEITHOCTh MEX]y PEIICHUSIMU CHUHTYJISIPHO-BO3MYILEHHONW 0OpaTHOW 3a1auu U
BBIPOXKJICHHON 00OpaTHOM 3anaun B W, (QQ,) Oyzer nopsiaka A(e).
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Annomayun. B pabomax [1]-[5] mvl paccmampueaem 603MONCHOCHb UCNONL3OGAHUS JIA3EPHO2O

UCMOYHUKA mMenaa OAs CO30aHUsl 6 3A0AHHbIX YHACMKAX mela HeobXooumozo mennoeo2o nois. Takas

HeoOX00UMOCHb BO3HUKAEM 8 C83U C MeM, YUMo PaKosvle KiemKu npu memnepamype npubausumensvro pasHom 460
no C ymupaiom, a 601bUUHCIBO 0DbIYHBIX KNEMOK OCMAIOMCI HCUBLIMU.

Knrouesvie cnosa: ypasHernue memzonpoeodl-tocmu, INIEKMPOMACHUMHbLE NOJIA, JZCBeprllZ UCmMoO4YHUK menJja

H3BecTHO, YTO TEMJIOBOE TMOJIE YAOBIETBOPSET MapabONMYecKOMY YpaBHEHUIO, IS
KOTOPOTO BBIMOJHSETCA MPUHIIUI MAaKCUMyMa — COTJIACHO KOTOPOMY MaKCUMyM U MHUHHUMYM
JOCTUTAIOTCS. Ha TpaHHIle. OTOT NPHHIMI, KOTOPBIA XOPOIIO CIYXHUT TIPU PEUICHUU
MaTeMaTU4YeCKUX MpoOJieM, TOPOKAAeT OUCHb TPYAHYIO MPOOJIEMY MPH MOMBITKE YOUTH PaKOBBIE
KJIETKHA C TIOMOIIBIO CO3JaHUsS TEIMIOBOro mojis. YToObl 00OWTH MPUHIMIT MaKCHUMyMa MOKHO
UCIIONIb30BaTh "BHECEHHE TeIia" BO BHYTPEHHIOIO OOJIACTh Tela C MOMOIIBI0 TOHKUX WIJI U
YIPABJIATH "BHECEHUEM Teruia'.

Tak kak ypaBHeHue AU y3Un TaKKe SBISETCA MapabOIUYeCKUM (TaKUM K€ Kak W
ypaBHEHHUE TEIIONPOBOJAHOCTH ), TO BO3MOKHO YCHEIIHO YIPAaBIATh "'BHECEHHEM XUMHH" B TEJIO.
Takue 3a7aun MOTYT OBITH PEIICHBI IPU YYACTHH Bpauel. MareMaTHdecKuil arOpuTM perieHus
ATHUX 3a/1a4 TAKOBHI (C HE3HAYUTEIHHBIMA U3MEHEHUSIMH ), KAKUM SIBIIICTCS aJITOPUTM U3 paboT M.
OrenbaeBa, A. TacanoBa [5]. [ns uyuciaeHHOW peanw3alid 53TOTO QJITOPUTMA MOXKHO

HCIIOJIb30BAaTh "METO/I JOMOIHUTENBHBIX o0nacTeit” u3 pabotel M. Otenbaesa, L1I. Cmarynosa [§].
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XoTenoch Obl KAKHE-TO MOJIOJIBIC JIFOJU B3SUTUCH 32 PeasU3aIMI0 CKa3aHHOM (OJMH MaTeMaTHUK U
OJINH MEJIHK).

MEI co cBOEH CTOPOHBI TOTOBBI KOHCYIBTUPOBaTh. Mcronp30Banue "Uuri BHOCSIIUX TEILIO
WJIH SIZIOXUMUIO" B OPTaHU3M JUIsl YOMBAHHUS PAKOBBIX KJIIETOK 0€3YCIOBHO TPeOYET BXOXKIECHHUS BO
BHYTDb.

Ho B03MOHO MCIIOJIB30BaTh JIEKTPOMATHUTHI M CO3/1aBaTh HYKHOE TEIJIOBOE moJe. Jms
ATOTO 3aIUIIEM HY)KHYIO HAM CUCTEMY YPaBHEHUHN 3JEKTPOMArHUTHOU THAPOAMHAMUKH.

[TonHast cucreMa ypaBHEHHM MarHUTHOM THJIPOJMHAMHMKH HEC)KUMAEMOW >KHJIKOCTH B
BEKTOPHOH (hOpME COCTOUT U3 YPaBHCHUS ABUKCHUS

p% =R —gradP + uAW + [(rotB) X B] 1)

N3 YpaBHCHUS SHCPIrun

( pc%zAAT +ud>+£,
< () = 2122 + C7 + G2y + @
(C? + (& )2+( 2+ (5 )2+( 2+ (& )2—(divW)’2,

YpaBHCHHA MarHUTHOM UHAYKIUA

z—fzrot[Wxﬁ] +

1
HROR

AW 3)

YPaBHEHHUS HEPA3PbIBHOCTH

- d
diviv = 0. 4)
. — dT
3necy T —temreparypa, p— INIOTHOCTh, j— Tok, W= (u, v, ®)— BEKTOp CKOpPOCTH, -~ O3Hauaer

HOJIHYIO IIPOU3BOIHYIO.
B (1)-(4) cxansp P — naBnenne, B — MarHuTHas MHIYKIUSA, X — O3Ha4aeT OObBIYHOE BEKTOPHOE
IIPOU3BENICHUE.

Jlis mosy4eHust 3aMKHYTOM CUCTEMBI HY>KHO J0OaBUTh ypaBHEHHE 3aKk0oHa OMma

j = ogE + [W x B] (5)
ypaBHeHUs1 MakcBea:

rotH = 7, divD = Upo» (6)

rotE = —g—:, divE =0, (7)

rot B = ppj ®

Hac Oynet oco6o nnTepecoBats ypaBHeHue (2), Tak Kak ynpasisist @ MOXXHO co3zaBaTh BHYTPH

00JacTH yYacTKH, T/Ie TeMIIEpaTypa BBIIIIE, YeM B OCTabHBIX yuacTkax. Ho ais ynpasienus P (+)
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Jw

o) = 200 + (o + Gy +
dy 0x
Ju 619)2 (aw 619)2 (a_u a_w)z B (divW))Z
ay 0x dy 0z Ox
OyneT HeoOX0AUMO YIPABJIATh IPAHUYHBIMU 3HaYSHUSIMU 1Sl —W— u 11 ——B .

Brimumem HyxHOe Ham TeroBoe nodie. [Iycts T — TemnepartypHas ¢yHkius paBaas t0 B
okpectHOCTH oOnactu Q0, comepKanux pakoBbIe KJIETKH, B OCTAILHOUM YacTu obnactu 2 paBHA
t1,
t1 <T <10, Q0 c Q,
rae t0— TeMreparypa BBI3BIBAIONIMKA THOETh PAKOBBIX KIETOK, HO HE yOWBArOIIas 370pOBBIC
KJIETKH 33J1ae€TCs BpauyaMu. t1— HOpMasibHas TeMiiepaTypa KineHta. Bue nekoropoit ooiactu 20
oepem T paBubiM tl. @ynkuuo T GepeM JOCTATOYHO TIIAJKUM, UMEIOIIUM MPOU3BOAHBIE 10

nopsiaka 2. @yuknuio T moacraBum B (2). Torna nomyunm
j2
p® +== M, 9)
OR
rae  Qynkuuonan @(-) 3aBucUT TONbkO OT —W—  (BEeKTOpa CKOPOCTH U €ro
pou3BOIHBIX ). [Jis j cipaBeiiBa 3akoH Oma (5). MbI ionb3yemcst popmyioi (8)
Ugj = rotB wmmj = uzlrotB. (10)
Teneps aiis MO nmeem
-2
Mo =pu®+ oz ug'rot|B| . (11)

Hac reneps yctpausaer mo0oe pemenue cucremsl (1), (3) u (4) nns koroporo  BbimoaHeHo (11).

To ecTh HaC ycTpauBaeT JIF000e PEHICHUE CUCTEMbI

—

( aw
Jpg = R —gradP + uAW + [(rotB) X B]
98 — rot[W x B] + —AE,’ (12)

L at URGR

divW = 0,
KOTOpOE€ TaKOBO, YTO

-2
p®+ ozt ugt rot|B|” = M,

rie MO— Berumcnsercs sBHO (opmyinoit (9), xorma OeperTcss HyXHas (3aKa3aHHOE BpayvuoOM)
temriepatypHoe mnoisie. Cucrema (12) coctouT u3 cemu ypaBHeHHH, Hen3BecTHBIX W1, W2, W3,
B1, B2, B3, p, P — Bocemb. Ho ecnu ydyectb ypaBHEHHEM COCTOSIHUS, TO HEU3BECTHBIX TOXKE
OKakeTcd ceMb. Takas 3ajadya HMMeeT KOHTHMHYyM pemieHuid. Iloaromy MOXKHO yIpaBisiTh

Ha4YaJIbHBIMU U 'PaHUYHBIMU YCIIOBUSAMU. MaremaTUdecKH Takas 3ala4a BIIOJIHC pa3pcClinma.

172



Hcnons3oBanne OJICKTPOMAarduTHBIX oJieit I CO3aaHus TCIIOBOI'O IIOJSA HE Tpe6yeT

BXOJKJICHUS BO BHYTPb TeJla (/111 BHECEHUS TEIJIa WK "XUMHUHU'" BO BHYTPb).
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Annomayusn. /[na mooenu IHommc-SOS na depese Kanu nopsioka 08a O0OKA3aHO, 4MO HPU BbINOIHEHUU
HAllOEeHHbIX YCI08ULL cyujecmeyem He 6oiee cemu mpancisiyuoHHo-uneapuanmusix mep I uboca.
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TRANSLATION-INVARIANT GIBBS MEASURES
FOR THE POTTS-SOS MODEL
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Rasulova Muhayyo Akbarjon gizi, PhD,
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Abstract. The translation-invariant Gibbs measures for the Potts-SOS model on the Cayley tree of order two
are described.

Key words: Cayley tree, Potts model, SOS model, Potts-SOS model, Gibbs measures, translation-invariant

Gibbs measures.
Teopust THOOCOBCKUX Mep MPEACTaBIseT cOOOH CPaBHUTEIHHO HOBYIO O0JACTh TEOPUU
Mep, XOTSI CAMU 3TH MEPHI  SIBJISIFOTCS TIaBHBIM OOBEKTOM U3YYEHHUS B CTATUCTUYECKOM (DU3HKE U

KBAaHTOBOW €BKJIMI0BOU TEOPHUHU.
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OcHoBHas mpoOjieMa PaBHOBECHOM CTATUCTUYECKOW (M3MKHA — OMUCATh I JAaHHOTO
raMUJIbTOHHAHA BCE OTBEUAIOIIME eMy MpeaebHble Mephl I mb60ca. DTta mpobieMa MmoIHOCTHIO
pelaeTcs JIMLIb B OTAEJIbHBIX CPABHUTEIBHO MTPOCTHIX CIIyYasiX.

MHoxecTBO Bcex T'MOOCOBCKHMX COCTOSHUNW C JAaHHBIM TaMUJIbTOHUAHOM SIBJISETCS
HEIYCThIM KOMIIAKTHBIM BBIITYKJIBIM [TOMHOKECTBOM MHOKECTBA BCEX PaCHpeNeNIeHn, TaK 4TO
€CTeCTBEHHO BO3HHKHOBEHHE 33/1a4M M3y4CHHs KpaHUX TMOOCOBCKMX Mep. DTa 3ajJada BechbMa
3a TpyaHuTenbHas. [[03TOMy eCTECTBEHHO, 110 KpallHE Mepe B CAMOM Havalie, CIIEAYET HAWTH IS
ramMuIbTOHMAaHA TPAHCISMOHHO-UHBApUAHTHBIE MTpeiebHble Mephl [ nobca.

MBI paccMaTrpuBacM MOJCIIb, rac CIIUH HpI/IHI/IMaeT 3HAYCHUI HN3 MHOXECTBaA
®={0,1, 2, ..., m} m>1.

Iamunsrornan moxenu [Torrc-SOS onpenensiercs ciaemyronem oopazom (cm. [4]):

H(o)=-3, Ylo(x)-c(y)l-3, X6, wmi- (1)

(x,y)eL (x,y)eL

rie J, J, eR, (X,Y)— Gmmxaiimme cocenn, 8, — cumpon Kpoekepa.
B cayuae \]p =0, J,#0 Mozensb (1) coBmamaer ¢ momensto SOS. TpaHCISIHMOHHO-

MHBapUaHTHble Mepbl ['nb6ca st moenu SOS Obuti u3ydensl B [3]. B ciyyae J =0, J,#0

mozienb (1) coBnagaer ¢ moaensto [lorrca. s monenu IloTTca TpaHCISIIMOHHO-UHBapUAHTHBIE
Mepbl ['n66ca onmcans! B [2].

B [4] uzyueHs! TpaHCIAMOHHO-UHBapuaHTHbIe Mephl [ n66ca st mosenu [TorTe-SOS Ha
nepese Koiam  mpou3BOIBHOTO MOpsiiKa, JOKAa3aHO CYLIECTBOBAHME HE MEHEe Tpex
TpPaHCIALMOHHO-MHBAapUaHTHBIX Mep [ 'nO6ca mpu HEKOTOPBIX YCIOBUIX MTapaMETPOB.

B nannoii pabore paccmarpupaercs Moaenb [1orTc-SOS ¢ Tpemst cocTosHUAMY Ha JiepeBe
Komu. Jlna stoii momenn Ha nepeBe Konu nopsaka Ba M3y4darOTCs MHOXECTBO BCEX
TpPaHCIAINOHHO-UHBapHUaHTHBIX Mep ['n06ca.

N3BecTHO [4], uTo Kaxoi mepe [ n66ca aiis monenu [Torre-SOS Ha nepese Kanu mopsiaka

k>1 MOXHO COMOCTaBHTh COBOKYITHOCTH BEKTOPOB

hx:(ho,x’ hl,x""’ hm—1,>< )’ XEGk’
YAOBJICTBOPAKOIINUX YPAaBHCHUIO

h = Z!:(h;,m,é’, r) 2)

yeS(x

rae S(x) — MHO’KECTBO IPAMBIX TIOTOMKOB TOYKH xeG, I/I
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0=exp(3,B). r=exp(3,) ,8:11_, T>0, Gysxmms  F(,m,0,r):R" —>R™  onpenenena
CIIEIYIOLIMM 00pa3oM: F(h,m,e,r)z(FO(h,m,H, r),...,Fm_l(h,m,H,r)) c

m-1 ) .
Zé’"’”r"” exp(hj ) + O™ o
F.(h,m,&,r)=In| £° ’ 3)

m-1

> om i exp(hj)+ r

=0

ree h=(h,h,...h ), i=01 2. m-1.

Hycrs G, /G, ={H,,H,,....,H .} — dakrop rpynna, raze G, — HOpPMaIbHbIN
JenuTenb naaekca ' >1.

Onpepneaenne 1. Copoxynnocts sekropos h={h ,XxeG,} naseacrcs G, -

MIePUOIUYECKON, €CITH hx =hi npu Xe€ H, mma moboro XeG,. G, -nepuoanueckas

COBOKYITHOCTB BCKTOPOB HA3bIBACTCA TpaHCJ'IHI_II/IOHHO-I/IHBapI/IaHTHOI‘/‘I.

Onpegenenne 2. Mepa g/ HasplBaeTCad TPaHCIALMOHHO-WHBAPUAHTHOM, €CIM OHa

COOTBETCTBYET TPAHCISIIMOHHO-UHBAPUAHTHON COBOKYITHOCTH BEKTOPOB h.
Teopema 1. [4] ITycte M = 2. ina moxemn Iottc-SOS Ha nepese Ko, onpeieneHHoit

B (1), cipaBeANIMBHI CIIEAYIONINE YTBEPHKICHUS:

a)nycts J_, J <0. Toraa cymecTyer eIMHCTBEHHAs: CUMMETPUYHAS TPAHCISILIMOHHO-
uHBapuaHTHas Mepa ['u66ca (CTUMI') st Bcex I, 0 ;

6) mycts J, J >0, k=>2:

6.1) ecin O <r <1}, TO cymecTByeT ToIbKO oHa CTHUMI,

6.2) ecnu I > I, To cymectBytoT posHO Tp CTHMTI,

rae rj:g 92+8%—0
2 (k -1)

KosaecTBo TpaHCISIIMOHHO-HHBApUAHTHBIX Mep ['mb6ca mns moxenmu Ilorrc-SOS,
BO3MOYKHO, MOXKET OBITh 0OJIbIIIe, YeM HaiiieHHO B [4]. B 3T0it paboTe q0Ka3aHO, YTO BO3MOKHOE
KOJINYECTBO TPAHCISIIIMOHHO-MHBApHAaHTHBIX Mep ['m06ca mis monenu Ilorrc-SOS Ha nepeBe
Kbonu mopsijika 1Ba MOKET JTIOCTUTATh CEMH.

Iycte M=2, 1.e. ®= {0, 1 2}. B stom ciyuae ypaBHeHue (2) Ui TpaHCIALUOHHO-
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WHBapUaHTHBIX Mep [mO0ca wmeeT BU
h=kF(h, 6, r),
h

0 hl
=€’ |1 =e "' , NOJIy4aeM CJIEIYIOLIYIO

| rl,+61, +6°)
©lO L+ 0+ )

rne h=(h,, h) . Beoxa obo3nauenus |

CUCTEMY ypaBHEHUI

k @
| :[ 6’I0+rll+¢9J
L :
0%, +01 +r
Ilycts k =2.0603naunm \/E =X, \/E =Y. Torna us (4) nonyunm
KX_ rx’+0y’ +6°
0> x> +0y* +r 6
X +ry*+0
O*X*+0y* +r’
Cucrema ypaBHeHH (5) cBOAUTCA K CIEAYIOLIEH cucTeMe ypaBHEHUI:
X —rx*+(0y +r)x-0y’ -0 =0,
(6)
Oy —ry’ +(@°x*+r)y-0x’-6=0,
KOTOpasi MOJKET OBITh Iepericana B BUIE:
(x=1)(0* x> +0° x+0° -rx+0y*) =0,
(7)

Oy —ry’ +(@*x*+r)y-0x*-60=0.

OquI/I,I[HO, YTO PCHICHUSA CUCTCMbI ypaBHCHI/Iﬁ (7) SBJIIFOTCA PCHICHUSAMU CIICAYHOIIUX

x—1=0,
{ (8)

CUCTEM YpaBHEHUH

Oy —ry’ +(0°x*+r)y—-0x*-60=0
501041

O’ x> +0°x+60*-rx+0y* =0,
9)

Oy —ry’ +(@°x*+r)y—-0x*-0=0.

PaccmoTpum cHavana cuctemy ypaBHeHuit (8). [logcraBuB X =1 Bo BTOpoe ypaBHEHHE

CUCTEMBI ypaBHEHU (8), MOIydnM
Oy —ry*+(0 +r)y-20=0. (10)
Bgenem o6o3naueHue
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.
=Z+—. 11
y 30 (11)

Torna ypaBaenue (10) MOKHO CBECTH K YPaBHEHHIO

’+pz+q=0, (12)
rac
r r’ rr? 2re
P 0 367 a 3 3¢0* 27¢° (13)

Peums ypasuenne P =0 ortnocutensHo I, umeem pemenus

— —3i v 92+129 0. Tak kax I >0, 6>0, to monyuaem I, = 3+— ﬁ;lZHQ. [Moxcrass

1,2
I, 8 Beipaxkenne ( B (13) u pemns ypasuenne (=0 orHocuTensHO 0, II0JIy4aeM DPEILICHUE

6, =33 2(3\/5—1). [Moncrasus I, 6, B Bepaxenus P, ( B (13),3arem P, ( B ypaBHenue
(12), nmomyuum ypaBHEHUE 2°=0. Orciona cienyer, 4ro ypaBHeHue (10) umeer oauH
rl

HOJIOKHUTEIBHBIA KOPEHb Y = ——.

30,

U3 (13) monygaem
3 2 2 3 3 2 2
Q(r, 9):(Ej +(gj _ 1 _1r_2+£+0 +1 _ir_3+1r_2+1r_2 =
3 2 27\ 360° 60 4\ 27160° 360° 3

:_108194 (r+2r°0° +1°0* 12 '9-12 r’6° ~12 6°r -4 " +36 6°r + (14)

+36 6°r—108 0°) .

116 +733/4+9232
34992

Jlns 6 =06, =332 (¥2-1) umeem Q(r, )=

(re+36 (1-2%2+3/4)r+324 (13-4 42 -5 32 ))(r ~18+9 ¥4’
Ucnonszys hopmyny Kapaano, qokaxem CIEIYIONIYIO JIEMMY.

Jemma 1. Tlycrs 0 =3¥/2 (32 —1). Cymectayer T, (z 4.221293186 ) Taxoe, uto
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® FEciu I e (O, r ), To ypaBHeHue (10) uMeeT 0JJHO MONOKUTETHLHOE PEIlICHUE.
® Ecmu I =r_, 10 ypaBHenue (10) uMeeT 1Ba MOIOKUTENLHBIX PELICHUS.

® Fom I e (rc; oo), TO ypaBHeHHeE (10) UMeeT TpU MOJIOKUTEIbHBIX PELICHHUS.
Teneps paccMoTpum cuctemy ypaBHenui (9). U3 (9) nomydum

X__@y@Z—y+ry—ﬂ
—0°y+0*+0ry—r’

(15)
[Toacrasnss (15) B mepBoe ypaBHEHHE CUCTEMBI YpaBHEHHH (9), MOTydIuM
02(0+1) (r’ =201 +60°-6° +0)y* —0(r—6?) (r* +(6? +1)r =367 )y* +

+(@+)r+6°)(r-07) y -(r+6*)r-0°Sy+0(r-6°) =0.  (16)

B ypaBHenuu (16) BBeneM cienyrouniye 0003HauYeHUS:

f(y, 1, 0) =2 (0+1) (= 20r +6°-0> +0)y* —0(r - 0?) (r* + (6% +1)r —36°)y* +
+(@+)r+&)r-6*fy ~(r+&*)r-6*fy+o(r-67f. (7)
Oyukuuio (17) MOXKHO mepenucarh B BUIE

f(y,r,0)=(ay’+by+c)(dy +ey+f)
rac

ad =62(0+1) (r’ —20r +6°-6* +4),
ae+bd =—0(r—6?) (r* +(6> +1)r-36%),
af+be+rcd=(0+1)r+6°)r-6°),
bf+ce=—(r+6)(r-0°),
cf=0(r-6°).

[Tycts Dl(l’, 9)= b’ —-4ac wu DZ(I’, (9): e’ —4d f.
OG03HAYNM CIIEYIOIIHNE MHOKECTBA:

B,={(r, 0)eR?: D,(r, #)>0, D,(r, 6)>0},

B,={(r, 0)eR?: D,(r, 8)>0, D,(r, 0)=0 v D,(r, 8)=0, D,(r, 6)>0},
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B, ={(r, 8)eR?:D,(r, 8)=0, D,(r, )=0 v D,(r, 8)>0, D,(r, 8)<0 v
v D,(r, 8)<0, D,(r, 8) >0},
B, ={(r, #)eR?*: D,(r, §)=0, D,(r, §)<0 v D,(r, #)<0, D,(r, #)=0},

B, ={(r, #)eR?*: D,(r, 6)<0, D,(r, 6)<0}.
Takum 006pa3om, T0Ka3aHa CIIeIyIoas

Jemma 2. ITycts 0 =332 (3\/5 —1), Toraa cnpaBeUIUBBI CICIYIOLINE YTBEPKICHHUS:

Ecmu (r, 49) € B,, To ypaBHeHue (16) MMeeT 4eThIpe MOIOKUTEIHBIX PEIICHNUS.

Ecimu (I’, 0) € B,, 1o ypaBHeHue (16) uMeeT TPH MOJIOKHUTEIBHBIX PELICHHS.

Ecimn (r, (9) € B,, To ypaBuenue (16) nmeer 1Ba HOIOKUTEIBHBIX PELICHUS.

Ecimn (r, 9) € B, , To ypaBHeHnue (16) uMeeT 0JHO IIOJIOKHUTENBHOE PEIICHHE.

Ecnu (I’, (9) € B,, 1o ypaBHenue (16) He UMeeT penIeHUs.

Bgenewm crnenyromue 0003HaYeHUS:

A ={(r,0)eR?*:r<36*, Q>0}u{(r,0)eR*: p=0,q=0},
(r,0)eR?:r<36%,Q=0n{(r, 0)eR?: p=0v q=0},
A ={(r,0)eR*:r>36°,Q=0}n{(r,0)eR*: p=0v q=0},
A

HYCTB N —  KOJHUYCCTBO TPAHCIEINWUOHHO-MHBAPUAHTHBIX MCP I'u66ca JJI1 MOOCIIA

ITorrc-SOS.

Teopema 2. [1ycTh k = 2, m=2. Crnenyroniye OTHOIIEHUS CIIPaBEAJIUBBI JIsI N :
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1, ecmu (r, 9)6A1,
2, ecmu (r,0)e A, U(A,NB,) U(A NB,),
3, ecmu (r,8)e A, U(A,NB,) U(A, NB,),

N =<4, ecmu (r, 0)e(A,NB,) U(A NB,) U(A NB,),
5, ecm (r, 8)e(A, NB,)U(A NB,) U(A NB,),
6, ecmu (r, 8)e(A NB,)U(A NB,),
7, ecm (1, 0)e A,NB,.

Joka3zarenbcTBO. PaccMOTpuM nepBoe ypaBHEHHE CHCTEMbI ypaBHeHU# (9). 3anuiiem

3TO B CJIEIYIOIIEM BUJE
02 X* +(67 —r)x+ 6 =0y, (18)
[IpaBas yacts (18) oTpunarenbHa, MOITOMY

0> x* + (6% —r)x+ 6" <0. (19)

2
Jia neBoit wactu (19) BblUMCIUM €€ JUCKPUMUHAHT D =((92 — I') ~460" . Ecrm

JTUCKPUMHUHAHT IOJIOKHUTEJICH, TO HepaBeHCTBO (19) umeet aelictBurenbHble pemeHus. [loatomy

MbI OOJIKHBI pCHIUTH CICAYIOMICEC HEPABCHCTBO!

(~r-6°)(36° -r)>0.

ITockonbky — 1T —6°<0,10 > 36°.

2 2
Hepagenctso (19) umeer nonoxurensHoe pemenue, kak Tomsko @ —F <0 wm > 6
2 2 2
. Ecmu ' > 36", 1o taxxke Bemonnsiercs I > 6. Ecm > 3607, 10 pelIeHNEe HEPaBEHCTBA

(19) cocrout u3 cneayroero MHTEpBaja:

r-6°-JD r-6*++JD
20 20° '

Kpowme Toro, B 3ToM uHTEpBaje ypaBueHue (18) nmeer cMbIcI.

CnenoBatenbHO, €ClIM r>36%, TO NEpBOE ypaBHEHHE cHUCTeMbl ypaBHeHUil (9) umeer
MIOJIO)KUTEIBHOE JIEHCTBUTENBbHOE pemeHne. Ecin r<36°, TO NepBOE ypaBHEHUE CUCTEMBI
ypaBHeHUH (9) HE MOXET UMETh MOJIOKUTEIHHOTO PEIICHUs, T.€. I JIFOOOU TMOJOKUTEITHHOM

JIEHCTBUTEIILHON TIaphl (x, y), ABJISIFOLIEICS peIIEHNEM IIEPBOTO YPABHEHHS CHCTEMBI YPAaBHEHUI
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(9), He BbIMONHAETCS HepaBEeHCTBO I < 30°. Toraa TpaHcHsAIMOHHO-UHBapUaHTHBIE Mepbl [ 160ca,
COOTBETCTBYIOIIME KOPHIM ypaBHEHUS (9), HE CYIIECTBYIOT MPU YCIOBUH r < 362.

[To Teopeme JlekapTa, KOTMYECTBO MOJIOKHUTEIbHBIX KOpHEW ypaBHeHUs (10) He MenbIie 1

U He 0oJblie 3.

Ecmn Q > 0, 1o ypaBuenue (12) uMeeT 0uH IONOKUTENBHEIH JeHCTBUTEIEHBIA KOPEHD
¥ 1Ba compskeHHBIX kommuiekcHbIX kopHsS. Ecrm Q =0, 1o Bce xopmm ypaBmenms (12)
BEIeCTBEHHbIE MOJOKUTENbHBIE U 1BA M3 HUX paBHbl, unu et P = (= 0, 1o (12) umeer ogun

TIOJIOKUTENBHEIH JeHCTBUTENBHBI KOopeHb (omuH Hydb kpaTHoctu TpH). Eerm Q <0, o

ypaBHeHue (12) wumeer TpU PA3IUYHBIX  TOJIOKUTEIBHBIX  JEHCTBUTENBHBIX  KOPHSI.
CrnepnoBarenbHO, MOKHO TOBOPUTh O KOJIMYECTBE TPAHCISALMOHHO-MHBAapUAaHTHBIX Mep ['nboca,

COOTBETCTBYIOILMX MOJOXKHUTEIbHBIM KOpHAM ypaBHeHus (10).

Takum obpazom, u3 memm | u 2 BumHo, 4yto MHOXectBo A, MB, me mycro, T.e.

KOJIMUECTBO TPAHCIAIIMOHHO-WHBAPUAHTHBIX Mep ['n06ca, COOTBETCTBYIOMIMX MOJIOKUTEIHHBIM
pemieHusM cuctembl ypaBHeHH# (6), ams moxaenu I[lorte-SOS nmocturaer cemu. Teopema
JI0Ka3aHa.

3ameuanmne 1. 3amerum, uto Teopema 1 (mpu K=M=2 ) o0606maer pe3ymbTaThl
uccienoBanuii [2], [3].

Ecmm J, =0, to mozmens ITorrc-SOS coBmanaer ¢ mozensto ITorrca. B aTom ciydae
TEOpeMy 2 MOKHO TIepeOpMyITHUPOBATH CIEAYIOIIUM 00pa3oM.

Teopema 3. ITycts K =M =2. Crenyromue yTBep ieHus CIpaBeIUBBI 1 KOIMYECTBA

TPaHCIIALMOHHO-UHBAapUaHTHBIX Mep ['n6bca (n n) quist moaenu Ilorrca

1 ecmm r€(0,1+2\/§),
n, =44, ecm r=1+2~2 wm r=4,
7, ecmm re(1+2ﬁ,4)u(4, o)

(cM. [2] nns 6onee moapoOHOUM uHpOpMaIHH).
Ecin Jp = 0, to ramuibToHUaH (1) mogenu [TorTc-SOS coBmamaeT ¢ raMUIBTOHHAHOM
mojtern SOS. B atom ciydae Teopemy 2 MOKHO TiepeOpMyITHPOBATh CISTYIONTIM 00pa3oM.
Teopema 4. Ilyctb k=2 m=2. Crnenyrommue yTBEpKICHHUS CIPABEJIUBBI IS

KOJIMYECTBA TPAHCIAIIMOHHO-MHBApUAaHTHBIX Mep [ mO0ca (ns ) g monenu SOS
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1, ecmm Qe (492, oo),
3, ecmu 60=6,,

N, =45 ecimu fe («91, (92),
6, ecm 0=0,
|/, ecmm Oe (O, «91),

rie 6,~0.1414 u 6, ~0.2956 (cm. [3] ws Gonee noapoOHOI HHPOPMALIN).
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Abstract. The method of regularization of the solution of a nonlinear integral equation of Fredholm type
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regularizing operator is constructed. The dependence of the regularization parameter on the error is chosen. The rate
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1. Bsenenme

JIuHeiHOE MHTETPAJIbHOE YpPaBHEHUE IIEPBOIO pOJa M €ro Peryiasipu3supyemMocTb
uccienoBanbl B pabotax JlaBpentbeBa M.M. [1]. Perynspusupyrouuii oneparop 1js pelieHus
WHTEIPAJIBHOIO  YpaBHEHUs IOCTpoeH Bhepsble JlaBpeHTheBEIM M.M. Kkak pemeHue
MHTETPAJIIBHOTO YPaBHEHUS BTOPOT'O POJia C MAJIBIM [TapaMETPOM.

B nanHoii paboTte paccMaTpuBaeTCsl HEMMHEHHOE MHTETpajIbHOE YPaBHEHHUE IIEPBOT0 poJia

BHUIa
[, K(t, )M (s,2())ds = u(t), te[01], (1)

rie K(t,s) sapo UHTErpajibHOrO YypaBHeHHUs ompeneneHo B kBagpare 0<t,s<1 wu
HETPEPBIBHO B 3TOH oOmactu, M(t,s) HenuHelHas (QYHKIHS ONpeleseHHas B MoJioce —o0 <
z < 400, 0 <5 < 1, hyHKuuUs HeNpepbIBHA B 3TOU MOJI0CE U yIOBJIETBOPSIET ycaoBHio Jlummmuia
no z, z(s)-uckomasi, u(t) — 3aaHHAast HEIPEPHIBHBIC (PYHKIIUH.

Jomyctum, uro nipu uU(t) = uy(t) ypaBHEHHE UMEET SIUHCTBEHHOE pelieHue Zg(t).

Pemenue ypaBHeHus (1) NPUHAUIEKHUT CYIIECTBEHHO HEKOPPEKTHO MOCTABICHHBIM
3ajadam, T.e. HapyIIaloTCs Bce TPU YCIOBUS Allamapa:

1) pemenue ypapHenus (1) cymectsyer He 1ist Beex u(t) € Cpoqp;

2) pelieHHe HEe SBIISIETCS eANHCTBEHHbBIM;
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3) pelicHUE HE SBISIETCS YCTOWYMBBIM OT IpaBoii yactu uU(t), T.e. MaI0e H3MECHEHUE TIPABO
4acTH TI0 METPUKE OpOCTpaHcTBa ([gq1] NPUBOAMT K OONBIIOMY H3MEHCHHIO
peenus z(s) no merpuke Cpg 13-

2. Peryasipusanmsi
JUis mocTpoeHus peryssipu3MpyIoLIero onepaTopa Hapsaay ¢ ypaBHeHueMm (1) BBeaeMm

ypaBHEHHE BTOPOTO PO/
az(t) + fol K(t, s)M(s, z(s))ds = u(t), (2)

rae a > 0- Maiblii mapaMeTp ¥ Ha3bIBACTCs ITApaMETPOM PErYIISIPU3AIIH.

[TokaxkeM, 4TO HETMHEWHOE WHTETPAJIbHOE YpaBHEHUE IPH HEKOTOPBIX YCIOBUSX Ha
Gyukunn M(t,s) w mna moboi 3amannod  Gynkuumu  u(t) € Cpoq) npu a >0 wumeer
€IMHCTBEHHOE PEIEHUE Z, (t) € (g 13-

[Tycte simpo K (t,s) MOJOKHUTEITBHO ONPEICICHO.

VYpaBHenue (2) 3anuuieM B BUIE

az(t) + f, K(t,)z(s)ds + [ K(t,s) (M(s,2(5)) — z(s) ) ds = u(®). (3)

BBenem 00o3HaueHus

Kz = [ K, )2(s)ds, Bz = [ K(t,5) (M(5,2)) — 2()) ds. (4)

B »Tux 0003HaYECHUAX YpaBHEHHE 3aITUIIETCS B BULIC
az(t) + Kz + Bz = u(t). (5)
Oyukmust M(t,s) Mo apryMeHTy Z  YAOBIETBOPSET yCIOBHIO JIummimia
IM(s, 21 (s) = M(s, z2(s)| < Nlz1(s) — zz(s)|.
Torma HenuueiHplid omepatop Bz orobpakaer mpoctpanctBo C(poq) B cebs u

YAOBJIETBOPSET yCaoBUIO JIunmmua no z. J[edcTBUTENbHO

|BZ1 _BZ2| = S

jl K(t,s) (M(s, zl(s)) - M(s, zz(s)) —2z,(8)+ z, (s)) ds
0

< Ko(N + 1)|z; — 25|, (6)

e Ko = maxose,s<11K(E, s)|.

Jlunedinbiii omeparop Kz geiictByer u3 npoctpanctsa Cpgq) B Cpoq) U SBISETCS
MOJIO’KUTEIBHBIM OTIEPATOPOM.

B pabote [3] mokazano, uto omepatop «E + K B mpocTpancTBe mmeeT 0OpaTHBIM

onepartop T.e. ypapHenue (aE + K)z = u uMeeT eITMHCTBEHHOE PelIeHHe B POCTpancTse Ci 1]

B oroit ke abore oKkazaHo, 4Yro Hopma onepatopa (aE + K)™?!
p I , p paropa  (aE+K)™"p oo

YIIOBJETBOPSIET HEPABEHCTBY
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|(aE + K)_1||c[0,1]—>c[0,1] <% (7)
Beenem o0o3naueHue
B,z = u(t) — Bz. (8)
Torma HenMHEWHOE  WHTErpajbHOE  ypPaBHEHHE  OKBHBAICHTHO  CIICAYIOIIEMY
UHTETPAITLHOMY YPaBHEHHIO
z = (aE + K)"1u(t) — (aE + K) 1Bz 9)

PaccMOTpuM HeIMHENHBIN UHTETPAIbHBIN OnIepaTop
(aE + K)"1Bz = (aE + K)~1K (M(s,z(s)) - z(s)). (10)

B cuny (4) unrerpansusiii oneparop (aE + K)™1K nelictByer u3 npoctpanctsa Ly [0,1]
B L,[0,1] sBasieTcss OrpaHMYEHHBIM ONEPATOPOM M HOPMa 3TOrO OlepaTopa OrpaHWYeHa, T.C.
CIIPaBE/UTUBO HEPABEHCTBO
I(@E + K) " Kl 1,101] 51,001 < 1. (11)
B nanHoii paboTe mokaszaHo, yro Hopma omeparopa (aE + K)™1K wu3 npocrpancTsa

C 2[0,1] B ([o] OrpaHUYEHA, T.€. IMEET MECTO HEPABEHCTBO
I(aE + K)71K]|| -2 < Kj, (12)

[0,11>Co1 —

rae Ki- HeKoTopas OCTOSIHHAS.
Henuueiinpii oneparop (aE + K)™1K (M (s,z(s)) - Z(s)) YIIOBIIETBOPSIET YCIIOBUIO
JInmmmia

” (aE + K)"1K (M(s, z,(s)) — 7y (s)) —(aE+ K)"K (M(S, 2,(s)) — 7, (s))”

SKWN+Dlzg — 2zl (13)
Honyctum, gro nmoctosiaHas Jlummumna K; (N + 1) yaoBieTBopsieT YCIOBHIO
N, =K;(N+1)<1. (14)
[Ipu Beimonnenuu yciosus (14) HenuueitHoe ypaBHeHue (9) B cuiy TeopeMbl banaxa

UMEeT eIMHCTBEHHOE PElIeHHE MTPEICTABUMOE B BUJIC
zg = (E—(aE + K)"'K(M(s,.) — E)) " Y(aE + K)"tu(t). (15)
O6o3HauuM pemenne ypasHeHus (9) mpu u(t) = uy(t) uepes zJ. Ilokaxkem, uTO
pemenue ypasrenus (9) z9(t) npu a — 0 Mo HOpMe IPOCTPAHCTBA Clo,1] CXOAUTCSI K TOYHOMY
pettennto ypaBaenus (1) mpu u(t) = uy(t).
JeiictButenbHo U3 (1) momyyaem TOXKAECTBO
uy(t) = Kzg + K(M(s, zg) — 2). (16)
Torna u3 (15) yuntsiBas ToxaectBo (16) noxydaem

z0—zy=(E— (aE + K)"'K(M(s,)) —E)) Y (aE + K) Y (Kzq + K(M(s,zo) — 2o) — 2o =
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=(E - (aE+K)'1K(M(s,) — E))ta(aE + K) 1z, (17)
[Ipenmnonoxum, 4To TouHOE perieHue zy(t) € C 2+"[0‘1], e 0 <o <1.
Torna u3 (17) nosydaem OLeHKY

llzo — ZO”C[O,I] = lf_Nle, (18)

rae K, - HeKkoTopas MOCTOsIHHAs, 3aBUcAIIas ot siapa K(t,s).

Taxum oOpa3oM, 10ka3aHO

Teopema 1. [Tycts BeimosnHens! ycnosus: 1) sapo K(t,s) cHMMETpHUYHO, HEIIPEPHIBHO B
kBagpate 0 <t,s <1 H MONOXKUTENBHO oOIpeneneHo; 2) HenuHeiHas ¢yakous M (s, z)
ompeJiesieHa UM HempepbiBHA B Mmojoce —0 <z <00, 0 < s <1 u yIOBJIETBOPSET YCIOBHUIO
Jlunmmmna mo z; 3) mycte mpu u(t) = uy(t) ypasaenue (1) mMMeeT eIMHCTBEHHOE PEIICHUE
zo(t) €C 2+"[0,1], rae 0 < o < 1; 4) nmocrossunast N; ynosierBopsier ycinoButo N; = K (N +
1)< 1.

Torna: a) npu BbIIOJIHEHUHU ycnoBuii 1), 2), 4) ypaBHenue (2) nipu ro6oM u(t) € Coq) 1
moboi > 0 uMeeT eUHCTBEHHOE pelieHne Zy(t) € Cjo1)0) NpH BbIONHEHUH yenoBuid 1), 2),
3), 4) pemenue ypapuenus (2) z9(t) mpu u(t) = uy(t) cxomurcs Mo HOpMe IPOCTPAHCTBA Cro,1]
npu X— 0 K TOUHOMY pellIeHUI0 ypaBHEeHHUs (1), IpUUYeM CKOPOCTh CXOJUMOCTHU YIOBJIETBOPSIET
HepaBeHCTBY (18).

[TokaxxeM, 4TO pelieHne ypaBHeHus (2) sIBISIETCS YCTONYUBBIM OT IIpaBoi yacti u(t) mpu
COIJIACOBAHUU MapaMeTpa PErysipu3alui « OT MOTPELIHOCTH MPaBoOM yacTu §.

JlomycTHM, 9TO BMECTO MpPaBOil TOYHOW MpaBOM 4acTh Uy(t) 3amaHa TpHUONMIKEHHAsS
npaBast yacTh Us(t) € Cpo 17C[0,1], ynoenersopsiomas nepaBeHCTBY

lluo (8) —us (Il < 6. (19)

B cuny teopemsr 1 ypaBuenue (2) mpu u(t) = us(t) uMeeT eAMHCTBEHHOE pEIICHUE
z4(t) € Cpoay-

Oto0 peuienue B cuity ¢popmyisl (15) mpeacraBumo B BUje

z3(t) = (E — (aE + K)"*K(M(s,") — E))"Y(aE + K) ‘ugs(t). (20)

OuenuM pasHocTs z4(t) — Zy(t) 1o HOpMe pocTpaHcTBa C| [0,1]

Toria HCIIONB3Ys HEPABEHCTBO TPEYTOIBHUKA ISl pasHOCTH Z3(t) — zo(t) momydaem
5 S\ _ 0 0() —
128 200l < 28 =28, | +1128® ~ 20Ol (21)

Borawras u3 (20), (15) npu u(t) = uy(t), nonyuaem
z3(t) —z0(t) = (E — (aE + K)"'K(M(s,") — E)) Y (aE + K) ‘ug —
—(E — (@E + K)"*K(M(s,”) — E)) " Y(aE + K) uy(b). (22)
Jlanee wucnons3ys, 4ro HemuHeinbii omepatop (E — (aE + K) K(M(s,) —E))™?

YAOBIIETBOPSIET yclioBUIO Jlunmmna ¢ noctossHHo Ny < 1, u3 (22), nonydaem

Iz = 2@l | < 5 IE + K7 llus(®) = uo(®)]l (23)
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Hanee ucnonn3ys HepaBeHctsa (7) u (19) u3 HepaBeHcTBa (23) MpUXOAUM K HEPABEHCTBY

”Za (t) - Za(t)” 1 Nl a2 (24)

Bropoe cnaraemoe B HepaBeHcTBe (21) ynoBieTBopsieT oueHke (18).

N3 nepasencTsa (21) yuutsiBast HepaBeHcTBa (24) u (18), nonyyaem

5 K. C
128(6) — z (t)” <S4t = ﬁ( +ca9), (25)
rac Cl = Ié_z
PaccmoTpuM BeIpakeHHE B CKOOKE B TIPaBOii 4acTH (25) Kak (GYHKIHUIO OT
)

p(a) = =t cia’. (26)

Ota GyHKIUS B HEKOTOPOH TOUKE &y MMEEeT MUHUMAaJbHOE 3HAaYeHHuE, T.€. oleHKa (25) B
ATOHM TOYKE UMEET ONTUMAIILHOE 3HAYCHHE.
YroObl HATH KPUTHUYECKYIO TOUKY, IPOU3BOIHYIO TPUPABHUBAEM K HYITIO
@' (a) = -26a™3+ cioa’ 1 =0.

Otcroma

1

a(8) = (Z2)*. (27)

c10

[Moacrasnss (27) B (26) momydaem

9(a(8)) = 6743 ¢y, (28)

A€ C3 - HEKOTOpasd NOCTOAHHAA, 3aBUCAIIAsd OT MMOCTOSTHHOM Cq,0.

Taxum oOpa3oM, yuntsias (28) u3 HepaBeHCTBa (25) II0JIy4a€eM OLIEHKY

[EAORENO] I

o (29)

JlokazaHa

Teopema 2. Ilycts: 1) BbIOMHEHBI Bce yclnoBHS Teopembl 1; 2) dynkuus ug(t)
ynoBieTBopsieT HepaBeHCTBY (19); 3) mapamerp perymsapuszanuu a(d) BeiOpaHa mo Gopmyse
(27).

Torma pemenune ypasuenusi (2) mpu u(t) = us(t) mpu 6 - 0 cxXoauWTCsS MO HOpPME
npocrpanctBa Cppq) K TOoyHOMY pemieHnio (1). CKOpOCTh CXOMMMOCTH  YIOBJIETBOPSET
HepaBeHCTBY (29).
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3AJAYA JUPUXJIE [JJISA YPABHEHUSA CMEIIAHHOI'O THUIIA C
OINIEPATOPOM JIABPEHTBEBA-BUIIA/I3E

Cabumos Kamune bacuposuy, 0.¢.-m.H., npogheccop, un.-kopp. AH Pb,

sabitov_fmf@mail.ru

HUnemumym mamemamuku ¢ svruuciumenvroim yenmpom YOUIL] PAH, e. Yha, Cmeprumamarxckuii

Qunuan Ypumckoeo ynusepcumema HayKu 1 mexHoI02ull,

2. Cmepaumamax, Poccus

Aunnomayun. B pabome 0na ypasHenus cmeuwiaHHo20 muna 6 NpAMOYy20ibHOU 001aCmuU UCCIe008aHA HA

KOPPEeKMHOCMb NOCMAHOB8KU NePBoll 2PaHUYHOU 3a0aqu. Ycmarnoenen kpumeputi eourcmeenHocmu. Pewenue 3a0auu
Hupuxne nocmpoero 6 sude cymmul pada Pypve.

Kniouesvie cnosa: ypasuenue cmewannoeo muna, 3aoada upuxie, xpumepuil eOUHCMEEHHOCU, DO,

cyujecmeoeaHue, Majivle 3HameHamelu, ycmoﬁuueocmb.

THE DIRICHLET PROBLEM FOR MIXED TYPE EQUATION WITH THE
LAVRENT’EV-BITSADZE OPERATOR
Sabitov Kamil Basirovich, Doctor of Physical and Mathematical Sciences, Professor, Corresponding
Member of the Academy of Sciences of the Republic of Bashkortostan
sabitov_fmf@mail.ru
Institute of Mathematics with Computing Center UFITS, UFA,
Sterlitamak Branch of the State University of Science and Technology,
Sterlitamak, Russia
Abstract. In this paper, for a mixed-type equation in a rectangular domain, the correctness of the formulation
of the first boundary value problem is investigated. A uniqueness criterion is established. The solution of the Dirichlet
problem is constructed as the sum of a Fourier series.
Key words: mixed type equation, Dirichlet problem, uniqueness criterion, series, existence, small

denominators, stability.

PaccMoTpuM ypaBHEHHE CMEIIAHHOTO THIIA ¢ onepaTopoM JlaBpeHTheBa—buiase
Lu = Uy, + (sgny)u,,, —bu = F(x,y) 1)
B npsiMmoyrosbHO# obmactn D = {(x,y)| 0<x<l,—a <y <pf}, roe a,f, | — 3anannbic
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MOJIOKUTEIBHBIC YHCTa, b — M000€ NeHCTBUTEILHOE YUCIIO, M IIOCTABUM CIICIYIONIYIO KPacBYIO
3a/1au4y.

3agaua Jmpuxuae. Haumu 6 obnacmu D ¢ynxyuro u(x,y), yoosiemseopsarowyio

ycaosusim:
u(x,y) € C1(D) n C*(D, UD_); (2)
Lu(x,y) =F(xy), (xy)€DyUD_; 3)
u0,y) =ully)=0, -—a<y<8§; 4)
ux p) =), ux-a)=yYx), 0<x<] ®)

rne F(x,y), o(x) u P(x) — 3agaHHble AocTaroyHo Thaakue ¢yHkuuu, npudem P(0) =
YD) =0, ¢(0) =) =0, Dy =Dn{y>0}, D-=Dn{y <0}

WNurepec k 3amade [lupuxiie I ypaBHEHUMH CMEIIAHHOIO THIIA BO3HHMKIIO IIOCIIE
omybnukoBanus pabotel @panxng O.M. [1], roe BhoepBble ObBUIO OTMEYEHO, 4YTO 3aJa4u
TPAHC3BYKOBOM Ta30BOM JAMHAMUKH CBOASATCS K 3TOoM 3ajmade. bumamze A.B. [2] gokazan
HEKOPPEKTHOCTH 3aaun Jupuxie 1ist ypaBHeHus JlaBpeHTheBa, T.€. A7 ypaBHenus (1) npu b =
0. Ilocnme 5Toi cTaThbu BO3HUKIA MOTPEOHOCTH MOMCKAa CMEIIAHHBIX 00JACTe Al KOTOPBIX
3amava Jlupuxie mocraBiieHa KOppekTHO. B nmanpHeiimeM u3ydyeHueM 3anada [upuxme s
ypaBuenus (1) npu b = 0 3ammmanuce lllabat b.B. [3], Baxanus H.H. [4], Cannon J.R.[5],
Haxymes A.M. [6], ConmaToB A.IL. [7], Xaues M.M. [8], Coxanze P.C. [9], CabutoB K.b. [10] u
€ro YUeHHKH.

B nanHOli paboTe METOAOM CHEKTPaTbHOTO aHallu3a YCTAHOBJIEH KPUTEPH
eIMHCTBEHHOCTH perieHus 3amauu (2) — (5). Perenue 3amaun moCcTpOSHO B BHIC CYMMBI psija
Oypre. [Ipu 000CHOBaHMHM CXOAUMOCTH ps/ia BO3HUKAET MpoOJieMa MallbIX 3HaMEHaTelnen
OTHOCUTENIbHO OTHOIIeHUs «/l. B cBSI3u ¢ 4eM yCTaHOBIEHBI OIIEHKM MajblX 3HAMEHaTeNel C
COOTBETCTBYIOIIEH acHUMNTOTHKON. Ha oCHOBaHMM STHX OIIEHOK HaKIaJAbIBas OIpeaeieHHbIC
yCIIOBUS Ha TpaHudHble QyHKIMU @(X), Y(x) u Ha mpaBylo yacth F(X,y) moka3zaHa TeopeMa

CYIIIECTBOBAHMS B KJIacCe PETYJSPHBIX perieHui (2).
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1. ®panxip @Y. U3bpannbie Tpyasl o razoBoil nuHamuke [Tekcr]/ @M. Opankib. —
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Annomayun. B Oannoii pabome ucciredyemcsa 3aoaua Kowu 011 HeOOHOPOOHO2O OObIKHOBEHHO2O

ougppepenyuanvno2o ypasHenus, cooepiicaujeco OpobHbl Oupdepenyuanvhslii onepamop 6 cmuicie Pumana-

Juysunna ¢ pynxyueii beccens 6 siope. I[locmasnennas 3a0aua 3K6USANEHIMHO C8EOEHA K UHMESPATbHOMY YPAGHEHUIO

Boavmeppa emopoeo poda. Memoodom nocredosamenvublx NPpUbIUNCEHUl HALOeHO peuleHue UHMeSPaIbHO20

ypaeueHus. /lokazano, umo HatoeHHoe peuieHue 0eticCmeUmenbHo Y00681emeopsiem YCa08UAM HOCMABIEHHOU 3a0aiu.

Honyuena oyenxa natioennoeo peutenus. Ilpu 6v1600e popmyvl 015t peuienst nOCMAagieHHOU 3a0aiu 8bl8e0eHd HOBAs

cneyuanvbhasi (hyHKyusi, Komopas 6 Yacmuom ciyyae creoyem @yuxyus Mummaea — Jlegpgpnepa. Hzyueno ceoticmea
68€0eHHOU DYHKYUU, 8 HACMHOCMU, BLINUCAHBL POPMYIIbL OUPDepeHyuposanus Ons Heé.

Knruesvte cnosa: ¢ynkyus beccens, Opobuwiii  Oughpepenyuanvhviii  onepamop, 3adauwa Kowu,

unmeepajiibHoe ypasHernue, Memoo noCie008amelbHbLX npu@mofceyuﬁ.

ON A CAUCHY PROBLEM FOR AN ORDINARY DIFFERENTIAL EQUATION
CONTAINING A RIEMANN-LIOUVILLE DIFFERENTIAL OPERATOR WITH A
BESSEL FUNCTION IN THE KERNEL

Urinov Akhmadzhon Kushakovich, Dr Sc, professor,

urinovak@mail.ru

Usmonov Doniyor Abdumutolib ugli, researcher

usmonov-doniyor@inbox.ru

Ferghana State University,

Fergana, Uzbekistan

Abstract. In this paper, we study the Cauchy problem for an inhomogeneous ordinary differential equation
containing a fractional differential operator in the sense of Riemann-Liouville with a Bessel function in the kernel.
The considered problem is equivalently reduced to a Volterra integral equation of the second kind. The solution of

the integral equation is found by the method of successive approximations. It has been proved that the obtained
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solution really satisfies the conditions of the problem. An estimate for the solution is obtained. When deriving a
formula for solution to the problem, a new special function was derived, which in a particular case follows the Mittag-
Leffler function. The properties of the introduced function are studied, in particular, differentiation formulas for it are
written out.

Key words: Bessel function, fractional differential operator, Cauchy problem, integral equation, successive

approximation method.

1. Begenue. V3BecTHO, 4TO TeOpusi APOOHOTO HHTETPUPOBAHUS U 1D HEepeHITUPOBAHHS
ABJISIETCSl OJTHUM M3 HOBBIX pa3enioB maremarudecko Hayku [1], [2], [3]. K HacTosmemy
BpEMEHH APOOHBIE MHTETpo-AuddepeHIMATBHBIC ONEepaTopsl B cMmbicie Pumana-JInyBwiis u
Kamnyro, a Taxxke auddepennnanbibie ypaBHEHUS, B KOTOPBIX OHU YYaCTBYIOT, U3Y4€HbI MHOTUMU
uccienoparensimu [4] - [8]. B mocnennee Bpemst Habt0aeTCsl HOBBIIICHHBIN HHTEPEC K H3yYEHHUIO
JIPOOHBIX HHTETPO-AU(D(hepeHINANTBHBIX ONEPAaTOPOB CO CIIEHUATLHBIMU (YHKIUSMHE B siapax [9],
[10], [11]. B mamHoOli paboTe paccmaTpuBaercs 3amada Komw s OZHOTO HEOIHOPOIHOTO
OOBIKHOBEHHOTO muddepeHINaTbHOTO  ypaBHEHUs, cojepkamero nuddepeHanbHblii
onepatop Pumana-JluyBumns ¢ ¢ynkuuein beccens B siape M uccienyercst CyIeCTBOBaHHE €€
pelIeHus.

2. ITocTanoBka 3axa4m. PaccMOTpuM ypaBHEHUE
Dy y(x)+Ay(x)=f(x), xe(0,T), 1)
rmue y(x) - HeusBecTHas (YHKIHS, a f (X) - 3a/1aHHas (PYHKIUS; a,;/,ﬂ,,T - 3aJlaHHEBIE

JeiicTBUTENbHBIE uncaa, npuueM 1l<a <2, T >0;

Dy = 477 iy, g
15.7y(X) =$E(x—t)’“ I Ly (x=1)]y(t)dt, 3)

J, (Z) -¢pyaknus beccens - Kmuddopnaa, onpenensemas paBeHCTBaMU

jv(z)_r(wl)(z/z)k]v(z)_ki;(‘kl!)(kv(fF ’S)ZK @

(Z)k - cumson Ioxrammepa, I'(X)- ramma-¢pynxius Ditnepa [12], J, (X) - hyHKIMS
beccens neporo pona mopsiaka v [13].

OrmernM, uto oneparopsl Dy y(x) T Pl y(x) BBEJICHBI M U3y4eHbI B pabore [11].
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OHu sABIISIOTCSE 0000IICHUSIMU OTIEPaTOPOB APOOHOTO A dhepeHITUPOBAHUS U UHTETPUPOBAHUS

Pumana — JInyBuiIs COOTBETCTBEHHO.
3apaya Komm. Haiitn ¢yHkumo y(x) , YIOBJIETBOPAIOIIYIO ypaBHeHHUIO (1)

Ha4YaJIbHBIM YCJIOBUAM

i 1577y ()=, lim C 1577y ()= A, ®)

rie A, A -3azaHHbIC ICHCTBUTEIBHBIC YHCIIA.

3. UccaenoBanme 3axaun Kommu. [Ipumensiem k ypaBuenuto (1) omneparop |:X'7 . 3areM,

Y4HUTHIBAsI paBeHCTBO [11]

I Dey(x) =
=y(x)- X J [;/x]llmil“”y(x)—L_2 [7x]I|mI2‘”y(x)
r(a) (a-1)/2 X—0 dX F(O(—l) (a-3)/2

u ycioBue (2), moiay4yaeMm MHTErpajbHOE ypaBHeHUEe BonbTeppa BToporo poja:

a-2 afl

V() + A5y () =157 f () + A ——— ( Yy (a3,2[7X]+A2 e )_am[ﬂ]- (6)

JInst perieHus WHTErpajbHOTO ypaBHEHHs (6) MPUMEHHM METOJl IMOCJeI0BATEIbHBIX
npubmmkenuit [14]:

a—2 a-1

Yo (X) =157 F (X)+ A3 F(a1)” a3/2[7X]+A2 (a)” i [7X],

Vo (X)= Yo (X) = A1&7y, L (X),meN.
Ucnions3ys hopmyny [11] |:Xv7|aﬁxv¢( )_|ﬂ7|ay¢( )_|:X+ﬂv7¢,(x), BBIUKCIISIEM ym(x);

Vo (X) = Yo (%) = Agy Vo (X) + 22157 Yo (X) = A7155 7 Yo (X) oot (=2) 17 ¥ (%) (D)

ITepexonsa x mpexeny mpu M —>00 B (7) U MOACTABIAA BRIPAKEHUE Y, (X), MOILy4YUM

peleHue ypaBHeHus (6) B BUe

+00

V(0= 1)2( AV I [k +

n=0
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+00

e S A T X+ S A 1 () ®

F((Z) n=0 n=0

BblunciuM — MHTErpaisl |§Xn'7{Xa72\T(a73),2 [j/X]} : |§Xn'7{Xaflj(a71)/2 []/X]} u

lo7*7 f (X). Cnauana paccmotpum mmterpan 171X { aizj(afs)lz[yx]}. COrIacHO paBeHCTBY

(3), umeem

FRR G 2 p—

F(an) (X_t)anl ) n1/2|:7 X— t] /z[7t]dt (9)

O Sy <

3amMensist yHKIUIO J , (X) o ¢opmyie (4), morydum

= (1) (772" (x-t)" & (L) (r12)"
an_m[}/ X t] “3/2[7/ ] mZ ((yan+1)/2) kzzc; ((a?/_l)/z)k'

OTCIO,I[EI, IIPUMCHA ITPAaBUIIO Komiu 00 YMHOXCHUU CXOOAIINUXCA PAAOB, UMCEM

o5 (D) (1 12)" ()" () (1) e
T[T P[] =23 k!((yan+1)/2)k (m—k)!f(a—l)/Z)m_k_

(x—t)" g™
Ski(m—k)Y((an+1)/2) ((«-1)/2)

m—k

[ToncraBiss 3To B uHTErpai (9), moMeHsB NOPSAA0K UHTETPUPOBAHUS U CYMMUPOBAaHMS, UMEEM

157 T el = 2 (e

o I'(an)

m 1

Zo ki(m—k)((en+1)/2) ((a-1)/2)_

an+2k—l

th—2k+a—2dt ) (10)

o'—.x

-k
B uHTErpane BBINOJIHMM 3aMeEHy epeMeHHoM 1o popmyne = XS:

1

X

an+2k-1 a— o a— a 2k-1 a—
J‘ X t n+ tzm 2k+ zdt— n+2m+ 2J' n+ 2m 2k+ ZdS (11)
0

0

HpI/IHI/IMaSI BO BHUMAHHC HHTCTPAJIbBHOC IHNPCACTABICHUC 6eTa-(I)y'HKI_II/II/I U €€ CBS3b C

ramma-pyukuueii [12], Haxoaum

“"+2k T p2m-2kra-2gy x“”+2m+“‘ZB(2m -2k+a+1,an+ 2k) =

o'—.x
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=X (2m -2k + a 1) (an+2k) /T (an+2m+a —1).

[Toacrasmnss 1o B (10) 1 mpuMeHsIs MOCIEA0BATENbHO ClIeayIonue paBeHcTsa [12]

[(a+n)=(a) (), (a), :zzn@ (""T”j )

n

NMECM

17 (2, X} =

r(aoys (D 2 (en), (a-1),..,

wo [(an+2m+a-1) Sk(m=k)((an+1)/2) ((«-1)/2)

()" (r/2)" 2 xmme w ((an) 12), (e 2),,,
F(an+2m+a-1) = ki(m—k)! '

m—k

o0
=I(a-1)2
m=0
VauteiBas CJICAYIOIICC U3BCCTHOC PABCHCTBO,

S 6

k=0

N3 MOCJIICAHETO MTOJYUYUM

(¢, =T (@) 3

(_1)m }/Zm ((an + a)/ 2)m Xom+2m+a—2
mIT(an+2m+a 1) '

Orcroga, mpuMeHsis  mocienoBaTelibHO paBeHcTBa (12) k F(an +2M+«a —1) ,

Haxoaum

any | ya-27 | — (=] m 7// 2 2m Xan+2m+a—2
IOX’ {X ‘J(afs)/z [7X]}: ( ) Z( ) ( ) _

F(om +a— 1) ) m!((an +a —1)/ Z)m
Torna, cormacuo 0603HaueHHIO (4), UMeeM

Xan+a—2r(a _ 1) _

12T, ) = Flansa D 3 anvaayz[7X] (14)
AHaIOrHYHBIM METOOM HAXOIUM
_ Xanﬂx—ll—\ _
| {x‘HJ | ;/x]} = () J (e[ 7X]. (15)

I'(an+a)
Ha ocnoBanuu popmyisr (3)
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'o“x”*“*f(X)=;)I(X—Z)“"”lJ_m_l,z[y (x-2)]f(z)dz.  (16)

C(an+a)sy
[Moncrasmnss (14), (15) u (16) B (8), Haxoaum perieHrue ypaBHeHUs (6):

y(X) = AtxaizEa,a—l,(a—S)/z [_ﬂ“xa ’ J/X:I + AzxailEa,a,(a_l)/g [_lea 1 7/X:| +

X

+J.(X o 2)0‘71 sz,zx,(oﬁl)/Z |:_/1(X - Z)a ’}/(X o Z):| f (Z)dz’ (17)
rac
+00 X” _
B [xyl=%—2 _
wnaXY]=2 = (an=7) Jonrzo (Y) (18)

OueBuano, uto (18) ects Gpynkuus Tuna pynkuun Mutrara - Jlepduepa [15]:

Bas(X)= Z:f; I'(ak +B)

Herpynno mnokasate, uro npu & >0, >0 pan (18) cxomurcs abGcomoTHO H

k

(19)

paBHOMEpPHO Ipu —0 < X, Y <400,

st pynkiuu (18) cipaBeyIUBEI CAEAYIOMUE PABEHCTBA

aﬂé’[xo] ﬁ(x) aﬁH[O y] mja(y) aw[o 0] %

u cienyromre Gopmyisl nuddhepeHIupoBaHus

d
 Benon A7) = = AXTE, o[ A X = X [ A7) (20)

d
&{XﬂlEa,ﬂ,wwz [Ax X =X, [ AXpx] AL @)

4. OcHOBHBIE pPe3yabTAThI

Teopema. Ecnu f (X) =x" fl(X), fl(X) € C[O,T],O <p<a-1, mo pewenue
3a0auu Kowwu {(l), (5)} cywecmsyem u onpeoensiemcs popmynou (17).

Joka3areabcrBo. C 3TOM 1enb0 QyHKIHIO y(x) , ompenensieMmyto dopmymnou (17),

3aIlUIIEM B BUJIE y(x) = yl(x) + yz(x)+ ys(x), rae
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Y; ( X) = Aixa_zEa, a-1(a-3)/2 [_ﬂ’xa ) 7X] :

Y, (X) = AZXa_lEa,a,(a—l)IZ [—ﬂx“;yx} ’

::[(x— z)“*lanay(a_l),z [—ﬂ(x— z)"y(x- z)} f(z)dz,

PaccMoTpuM  (pyHKIUIO yl(x). CHayasia BEIYUCIISIEM |02; “r yl(x):

(0 =g [0 [ (=) () =

- A .([(X N Z)lia Zaiz‘T(l—a)/Z I:}/(X o Z)]Ea,a,(a—3)/2 [—ﬂz”;yz]dz =

= (_/1)” f l-a an+a
:Aigr(an+0( 1 _([X Z 2‘]1a/2|:7 X Z):"](anmfs)/z[yz]dz'

Ecnu BBecT 0003HaUeHHE

H(e,n,y;x)=

1 h -a _gnia-2 7 =
:F(an+a—1)r(2_a)£(x_z) 2" T e[ 7 (X=2) Pneasie 2]z, (22)

TO MOCJICAHEC PABCHCTBO 3aIIMIICTCS B BUAC!

1579 (0) = AX(~2)" H (@.n,7:x). @)

Boruvcnum unterpan H (a,n,y;x). C »sT1oil nenbto, 3aMeHssT QyHKIUIO JV(X) o

dbopmyre (4) u mpumenss mpaBuio Kommn 06 yMHOKEHUN CXOIAIIUXCS PAIOB, UMEEM

‘T(lfa)/z [7/( X= Z):I \T(an+a—3)/2 [72] =

g (I ()" g

mick!((an+a - 1)/2) (m-Kk)Y((8-a)! Z)m,k

N ZZk(X— Z)Zm—Zk

B mz?)(_l)’“(y/ 2" kz-;‘((an +a-1)/2) ((3-a)/2)  ki(m-k)!

IloncraBnss 3To B uHTErpai (22), NOMEHsB MOPAI0K HHTETPUPOBAHNSA U CYMMUPOBAHUS,
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MOJIy4YUM

H(e,n,7;x)=

e (A" e H, (i, m ki x)
_mz_ol"(an+a—7/1)1“(2—a)kz_f;((an+a—1)/2)k((3—a)/2)m_kk!(m—k)!’ ¢4

rac

1+2m 2k-a an+2k+a de

H, anmkx

o'—.x

WUnterpan H, (05 ,n,mKk; X) BBIUKCIISIETCS aHAJIOTHYHO uHTerpany (11):

2 r(2m-2k+2-a)r'(an+2k +a-1)

H (a,n,mk;x)=
1(en m ki) ['(an+2m+1)

[Moncrapnsisi 310 B (24) m mpumensist mociepoBaTensHo (opmyny (12) k GyHKIUAM

F(2m—2k+2—a) u F(an+2k+a—l),HMeeM

H(a,n,y;x)=

G (2ea), (e,

o I(an+2m+1) k:o((an+a—l)/2)k((3 a)/2) ki(m- k)

1)" e Zm:((Z—a)/ Z)mfk((an +a)/2)k.

an+2m+1)is ki(m—k)!

(-
:zr(

m=0

Ecnu yaects paBenctso (13), To pynkuus H (0{ N, 7, X) MIPUHUMAET BU]T

(-1)"y* ((an+2)/2) x2men
m!T(an+2m+1) '

H(a,ny;x)= Z
[Moxcrapss 510 BeIpaxkenue pynxuun H (a N, 7, X) B (23), monyuum

(-2)'(-1)" ™" ((om +2)/ Z)m x2mren |

mil(an+2m+1)

5N (X)=AYY

Jlanee, mpuMeHss MOCIeA0BaTEeIbHO paBeHCTBO (13) K F(an +2m+ 1) , IMeeM
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A) (1) (7 12)" 5"

(-
miC(an+1)((an+1)/2) -

AT s

Otcrona, mpuHUMas BO BHUMaHue o6o3HaueHus (19), naxoaum

1277y, (X) = AB, , L, [-AX7x]. (25)
AHaJIOFI/IqHBIM METOAOM HAXOAUM
Ioz;a’yyz (X) = AzXEa, 2,112 [_ixa ; 7X] , (26)

I2—a,7

— Z)anzym[—ﬂ,(x— z)" v (x- z)] f(z)dz. (7

I
O t— x
—~~
X

CxuagpiBast paBeHcTBa (25), (26) u (27), nonyuum
127y (X) = AE, , 4 [—AX x|+ AXE, , | —AX" yx |+

X

+[(x-2)E, , ., [—/I(x— ) 5y (x— z)] f(z)dz. (28)
0
Otcionta, ucnone3ys dopmymet (20), 2 B, ., [O; 0] = r (];B) , HAXOJTIM
dz a,y a— a. a.
dx? Iozx y(X) = _/IALX 2Ea,a—1,(a—3)/2 I:—ﬂ,X ’7/X:| _7/2A1Ea,1,(—1/2)|:_ﬂ’x ’7/X:| o

_ﬂ%xa_lEa,a,(afl)IZ [_ﬂ’xa ; 7/X1 - 72A2XEa, 2,12 [_ﬂxa ; 7/X:| -

X

+f(x)-A[(x- z)”"lanay(a_l),2 [—ﬁ(x— z)"y(x- z)] f(z)dz-

0

X

7 [(x=2)B, , .| ~A(x=2)";7(x=2) | f (2)dlz. (29)

0

Torna, u3 paBencts (28) u (29) cnexyer, 4To

2

D7y (x) = (;2+7/jlz"‘yy(x):

= _ﬂ’Alxa_zEa,a—l,(a—S)IZ I:_ﬂ’xa ; 7/X:| - ﬂ’AzXa_lEa, a,(a-1)/2 I:_ﬂ’xa ; 7/X:| +

202



X

f(x)-Af(x- z)“’lEa’a’(a_l),z[—;t(x— z)" 7 (x~ z)] f(z)dz. (30)

0

Comnocrasnsist (17) u (29) npunem, K BBIBOLY, O TOM 4TO (PYHKIUS y(x) , oIpezeIsaeMas

dbopmysroii (17), ynosiaeTBopsieT ypaBHeHuro (1).

Teneps mokaxem, 4TO OHA YIOBJIETBOPSET YCIOBUAM (5).

U3 pasencrsa (28), B cuny | (X) =X"f (X) , Cpasy CIIEMyeT, YTO |XI£TO1 Ijx’”y(x) =A.

Huddepenunpyem pasenctso (28). Torna, cormacuo (20), (21), momyuanm

d -a a-. a. a .
™ 157 Y(X)==AAXTE, | —AX X = AP XB, [ —AXT7X |+

+A2Ea’1v(—1/2) |:—/1Xa;]/X:| + {(X - Z)a_z Ea,a—l,(a—S)/Z [—X(X - Z)a ;}/(X - Z):| f (Z)dZ.

Orcroma, B CHILy Ea,/;,e [O;O]zr_l(ﬁ), l<a<?2 un f(X):X_pfl(X) , CIEMyeT,

4TO Iimi Ij;”y(x) =A.

x—0 dX

Teopema nokaszaHa.

Jemma. Eciu A >0, mo ona pewenus (17) cnpasednugo nepasencmso
T
[}y ()| <|AIC +[AIC, +C.f|f (2)ldz
0
20e C,, C, u C, -nexomopuie nonoscumenvuoie nocmosimnuie.

Joxka3zarenbcTBo. YuuthiBas (4) u (18), 3anumem QyHKIINIO xz‘“y(x) B BUJIE

XUy (x)=
an+a-1 m+1 2 \N 2M+2  ome2
o (Ax) F(Z)(—l) (=Ax") (r12)™" x

_|_

m,n=0 F(an iy _1)1,(0“’1 +2a -1

- m+1j(m +1)!

(_1)""r(0”‘+2“+1)(7/2)2m X (—axeY

an+a-1

_|_

mn=o F(an+a)1“( +m+1jm!
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(a2 T -0

0 M0 1“(om+oc)m!l“(0m +2a_1+m+1J

Hcnonb3ys paBeHCTBa

(Fa(+)b “T(b) I§ F(a+1)=ar(a).

¥ YUUTHIBas F(a +1) =a! npu ae N, nepenumem (30) B Buze

XUy (x)=

¢ (cax)

ag ag LY 2y

wl(an+a-1) ‘wcol(an+a-1)(m+1)T(m+2)

Ax @ () (12" ()
2 mzn:o [(an+a-1)r*(m+1)

O ey

S

3
—~~
I
e
N~
o
e
+

pefeeay o g T T

0 m,n=0 F(O{n+a—l)rz(m +1

Orcrona, mpuHUMas BO BHUMaHue obo3HaueHus (4) u (19), umeem

x““y(x)=AE,,, (—lx“ ) -

L) A=) EL (A0 (1-)) (B )de +

o AX[(1-8) T E, (<X (1-&)) T, (1JE o +

02 (@)1= E L [A(x-2) (=) ] [ (x-2)E Jozer

H3BectHO, yTO TIpH V' > (—l/ 2) CIIPaBEJIMBO HEPABEHCTBO [13] |..TV ( }/Z)| <1, amnpu

a,>0, 2>0 - nepasencrro [15] |Eaﬁ (—Z)| <C,,rne C, - HeKOTOpOE HONOKUTEIBHOE

uncio. Eciu yuects 5Tu HepaBeHcTBa M 1< @ < 2, TO U3 MOCIIEIHETO PABEHCTBA JIETKO CIIEAYET
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Annomayus. B 0annotl pabome memoo 0OpamHol CheKmMpAIbHOU 3a0adu NPUMeHAemcs i UHMe2PUPO8aHUs

HeluHelno20 ypasHenus muna cunyc-1opoona 6 kiacce nepuooudeckux OecKoHeuHO30HHuIX GyHKyul. Beooumcs

960I0YUSL CREKMPATbHBIX OAHHbIX NEpUooUdeckozo onepamopa Jlupaxa, Kod@duyuenm KOmMopo2o Aeisemcs

peutenuem HeruHelino2o ypasHenus muna cunyc-1 opoona. Jlokasano pazpewumocms 3aoayu Kowu ons beckoneynou

cucmemvl Oupepenyuanvuvix ypaenenutl Jyoposuna 6 Kiacce mpu pasza HenpepuléHo Oudepenyupyemvix

nepuoouyeckux 6eckoHeyHo30HHbIX ynkyull. Tlokazano, Ymo cymma pagHOMEPHO CX00sUe20Ccst PYHKYUOHATbHO2O

pA0a NOCMPOEHHO20 C NOMOWbLIO pewlenus cucmemvl ypaghenuu [lybposeuna u gopmyia nepsoco cueda,
yoosnemseopsiem ypasHeruro muna cunyc-I opoona.

Knroueevie cnosa. Ypasnuenus muna cunyc-Iopoona, onepamop [upaxa, cnekmpanvHvle Oanmubvle, cucmemd

ypasHenuil J[yoposuna, popmyivl ciedos.
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Abstract. In this paper, the inverse spectral problem method is used to integrate a nonlinear sine-Gordon type
equation in the class of periodic infinite-gap functions. The evolution of the spectral data of the periodic Dirac
operator is introduced, the coefficient of which is the solution of a nonlinear equation of the sine-Gordon type. The
solvability of the Cauchy problem for an infinite system of Dubrovin differential equations in the class of three times
continuously differentiable periodic infinite-gap functions is proved. It is shown that the sum of a uniformly convergent
functional series constructed by solving the system of Dubrovin's equations and the first trace formula satisfies a sine-
Gordon type equation.

Key words: Sine-Gordon type equations, Dirac operator, spectral data, Dubrovin's system of equations, trace

formulas.

1. BBenenue
B nacrosmeit pabote paccMmarpuBaercs 3aaada Ko ajis HETUHEHHOTO YpaBHEHUS THIIA

cunyc-T'opona BuIa:
q, =a(t)e™ +b(t)e™, g=q(xt), xeR, t>0, meZ\{0} (1)
C HAYAILHBIM YCIIOBHEM
A(xt)],_, =6 (X),  Go(x+7)=0(x) eC*(R) (2)

B KJIaCCE JICHCTBUTEIIBHBIX OCCKOHCUHO30HHBIX /T -IEPUOJUICCKUX TT0 X (YHKIIHIA:

q(x+7,t)=q(xt), q(xt)eCi(t>0)NC(t=0). (3)

3necs a(t), b(t) eC ([O, OO))—3a,HaHHLIe HeNpepbIBHbIE OrPaHUUYEHHbBIE (DYHKIUH.

HerpyaHno yOeauTscest, 4TO yCI0BUSI COBMECTHOCTH JIMHEWHBIX YpaBHEHUN

m ,
y - qu(xit) -4 y y - 1 0 a(t)emCI(XJ)
x It T 5y —ma(x.t) '
P —mq;(x,t) 22\ b(t)e 0
2
y=|
Y,

SKBUBaNeHTHHI ypaBHenuto (1) maa pyskmu = g(X,t), Xe R, t>0.

Xopomo H3BECTHO, YTO HaXOXJICHHE SIBHOH (OpMyIbl ISl pelIeHus HEeTUHEHHOTro
sBostoIMOHHOTO ypaBHeHus: Koptesera-ge ®puza (Kad), moaudunupoBaHHOrO ypaBHEHUS
Kopresera-ne ®puza (MKnd), nenuneitnoro ypaBuenus lpenunrepa (HYI), cunyc-I'opaona

(cI'), ypaBHeHus Xupora U T.I. B KJlacce MEPUOJUUECKUN (DYHKIMN CYIIECTBEHHO 3aBUCHT OT
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KOJIMUECTBA HETPUBUAIBHBIX JIAKYH B CIIEKTpe mepuoanyeckoro oneparopa ltypma-JlnyBumis
u Jlupaka.

C momouipio MeToAa 0OpaTHOM CHEKTpanbHOM 3amaun s oneparopa Ltypma-JInyBusis
u Jlupaka ¢ nmepruoJu4ecKiM MOTSHIIMAJIOM, KOT/la B CIIEKTPE UMEETCS TOJIbKO KOHEUHOE YUCIIO
HETPUBUAIBHBIX JIakKyH, B paborax Wrca-MarseeBa [3], [lyOpoBuna-HoBukoma [4], Hrca-
KormsipoBa [5], CmupHoBa [6], MarBeeBa-CmupHoBa [7], OblIa yCTaHOBJICHA TMOJHAS
MHTETPUPYEMOCTh HEIMHEHHBIX HBOMIOLUMOHHBIX ypaBHeHud (Kn®, MKn®, HVII, cunyc-
['opnoH, XupoTsl U T.1.) B KJacce KOHEUYHO30OHHBIX MEPUOJUYECKUX M KBA3UNEPUOAMUYECKUX
byakuuii. KpoMe Toro, 111 KOHEUHO30HHBIX PEIICHUH HEJIMHEHHBIX dBOJIIOIMOHHBIX YPAaBHCHHM
(Kn®, MKn®, HY1L, cunyc-I'opnon u 1p.) Obla BeiBeieHa siBHAsS (hopMyria yepe3 TeTa-QyHKIUU
Pumana.

Takum o6paszoM, B 3TuX padotax (cm. [3-8]) Oblna m0Ka3aHa pa3pemMMocTh 3a1aun Komm
JUTSL HEIMHEHHBIX 3BOMOLMOHHBIX ypaBHeHu# (Kn®, MKn®, HVIII, cunyc-I'opnon u ap.) npu
JT0OBIX KOHEYHO30HHBIX HaYajdbHBIX JaHHBIX. bojee moapoOHO 3Ta Teopusi H3IOKEHA B
MoHorpadusx [9-10], a Takxke B padore [11].

B cBs31 ¢ 3THM Ki1ace nepruoaudeckux GyHKIUN ya00HO pa30UTh Ha BA MHOXKECTBA:

1. Kiacc nepuoanyeckux KOHEYHO30HHBIX (QYHKIU;

2. Kuacc neprnonniecknx O€CKOHEYHO30HHBIX (YHKIINH.

Ussectro [12], uro ecniu (X) =2ac0s2X, a#0, 1o B cnextpe omeparopa IlITypma-
JnyBumns Ly = —y” +g(X)y, X€ R OTKpbITBI BCe JNaKyHBI, HWHaue TOBOPSL, q(x) -
NepUOANYECKU OECKOHEUHO30HHBIH TMOTEHIUAN. AHAJOTHYHBIE TPUMEPhl HUMEIOTCA U
nepuoanueckoro oneparopa upaka [13].

B nmanHo#l  pabore  mpeiaraeTcsi — aJrOpUTM  IIOCTPOEHHUS  MEPUOJUYECKHUX
6eckoneunosonnpix pemennii  (X,t), X € R, t >0, sagaun (1)-(3) cBenenuem ee k 06paTHO

CHCKTp&J’ILHOﬁ 3aiavu I Oo1epaTropa I[I/Ipal(ai

L(r,t)yEB%+Q(X+r,t)y:ﬂy,Xe R,t>0,7eR, (4)
X

rac

B_ 01 Q(xt) = P(x,t) Q(x,t)

1o “lomt Py POVDE O,Q(X:I:% 'q

2. DBOJIOIMS CTIEKTPAJIbHBIX TaHHBIX
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0603HaYNM uepes c(x,4,7,t) =(c,(x,4,7,1),C,(X, 4, 7,0)’ "
s(x,4,7,t) =(s,(x,4,7,1),8,(X, 4,7, t))" pewenns ypasHenus (4) ¢ HaYANIBHBIMHA YCIOBUAMHU

c(0,4,7,t)=(1, O)T u S(0,4,7,t)= (0,1)T . ©ynkus A(4,7,t) =c (7, 4, 7,t) +5,(7, 4, 7,t)

HasbIBaeTcs pyHKIMen JlsmyHoBa st ypaBHeHUs (4).

Cnextp oneparopa Jupaka L(z,t) 4HCTO HENPEPHIBEH H COCTOUT U3 MHOXKECTBA

o(L)={1eR:[A(A)|<2}= R\LO (ﬂgn_l,z?n)].

N=—o0

Unrepsanst (A, ;,4,,),NeZ \{0} Ha3pIBAIOTCA JlaKyHamu, rae A KOPHH

q] >

ypasuenus A(A) F2=0. Ouu coBnanaior c cOGCTBEHHBIMU 3HAYECHUAMH HEPUOTMUECKON M
antunepuouueckoit  Y(0,4,7,t) =xy(7,A,7,t) 3amaun ans ypasmenus (4). Herpyamo
nokasars, uro A, =A,=0, re. A =0 sBusercs AByKpaTHbIM COGCTBEHHBIM 3HAYCHHEM

MEePUOIUYECKON 3a/1auu 11 ypaBHEHUs (4).

Kopuu ypasuenust S,(7,4,7,t)=0 o6osnaunm uepes & (7,t),ne”Z \{0} U TIpH
otom & (7,t) €[4, 1, A4, ]\ne”Z \{0}. Tak xak kKodduIeHT B ypaBHeHuH (4) UMeeT BHIL

m
P(x,t)=0, Q(x,t)= Eq;(x,t) ,TocnpaemmuBo A, =A, =& =0,1e. £ =0 spnsercs
COOCTBEHHBIM 3HAUYECHUEM 3agadyu I[I/IpI/IXJ'Ie.

Yucna & (7,t),neZ \{0} , n 3Haku o, (7,t) =sign{s,(z,&,,7,t) —c(7,&,,7,1)},
neZ \{0} Ha3BIBAIOTCS CTEKTpalbHBIMU MapameTpamu onepatopa L(7,t). Cnexrpanbhbie

napamerpet ¢, (7,t),0,(r,t)=+tlneZ \{0} u rpanuusl cnekrpa A (7,t),neZ \{0} :
Ha3bIBAIOTCS CHEKTPaIbHBIMK JaHHBIMU onepaTopa Jupaka L(z,t).

3anaa  Boccramosnenne koopdummmenta  Q(X,t)  omeparopa  L(z,t) mo

CIIEKTPaJbHBIM JaHHBIM Ha3bIBaeTCs oOpartHoW 3amadei. Koaddunment Q(X,t) oreparopa

L(T, t) OIIPCACIIAOTCA OJHO3HAa4YHO o CIICKTPAJIbHBIM JaHHBIM
(2,(@,1),&,(z,0),0,(z,) =£1},n e Z \ {0}.
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Ecnu ¢ nomorsio HawaneHo# dynkimun 0, (X +7),7 € R, mocrpoum omneparop dupaka

L(z,0) Buna

L(r,t)yEB%+QO(X+r)y=ﬂy, XxeR,7eR (5)
X
m
0 —g(x)
01 0
th 1 oj’ P © y:(ylj’
ECIc')(X) 0 &

TO MBI YBHJMM, YTO TpaHuipl crektpa A (7), N € Z , nonydeHHON 3aqaud He 3aBUCST OT

napameTrpa 7 € R, T.C. ln (z‘) = /1”, NeZ, a cuekTpajbHble MapaMeTpbl OT mapamerpa 7T

saprcar: £ =E(z), 00 =00(r) =1, N€Z, n ABIAOTCA IEPHOANIECKIMH (DYHKITASIMH:

E(r+n)=E(r), (r+n)=0"(r), reR, neZ.
Pemas TIPAMYIO 3aj1ady, HaXO0JIUM CIIEKTpabHbIE JIAHHbIE
{/ln, ENr), ol(r),neZ \{O}} oneparopa L(z,0).

OCHOBHOI! Pe3y/bTaT HACTOAMIEH PaGOThI CONEPKUTCA B CIIEAYIOIIEH TeopeMe.
Teopema 1. Ilycts ((X,t), XER,t >0, pemenne 3amaun (1)-(3). Torma rpaHUIB

cnekrpa A (z7,t), n€ Z\{0}, omneparopa L(7,t) ue 3aBucar or mapamerpor 7 u t Te.
Az, )=, neZ\{0}, acnexrpamsusie mapamerps & (7,t),0,(7,1) =11, ne Z \{0}

YJIOBJIETBOPSIIOT COOTBETCTBEHHO INEPBOM M BTOPOIl cucteme AudQepeHIHaIbHbIX ypaBHEHUN

JybpoBuHa:
1. % =2(-1)""o, (z,t)h, (cf(z',t))fn (z,t), ne Z \{0}; (6)
2. % =2(-1)"o, (z,t)h, (f(r,t)) g, (cf(z',t)), ne Z \{0}. (7

3nech snak o, (7,t) =t neZ \{0} MEHSIETCS Ha MPOTHBOIOIOXKHBINA NPU KaXKIAOM

cronknosennn Toukn & (7,t),neZ \ {0} ¢ rpaHunamu coeit makyust [A, ., A4, ].

KpOMe TOI'0, BBITIOJIHATOTCSA CIICAYIOIINEC HAYaJIbHBIC YCIIOBUSA

211



£, = £, 0,1, , =00 neZ\ (0} ®
e f,? (7), o r? (r)=xL neZ\ {0} —cHeKTpanbHble TapameTpsl oneparopa dupaka L(z,0).

Mocnenosarensiocty h (&) n Q,(8),neZ \{0} yuactBytome B ypaBHeHun (7)

omnpezensercs no Gopmynam:

0, (£) = (&, (7,1) = Ao 1) (A, =&, (6,7)) x £,(&).

“r (A = &, (@, D)) Ay — &, (7,1))
f (&)= (T.D)
) JH E (0D & (D) ©
_ ma(t)
9,(&) = 2gn(r’t)exp{mq(r,t)}.
Jlemma 1. CripaBeasiuBHI crieayromue GopMyibl CIEI0B
@ (r)=2 3 (-1 o (rh (£(1)) (10)

(%q,(r,t)j +%qﬂ(r’t)= i L%k‘lTW—éf(at)]- (11)

k=0

Hanee, yuntbiBas dopmyisl cienos (10), cuctemy (7) MOXKHO mepenucarh B 3aMKHYTOU

dopme:

o0&, (z.t)
ot

=2(-1)"0, (7, ON(&, (7.0) = Ay ) (A =&, (0 7)) - F,(€) - 0,(6), (12

Tac

ma(t) f = k-1
gn(é):zgn(r’t)exp{mC(tHZE[(k;M(—l) ak(s,t)hk(i(s,t))st} (13)

3necs C(t) —mexoTopas orpanmdeHHAs HEMPEPHIBHAS ()YHKIIH.

B pe3ynbTare 3aMeHbI IEPEMEHHBIX
E(T ) =2+ (A — Aypa)sin® X, (z,1), ne Z \ {0} (14)

cucremy auddepennuanbabix ypaBHenuit /lyoposuna (12) u HadanbHble yciaoBus (8) MOXKHO

Hepenucarh B BUIE OJHOIO YpaBHEHUs B 6aHaxoBOM mpocTpaHcTBe K :
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dx(z,1)
dt

=HX(@), Xt ,=x"(0) ek, 1)
rac

K ={X(z,) = (... X, (7,), X, (7,1),...): Hx(r,t)H:n:_gnio(/IZn—/12n_1)‘xn(r,t)koo ,

H(x)=(..,H_(x), H(x),...),
H,(0)=(1"5,(0)- g, (s 4 +(4 — 4)sin” x (z,1),...)
X F (oo Ay + (A = 4)SIN? X (2,1),..) = (=)0, (0) 9, (X(z,1)) F, (X(z,1) ).

Ussectro, uto ecmi Gy (X +77) =y (X) € C*(R) , 10 (9 (x) ), e C*(R). Tooromy

nns auael nakys onepatopa L(7,0), umeer mecto onenka (cm. [15], ctp. 98):

‘qgk‘ O,
= — = +—, 16
Vv = Ao — A 2|k|2 |k|3 (16)

rac

3
Joe =k+ > ek T+ 22 K[ o2 |+ K e
j=1

-3 _

3
Joe =k + > e kT = 22|k aZ |+ K[ &,
j=1

o0 2 o0 . . ~
> ‘qzzk‘ <o, Y (&) <>, S=¢&—¢&.
k=—o0 k=—00

Orcrona, yaureast &, (7,t) €[4, 1, 4,,], monyqnm
iknf |§n (z,1) =&, (T,t)| >a>0.
#Nn

Teneps, MOIB3YsSICh 3TUM HEPABEHCTBOM H (16), o1ieHUM (yHKIHH

of, (x(z,1)) 09, (x(z,t))
OX OX

m m

f,(x(z,n), n |9, (x(z.t)],

Jlemma 2. CripaBeyIMBbI CIEAYIONIME OLEHKU:
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of (x(r,t
C, <|f,(x(z.))| <C,, ‘ ”(ax( ))SC37m, (17)
gn(x(r,t))|3%, ‘wgq%, mnez\{0} (s

rie C; >0, j=1,2,3,4,5, nesasucaror napaverpa M u N.

Jemma 3. Ecm (X +7)=0,(X) €C’(R) , 10 mexrop-bynxums H (X(7,t))

YIOBJIETBOPSET ycaoBHI0 Jlumuia B 6anaxosoM npoctpanctee K, 1.e. cymiecTByer KoHCTaHTa

L>0 vrakas, uyro s mnpoussonbHbX onementoB  X(7,t),Y(7,t) € K semonnsercs

CIIE/IyIOII[ee HEPABEHCTBO
|H(x(7, ) = H(y (7, 0)|| < L[ x(7, 1) = y(7, 1),

rIe

V4
L=C) <o, (19)
i |

n=0
3ameuanne 1. Teopema 1 u nemMma 3 maet MeToa HaxokaeHus pemieHus 3amauu (1)-(3).
o 0 0
Crauama Haiiem crextpameneie mammee A, & (7),0.(r)=fL, neZ \{0} orneparopa

Jupaka L(7,0) . O6osmauum cmexTpaneble gadHple  omepatopa  L(7,t)  uepes

A, & (tt), o (r,t)=x,neZ \{0} . Pemas 3amauy Kowmm (12), (8) mpu npousBosibHOM

snauennn 7, naxoomm & (7,t), o (7,t),neZ \{0} . U3 dopmynsl cnenos (10) onpenenum

dbynxumo q_(7,t), T.c. Haiinem pemrenne 3anaqu (1)-(3).
3ameuanne 2. ®ynxius ( (7,t) mHOCTpoeHHas € MOMOIIBIO CHUCTEMBI YpaBHEHHIT
Hy6posuna (7), (8) u popmynsl ciena (10) gelicTBUTeNbHO ya0BIETBOPsieT ypaBHeHUE (1).
3ameuanue 3. PaBHoMepHas cxomumocth psgoB B (10), (11), (14) u (19) cnemyer u3
paBeHcTB (16) u ouenku (17).

Teopema 2. Eciiu HauanbHast Gyskiust (,(X) yIOBICTBOPSET YCIOBHIO
3
0o (X+7m) =0, (x) €C*(R),
10 cymectyer pewenne (. (X,t), X € R, t >0 3anaun (1)-(3), KoTOpoe 0AHO3HAYHO 3a1aeTCs

dopmymoit (10) 1 MPUHAVICKHUT KIIACCy Ci% (t>0)NC(t=0).
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Annomayusn. B cmamve paccmampueaemcss aKmyaibHas NpooOiemMa NpOSHOUPOSAHUS NOMpeOIieHus]

9Hep2emuU4ecKux pecypcos, 8 4acmuocmu, 06vemos nompeoieHust meniogou sHepeuu s ACUbix 00mos. Ilpusedenvl

OCHOBHbIE ACNEKMbl GblOOPA NPOZHOZHOU MOOENU 8 3AGUCUMOCU OMm NOCMAHOBKU 3a0adu U Xapakmepd

NPOCHO3UPYeMbIX OAHHBIX. Paccmompenvl HeCKOIbKO COBPEMEHHbIX Memo008 NPOSHOZUPOBAHUS MHO2OMEPHbIX

BDEMEHHBIX PSI008 U NPOBEOCHO UCCNIe008AHUE MOYHOCMU NPOSHOZHLIX MOOENel HA PeanrbHblX OAHHbIX, MAKJiCe

NPOBEOEHO CpasHeHue MOYHOCMU C MOOENAMU, OCHOBAHHLIMU HA KIACCUYECKUX CMAMUCTIUYECKUX Memooax
NPOCHO3UPOBAHUSL.

Knrwouesvie cnosa: npocnozuposamie, MHO2OMePHbIE 6pEeMEHHbLe PsIObl, NIAHUPOBAHUE IHEPLONOMPEONeHUS,

MawuHHoe obyuenue, enybokoe ooyueHue, UHMEpP8aIbHOe NPOSHO3UPOBAHULE.

APPLICATION OF MACHINE LEARNING METHODS FOR TIME SERIES
FORECASTING IN ENERGY RESOURCE CONSUMPTION PLANNING

Khusnutdinov Alexander Olegovich, Master's student,

evolext@gmail.com

Karmanov Vitaly Sergeevich, Candidate of Technical Sciences,

karmanov@corp.nstu.ru

Novosibirsk State Technical University,

Novosibirsk, Russian Federation

Abstract. The article deals with the actual problem of forecasting the consumption of energy resources, in

particular, the volume of thermal energy consumption for residential buildings. The main aspects of choosing a

forecasting model depending on the formulation of the problem and the nature of the forecasted data are presented.

Several modern methods of predicting multidimensional time series are considered and the accuracy of forecast

models based on real practical data is studied, and the precision is compared with models based on classical statistical
forecasting methods.

Key words: forecasting, multivariate time series, energy consumption planning, machine learning, deep
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learning, interval forecasting.

1. Bseaenue (Introduction) TomauBHO-3HEpreTHueckue pecypebl (TOP) — ato
NOPUPOJIHBIC W HMCKYCCTBCHHBIC 3allachl, HMCIOJb3YeMbIC JUIS MPOM3BOJICTBA U MOTPEOJICHUS
sHepruu. TpaguiMOHHO K HUM OTHOCAT: He(Th, ra3, yrojib, BOLY, a TAKXKE ICKTPHUCCKYIO U
TEIIOBYIO SHEPTHUIO, MOJTy4aeMble U3 PA3IMUYHBIX HCTOYHUKOB. B HacrosIee BpeMs CyIiecTByer
HECKOJIbKO IIPUYHH, 110 KOTOPBIM HE0OXO0AMMO paboTaTh B HarpaBiieHUH SKoHOMIK TOP, ipex e
BCEr0 3TO CBS3aHO C BO3MOYKHOCTHIO BO3HMKHOBEHHSI MHPOBOTO SHEPreTHYECKOrO KPH3HCa,
BBI3BIBAEMOI'0 OIPAaHMYCHHOCTHIO PECYPCOB M HEMPEKPAIIAIONIMMCS POCTOM MOTPEOICHHS
SHEPTUH, YTO BEJACT K HECTAaOMJIBHOCTH Ha SHEPreTHYECKOM PhIHKE M POCTY IieH. Kpome Toro,
sxoHOMHEs TOP MOKET OKa3bIBaTh BIMSHUE HA SKOHOMHUYECKHUE, IKOJIOTHUYCCKHE, TIOJIUTHUCCKUE 1
JNpyTrUe AacleKTbl >KM3HHM COI[MyMa, HalpuMep, CHUXKCHHWE BPEIHOTO BO3JICHCTBHS Ha
OKPYXAIOIIYI0 Cpely WM YMEHBIICHUS PHUCKAa KOH(QIJIMKTOB, CBS3aHHBIX C JIOCTYIIOM K
HUCTOYHHKAM 3THX PECYPCOB.

[Tporuo3upoBanre 00BEMOB MOTPEOJICHHS SHEPrOPECYPCOB B HATYPAILHOM BBIPAKCHHUU
SBIISICTCS.  B@XHBIM ~ HMHCTPYMEHTOM IS YIpPaBICHHS W ONTHMH3AIMUA  TOTPEOJICHHS.
[Iporno3upoBanue mnotpediacHus TOP MO3BOISET OLEHUTH OXHIAEMBIH POCT WM CHUKCHUE
notpeOieHus: B OyIyIeM, 4TO MOXKET TOMOYb ONPECIUTh HE0OOXOAMMBIC MEPBI TIO COKPAIIICHUIO
noTpeOIeHNsT WM PEeOpraHu3aliy MPOU3BOJCTBEHHBIX MPOIECCOB. [IpOrHo3upoBaHue TaKKe
[IOMOTaeT B IUIAHWPOBAaHWH WHBECTHIIMHA B HOBbIE HWCTOYHHKA DHEPTUH M  CO3JaHUHU
UHPPACTPYKTYPBI Ui DHEPTETHUECKUX CHCTEM, YTO B KOHCUYHOM HMTOTE MOXKET NPHUBECTU K
COKpAIIICHUIO TOTPEOJICHUsS JHEpropecypcoB u 0Ooniee A(P(GEKTUBHOMY HCIOIB30BAHUIO
JOCTYITHBIX HCTOYHHUKOB SHEPTHH.

Llens Hacrosimield paOOTHI 3aKIOYACTCs B PACCMOTPEHHH COBPEMEHHBIX METOJIOB
NPOTHO3UPOBAHHUS OOBEMOB MOTPEOJICHUS SHEPropecypcoB, OCHOBAHHBIX HAa METOJ0JIOTUU
MAaIIMHHOTO O0ydeHus. [laHHas paboTa TPOJOIDKACT CEPUI0 IMYOJHKAIMi O pe3ysibTaTax
WCCIICIOBaHMI B yKa3aHHOM o0mactu [1-4].

2. TlocranoBka 3amaum mnporHo3upoBanusi (Forecasting problem) Jlunamuka

notpebnenus TOP npencrasiser co0oii MOCIE0BATEIBHOCTD 3HAUCHUH 00beMOB OTPEOIeHUS

B pa3HbIe MOMEHTHI BPEMEHH, T.€. TIPEJICTABIIIET COO0N BPEMEHHOH s Yor Yires Yoo, THE

Y, € R. OcHoBHasl 11e11b aHATN3a BPEMEHHOTO Psijia COCTOUT B BBISIBIICHHH 3aKOHOMEPHOCTEH B

€ro KOMIIOHCHTax IJisd COCTaBJICHUA HpOI‘HO3HOI71 MOACIIHN:
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Yira (a)) = ft,d (yov---’ yt;a)) 1)

rae Y,y — TPOrHO3 MOJEIM Ha Iar d, @ - BexTOp mapameTpoB MojenH, ft’d (,) —

IPOTHO3HAsE MOJIENb PSiZia, TOCTPOEHHAs Ha OcHOBE | HaGioeHuUA.

Bb16op IpOrHO3HONM MOAEIM BPEMEHHOIO psla — CIIOKHAs U aKTyalbHas 3ajada, ee
peieHne TpedyeT ydera pa3inyHbX (pakTopoB. PaccMOTpruM HEKOTOpBIE U3 HUX.

1) Xapakrep NpPOrHO3UPYEMBIX JAHHBIX: MOXHO BBISBIATH 3aKOHOMEPHOCTH B
IIPEIbIAYIINE MOMEHTBI BPEMEHHU U HA X OCHOBE CTPOUTH IIPOrHO3bI, @ MOKHO JIOTIOJIHUTEIBHO C
3TUM HCIO0JIb30BaTh BCIIOMOTaTENbHbIE (IK30IM€HHBIE) IEPEMEHHBIE JUISl YU€Ta JTOMOIHUTEIbHBIX
3aBUCHMOCTEN. B Hacrosniee BpeMs IOATOH IPOTHO3HOM MOJIENIH IO OJHOMEPHBIM BPEMEHHON
psn mepecTtaeT ObITh AaKTyaJbHBIM — B 310Xy OOJBIIMX JaHHBIX €CThb BO3MOXHOCTb
JOTIOJIHUTEIIBHO K MCCIEAYEMOW BEIUYMHE H3MEPATh IECATKU PA3JIMYHBIX XAPAKTEPUCTHK,
BKJIIOYAsi U HEUUCIIOBbIE, C PA3JIMYHBIX MPUOOPOB ydeTa, JaTUUKOB M YCTPOWUCTB C TpeOyeMoil
NEepPUOANYHOCTBIO, MOJIyyasi B pe3yJibTaTe MHOTOMEpHbIE BpeMeHHbIe psapl (MBP). B cBs3u c
3THM K aJITOPUTMAaM BBIABUTaeTCs IOMOJIHUTENbHOE TpeOOBaHNE — KaK MOXKHO 0oJee 3(ppeKTHBHO
oOpabarbiBaTh BeCh HAOOp JaHHBIX. BBIOOP SK30T€HHBIX MEPEMEHHBIX SBISAETCS OTAEIbHOMN
Ba)XHOH 3a7aueil, MOCKOJIBbKY J00aBICHUE OJHUX NEPEMEHHBIX MOXKET NMPHUBECTH K MOBBIIICHUIO
TOYHOCTH NPOTHO3UPOBAHUS, a IPYTUX — K MepeoOyueHuto Moieu [5].

Ha BBIOODP MPOTHO3HOM MOJIENN TaKKe MOKET MOBJIMATh HAINYME TPEHAOBBIX M CE30HHBIX
COCTaBJIAIOLIMX B JIAHHBIX, HEKOTOPbIE METOJIbl NMPOTHO3UPOBAHUS CIOCOOHBI aBTOMATHUYECKU
BBISIBJISITH OTH 3aKOHOMEPHOCTH, a Jpyrue TpeOYyIT OTIEIbHOIO IMOKOMIOHEHTHOTO
paccCMOTPEHHS.

2) VtoroBelii pe3ynbpTaT, KOTOPBIH JAaeT MOJAETb Ha BBIXOJE B KauecTBE MPOrHO3a: 3TO
MOYET OBITh TNOO KOHKPETHBIE 3HaYEHNE B KaXKbIii MOMEHT BpeMEHHU FOPU30HTA INIAHUPOBAHUS
(ToueyHOE€ NPOTrHO3MPOBAHME), JTUOO AMANA30HOM 3HAYEHHUH, KOTOpbIE MOXET NPUHUMATh
uccieayeMas BeIUYMHA B KaXKIbIH MOMEHT BPEMEHHM FOPU30HTA IUIaHUPOBaHUs (MHTEpBaJIbHOE

HpOFHOBI/IpOBaHI/IC) [6], BO BTOPOM CJIyda€ MOJICJIb Ha BXOJ IMPUHHUMACT CUIC OJJUH ITapaMETp:

Yua (@) = T i (Vo1 Vs 0, ) (2)

II€ O — BEPOATHOCTH pPeAIM3alUU IIPOrHO3a.

3) IlpoaomKUTEeNbHOCTh TOPU30HTA IUIAHUPOBAHMS: OJHU MOJIEIM BPEMEHHBIX PSJOB
MOTYT COCTaBJIAITb TOYHBIE MPOTHO3bI HA KOPOTKHE IMPOMEXYTKH W CHIBHO PAacXOIUThCS Ha
MOCJIEYIOIUX Iarax, a Apyrue — UMeTb HEMHOT'O XYK€ TOYHOCTb Ha TeX K€ KOPOTKHUX IIarax,

HO COXPAaHATH OI[HHaKOBBIﬁ YPOBCHb TOYHOCTU IMPHU MNPOrHO3MPOBAHUH HaA JJIHUTCIBHBIC
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MPOMEKYTKH, BEIOOP MOJIEIIH B 9TOM CITydae 3aBHCHUT OT CIICIU(PUKH 3a/T1a4H.

3. Omnucanue meroxoB mnporuosumpoBanusi (Review of forecasting methods) o
MOSIBJICHUST METOJOB MAIIMHHOTO M TIyOOKOro OOydYeHHus, B O0JacTH MPOTHO3UPOBAHUS
BPEMEHHBIX PSIJIOB M3YYaIHCh M UCIOJB30BAIHMCh CTATUCTUYCCKHE METOJbI POTHO3UPOBAHUS,
BKJIFOYAroMe B cebs, Hampumep, mporecchl aBroperpeccuu (AR), mpolecchl CKOMb3sImen
cpeaneii (MA) u aBTOperpeccuoHHoM ckob3siiei cpeaneit (ARMA) u ap. [7, 8].

Monens VARMA — 570 BekTopHas ¢popma mosenn ARMA, KoTopast ya4uThIBaeT 3HaUCHUS
U JaHHBIE 00 OMMOKaX JJIsl HECKOJBKHUX MepeMeHHbBIX ogqHOBpeMeHHO [9]. VARIMA — nau6omnee
oOmass Mojenb, SBISETCA paclupeHrueM KoMOuHupoBanHoM wmoaenun VARMA  mns
HECTAIIMOHAPHBIX BPEMECHHBIX PSJIOB, anreOpamdeckas Gopma MpeacTaBiICHUS KOTOPOH MOXKET

BBITJIAJIETH CIAEAYIOIIHUM 00pa3oMm:
Y, =(1+D)Y, , + (D, -D)Y, , +..+
HDP, -D L)Y, DY & O, —..— O

q~t-q

(3)

rae Y, — Bekrop pasmepuoctn (Nx1) suauenmit N mepemennsix B { momeHt Bpemenn, |

— eauHMYHAs Martpuna pasmepHoctd N, @, — Marpuna Kod(pHUHEHTOB aBTOPErPECCHU

pasMepHOCTH (n>< n) , P — mopAmOK BEKTOPHOM aBTOPETPECCUM, &, — BEKTOP OMIMOOK

pasmepuoctn  (Nx1), ©, — marpuia Ko>(pPUIUMEHTOB CKOMB3AMETO CPEIHETO PA3MEPHOCTH

(NnxnN), g — MopsAIOK BEKTOPHOTO CKOJIB3SAIIETO CPEHETO.

Mogenmu AR, MA u ux BceBO3MOXXHble MOAU(UKALUHN TO-NPEKHEMY O00eCHeuynuBarOT
TOYHOCTb, OJIM3KYIO K COBPEMEHHBIM MOJIEJISIM MAITMHHOTO 00y4YeHHsl, 0COOCHHO Ha HEOOIBIINX
Habopax JaHHBIX, II€ BTOpbIe pa0OTAIOT HE HAWIYYIIUM 00pa3oM; HO, HECMOTPS Ha MPOCTOTY
3TUX MOJIeJIeH, OHU MOABEP>KEHBI NEPEOO0yUSHHUIO.

Cpenu U3BECTHBIX METOOB MAIIMHHOTO 00y4YeHUs, TIPUMEHSIEMbIX Il IPOTHO3UPOBAHHUS
BPEMEHHBIX PSIJIOB, BBIIEIACTCS IPYIIa METOI0B, OCHOBaHHBIX Ha Mexanusme boosting [10], cyTsb
KOTOPOTO 3aKJIFOYAETCs] B arperupoBaHUM (aHCAMOJIMPOBAHWHN) HECKOJBKHUX TPEICKa3aTeIbHbBIX

MoJienielt TakuM 00pa3oM, YTOOBI MpH 100aBICHUU HOBOM MOJIeNIn 0011ast onMOKa yMEHbIIANACh:
M
Fu () =2 _b.h(xa,) (4)
m=1
e F, (X) —o6bemnnennas monens n3 M 6asoBeix mopeneit, D, - BecoBoii koddduument
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Gasosoit momemn, h(X;a,) — GasoBas upeacKasaTelbHAs MOJEIb, XapPaKTEPH3YIOLIASCS

HEKOTOPBIM BEKTOPOM IIapaMeTpoB & .

B kauecTBe 0a30BOM IpeICKa3aTeILHOM MOICITH MOXKET OBITh JIF00ask IPOTHO3HAS MOJICIIb,
HO YaIe BCEro 00bEeIUHSIOT MO, OCHOBAHHBIC HA PEIIAIOIINX JIEPEBBIX M3-32 MPOCTOTHI HX
noctpoenus [10].

Cyl1iecTByeT HECKOJIBKO CITIOCOO0B JTI00aBICHUS MOJIejIeH B aHCaMOJIb, OCHOBHOW M3 HHUX —
gradient boosting, 3axirouaeTcs B KOHCTPYUPOBAHHH MOIEIH TAKHM 00pa3oM, YTOObI OHU OBLIH

MaKCHUMaJIbHO KOPPEJIMPOBAHBI C OTPUIATEIBHBIM I'PATUCHTOM (PYHKIIUHU ITOTEPh BCETO aHCaMOJIs:
F, =F,,—b,VQ, (5)

rac Q — BCIILICCTBCHHAs q)YHKHI/Iﬂ, HUMCHOIIast BU:
N
Q=> L(y,,Fy (X)), (6)
i=1

e L(y,,F, (X)) 1=LN - ¢ynxuus norepp, N - pasmep maGopa nauubix. OyHKIHS
MOTEPh MO3BOJIAET KOJIMYECTBEHHO HM3MEPUTh, HACKONBKO MNpeackasanusii oteer Fy, (X:)

OTINYaCTCA OT HCTUHHOI'O 3HAYCHUA yi .

Ha nmaHHBIE MOMEHT CYIIECTBYET HECKOJBbKO peanu3aiimii Mexanusma gradient boosting:
Extreme Boosting (XGBoost), Light Gradient Boosting (LightGBM) u CatBoost [11].

Jpyroil Kmacc COBpPEMEHHBIX METOAOB IporHosupoBaHuss MBP ocHoBaH Ha Monernsx
riybokoro o0yuenust. Pekyppentusie neiiponnsie cetr (RNN), Takue kak Elman network [12] u
Long Short-Term Memory (LSTM) [13], Obliv mepBBIMH MOJECISAMHU JJISI POTHO3UPOBAHUS
BPEMEHHBIX PSJOB, OJHAKO B HACTOAIIEe BpeMs BCE AaKTUBHEE WCIONB3YIOTCA ApyTue
ApXUTEKTYpHI, HCIOJNB3YIOIIMEe B CBO€Hl oOcHOBe cBepTouHble HeiporHble cetm (CNN) n
Transformers.

Transformers sBisieTcss CTPYKTypOil HEWPOHHOW CETH, KOTOpas HCIOJIb3YeT MEXaHU3M
Attention [14] mist 06pabOTKHU 3a/1a4 MAITMHHOTO MIEPEBOJIA U MO3BOJIET MOJICIH UCIIOJIb30BaTh
uHGOPMAIIHIO U3 IPYTUX CIOB BO BXOAHOM mocienoBareabHocTr. Multi-Head Attention (MHA) -
9TO METOJ, BCTPOCHHBIH B CTPYKTypy Transformers, mo3BOJISIFOIIUN MOJETH OJHOBPEMEHHO
c(OKYyCHpPOBAThCSI HA HECKOJIBKUX AacCMeKTax BXOJHOW MOCIEIOBATEIHHOCTH, YTO IOMOTAeT

co3zaBaTh Oosiee TouHble MPOorHo3bl. MHA siBisieTcst KITto4eBbIM (PaKTOPOM B JOCTH>KEHUH HOBBIX
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BeICOT MojemsimMu  Transformers B 3agadax oOpaOOTKM  €CTECTBEHHOTO SI3bIKA U
MOCJIEIOBATEIbHOCTEH, TaKUX Kak BpeMeHHble psafabsl. Apxutektypa Temporal Fusion
Transformers (TFT) [15], koTopas Oblia M3HAYaNBHO pa3paboTaHa Ui CO3JIaHHsI MHTEPBAIbHBIX
MIPOTHO30B MHOTOMEPHBIX BPEMEHHBIX PsIIOB, 00beauHsIeT cobor O01oku LSTM m mexanusm
Transformers, 4To MO3BOJISIET €l OBITH OJTHOW U3 CAMBIX MPOU3BOUTEIBHBIX B HACTOSIICE BPEMSI.

Apxwurekrypa Temporal Convolution Networks (TCN) [16] — aTo apxuTekTypa HEHpOHHBIX
CETEe, MCIOIb3yEeMBbIX ISl aHAJIN3a BPEMEHHBIX JaHHBIX, TAKMX KaK Peub, My3bIKa, (MHAHCOBBIC
JIAHHBIC U Jpyrue BpeMeHHbIe psaabl. TCN Hcmonb3yer B CBOeH OCHOBE OJIOKH CBEPTOYHBIX CIIOCB,
KOTOpBIE 00padaThIBatOT (PparMeHThl BDEMEHHOTO Psifia KaK W300paskeHHUE U IIO3BOJISIIOT BBISBIIATH
3aBUCHUMOCTH MEXIY Pa3HBIMH IEPEMEHHBIMH, TPEHABI W IHMKJIBL. BIIOKM CBEpTKH paHee
MPUMEHSUTUCH TOJIBKO B 3a7adax KommbrorepHoro 3peaus (CV), 3a cueT ux mpuMeHEHUs MOKHO
pacrapasuieIuBaTh BEIYUCICHHS M MOJIy4aTh OBICTPYIO IPOU3BOAUTEIILHYIO MOJIEIb, 00YUCHHYIO
Ha OONbIINX HA0OpaX JaHHBIX.

4. Cnoco6 ucciaegoanus (Research method) Jlns npoBenenus ucciaeaoBaHust TOUHOCTH
¥ BBIOOpAa HaWJIydIlled MPOTHO3HON Mojenu paccmorpum cienyromme: TFT, TCN, gradient
boosting B peanmu3zanuu CatBoost, a Takke cpaBHHM uX ¢ Kiaaccuueckoil moaeiapio VARIMA B
peamm3anun  AUtOARIMA [17], mo3Bossitonieli BBHIOMpPATh aBTOMATHYECKH KOA(DPHUITUEHTHI
MOJICJIH 10| YKa3aHHBIC TaHHBIC.

[Ton6op BecoBbIX K0a(duimeHToB copemeHHbIx Moaeneit (TFT, TCN, CatBoost) 6ynmer

MMPOBOAUTHCA 110 CXEMC, HpeI[CTaBHeHHOﬁ Ha Puc. 1

D O6y4alowmii Habop

I:l BanugauvoHHelit Habop

]:I HeBuauMele AaHHble

I:I [aHHble, HeWcnonbayeMble B 06yHeHUn

Pucynok 1. Cxema Banuaaiuu MoJienei mpu 00y4eH:H, T/ie OJIHa KJIETKA COOTBETCTBYET
O/THOMY HaOJIIOICHUIO
[Tog6op ontumanbHbIX KOdhdumuenTo monenmn AUtOARIMA Oyner ocCymiecTBISTHCS
cpaszy Ha 00yJaroleM 1 BaMJAIlIOHHOM Ha0ope.
Jlnst ompenenenrs HAaWTydIlIed 13 BO3MOKHBIX KOH(GUTYpalUid KaKIOW U3 COBPEMEHHBIX
Mojenel, OyJaeM BapbUPOBAaTh WX OCHOBHBIE THUIIEPIApaMETPBl M OMPEAENsATh TOYHOCTH
MPOTHO3UPOBAHUSA HA OJHUX M TEX >K€ TECTOBBIX MaHHBIX. Cxema OmpeaesieHuss TOYHOCTH

HpOFHOBHOﬁ MOZCIIN Ha TCCTOBBIX JAHHBLIX IMPCACTABJICHA HA Puc. 2.
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I:\ O6y4aWwmi Habop
I:l TecToBbIA Habop

D HeBuawnMble faHHbIe

D OaHHble, Hencnonbayemele B 06yYeHI

Pucynok 2. Cxema onpeaenaeHus: TOYHOCTH MOJEIH Ha TECTOBBIX JIAaHHBIX, TJIE OJHA
KJIETKa COOTBETCTBYET OJIHOMY HaOIIOICHUIO
Kpome BapbupoBaHus TUIepHnapaMeTpoB, OyIeM TakkKe H3MEHSTbh YHCIO MOCIEeIHUX
HaOJIOICHNH, WCIOJB3YEMBIX COBPEMEHHBIMH MOJCISIMH Ul COCTABJICHMS IPOTHO3a — 3TO
IIOMOXET BBISIBHTH, KAK MEHSCTCS TOYHOCTh MOJETH IPU YMEHBIICHUU WIN TPH yBEINYCHUH
Yuciaa BXOAHBIX JTaHHBIX. TakuM 00pa3soM MbI CMOXXEM CpPaBHHTh MHOXKECTBO pean3anuit
mopeneit TFT, TCN u CatBoost ¢ onTuManbHbEIMEA BECOBBIMH KO3 PHUIIMEHTAMHU U KIIACCHYECKON
moxensio AutoARIMA.
OmnpenensaTh TOYHOCTh IPOTHO3MPOBAHMS MoAeTed OyAeM IO 3HAYCHUIO METPHKU
«CpenHekBaapaTryeckas ombkay, Root Mean Squared Error (RMSE):

N ERVAY:
RMSE(y,y) = Z% (7)
i=1

a TaKke 1o 3HaueHUI0 Metpuku «Cpennsis abconrotHas omnbka», Mean Absolute Error (MAE):

n

MAE(Y, )=

i=1

V=Y. ®

rae N — 4YUCIIo TOYEK TECTOBOIO MEPUOJA, Y — MCTHHHBIE 3HaYE€HHUS BPEMEHHOIO psjaa, Y —

IIPOTHO3HBIE 3HAYEHUS MOJCIIH.

Taxke, s TeX MoJened, KOTOpble MOAAEPKUBAIOT IIPOTHO3UPOBAHUE MAINla30HOB, B
KayeCcTBE TPEThEH METPUKHU BbIOEPEM MTPOLIEHT MOKPBITHUSI HCTUHHBIX 3HAUEHUN BPEMEHHOIO psijia
JTIOBEPHUTEIHHBIM HHTEPBAIOM, 00pa3oBaHHBIM KBaHTWIsIME ypoBHA 0.05 u 0.95, metpukun RMSE
u MAE s Takux mozenei OyayT BBIYMCIATHCA JUISI MEIUAH OT WHTEPBAIbHBIX NMPOTHO3HBIX
3HA4YCHUMN.

5. Ucnoan3yemblie nannble (Data used) Bombinas 4acTe akTyajdbHBIX HCCIICAOBaHUM,
CBSI3aHHBIX C MporHo3upoBanueM MBP, ncnonb3yeT maHHbIE MO MOTPEOIIEHUIO JIEKTPUUECKOM
HHEPIUU KaK OCHOBY JUIsI OOYy4EHHUS M OIpelesieHUs TOYHOCTH Mojened. IlpuumHoii sToro
ABIsieTCA OOJIbIasi JOCTYMHOCTh TaKUX JAHHBIX C Pa3sHOM NEpUOJUYHOCTBHIO (€XKEIHEBHBIE,
MI0YacoOBbIE U JIp.), HAOOPOM BCIIOMOTaTEIbHBIX XapaKTEPUCTHUK U MPOIOJKUTEIBHOCTBIO. B TO e
BpEMsI HCCIIEJJOBaHMs MO MPOTHO3WPOBAHUIO JAPYIUX, HANPUMEP, MO MOTPEOJECHUIO TEIMIOBOM
DHEPIUH, IPAKTUYECKU HE IPUBOAATCSH, IOCKOIBKY TaKUX JaHHBIX B OTKPBITOM JOCTYIIE
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3HAYUTEIFHO MEHBIIEe, OHH MEHBIIEC MO0 O0bEMy M MPAKTHYECKH HE COJACpKaT 3HAYCHUS
BCIIOMOTATEILHBIX XapaKTEPUCTUK, W3MEHSIOIIUXCSI BO BpPeMEHH. PelIKO OHHM JOIMOIHUTEIBHO
COJIEpKaT METEOPOJIOTUYCCKUE TTapaMeTpPhl: TEMIIEpaTypa HAPYKHOTO U BHYTPEHHETO BO3IyXa,
aTMOC(epHOe NaBJICHHE, BIAXKHOCTh H T.II., & TAK)KE CTATHUYECKUE XAPAKTEPUCTHKH (TLIOMIA/b
MIOMEIICHUS, COCTaB 000PYAOBaHUS, MATEPUAIIBI CTEH U JIP. ), KOTOPBIE SBJISIFOTCS MaJIOMOJIE3HBIMU
JUTSI TIPOTHO3UPOBAHUSI.

Opnako nporHo3upoBaHue norpednenus apyrux TOP Taxxke ocraercd akTyalibHbIM. B
Ka4yeCcTBE JaHHBIX U KCCICIOBaHHMS ObUI BBIOpaH HAOOp MaHHBIX C WH(pOpMAIHEn 10
NOTPEOJICHUIO TEIUIOBOM JHEPrMH JKWIBIMA JoMamMu Topoaa Tomcka (Poccus). JlanHbIe
pa3melnieHsl B OTKpbITOM joctyne Ha noprane IEEE DataPort [18] ¢ nuunensueit Creative
Commons Attribution, no3Boisitoieii UCIoIb30BaTh UX B TOA00OHOTO POJIa MCCIICAOBAHUAX TIPH
yKa3aHUH UCTOYHHKA.

JlanHbIe B HAOOpe NPEACTABISIOT CO0O0M €KEeCyTOUHbIC 3HAYCHHUs TOTPEOJICHUS ¢ Tpubopa
ydera TeIUIoBoM dHepruu (B ['Kai) uist )KUIIBIX IOMOB Pa3IMdHON KOHPHUTYpaIuu 3a 4 HEITOJIHBIX
OTONUTEINIbHBIX ce30Ha 3a nepuox 01/01/2014 mo 10/05/2017 rr.

[TpoBenem ucciaenoBaHne Ha OTHOM OOBEKTE — JKUJIOM JIEBATHITAKHOM KUPITUYHOM JIOME,
JTAHHBIE 10 MOTPEOJICHUIO TEIJIOBOI SHEPTHH KOTOPOTO pa3eiiuM Ha TpU Habopa:

e OOyuaromwmii: nanusie ¢ 01/01/2014 mo 30/09/2015, conepxkut 638 3HaUeHUII;

o Bamupaumonnsrii: nanasie ¢ 01/10/2015 mo 30/09/2016, conepxut 342 3HaveHus;

e Tecrosoiii: nanusie ¢ 01/10/2016 o 30/04/2017, conepsxut 212 3HaUCHUIA.

OOyyaronuii ¥ BaJUJAIIMOHHBI HAOOPHI HEOOXOAMMBI JUIS OMPEeTICHHs ONTUMATbHBIX
napaMeTpoB TPOTHO3HBIX MOJIENIeH, TECTOBBIA — ]IS CPaBHEHHsSI KadecTBa MPOTHO3HPOBAHUS
Mojened Mexay cobod u ompenenenus Hawrydmeid. Ha Puc. 3 mpeacraBnena auHaMuka

W3MEHEHMS 3HAUCHUN HOTpC6J'IeHI/I}I AJIs1 HEJICEBOTO 00BEKTA.

6

Q, Gceal
w

1 —— train
valid
— test

= o e e o = = o = = o
g 4. 74 5. 5. 5. 16 6. 16 7> >
07 Os Cg 07 Os Cg 0 Os Cg 0 Os

PI/IcyHOK 3. I[I/IHaMI/IKa HOTpC6J'IeHI/I$I TEIIOBOM OHCPIruun JJis CJICBOTO OG’BCKT&, rac

1BeTaMH 0003HauYeHbI 0Oyuatomas (train), BaymnanuonHas (valid) u TectoBast BEIOOpKH (test)
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Kak BumHo Ha rpaduke, 4acTh JAHHBIX BaJMJALMOHHOIO HaboOpa OTCYTCTBYET W,
MOCKOJIbKY OHM COJIEP)KAaTCs BHYTPU OTONMTEIBHOIO IE€pUoAa, TO B KaueCTBE METOJa
BOCCTAHOBJICHHSI HEJIOCTAIONINX 3HAUYCHUI BhIOEpeM KyOudeckuii craiin [19].

Takxe B KauecTBe BHEIIIHECH YYUTHIBAEMOW IEPEMEHHON OyJIeM HCIIOIb30BaTh
CPEIHECYTOUHYIO TEMIIEpaTypy HApY>KHOTO BO3JyXa B COOTBETCTBYIOIIWE AAThl MOTPEOICHUS
TEIJIOBOM sHepruu, Ha Puc. 4 mpeicTaBieHO KOPPEISIIMOHHOE T0JI€ BHEITHEHN U POTrHO3UPYEMOM

[IEPEMEHHOM.

Q, Geal

temp, °C

Pucynok 4. KoppensiunoHHas KapTa [Uisl TEMIIEpaTypbl HAPYKHOTO BO3IyXa U 00bema
HOTpeOJICH s TEIIOBOW SHEPTUH

W3 xapakTepa pacrooxKeH st TOYeK Ha KOPPEISIIIUOHHOM IT0JI€ MOYKHO CJ/IEJIAaTh BBIBOI, U4TO
MEXIy BBIOpAaHHOM M IIEJEBOM NEPEMEHHOM CYIIECTBYET OTpHUIIATENIbHAS KOPPEISIMOHHAS
3aBUCHMOCTB, KOTOpAsi B IEPBOM MPUOIMIKEHHH MOKET CUMTATHCS JIMHEWHOIA.

6. PesyabTaTsl n 3akmodenne (Results and conclusion) B Tabnuie 1 npencraBieHsl
MOJIYYCHHBIC 3HAYCHHA METPUK Ha TCCTOBOM Ha60pe JIIS BI)I6paHHI)IX MCTOJOB IPH PA3IUMIHBIX
3HAYCHUSX THUIIEPIIAPAMETPOB.

Tabnuua 1. PaccuntanHble 3HAYCHHSI METPHK MPOTHO3HBIX MOJICJICH Ha TECTOBBIX IAHHBIX.

KpacHbIM ¥ 3€JeHBIM [BETOM BBIACICHBl HAWXYALIAE W HAWIy4dIIHe MOJCIH

HHTECPBAJIBHOI'O IMMPOTHO3UPOBAHNA COOTBETCTBCHHO.

MeToabl M 3HAYEHUS Yuciio BXOOHBLIX HA0IIOAEeHUI
Merpuxku
runeprnapamMeTrpos 7 15 30 45
RMSE, I'kan 2.214
AutoARIMA MAE, I'kan 2.102
ITokpsiTHE, % 0
) RMSE, I'kan 1.266 1.079 1.141
TCN (kernel_size: 3,
) MAE, I'kan 0.933 0.905 0.964
num_filters: 3)
[MoxpeiTue, % 73.11 60.38 58.49
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_ RMSE, T'kar 1.452
TCN (kernel_size: 5,
] MAE, I'kan 1.335
num_filters: 5)
[TokperTHe, % 68.40
RMSE, I'kan 0.840 1.116 1.161 1.195
TFT (dropout: 0.1,
] MAE, I'kan 0.416 1.022 1.071 1.102
full_attention: True)
[ToxpsiTHE, % 81.60 75.94 73.11 71.23
RMSE, I'kan 1.145 1.154 1.241 1.253
TFT (dropout: 0.25,
) MAE, I'kan 1.049 1.063 1.154 1.165
full_attention: False)
[oxkpeitue, % 75.00 75.94 77.36 71.70
RMSE, I'kan 0.905 0.957 1.214 1.288
CatBoost (12_lead reg: 1,
MAE, I'kan 0.503 0.560 0.779 0.827
depth: 2)
[oxpeitue, % 94.34 85.38 84.43 74.06
RMSE, I'kax 0.871 0.888 1.105 1.073
CatBoost (12_lead_reg: 1,
MAE, I'kan 0.497 0.516 0.711 0.708
depth: 3)
[ToxpsiTHE, % 93.87 91.51 84.43 90.57
RMSE, I'kan 0.994 0.918 1.166 1.115
CatBoost (12_lead_reg: 2,
MAE, I'kain 0.575 0.520 0.749 0.722
depth: 2)
IToxpsiTHE, % 91.04 93.40 86.79 76.42

AHanmu3 pe3yapTaToOB TOKAa3bIBaeT, uyToO Kiaccudeckas moaenb ARIMA B peanuzarumn
AUutoARIMA noka3bpiBaeT HauXyAILLIUE PE3YJIbTAThl CPEAN PACCMOTPEHHBIX MOJIENEH, K TOMY e
COBCEM HE IOKPBIBAET NPOTHO3UPYEMBIM JOBEPUTEIbHBIM WHTEPBAJIOM HCTUHHBIE 3HAYCHUS
psna. Hauxyamme pe3yiabTaThl COBPEMEHHBIMHU MOJENsAMHU monydeHsl At TCN, kak ¢ To4kH
3peHUsi TOYHOCTHU IIPOrHO3a, TaK U C TOUKH 3PEHUsI CTAOUIILHOCTH PE3yIbTaTOB: MIPH OJHUX U TEX
K€ THUIeprapaMerpax, HpPOLEHT MOKPBITUS MOJAENbI0 HUCTHUHHBIX 3HAYEHUH psga MOMKET
n3MeHATbed oT 32.08% 1o 73.11%. M3meHeHne uncna BXOAHBIX TaHHBIX MEHBIIE BCETO BIUSET
Ha MoJzienb TFT, a HausmyyIme pe3yabTaThl POrHO3UPOBAHMs OTy4YeHbl MoJienbio CatBoost mpu
3HaueHusX runeprapamerpoB 12 lead reg=1 u depth=2 [20] u ucnonp3yromas 7 MOCIETHUX
HaOJII0/IEHU Ha BXOJe, /Ul KOTOPOW MPOILIEHT MOKPBHITHS B HAWIY4IIEM CIy4dae COCTaBISET
94.34%, naHHBIA pe3ynbTaT MOXKET ObITh YIy4llIeH A00aBlieHHeM OOJbIIEro Yuciia BHEITHHX
NEpEeMEHHbIX B HA0Op JaHHBIX, a Hauxyaummi — He MeHee 80%, YTO 3HAUMUTENBHO JydIle
COBpPEMEHHBIX Mozenei riryookoro ooydenns TCN u TFT.

Ha Puc. 5 HammsiniHO mnpencTaBlieHbl WCTHHHBIE 3HAYEHHsI TECTOBOTO IMEPHOJA H
IPOTHO3HBIE 3HaYeHUS oNTUMalbHON Moaenu CatBoost B Buie 10BepUTENLHOIO MHTEPBAJIA U €T0

MCIUAHHI.
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Pucynok 5. CpaBHeHHe (haKTHUECKUX 3HAYCHUH TECTOBOTO TMEPHOA U IIPOTHO30B
mojenu CatBoost. Iiseramu BoiaeneHs! paktrueckue (actual), mporuosusie (predicted)
3HAa4YeHHUs U T0BepUTeabHBIN nHTepBai (confidence interval)

B pabote Obliia paccMOTpeHa 3ajada MPOTHO3UPOBaHUS 00beMOB motpedienus TOP Ha
HPOJIOJKUTEIIBHBIC TOPU30HTHI IJIAHUPOBAHUS, B YaCTHOCTH, IIPOTHO3UPOBAHNE COBPEMEHHBIMU
METOJIJaMH TIIYyOOKOr0 M MAIIMHHOTO 00ydeHus. B paboTe mpuBeaeHbl HCCIICIOBAHUS TOYHOCTH
MPOTHO3HBIX MOJIENIEH Ha peaibHbIX JaHHBIX MPU Pa3IMYHBIX HACTPOMKAX M pasMepax BXOIHBIX
JTAHHBIX.

Pa3paboTaHHBIN MOIXO/ U MOJYYEHHBIC ONTHMAIBHBIC MOJICITH MOXKHO PEKOMEH/I0BATh K
UCIIOJIb30BAHUIO B PEAIBHBIX IMPAKTUYECKUX 3aJadyax Jyisi TMPOTHO3UPOBAaHUS 0OBHEMOB

notpebnenuss TOP npu Hebonbmux 00beMax 00yJyaronuX JaHHbBIX.
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Annomayusn. B nayunoil iumepamype 8bipodcoarowuecs 2unepooiuieckue ypasHeHus NPUHAmo Oeiums Ha

084 8U0A: YPAGHEHUs NEPBO20 U BMOPO20 POO08. /st ypasHeHUll nep8oco poda TuHUsi RApaboOIULeCcK020 6bIPOINCOCHUS

SABIAEMCI 260MEeMPULECKUM MECIOM MOYEK 6036PAMA CEMENCNE XAPAKMEePUCTUK, a 07 YPAGHEHUT 8IMOPO20 pood

npamMas napadoauUuecKozo GblpOdCOeHUs. AGAAEMCA  0CO00U  Xapakmepucmukou — oeubaioweli cemelcmea

Xapakmepucmux, Hmo YCIOJCHAem UCCIe008aHue YPAGHEHULl GMOpo20 poodd, MNOIMOMY  GblPOHCOAIOUUECS

eunepoonuuecKue ypasHeHus 8mMopo2o pood 80 8CeX OMHOUWEHUAX CPABHUMENbHO MAN0 U3VUeHbl YeM YPAGHEeHUs.

nepeozo pooa. B nacmosaweu pabome dokasvieaemcs, umo peutenue 3aoayu Kowu s 00noco ypaguenus 6mopozo

pooa, HaudenHoe Mmemooom Pumana, OelicmeumenvHo s61emcs 08axNCObl HENPepvieHO OupepeHyupyemvim
peuieHuem nocmasieHHou 3a0ayu 8 3aMKHYmou obaacmu.

Knroueevie cnosa: sviposicoaroueecs eunepoonuyeckoe ypagHeHrue, ypasHeHue mopozo pooa, 3aoaya Kowu,

memoo Pumana.

ON THE SOLUTION OF THE CAUCHY PROBLEM FOR A DEGENERATING
HYPERBOLIC EQUATION OF THE SECOND KIND

Ergashev Tuhtasin, Dr Sc, professor,

ergashev.tukhtasin@gmail.com

National Research University “TIIAME”, Tashkent, Uzbekistan

Khalmirzayev Mamirjan, teacher,

mamirjonkholmirzayev@gmail.com

Al-Fraganus University, Tashkent, Uzbekistan

Abstract. In the scientific literature, degenerate hyperbolic equations are usually divided into two types:

equations of the first and second kind. For equations of the first kind, the line of parabolic degeneracy is the locus of
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cusp points of families of characteristics, and for equations of the second kind, the line of parabolic degeneracy is a
special characteristic - the envelope of a family of characteristics, which complicates the study of equations of the
second kind, so degenerate hyperbolic equations of the second kind are relatively little studied in all respects than
equations of the first kind. In this paper, we prove that the solution of the Cauchy problem for a single equation of the
second kind, found by the Riemann method, is indeed a twice continuously differentiable solution of the problem in a
closed domain.

Key words: degenerate hyperbolic equation, equation of the second kind, Cauchy problem, Riemann method.

Paccmotpum ypaBHeHHe

L(u)=u,—y"u, =0 (1)

vy

B KOHEYHOM 07IHOCBsI3HOM oOnactu D, orpaHudeHHON XapakTepucTHKaMu

2 Zzm 2 Zzm
X———y 2 =0, x+ 2 =1
2—my 2—my

u Y =0 ypasnenus (1) mpu Y >0, rne M —geiictBurensnoe yucno, mpuuem 0 <m<1.

Jlns ypauenus (1) nmpsimas napaboandeckoro Beipoxkaenus, T.e. Y =0, saeasercs oco6oii
XapaKTepUCTUKON — orubaronieil o0oMX CEeMEMCTB XapaKTEepHUCTUK. Takue BBIPOMKIAIOIINECS
rUIepOoIMYecKre ypaBHEHUS B INTEPAType MPUHATO Ha3bIBaTh YPABHEHUSIMH BTOPOTO POJIA.

W3BecTHO, uTO pemieHne ypaBHeHus (1) ¢ HaYanbHBIMU JaHHBIMU

u(x,0)=7(x), 0<x<1 2)

Iima—u:v(x), O<x<l1 (3)
y—0 8y
umeert Bun [1, ¢.258]:

1

u(x,y) =7 j s’ (L-s)’ z(t)ds —

0
2ml :
I ylm y 2 [ (L-sY (L-25)7'()ds + p,y[s/(L-s) "u(t)ds, (@)
— 0 0
rae
m 1 2 7 '
=, —_—— O, t: S 2 1 _2
b 2(2—m) 7 <F< oo VTR
_T(2+2p) (2= B

T T T(Rs)

Nmeet mecto cneqyromas
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Teopema. Eciu 7eC’[0,1] u veC?[01], mo ¢gyuxyus U(X,Y), onpederennas

Gopmynoii (4), saensiemcs 068axcobl HenpepwvleHO Jughghepenyupyemvim peuieHuem 3aoayu Kowu

ons  ypasnenus (1) ¢ navanonoimu ycenosusmu (2) u (3) 6 oonacmu D .

Jlokazatenbero. Oynkmuio U(X, Y) 3anummem B Buje

u(x,y) = 7u (X, y) + 7,u, (X, y)
rae

2-m 1

0 (% y) = Jl‘sﬁ(l— ) e(t)ds———y ? [s"(1-5)"(1-25)r' (),
0 I-m 0

u,(X,y) = yjsﬁ (1—s)v(t)ds.

B nauane nokaszaTenbcTBa MOKAKEM BBIIIOJHEHUE HAYaIbHBIX yciioBul (2) u (3). Tak kak
u,(X,0) =7(x), Uu,(x,0)=0, To BhImONHEHHE ycnoBUs (2) O4eBHAHO. Bbrumciaum Temepb

IIEPBYIO IPOU3BOAHYIO 0 Y oT Qynkumu U, :

m1l
N ___ M [s" (-5 @-25)7'(tyds +
0

&y  2(L-m)

1
+Lm v [P (= s)’ (1—25)° "(t)ds -

0
[TepBblil HHTErpAJI HHTETPUPYEM T10 YACTAM, IOCIIE YETO U;, NpHHEMAeT B

oy, 4m o 1B LA _n
—= y s (L—s)"" " (t)ds +
oy (1-m)(4-3m) !

1
+ [P -9) (-2 7" (1)ds.
1-m™

OTtcroz1a IerKo cieayer, yTo |im % =0. Hanee, oueBuHO, 4TO
y—>+0
ou
lim EZ =v(X)
y—+0

Takum 06pa3om, HauaabHOE YCIOBHE (3) BBITIOTHSACTCS.

Baitmémest ¢ pyrkmueit U, (X, Y) . Beraucius e€ BTopble IPOM3BOAHBIC
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1 2-m 1

= [ @-9) T (s ———y ? [s/(1—s)’(1—25)e" (1),
1-m 5

0

82ul_(4—3m)m o
= aaom ! s’ (1—s)? (1-2s)7'(t)ds +

6 5 -m p p 2_n _
2(1_ )y Os (1-s)"(1-2s)°z"(t)ds
_ 1 3m1 g g 3_m

Y j s?(1-s)? (1-2s)°7"(t)ds

U TIOJICTaBUB UX B ypaBHeHue (1), momydaem:

L(u)= 85Xuzl - ?}‘yu ZQ (x,¥),,

2-m 1

Q,(x,y) = —ﬁ yT'[s/”(l— 5)’[1-(L-2s)* |«"(t)ds,

Q,(x,y) = 26(1‘_5::) Jl'sﬂ (L—s)’ (1 25)*7"(t)ds,

Q,(X,Yy) = Jl's/’(l— )/ ¢"(t)ds,

% mzzjsﬂ(l 5)” (1—25)7'(t)ds.

0

Q4 (X’ y)

VYuuTeiBas paBEHCTBO

1-(1-2s)* =4s(1-5s) (5)

MEepBOC ClraracMoc Ql MOKHO IIPUBECTU K BUY

2m1

0= _4 y 2 j §74 (1—5)4 (1— 25) 2" (1) ds,

OCYU.[CCTBJ'IHSI 34€Ch UHTCTPUPOBAHUC I10 YaCTAM, UMCCM

0, - —%iw (L-5)" " (t)ds + 2‘11__3?) Isﬂ (1-5) (- 25)°2"(t)ds
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Paccmorpum cymmy Q. =€, +€Q, +€,. VYura paseHcTBO (5) HaiineMm Qopmyny Ui
Q),,, BBHUIE
1

Sl+ﬂ(1 S)1+/7’ /r(t)ds

0

2m

les = _1

OnsATe UHTETPUPYSI 110 YACTAM, IIOJTYyYaeM

__m@-m) 721 SHA (] — 1+13in _
Qs =y ¥ {8 A I 0=
- m2-m)1+ B) —2“ 18 (1 _ YA (1 28)5'(E)dls =
== am) ! (1— ) (1—25)7'(t)ds =
(4-3m)m —2“ LSV (L 25)s"
=0 m) ! (1-5)” (1-25)7'(t)ds.

Teneps HeTpyaHO 3aMeTUTh, 4TO €2, +€2, =0, TeM camum fokazano, uro L(u;)=0.

Janee paccMotpuM GyHKIHIO U, (X, Y) . Berauciaus e€ BTropble MPON3BOAHBIC

:j £ (1—s)Pv"(t)ds,

2 m 1
%;22 :—4Tmy s7(@-s)/v'(t)ds +y*" m_[s’ﬁ(l—s)’ﬁ(l—Zs)2 v"(t)ds
0

Y TIOJICTaBUB UX B ypaBHeHue (1), ¢ yuetom paBeHcTBa (5), mojyyaeM:

L(u,) = 4yj s PA-9)y"(t)ds 2 ygjsﬂ (1-s)”(@-2s)v'(t)ds.

Paccmotpum Bropoe citaraemoe mpasoid wacti L (U, ) . [Tociie mHTErpHpOBaHMS 110 9acTsIM

OHO NPUHUMACT BU

ml 1
4_m y2 s/ (@-s)”(1-2s)V'(t)ds = —4yj s (—s)v"(t)ds.
0

0

Teneps yxe crano oueBuaHbIM, 9yTo L(U,)=0.
Teopema nokazaHa.

Jlureparypa
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Aunnomayun. Paccmompensl 60npocul cyujecmeo8anusi U NOCMpOeHUs HempugUAIbHbIX peuieHull 00HOU

0OHOPOOHOIL HELOKATILHOU KPAesotl 3a0ayut 0Jisi 0OHOPOOH020 uHme2po-oudgepernyuanrvrozo ypasterus @peozorbma

6MOpP020 NOPAOKA C BbIPOICOCHHLIM SIOPOM U O08YMS OelicmBUmMenbHuIMU napamempamu. buvin pazeum memoo

8bIPOIHCOEHHO20 A0pa. H3yuenvl ocobeHHocmu, 603HUKWUE NPU ROCTNPOEHULU PEULeHUT] U CESI3aHHbLE C ONnpedesieHUeM

KO Puyuenmos unmezpuposanus. Bviuucienvi  3nauenus  CHeKMpANbHLIX NAPAMEmMpos, OAsi  KOMOPbIX
YCMAHABIUBAIOMCSL PA3PEUUMOCIb KPAEBOU 3a0ayu U CIMPOSMCs COOMBEMCMayioujue peuleHus.

Knroueevie cnosa: Unmezpo-ougghepenyuanvroe ypagHerue, HEIOKANbHAS 3A0a4d, 8bIPONCOEHHOE S0pO,

PaAspeuumMocms, pe2yiapHsie U uppeyiapHbie SHa4eHuss Napamempos.

ON A HOMOGENEOUS NONLOCAL PROBLEM FOR A SECOND-ORDER
INTEGRO-DIFFERENTIAL FREDHOLM EQUATION

Yuldashev Tursun Kamaldinovich, Dr Sc, professor,
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Tashkent State University of Economics,

Tashkent, Uzbekistan

Artykova Zhyldyz Abdisalamovna, candidate Sc,
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Abstract. The existence and construction of nontrivial solutions of a homogeneous nonlocal boundary value
problem for a second order homogeneous integro-differential Fredholm equation with a degenerate kernel and two
real parameters are considered. The degenerate kernel method was developed. The features that have arisen in the
construction of solutions and are associated with the determination of the integration coefficients are studied. The

values of the spectral parameters are calculated, for which the solvability of the boundary value problem is established
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and the corresponding solutions are constructed.
Key words: Integro-differential equation, nonlocal problem, degenerate kernel, solvability, regular and

irregular values of parameters.

1. IToctanoBka 3aga4u. M3yyeHue cieKTpaJibHbIX CBOMCTB U MOCTPOCHHUE PEIICHUN I
muddepeHaIbHbIX U UHTETpo-Au(dpepeHInanbHbIX  YpaBHEHHH €O CHEKTpPaJIbHBIMU
napaMeTpaMH IMpeJICTaBISIOT OONBIION TEOpeTHUeCKU U MpakTUYecKuil uHTepec. Pasnuunbie
CHEKTpaJibHble 3aJauu 1 AuQQepeHuranbHblX U UHTErpo-nud@epeHuanbHbIX ypaBHEHUN
paccmatpuBanuchk B [1-7]. MHTerpo-nuddepeHnnanbupie ypaBHEHHUS C BBIPOXKIACHHBIM SAPOM
paccMatpuBaiuch paHee B [8-12]. B cinywasx, korma rpaHuIa o0OJacTH TPOTEKaHUS
buznyecKoro mnpoiiecca HeJOCTYIHA JJI1 U3MEPEHHI, B KaueCTBE IOMOJHUTENbHOM nH(pOopMaluy,
JIOCTATOYHOM U1 OJTHO3HAYHOM Pa3pelnMOCTH 3a]Ja4l, MOT'YT CITY>KUTh HEJIOKaIbHbIE YCIOBUS B
WHTETPAIBHON (opme.

B nacrosmeit paboTe n3ydaeTcst HelOKalnbHask CIIEKTpaJIbHAS 3a/1a4a il 00 BIKHOBEHHOTO
uHTerpo-auddepeHnanb,Horo ypaBHeHus @pearoiabma BTOPOrO MOPSAAKAa C BBIPOKICHHBIM
AIpOM U JABYMS CHEKTPabHBIMH MapamMeTpaMu. BBIUUCISIOTCS peryispHbIE U UPPETyIspHbIE
3HAYCHUs CIIEKTPAIBHBIX MApaMeTpoB, TPH KOTOPBIX YCTAHABIMBACTCA Pa3pEIINMOCTh
paccMaTpruBaeMoN 3a1a4l U CTPOSTCS COOTBETCTBYIOIIHNE PEUICHHUS B CITy4ae UX CyIIECTBOBAHHMS.

3agaua. Tpebyercs naiitu dynximio U(t), ynosnersopstomyto na unrepsane (0,T)

YpPaBHEHUIO
)
u"(t)+ Au(t) =v jK(t,s) [su(s)+(T —s)u'(s)]ds o)
0
(610] CJ'IG)IyIOHlI/IMI/I OI[HOpOI[HBIMI/I I/IHTel"paJ'II)HBIMI/I YCJ'IOBI/ISIMI/I

T T
u(T) - [su(s)ds=0, u'(T)- [(T -s)u'(s)ds=0, )
0 0
e T > \/E , A — IONIOKUTENBHBINA MapaMeTp, V — IeHCTBUTEIBHBIA MapamMeTp, OTINYHBIA OT

K
nynsa, K (t,s)= Zai (t)b,(s)#0, a,(t),b,(s)eC[0,T]. 3mecy npeanonaraercs, uro
i1

Gynkumn a; (t) u bi (S) sBasOTCS NMMHENHO HE3aBUCHMBIMH.

[Tockonbky KpaeBbie ycaoBus (2) 0OTHOPOIHBI, OJHOPOAHOE HHTETPO-AuddepeHInaIbpHOe

ypaBHeHue (1) Bcerma wuMeeT TpuBHaAJbHBIE peuieHUs. Mbl HCCIENyeM CYIIECTBOBAHUE
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HETPUBHUAJIBHBIX PEIICHUN. Y CTaHABIMBAEM €IMHCTBEHHOCTh PEIICHUS T CTPOUM OECKOHEUHOE
MHOKeCTBO pemieHuii. OIpeenuM, YTo IPU KAKUX 3HAYEHUSX TapaMeTpoB A MV 3ajada
MMEET HETPUBUAIBHBIX PEIICHUI U CTPOUM 3TH PEIICHUSI.

JlanHas pabota otaudaeTcs oT paboTsl [13] He TOJIBKO M0 METOIY HCCIICIOBAHHUS, HO H 10
COJIEPKaHUIO MOJIYYEHHBIX PE3yIbTaTOB.

2. UurerpupoBanmne kpaeBoii 3amauum (1), (2). C yderoM BBIPOXKICHHOCTH siApa

ypaBHeHue (1) 3anucbiBaeTcs B CIEIYIOLIEM BUJIE

u"(t) + A2 (t) :v]iai(t)bi(s)[su(s) +(T —s)u'(s)]ds. ®)

o i=l

C nomoIib0 0003HaUYEHUS

b, (s)[su(s)+ (T —s)u’(s)]d's (4)

O ey —

ypaBHeHHE (3) MepenuIeTcs B CICAYIOIIEM BUIC
[
u"t) +A%u) =v > a(t)r,
i=1
nu peHIaeTCSI METOAOM BapI/IaHI/II/I HpOHSBOHBHBIX ITIOCTOSITHHBIX

k t
u(t)=A cosit+A,sinAt +%Zri J'sin/i(t —-s)a,(s)ds, (5
0

i1
e A, A, — moka  TpOM3BONBHBIC  NOCTOSIHHBIE — WHTerpupoBanus.  Ilyrem

muddeperrpoBanus u3 (5) nonyyaem

k t
u'(t)=—AA;sinAt+1 A, cosit +eri Icosﬂ(t —s)a,(s)ds. (6)
0

i=1
Jlnst HaxoxIeHWsl Heu3BecTHbIX kodpduummentro A u A, B (5) ucmonssyem

OIHOPOJHBIC MHTCTPAJIbHBIC YCIIOBUSA (2) U pUXoJuM K CUCTEMC JIMHEMHBIX anre6panquKHX

yYpaBHEHUN

Axn (D) + A, (A)= 25 (1),

A X1 (A)+ Ay, (A)= 225 (), (7)

rac
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Ju1 (A) =cos AT —%sin AT +%(1—cosﬂ), Yo (A) =sINAT +TEcoslT —%sin AT,
. 1. 1
Ko (A)==ASINAT - T —zsm AT, Xop (A)=AC0SAT —E(l—cos/lT),

2 (A)==n(T )+ [5:7(5,4)ds, 254 (2) == (T, A)+ [ (T =5) -7 (5,2) s,

n(t,ﬂ):%zk:rihi (t,A), h (t,i):jsin/i (t—s)a,(s)ds,i =1,k.

B crefyromux ABYX CIydasx
1) xu (A) = X2 (1)=0, 2 X (A) = X2 (4)=0

ClIelyeT AOIOJIHUTENBHO MPOBEPSITh KOPPEKTHOCTH MOCcTaBiieHHOM 3anaun (1), (2). Ecou
3aJa4a KOPPEKTHO IIOCTaBJIE€HA, TO CTPOUTh BCE peELIeHUs 3TOH 3ajmaun. Ecnu 3agaua He
IOCTaBJIEHA KOPPEKTHO, TO CYIIECTBYIOT TOJbKO TPUBHAIBHbBIC PEILICHHS.

I/Iccnez[yeM, 4TO B CJICAYIOIIUX TPEX ClIydasaX

3) X1 (l) =X (l) =0, 4) 12 (ﬂ*) =X» (/1) =0,

5 X1 (A) X2 (A) = 11, (A) 1. (A1) =0

HapyIaeTcsl €AUHCTBEHHOCTD PEIICHUS TOCTABICHHON 3a/1a4N.

BI:ISICH?[GM, 4TO B CJIICAYIOIIUX TPEX ClIydasax

6) xu(D)=xx(A) =0, 7) 1, ()= x5 (4) %0,

8) i (A) X2 (1) = 21, (A) 221 (1) % 0.

HE HapylaeTcsi eAMHCTBEHHOCTh pPEIIeHusl mocTaBieHHon 3anaun (1), (2). B maHHBIX ciaydasx
HaxXOJUM JIOCTaTOYHBIE YCIOBHS CYIIECTBOBAaHMS EIMHCTBEHHOIO PELIEHUS U CTPOMM 3TO
pelLIeHHE.

B nanHOil pabore uccienyloTcss M JIpyrue cllydad, CBS3aHHBIE C PEryJIIpHbIMU U
UPPETYISIPHBIMY 3HAYE€HUSIMU BTOPOTO MapamMeTpa V.

CHauaia AHAIIU3UPYEM  pa3pClIUMOCTh  CICAYIOIUX YCTBIPCX TPAHCHCHIACHTHBIX

ypasrermit: x; (4)=0, 1, j=12.
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1.CoBokynuocts peurennii  ypauennit ¥, (A1) =0  cosmagaer ¢ peuwennsivu
ypaBHEHUS
(4X* = 2T *)tg® X + 4T *x - tg X = 4x?, x=%T > 0. (8)
2. CoBOKYIHOCTb perieHuil ypapaenuit ), (A) =0 coBmagaer C pereHusIMI ypaBHCHHS

2
tgy= 1y y=AT >0. 9)

2_ 2!
To-y
3. CoBOKyIHOCTB pemienuii ypapaenuit ), (M) =0 comagaer C pemeHusMu ypaBHeHHs

2

siny=— /T y=AT >0. (10)

T2+y?’

4. COBOKYITHOCTb PELICHHUI ypaBHeHUI ), (A) =0 coBmajgaer C pemeHusIMI ypaBHEHHS

2

T
cosy = —m, y=AT > 0. (12)

MHoxecTBa pelieHud TpaHCIeHACHTHBIX ypaBHeHUN (8)-(11) o6o3HaumMm depes
3. (1=1,2,3,4), COOTBETCTBEHHO. Teneps IpHMEM 0003HauCHUS

A, =(0,0)\3J,, 1=12,3/4.
Mepsoiii  cayuaii:  yy; (A1) =y, (1) =0. Onpenenum npu  Kkakux 3HaYEHHSAX

napamerpa /A HMeeT MECTO JAHHBIN ciaydail. JlefiCTBUTENBHO, ECIIU 3TOT CIIydail HIMEeT MECTO,

TO anredpanyecKkoe ypaBHEHHE

lel (A) + lez (A)=0 (12)
uMeeT perieHne. Y paBHeHue (12) SKBUBaJIEHTHO CIIEIYIOIIEMY TPAHCIIEHIEHTHOMY YPaBHEHUIO
12 _ l 2 AZT 2
COS(AT +¢) =— \/( ) + — L : (13)
2 2J(A2 —1) + 27T?
A% -1

rae (¢ =arccos .
JAF =12 + 27T

Vpasnenue (13) umeer penienue, ecnu eé npasasi yacTh npuHamiexut otpesky [—1,1].

Ecnu npeamnonoxum
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J(A2 =1 + 27T N 1

2 2 1y2 2 2>1
2J(AF-1)2 + 27T

TO IMOJIy4yacM

2
(\/(/12 _1)% + A7T? —1) >0,
Orcronma ciemyer, 4to ypaBHeHHE (13) mMeeT perieHue TONBKO IpHU ﬂ,:\IZ—TZ.

ITockonbky A — HONOKHUTENBHBIN HapaMeTp ¥ | >+/2, TO NepBblii cilydail HeBO3MOKEH.

Bropoii ciyvaii. Paccmorpum ciyuait ¥, (4) = ¥,, (1) =0. Onpenennm npn kaxnx

S3HAUYCHHUAX IIapaMeTpa l HUMCCT MCCTO ,I[aHHbIﬁ cnyqaﬁ. Ecau sTot cnyqaﬁ HMCECT MCCTO, TO

anreOpanyeckoe ypaBHEHHE

Zn(A) + 25,(2) =0 (14)

uMeeT perieHue. YpaBHeHue (14) SKBUBAJICHTHO CIEAYIONIEMY TPAHCLEHIECHTHOMY YPaBHEHUIO

)= (A*+D>+1+ 27T (15)

COS(AT + ¢ ,
2(A% + D1+ A7T?

rne =alfcCOS————-.
v 1+ A°T?
Vpasrenue (15) umeer penrenue, ecnu eé npasas yacTh npuHaaiexut otpesky [—1,1].
Ecnu npenmnonoxum
(A +1)? +1+ A°T? 1
2%+ D1+ 27T

TO MOJTy4aeM

2
(/12 +1- 1+12T2) > 0.

OTciofa cleayeT, uto ypasHeHHe (15) MMeeT pelneHue Tomsko mpn A=+T2 —2.

KoppektHocts 3amauu (1), (2) B AaHHOM cilydae CBOJIUTCS OJHOBPEMEHHOMY BBITIOJTHEHHIO

CIENYIOLIUX ABYX YCIOBUU

]cos[\hT—Z(T — s)}ds =0,
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](r —t)tjcos[\/T2 —2(t —s)}ds =0.

Jlerko IIPOBEPUTH, YTO 3TH YCJIOBUS HE BBIITOJIHAKOTCA. CJ'IG,I[OB&TGJ'IBHO, B JaHHOM CJIy4dae

3aJa4a He pa3pelInMa, T.€. He CYIIECTBYIOT HETPUBUAIIbHBIC PEIICHUS.

Tpernii cayuaii: y;, (1) = 7,, (1) =0. Onpenennm npu kaxux 3uauennsix napamerpa

A  uMeeT MeCTO JIaHHBIN cinydaid. JIeHCTBUTENBHO, €CIIM ATOT Clydall MMEET MECTO, TO

anrebpanyecKkoe ypaBHEHHE
(A + 2 (4) =0 (16)
umeeT pemienue. Ypasaenue (16) SKBUBAJICHTHO CIIEAYIOIIEMY TPAHCIICHICHTHOMY YPaBHEHHIO
T?(y* -T?)’cos’ y +y° [TG +(y? +T2)2]Sin2 y—yT*(y* =T?)sin2y +
+2T*(y* =T?)cosy + yT?[ ~T*+2y* +2y°T? [siny+y'T*=0.  (17)
DTO ypaBHCHUE UMEET CUCTHOE YHCIIO PECIICHUH.
Yerseproiii caywaii: ¥, (1) = ¥,, (1) =0. Onpenenum npn xakux 3HauenHmsx

napameTpa /1 HMEET MECTO JaHHBIN cnyqaﬁ. I[eﬁCTBHTeHBHO, €CJIN OTOT Cnyqaﬁ HMECT MCCTO,

TO anre0panyecKoe ypaBHEHHE
2 2
X2 (ﬂ“) + X0 (/1) =0 (18)
uMeeT perieHue. YpaBHeHue (18) SKBUBaIEHTHO CIEeYIOIIEMY TPAHCIEHICHTHOMY YPaBHEHUIO

T?(y? =T?)*sin®y +y° [Tﬁy2 +y 2y T+ yZT“)]cos2 y+

+yTH(y? =T?)sin2y —2y°T?(y* +T?)cosy + y*T* =0. (19)

DT0 ypaBHEHHE UMEET CUETHOE YHCIIO PEIICHUH.

IaTbii ciyyail. D10 - TOT ciyd4aii, KOrJja OCHOBHOM OMpeIeTUTeNh 00paIaeTcs B HyJIb:

A=y, (A) ¥ (A) = 71, (1) - 25, (A1) =0. Onpenenum npu kakux 3HaYeHHSX mapamerpa

A WMeeT MecTo JaHHBIA ciydail. JlefiCTBUTENBbHO, €CIM ATOT ClOydail HMMEeT MEeCTO, TO

anredpanveckoe ypaBHEHHE
X (A)* X2 (A) = 215, (A) + 20 (A1) =0 (20)
uMeer pemieHne. YpaBHeHue (20) OKBUBAJECHTHO CBOJUTCA K PEIICHUIO CIEAYIOIIETO
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TPAHCHCHACHTHOI'O YPaBHCHUA
T2+ y?)cosy+ yT?siny+y*—2T* =0, y=AT >0. (21)

Pemrenust storo ypaBuenus (21) cymiecTByror.

MHo3KecTBO 3HaueHuii napamerpa A, npu kotopoM yparenus (17), (19) u (21) umerot

~

pemenus 0003HAUMM uepe3 I, Jq,3,, COOTBETCTBEHHO. C TOMOMIBIO 3THX 00O3HAYEHHUH

IMPUMEM HOBBLIC 0003HaUYEHHS
As=(A,UA)NTy, Ag=(AUA)NT,, A, =ULANT,.

Jlis 3Hadenmii mapamerpa A W3 MHOXeCTB A; M A, IOCTPOUM GECKOHCYHOE

MHOKECTBO pelleHui ToctaBienHoil 3amaun (1), (2). Jlna 3Hauenmit napamerpa A u3

MHOXecTBa /A, HccleqyeM BIHSHHE BTOPOTO MapaMeTpa V Ha paspemmmMocTs 3agaun (1), (2)

UM TpU OINpPEIENCHHBIX 3HAYCHUSAX OSTOrO IMapamMeTpa IOCTPOMM EIMHCTBEHHOE pELICHUE
nocraBieHHoi 3axauu (1), (2). 3uavenns napamerpa A w3 mHoxkectB Ay, u A, HazoBeMm

MPPEryJIsPHBIMHE, a 3HAa4YCHNUs napamerpa A u3 MHOXKecTBa A, Ha30BEM PEryJSPHBIMA.

Upperyasipuble 3HAYeHHs napamerpa A

CHayana pacCMOTPHUM Cilydail 3HaueHuii mapamerpa A u3 MHOXectBa A. B nanHoMm

cayaae, Yy (1) = x5, (1) =0. Muoxecrsa A, pasmennm Ha 1Ba MHOXeECTBa

_ _ ~ _ c~
Ag —A5,1 uAS’Z, /\5,1 =A, N3, /\5,2 =A, N3,

Torna u3 cucreMsl ypaBHeHui (7) onpeznenum, 9To A — TIPOU3BOIBHOE IIOCTOSHHOE H

A2 HMCECT JIBa pa3HbIC 3HAYCHUA

X3 8‘3’ Aeh,,
X
A=1"" o (22)
}(23—, Aelg,.
X2 (4) ’

Hoxcrasisist 3HaveHnss A, u3 (22) B pecTaBiIeHUo (5), MOIyduM

X3 (A)

12

123(/1) . 14 K t .
7 S|n/1t+zZrijsmi(t—s)a(s)ds, Aelg,, (24)
i=1 0

k t
u(t, 1) = A, cosAit + sin At +%Zfi [sinat-s)a,(s)ds, 1eA,, (23
i=1 0

u(t,A)=A, cosit+

X22

rae A — Tpou3BOIBEHOE MOCTOSHHOE.
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A ko
3 )cos/lt+v2riIcosﬂ(t—s)ai(s)d s, AeA;,, (25)
X2 (A) i=L 0 |

A koL

& )cosﬂt+v rijcos/l(t—s)ai(s)ds, AeA,,.

X (4) i=1 ’
(26)

[MoxcraBnss npeacraBneHus (23) u (25) B obo3naueHue (4), IpUXOAUM K OTHOPOIHOU

u'(t,A)=—AA sinit+1

u'(t,A)=—AA;sinit+1

cucreMe anredpandeckux ypasuenuit (OCAY)

k

ZT{\S'm(Dij :\{jiA5vm’ m :1121 i :m’ (27)

]

rac BerHI/Iﬁ HHACKC A5 m O3HA4YacT MHOXXCCTBO, KOTOPOMY IIPHHALJICIKAT 3HAYCHU: IIapaMCTpa

A,

D, :]‘bi (s)ﬁ[s -sinA(s—0)+ A(T —s)cos A(s—0)]a, (H)de}ds,

P A A
‘Pi"“:_[bi(s) S Alcos/ls+ll3( )sinﬂs — A(T —5) Alsin/lt—llg( )cosﬂt ds,

0 12 (4) 12

p A A
‘P?S'Z:_[bi(s) S(Alcos/ls+;(23( )sin/ls — A(T —5) Alsin/lt—lm( )cos/it ds.

0 2 (4) X2

Uccnenyss OCAY (27), 6yaem HaXoUTh JOCTaTOYHBIE YCIOBUS CYIIECTBOBAHUS pEeILICHUH
sagaun (1), (2) m1g cioydas MpperynspHbIX 3HaueHmii mapamerpa A . Jlamie, paccMOTpuM
peryJspHbIe 3Ha4eHHs 5Toro mapamerpa A . Torja OTHOCHTENBHO BTOPOTO Mapamerpa V
BO3MOXHBI MHOTO cllydaeB. B nanHoii paboTe cTpouTcs Teopusi, KOTOpast MO3BOJISIET UCCIIEI0BATh

paspemmocTsb 3a1au (1), (2).
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Abstract. The inverse problems of determining the right-iand side of  the Schrédinger and the sub-diffusion
equations with the fractional derivative is considered. In the problem 1, the time-dependent source identification
problem for the Schridinger equation , in a Hilbert space H is investigated. To solve this inverse problem, we take
the additional condition B[u(-,t)]=w (t) with an arbitrary bounded linear functional B . In the problem 2, we
consider the subdiffusion equation with a fractional derivative of order p € (0,1], and take the abstract operator
as the elliptic part. The right-hand side of the equation has the form g (t) f , where g(t) is a given function and
the inverse problem of determining element f is considered. The condition U(t,) =y is taken as the over-
determination condition, where {; is some interior point of the considering domain and ¥ is a given element.
Obtained results are new even for classical diffusion equations. Existence and uniqueness theorems for the solutions
to the problems under consideration are proved.

Key words: Schréodinger and subdiffusion equation, equation, the Caputo derivatives, Fourier method.
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Annomayusn. Paccmompenvl obpammuvle 3a0auu onpeodeieHus npagou uacmu ypaswenus Llpeounzepa u
ypasuenus cyooupgysuu ¢ Opobmoil npouzeoonou. B 3adaue 1 ucciredyemcs uecmayuonapHas 3a0ada
udenmugpurayuu ucmounuxa ona ypasnenus Llpéounzepa , 6 aunvbepmosom npocmpancmee H . Jina pewenus

omoii obpammoii 3a0auu eozemem donoanumenvinoe ycrosue B[U(, )] =w (t) ¢ npoussonvnoiv ozpanuuennviv

nunetinbim gynxyuonarom B . B 3adaue 2 mvi paccmampueaem ypasnenue cy6ougysuu ¢ Opobnoii npouseoonoi
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nopaoka p €(0,1], a 6 xauecmse snnunmuuecxoii uacmu Gepem abcmpaxmusiii onepamop. Ilpasas wacme
ypaenenus umeem euo Q)T , 20e Q(t) - sadammas ¢ynxyus u paccmampusaemcs obpammnas sadaua
onpedenenus onemenma | . B kauecmee ycnosus nepeonpedenennocmu npunumaemcs ycosue U(to) =y, e0e i
- HEKOMOPAsA BHYMPEHHSA MOYKA paccmampugaemo ooaacmu, Y - 3a0aunwiil snemenm. Ilonyuennvie pe3ynomanbi
AGNAIOMCA HOBBIMU Oadice Ol KIACCUuecKux ypasnenuti oug@gysuu. JJokazanvl meopemuvl Cyuecmeo8anus u
€0UHCMEEHHOCINU PelenUll pAcCMaAmpUeaemvlx 3a0ad.

Knroueevie cnoea: ypasuenue Llpeounzepa u cy6oupgysuu, ypasnenue, npouzsoonvie Kanymo, memoo

Dypve.

Introduction
The fractional integration of order o <0 of the function h(t) defined on [0,0) hasthe

form (see, [1]):

npy L[N
37h(t) = o) ! (t_g)ﬁldcf, t>0,

provided the right-hand side exists. Here T'(o) is Euler's gamma function. Using this definition

one can define the Caputo fractional derivative of order p,
D7h(t) = 7 —h(t).
Ph() =37 ()

If we first integrate and then differentiate, then we get the Riemann-Liouville derivative.

Let H be a separable Hilbert space. Let A:H —>H be an arbitrary unbounded
positive selfadjoint operator in H .

Let z be an arbitrary real number. We introduce the power of operator A, actingin H

according to the rule
A= ihy,.
k=t
Obviously, the domain of definition of this operator has the form
D(A) ={he H : 3 4% |h, P< o}
P
For elements he D(A") we introduce the norm:
InE= 342 I P ADf

and together with this norm D(A") turns into a Hilbert space.

Problem 1. Let p (0,1) be a fixed number. Consider the following Cauchy problem

{iDt”u(t)+Au(t): p(t)g+ f(t), 0O<t<T, @

u(0)=(p,
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where a part of the source function p(t) is a scalar function, f(t)eC(H) and ¢,qeH are
known elements of H .

To solve this time-dependent source identification problem one needs an extra condition.
Following the papers of A. Ashyralyev et al. [2] we consider the additional condition in a rather
general form:

Blut)]=w(t), 0<t<T, (1.2)
where B:H — R is a given bounded linear functional, and w(t) is the given scalar function.

We call the Cauchy problem (1.1) together with additional condition (1.2) the inverse problem.
Problem 2. Let p (0,1] be a fixed number. Consider the Cauchy problem

{D{’u(t)JrAu(t) =g(t)f, 0<t<T,
(1.3)

u(0)=e.
Here ¢, f e H are known elements of H and a part of the source function g(t) is a

scalar function.
To solve the inverse problem of determining the right-hand side of the equation, we use the

following additional condition:

u(ty) =y, (1.4)
where t, isa given fixed point of the segment (0,T].

Main results for the Problem 1
Theorem 1. Let Bq=0, ¢eH and D/w(t)eC[0,T]. Further, let e<(0,1) be any

fixed number and qe D(A™) and f(t)eC([0,T];D(A%)). Then the inverse problem has a
unique solution {u(t), p(t)}.
Theorem 2. Let assumptions of Theorem 1 be satisfied and let ¢ € D(A). Then the

solution to the inverst problem obeys the stability estimate

| Dfu ”C(H) +|l Au ||C(H) + p ”c[o,T]S Cp,q,B,<,[|| ol +lyw ”C[O,T] + 9253( | f(t) “(]’

where C, .  isaconstant, dependingonlyon p,q, B and e.

Similar results hold for the Riemann-Liouville fractional derivative.

Main results for the Problem 2
Lemma 1. Let p=1, g(t)eC'0,T] and g(t,)#0. Then there exists a number k,

such that, starting from the number k >k, , the following estimates hold:

C C
=24 b,, ()<,
2 b1 () | i

where
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ty
b, (t,) = [e g (t, —s)ds
0

and constants C, and C, >0 dependon k, and t,.
Lemma 2. Let pe(0,1), g(t)eC'0,T] and g(0)=0. Then there exist numbers
m, >0 and k, suchthat, forall t,<m, and k>k,, the following estimates hold:
S, 14

=0 b, (t,)
A b, (t) A

where
ty
b, ,(t,) = [ 9(t, —5)s"E,, , (~4,s")ds
0

and constants C, and C, >0 dependon m, and kK,.

Let N=K, UK, , where N is the set of all natural numbers. K and K, are sets

0,p7

such that: if b, (t,)#0, ke K , otherwise, if b, (t,)=0,then keK, .

Theorem 3. Let pe(0,1], opeH, weD(A). Moreover let function g(t) e C[0,T]
and g(t)=0, te[0,T]. Then there exists a unique solution of the inverse problem (1.3)-(1.4).

Theorem 3 proves the existence and uniqueness of a solution to the inverse problem (1.3)-
(1.4) under condition g(t)eC[0,T] and g(t)=0, t<[0,T], i.e., g(t) does not change sign.
Article [3], Example 3.1, shows the non-uniqueness result if g(t) changes its sign. It is proved
that if function g(t) does not change sign, then the solution of the inverse problem is unique.
Naturally, questions arise: if g(t) changes sign, is uniqueness always violated? What can be said
about the existence of a solution? How many solutions can there be?

It should be emphasized that the answers to these questions were not known even for the
classical diffusion equation (i.e. p=1).

Lemmas 1 and 2 proved above allow us to answer these questions. Let us formulate the
corresponding result.

Theorem 4. Let ¢oeH , weD(A) . Further, we will assume that for p=1 the

conditions of Lemma 1 are satisfied, and for o (0,1), the conditions of Lemma 2 are satisfied

and t, is sufficiently small. If set K, isempty,ie. b (t,)=0, forall k,then there exists a

unique solution of the inverse problem (1.3)-(1.4). If set K,  is not empty, then for the existence
of a solution to the inverse problem, it is necessary and sufficient that the following conditions
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Vi =& Ep(_lkto)’ ke Ko,,ﬂ (3.1)

be satisfied. In this case, the solution to the problem (1.3)-(1.4) exists, but is not unique.
Remark. For conditions (3.1) to be satisfied, it suffices that the following orthogonality

conditions hold:

o =(@e:v) =0y, =(wv,v,)=0,k e Ko,p'
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Abstract. Supra, the authors proposed independent computer interactive presentation of notions (without

using other languages). In this method, feedback confirms mastering of the notion. ~ Such presentation may be “with
avatar” or “without avatar”. They developed mathematical and computer models for some verbs, nouns and
adjectives, proposed new classification of verbs and new “grammar” for notions. They with coauthors implemented
some notions of Kyrgyz and English on computer. In the paper mathematical models for some notions in various
sciences are described. It can be used for further development of such computer presentations and learning languages.

Key words: mathematical model, language, computer model, relation, independent presentation, learning.
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Koipewiz Pecnyonuxaceinvln Yiymmyk unumoep axademuscvblHoln Mamemamuxa uHcmumymy,
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Annomayusn. byza ueliun agmoprop myuwynykmepoyn komnviomepoe KO3 Kapanowvicvl3 mypoe (bauika
Munoepou Ko100HOOCMOH) YACLLIOLIPLLIBIUbIH CYHYUINMAUKAH.
byn  wikmaoa komneromep 63 mapabvlHaH KOLOOHYYWYy aAMAN2AH MYWYHYKMY O0300WmMYpPEOHYH

macmuixmaum. Muinoati apaxem "asamapovik" sce "asamapovik smec” mypoe bonyuty MymKyH. Aemopaop k33 bup

252


https://doi.org/10.52754/16948645_2023_1_255

DMUUMEPOUH, 34 AMOOYMOPOYH JHCAHA CbIH AMOOYMOPOYH MAMEMAMUKATILIK HCAHA KOMILIOMEPOUK MOOen0eput
Uwmen Yblebluimol, SMUUMEPOUH HCARbI KIACCUDUKAYUACHIH JHCAHA MYUYHYKMOPOYH JHCaAHbL ‘' 2pamMmamuKracoin’”’
cynywmawmol. A6mMopioutmopy menen oupee anap Kovipebl3 JHCAHA AH2IUC MULOEPUHOeU atpbiM MYyuyHYKmMopoy
KOMAbIOmepOe Ya2blIObipYYHY UlKe aublpbiukat. byn makanada ap kanoai unumoepoe2u K33 Oup myuyHyKmepoyH
MaAmemMamuxanielk mooendepu baanoanram. Amanean HColbIHMLIKMAPObL MYUYHYKMOPOY KOMHblomepoe Ke3
Kapanowichl3 4azblioblpyy bIKMACbIH OHYKMYPYY20 HCAHA MUNOEPOU 6300Umypyy YUyH KOTOOHYY2a 6010m.

AuKbly cO300p: MAMEMAMUKATLIK MOOEb, MU, KOMHbIOMEPOUK MOO0elb, DAULAHbIU, KO3 KAPAHObICHL3

4azbIIObIPYy, 6300UMYPYY .
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Annomayus. Panee agmopuvl npeonodicuiu He3aeucumoe KOMnviomepHoe npedcmasgienue noHamuil (bes

UCNOIL308aHUsL Opyeux A3viKk08). T1o smomy memoody, obpamuas ces136 NOOMEepA’cOaen, Ymo noIb308amensd 08iade

nouamuem. Taxoe npedcmasnenue modcem ObimMb «ABAMAPHLIMY UMU «HeasamapHuimy. AemOpul paspabomanu

Mamemamuyeckue U KOMNbIOmMepHbie MOOenu Ol HeKOMOPbIX 2la20N08, CYWeCMBUMENbHbIX U NPULA2amenbHbIX,

NPEOLONCULU HOBYIO KNACCUDUKAYUIO 2TIA20N08 U HOBYIO «2PAMMAMUKY» OJisi nousimuil. Buecme ¢ coasmopamu onu

Peanu308anu HeKkomopbvie NOHAMUSL KbIP2bl3CKO20 U AHEIUUCKO20 SA3bIKO8 HA Komnvlomepe. B cmambve onucamvl

mMamemamuyeckue Mooenu O HEKOMOPLIX NOHAMULL 8 PASIUUHBIX HAYKAX. DMO Modcem Oblmb UCNOb308AHO ONiA
oanvHelue20 pasgumus MaxKux npeocmasieHull U U3yyeHus A3bIKo8.

Knrwouegvie cnosa: mamemamuieckas mooeib, A3bIK, KOMNbIOMEPHASL MOOEb, OMHOULEHUE, He3A8UCUMOE

npedcmaenerue, ooyyeHue.

1. Introduction
The general task of present-day informatics is developing of interactive computer
presentations of known or invented real and virtual objects to offer the user the opportunity to
master them safely and effectively before real treating. If such computer presentation does not

depend on the user’s knowledge and skills on similar objects then we call it independent. Such
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presentations are more effective because the user can learn without referencing other objects in
mind. In regards with learning a language, the user begins to thinking in it, without translation in
mind.

Survey. Earlier, investigating and learning a living language were implemented with the
assistance (including bilingual dictionaries and text-books) of persons who had a complete
command of it. Invention of recording sounds gave possibility to fix examples of an oral language
objectively. Invention of talking pictures fixed examples of phrases with connection to situations
and actions. Computer games gave the user the opportunity to choose actions with corresponding
phrases. Existing software to learn languages base on languages native to the user, nevertheless
some notions are presented independently. This survey demonstrates that there were not
completely independent presentations of natural languages before our publications.

Using ideas [1-3] we [4-10] gave definitions and developed elements of such presentations.
Some scientific notions are described in [11] and [12]. We shall consider also feedback for
checking-up knowledge. We propose to use random generation of tasks and situations for
independent presentation of notions and objective estimation of understanding level.

2. Definitions for independent presentation

Definition 1. If low energetic outer influences can cause sufficiently various reactions and
changing of the inner state of the object (by means of inner energy of the object or of outer energy
entering into object besides of commands) at any time then such (permanently unstable) object is

an affectable object, and such outer influences are commands. A system of commands such that

any subject can achieve desired efficiently various consequences from other one is a language.

Hypothesis 1. A human's genuine understanding of a notion can be clarified by means of
observing the human's actions in real life situations corresponding to this notion.

Remark. Simple mathematical models consist of fixed (Fi) and movable (M;) sets and
temporal sequence of conditions of types (M; c Fi), (M; N Fi =9), (Mj n Fi #). More complex
models include transformations of sets (see below).

Computer interactive presentations are built on the base of mathematical models.

Definition 2. Let any notion be given. If an algorithm acting at a computer: generates
(randomly) a sufficiently large amount of instances covering all essential aspects of the notion to
the user, gives a command related to this notion in each situation, perceives the user's actions and
performs their results clearly on a display, detects whether a result fits the command, then such

algorithm is said to be a computer interactive presentation of the notion.

Certainly, commands are to contain other notions too. But these words must not give any

definitions or explanations of the notion.
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Definition 3. If all words and actions being used in Definition 3 are unknown to the user
nevertheless s/he is be able to fulfil the meant action (because it is the only natural one in this
situation) then the notion is said to be primary. If the user has to know supplementary words to
complete the action then the notion is said to be secondary. Thus, there arises a natural hierarchy
of notions.

Using this method, we can present not only real notions (objects and actions) but also notions
which have imaginary concepts.

Hypothesis 2. A person learning a natural language without references to any other ones,

hearing a notion in various situations begins to form a kind of mathematical model in mind

corresponding to this notion by means of trial and error method and attempts to fulfill operations
similar to mathematical ones: closing and compactification. After successful completing such
operations, the human feels “mastering” this notion.
Hypothesis 3. Any notion has a minimalistic mathematical model (involving minimal
number of entities in Occam’s sense).
3. Models for some scientific notions

For uniformity and convenience of the user.

Background is in the spectrum from white till black; sometimes chess color (light grey and
dark grey) for 2D-spaces is used.

Avatar object (A-object) is green. Function, or result of A-object is red and is denoted as
F-object below. Target for F-object is yellow and is denoted as T-object below.

Approaching T-object is accompanied by signals of "hot-cold" type too. Tracks of A-object
(light green) and F-object (light red) can also stay while 2D-maotion.

Example 1. Solving of the equation F(x) = 0. A-point can move along the abscissa axis
only. T-object is the abscissa axis.

Example 2. Searching for min F(x). A-point can move along the abscissa axis only. T-
object is gradient of yellow color down.

Example 3. Solving of the system of equations F(x, y) = u, G(x, y) = v (firstly, linear ones;
the user discovers linearity). A-point is (x, y), F-point is (F, G), T-point is (u, v).

Example 4 [12]. Solving of the equation V z = w for complex numbers. The origin z = 0
repels A-point. The user discovers the following: to reach T-point going around the origin is
necessary.

Notions (measures) as invariants.

Example 5. Length of a curve. A-object with F-object is a red curve with the leading green

endpoint. While pulling its length preserves. T-objects are several curves of various lengths. The
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user is to detect the T-object with corresponding length and pull A-object on this T-object.

Example 6. Area of a figure. A-object with F-object is a red rounded figure with the green
boundary. While pulling its area preserves. T-objects are several figures of various areas. The user
is to detect the T-object with corresponding area and pull A-object on this T-object.

General example 7 [14]. Presentations of non-Euclidean spaces filled with T-objects and
brown Obstacles. The user drives a “green car”, with additional possibilities to put marks etc. The
screen is the windshield of the car. The task is to find and erase T-objects without breaking
Obstacles.

Examples:

- Moebius band: the user can verify that a right boot left on a street will be met as a left
boot after passing half of the street;

- Topological torus is a square with opposite sides glued. (This space used to be discovered
by many programmers independently). Motion in arbitrary direction will led to the initial position
someday.

- Riemann surface of the function v z, with the third coordinate up.

- Riemann surface of the function v (2% — a 2), with the third coordinate up. Passing between
two unbreakable pillars only leads to another part of the space.

- Motion with creating the Riemann surface of the implicit function H(z, w) =0, His a
given polynomial. This is the only way to investigate its branching points and general structure.

- Projective plane with the third coordinate up. While motion along the street “trees” on
this side move to us as usually but “trees” on the opposite side move from us.

- Presentations for 4D-space filled with 4D-solids. The 3D-coordinates are presented as
usually, the fourth coordinate (call it deep) is denoted with continuous darkening of the

environment. We look at the space through 3D-slit and can deep and undeep. The task is to detect

4D-solids. For instance, the 4D-deep-directed cone is seen as the sequence "little ball" - "enlarging
ball” - "none" while motion "deep".

Physics:

Example 8. Trajectory of thrown ball. The red ball (A-object) flies off the gun about 70° to
a horizontal yellow line (T-object) with light green track and stops. If the user does nothing then
the red ball flies off again. The user is to drag the red ball and continue the trajectory until the
yellow line.

Example 9. Center of gravitation of a triangle. Given a triangle with horizontal base.
"Where must a support be put for equilibrium?"

4. Conclusion
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We hope that successful implementation of proposed and other such presentations of
mathematical objects would distinguish new essential features of various mathematical objects and
be interesting both for programmers and for users regardless their relation to mathematics.
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Abstracts. Analytical and geometrical methods are applied to integrate an ordinary differential equation of

third order. The main objective is to compare both approaches and show the possibilities that each one of them offers

in the integration process of the considered equation, specially when not only Lie point symmetries but also

generalized symmetries are involved. The analytical method of order reduction by using a generalized symmetry

provides the general solution of the equation but in terms of a primitive that cannot be explicitly evaluated. On the

other hand, the application of geometrical tools previously reported in the recent literature leads to two functionally

independent first integrals of the equation without any kind of integration. In order to complete the integration of the

given third-order equation, a third independent first integral arises by quadrature as the primitive of a closed

differential one-form. From these first integrals, the expression of the general solution of the equation can be
expressed in parametric form and in terms of elementary functions.

Key words: Lie symmetries, first-order symmetries, first integrals, involutive distributions.

1. Introduction.

The Lie symmetry approach for reducing the order and integrating ordinary differential
equations (ODES) is one of the most powerful and used tools available for handling ODEs and
their exact solutions. It is well known that an n**-order equation admitting an r-dimensional
algebra of Lie point symmetries can be reduced to an (n — r)*"-order equation in terms of the
common differential invariants of the symmetries. Furthermore, if this algebra is solvable then one
can recover the solution of the original equation by solving the reduced ODE and carrying out r
consecutive quadratures [1, 2, 3, 4, 5]. In this paper, we will refer to these procedures of order
reduction or integration of ODEs as analytical (or classical) methods. This method can be extended
to use higher-order symmetries to reduce the order of the equation [3, 6, 7], although in this case
the calculation of the differential invariants gets more complicated since, in general, it is not

possible to obtain a complete set of differential invariants by derivation of lower order invariants.
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Furthermore, the reduction process in this situation for an nt*-order ODE leads to a system of
n — 1 first-order ODESs that is not equivalent to an (n — 1)*"*-order ODE.

In the last decade of the past century, P. Basarab-Horwath [8], J. Sherring and G. Prince
[9], T. Hartl and C. Athorne [10] and M. A. Barco and G. Prince [11] obtained powerful
geometrical results regarding the integration by quadratures of involutive distributions of vector
fields. Such results are based on the concept of solvable structure, an object that generalizes the
notion of solvable Lie algebra of symmetries of an involutive distribution. These geometrical
results can be applied to integrate ODESs by quadratures by considering the involutive distribution
generated by the vector associated to the equation and determining a solvable structure for it.
Remarkably, the vector fields involved in a solvable structure are not necessarily Lie point nor
generalized symmetries of the equation. Once a solvable structure is known, the equation can be
integrated by quadratures by following a procedure that has been studied, applied and generalized

by many authors over the years since its introduction [10, 11, 12, 13].

In particular, in the general setting of an n-dimensional manifold, it was developed a
procedure to integrate by quadratures involutive distributions of vector fields of dimension r
admitting an (n — r)-dimensional solvable structure ([8, prop. 3], [9, prop. 4.6 and 4.7]). This
method works by constructing n — r closed differential 1-forms which belong to the annihilator
of the distribution and which can be integrated successively. This procedure generalizes a classical
result known as Lie-Bianchi’s Theorem [14, th. 1.7.2], which uses solvable Lie algebras of
symmetries instead of solvable structures. We will refer to the application of these last procedures
to the involutive distribution associated to an ODE as the geometrical method of integration of the

equation.

In the present paper we aim to perform a comparison of the results obtained when both the
analytical and the geometrical methods are applied to integrate a third-order ODE. The considered
equation can be found in [3, eq. (3.245)], where the authors proved that the equation admits three
Lie point symmetries and seven first-order symmetries. The analytical method of reduction of
order is applied using one of the first-order symmetries. We will review this procedure and its

flaws, and we will see how the geometrical method can give us some advantages in this situation.

The work is organized as follows. In Section 2 the basics definitions and results regarding
the method of solvable structures to integrate involutive distributions of vector fields are briefly
introduced. In Section 3, with the aim of being self-contained, we describe the reduction of order
of ODEs via Lie point symmetries and generalized symmetries, as well as the application of the

geometrical methods in the particular case of ODEs. In Section 4, we introduce the ODE under
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study and the Lie point and generalized symmetries admitted by the equation. We also review the
analytical method of reduction of order described in [3], showing some of the problems that may
appear when using generalized symmetries. As a consequence, an implicit expression for the
general solution of the ODE in terms of a primitive that cannot be evaluated is obtained. In Section
5 we apply geometrical tools to the study of the third-order ODE. It is proved that at least two
functionally independent first integrals can be obtained without any kind of integration. A third
functionally independent first integral can be obtained by quadrature as a primitive of certain 1-
form. The geometric approach allows us to give the general solution of the ODE in parametric
form and expressed in terms of elementary functions, greatly improving the results obtained by

the analytical method.
2. Preliminaries.

Consider an n-dimensional differentiable manifold M. Given a connected, open set U <
M, the real vector space of smooth functions defined on U will be denoted as C*(U). The
C*(U)-module of smooth vector fields defined on U will be denoted as ¥(U). The ¢*(U)-
module of differential p-formsin U will be denoted as QP (U) [15, def. 2.15], and the exterior
algebra will be denoted as Q*(U) [15, def. 2.14]. The exterior product of differential forms will
be denoted by A. The contraction of a p-form w by a vector field X [16, pg. 72 (d)] will be
written as iyw, while the exterior derivative of a p-form w [16, pg. 70 (b)] will be represented

by dw.

A collection of r vector fields A, ..., A, € X(U) will be pointwise linearly independent
on U (or simply independent) if the vectors A;(p), ..., A-(p) are linearly independent for each

p € U. The same applies for a collection of r differential p-forms.

The C*(U)-module generated by Ay, ..., A, € X(U) will be called the r-dimensional
distribution D generated by the vector fields (see [15, def. 1.56], [13, sec. 2.2]) and will be
denoted by

D = (A4, ..., A,). 1)
We will say that X ¢ D or that X is transversal to D if the vector fields X,A,,..., A, are

pointwise linearly independent in U.

An r-dimensional distribution D is said to be involutive if it is closed under the Lie
bracket [15, def. 1.56]. This condition guarantees, via the well-known Frobenius theorem, the local
existence of n — r functionally independent first integrals I, ..., I,,_, € C*(U), in which case

N={peU:L(p =Cj=1.,n-r1) 0
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are integral manifolds of D for Cy, ..., C,,_, € R [15, th. 1.60]. Nevertheless, Frobenius theorem
does not provide a procedure to compute these first integrals. In order to find them, the concept of
symmetry of a distribution [9, p. 441] is useful, as we will shortly see:

Definition 1. Let U € M be an open set, and D an r-dimensional distribution. A vector field Y
isa symmetry of D if forevery A € D itis [Y,A] € D. A symmetry of D is called non-trivial

if it is transversal to D.

The set of symmetries of D will be denoted by Sym {D}. Using Jacobi’s identity, it can
be proved that Sym {D} is a Lie algebra, that is, it is a real vector space and [X,Y] € Sym {D}
whenever X,Y € Sym {D}. Nevertheless, in general, Sym {D} isnota C*(U)-module, since the
product of a symmetry by a smooth function which does not vanish on U generally is not a

symmetry.

The knowledge of an (n — r)-dimensional solvable Lie algebra of symmetries of an r-
dimensional involutive distribution allows the computation of n — r functionally independent
first integrals of the distribution by quadratures alone, a result known in the literature as Lie-
Bianchi’s theorem [14, th. 1.7.2].

The next concept generalizes the notion of solvable Lie algebra of symmetries of an r-

dimensional distribution [8, def. 4]:

Definition 2. Let D = (A4, ..., A,) be an r-dimensional distribution and let {Y;,...,Y,_,} be an
ordered set of pointwise linearly independent vector fields on U. We will say that the previous

ordered set is a solvable structure for D if:

o {V,..,Y, ,, Ay, ..., A} are pointwise linearly independent in U.
e Y, . isasymmetryof D =(A44,..,4,).
e Y isasymmetry of D; = (Yj4q, ..., Vs, Ay, ..., Ay) forevery j=1,...,n—r—1

Observe that, as we announced, an (n —r) -dimensional solvable Lie algebra of
symmetries of an r-dimensional distribution is a particular case of a solvable structure, as
according to [17, prop 1.23] there exists a basis of the Lie algebra, Y;, ..., Y,_, € ¥(U), such that

[Y,v]=%ilicky,, ckeR 1<i<j<n-r ©)

The next result, whose proof can be found, for instance, in [9, prop. 4.6 and 4.7] or in [8,
prop. 3], allows us to integrate by n - r successive quadratures any r-dimensional distribution
admitting a solvable structure. It generalizes Lie-Bianchi's theorem by requiring the knowledge of
a solvable structure instead of an (n — r)-dimensional solvable Lie algebra of symmetries. Before
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proceeding let us introduce the following notation: given wq, ..., w, € QP (U) pointwise linearly

independent,

I (w4, .., ;) (4)
will be the ideal generated by the previous p-forms undertaking exterior products [16, lemma 2.19
(i)].
Theorem 1. Let D = (44, ...,A,) bean r-dimensional, involutive distribution. Let Q € Q" (U)

be a non-zero n-form. Suppose that {Y,...,Y,_,} is a solvable structure of D and define the

following 1-forms, where the hat denotes omission of the element:

1 .

w; = TR U S S Q) i=1,..n—r. 5
J iyl...iyn_riAl...iArQ(Yl v o tnplay e tap 2t )y ] = s (5)

Then the previous 1-forms are pointwise linearly independent in U and satisfy
dw; =0,dw; € 7(001, ...,wj_l), forj=2,..,n—r. (6)
Expressions (6) imply the local existence of a function I; such that
w, = dl;. (7)
By construction of w, (see equation (5) for j = 1), we have that
iAja)l =iy,w;=0forj=1,.,rk=2..,n—r. (8)

From (7) and (8) it follows that I, is a first integral of the involutive distribution D;, and in
particular, of D. The restriction of w, to the submanifold defined by keeping I; constant is
closed, because according to (6), dw, € 7(dl,). Therefore, there exists a function I, such that,

locally,
w, = dl; — Yy (I;)dl;. ©)

We can continue in this way until we have finally found a complete set of functionally independent
first integrals {I, ..., I,_,} of the distribution D. More details and examples on the theory of
solvable structures and its generalizations can be consulted in [8, 9, 10, 11, 12, 13] and the

references therein.
3. Geometrical and analytical methods of reduction of order for ODEs.

In this section we first review the main aspects of the analytical methods of reduction of

order of ODEs via Lie (point and generalized) symmetries [1, 2, 3, 4].
3.1 Symmetry methods for ODEs.

Let us consider an nt"-order ordinary differential equation of the form
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U, = F(x,u, Uy, ..., Up_1), (20)
where F is a smooth function defined on an open set M € R"*1 and

_ dlu
T 7 dxi

j=1,..,n (11)

In what follows, A € X(M) will be the restriction of the total derivative operator

d a d d
Dx —a+u1£+---+un_1aun_2+u

+ oo (12)

™ Oup_q
to the submanifold defined by equation (10):

a a

Un-2 dun—1

a d
A=a+u1£+"-+un_1a (13)

It can be checked that the graph of the (n — 1)**-order prolongation of any solution of
(10) is an integral curve of the distribution (A). Conversely, any integral curve of this distribution
can be locally written as the graph of the (n — 1)"*-order prolongation of a solution of (10) [14,
ex. 1.1.2].

Following [2, sec. 3.4], the Lie point symmetries of (10) can be characterized as the vector
fields

v =g+ ntow) g (14)

such that
[v™D, 4] = —A(®)4, (15)
where v™~1 denotes the (n — 1)t"-order prolongation of v (see [2, sec. 4.1] and [1, th. 2.36]).

It is well-known that the knowledge of a Lie point symmetry (14) of an n**-order ODE
(10) leads to reducing the equation to an (n — 1)**-order ODE plus a quadrature. This can be
done through canonical coordinates or differential invariants (see, for instance, [3, sec. 3.3.1 and
sec 3.3.2)]):

1. Canonical coordinates: let r =r(x,u) and s =s(x,u) be corresponding canonical
coordinates for v satisfying v(r) =0 and v(s) = 1. Then equation (10) reduces to an
(n — 1)*"-order ODE

(16)

ds
where z = —.
dr
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In the particular case when n = 1, then (16) can be written as

Z=6(), (17)

which can be integrated by a single quadrature.

2. Differential invariants: The first step is to find two functionally independent invariants y =
y(x,u) and m = m(x, u, u,) of the first-order prolongation of v, through the characteristic
equations of v (see [3, eq. (3.102)]). Then by successive derivations

_dm _Am) o dmig  A(myd) _
m, = = 10) m; = oY = a0t j=2,..,n—1, (18)

we obtain invariants for the nt"-order prolongation of v. Moreover, it can be checked that the
invariants {y,m,m4,...,m,_,} are functionally independent, i.e., {y,m,my,..,m,_1} IS a
complete set of invariants for ¥™. Then equation (10) can be written in terms of these invariants
asan (n — 1)"-order ODE

Ay, mymy, .., my,_;) =0, (19)

where y is the independent variable and m is the dependent variable. If m =
G(y; Cy,Cy, ...,Ch_1), Where Cy,C,, ..., C,_1 € R, denotes the general solution of equation (19),

then the general solution of (10) arises from the first-order ODE:
m(x,u,uy) = G(y(x,u); Cy,Cy, ..., 1) (20)
which reduces to a quadrature because it admits v as a Lie point symmetry.

When, for n > 2, the infinitesimals ¢ and n of a vector field (14) are allowed to depend
on derivatives of u with respect to x up to some order [ < n — 1, we get an extension of the
notion of symmetry, known in the literature with the name of generalized symmetries [1] (also
higher-order symmetries [3] or dynamical symmetries [2]). A generalized vector field [1, def. 5.1]

a )
v= E(x,u,ul,...,ui)a+n(x,u,u1,...,uj)a (21)

can be prolonged in accordance with the prolongation formula [1, th. 2.36] and generalized

symmetries can be characterized through the condition (15).

In the calculation and use of generalized symmetries it is very convenient to consider the

evolutionary (or characteristic) form of the generalized vector field (21), which takes the form

ve=0Q=, (22)
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where Q =n(x,u,uy, .., u;) — E(x, u,uy, ..., u)uy denotes the characteristic of (21). The
generalized vector field (21) is a generalized symmetry of equation (10) if and only if its
evolutionary representative (22) is [1, prop. 5.5]. This permits to consider generalized symmetries

of the form
vzn(x,u,ul,...,ul);—u, I<n-—1, (23)
whose prolongations take a particularly simple form:
v® =Ly k)L 24
- T] ou k=1 T] auk' ( )

The determination of a generalized symmetry in the form (23) is done through the
condition (15) or equivalently, through the invariance criterion [3, th. 3.5.1-1], which provides a
symmetry determining equation for the infinitesimal n (see [3, eq. (3.239)]). In general, it is quite
complicated to find solutions for such determining equation. It is usual to try to find some
particular solutions by some ad hoc ansatz, assuming that n has a special dependency on one or

more of its arguments.

The independent variable x is always a zeroth-order invariant of a generalized symmetry
of the form (23). A system of higher-order invariants {w!,...,w™"1} for v™ can be determined
by solving the characteristic system associated to (24), where x is considered as a constant (see
[3, eq. (3.298))).

The symmetry condition (15) implies that, for j = 1,...,n — 1, A(wf) is also an invariant
of v that can therefore be expressed in terms of the complete set of invariants {x, w?, ..., w™ 1}
in the form

AW)) =G (ewt, . w™ ), j=1,.,n—1 (25)

In this way we get a reduction of ODE (10) to a system of (n — 1) first-order ODEs:

1
ddlx =G(x,wl, ..., w" 1),
n-1 E (26)
deT =G" x,wl, ..., wh ).

The details about this procedure can be consulted, for instance, in [3, sec. 3.5.4] and [2].
As far as we are concerned, there are few references that actually present examples of equations
admitting higher-order symmetries and use them to reduce the order of the equation. One of these
examples, taken from [3], will be analyzed in the Section 4.
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3.2 Geometrical methods of reduction for ODEs.

The problem of reducing or integrating the nt*-order ordinary differential equation (10)
can be formulated in terms of the geometric notions of symmetry and Frobenius integrability [15].
The vector field (13) associated with equation (10) generates a trivially involutive distribution

D = (A), that by Frobenius Theorem [15, prop. 1.59 and th. 1.60] is completely integrable.

The (n — 1)"-order prolongation of a Lie (point or generalized) symmetry v defines a
symmetry of the distribution D = (A4) in the sense of Definition 1, because the vector field Y =

v™~1 satisfies relation (15).

If equation (10) admits an n-dimensional solvable symmetry algebra of Lie point or
generalized symmetries, the procedure described in Theorem 1 can be used to find by quadratures
a complete set {I,, ..., I,,} of first integrals of equation (10), because such symmetry algebra is a

particular case of a solvable structure (see also [9, prop. 5.5]).

In order to do that, since the symmetry algebra is solvable, we can choose a basis such that
the (n — 1)®"-order prolongations Y;, ..., Y, satisfy (3). Let 2 = dx Adu A ---Adu,_, be the

volume form and denote
A = in iYniA‘Q' (27)

Observe that A4 is the determinant formed by the coordinates of the vector fields A4,Y;, ..., Yy,

which are pointwise linearly independent. The corresponding 1-form in (5) for j = 1 becomes
1. PR
(1)1 == Zlyz oo lYnlA‘Q' (28)

By Theorem 1, w, is closed and hence locally exact. A corresponding primitive I, arises by
quadrature, and it is a first integral of A. Next, we construct the corresponding 1-form in (5) for
j = 2. The restriction of such 1-form w, to the submanifold defined by I, = C;, where C; € R,

is closed, and hence, locally exact. This permits to determine a primitive
E = E(X. WUy e, Up_q; Cy) (29)

by quadrature. Replacing C; by I; (x,u, uy, ..., u,,—1) in (29), we get a function I, satisfying (9),
which is a first integral of A. Clearly the process is inductive, and it can be continued until we

have calculated a complete system {I, ..., I,,} of first integrals for A.

Moreover, when more symmetries than the order of the equation are known, the following
result can be really powerful, because it allows to obtain first integrals algebraically, without any

kind of integration [9, prop. 5.6]:
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Proposition 1. Let A € X(M) be the vector field associated with equation (10). Let € be an
involutive distribution containing A. Suppose that X,Y € Sym{E} are transversal to € and that
we canwrite Y = aX + Z forsome Z € £. Then the function a is a (possibly trivial) first integral
of A.

As a natural consequence, the knowledge of more extra symmetries may provide several

first integrals without integration [9, cor. 5.7]:

Proposition 2. Let A € X(M) be the vector field associated with equation (10) and assume that
X4, ..., X; are independent, non-trivial symmetries of D = (4). If Y is an additional non-trivial
symmetry of D such that ¥ = ay X; + - + oy X; + BA, then ay, ..., ; are (possibly trivial) first

integrals of A.

In Section 5, we will apply these geometrical tools and results to derive new strategies of
integration of a third-order ODE that has been studied in [3] by analytical methods based on

generalized symmetries.
4. The ODE and its general solution via the analytical method.

We consider the third-order equation

uy = 622 (x2241), (30)

1 31

This equation was introduced by G. W. Bluman and S. C. Anco in [3, eg. (3.245)] as an example

of how to determine generalized symmetries and use them to reduce the equation.

The corresponding vector field A € X(M) associated to equation (30) becomes

9,0 0 Ui (2 9
A= du gty 5+ 62 (x =y 1) o (31)
which is defined on the open set:
M = {(x,u,uq,u;) € R: uy # 0}. (32)

In the cited reference, the authors prove that (30) admits seven generalized symmetries

(of first order) given, in evolutionary form, by

19 10 L0 L0
v, = _, v, = —_——, V., = _—, VL = —_—
YTwow P wdou” gy PeT ¥ MGy
vs = (9x%u? — 12xuu, + 4u2)aa—u, Vg = (Sx — i—?) ;—u, (33)
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d
v; = (3x%ud — 2xuu?) 5

In addition, in [3] was also proved that equation (30) admits the following three

independent Lie point symmetries:
(34)

which span a three-dimensional, solvable Lie algebra because the respective commutations

relationships become
[vg, Vo] = v, [Vg, V10] = [V, V10] = 0. (35)

In [3, p. 179-181] the generalized symmetry v, defined in (33) was used to reduce
equation (30) to a system of two first-order ODEs. The first step is to calculate a complete set of
second-order differential invariants of v{. As we said in Section 3, x is already a zeroth-order
invariant. For the remaining ones, G. W. Bluman and S. C. Anco solved the characteristic
equations for the corresponding second-order prolongation (24) of v,. By choosing u; as the

independent variable, such characteristic system becomes [3, eq. (3.304)]:

du u? u

— =6x—=+4-2,

duq uy Uuq (36)
du, _ Uuq

du1 - Uy )

After using symmetry methods for system (36), the authors found the following second-order

invariants of vy:

4
u 1
wl=2xu}+-2, w?=u-—w!-—2xu,. (37)
Uy 2ug

It can be checked that, in this case, A(w!) = A(w?) = 0. Therefore, according to (26),
the corresponding reduced system of two first-order equations becomes

dwl

dx = 0’ (38)
wr _ .
dx

System (38) is trivial and its general solution is w!=C;, w?=C,, where C;,C, ER.
Substituting the expressions (37) and eliminating u,, they obtain the first-order ODE

2xud + (C, —wu? + % =0. (39)
Solving this ODE vyields the general solution of (30). Equation (39) can be written in
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explicit form as
ul = G(xi Uu, Cll Cz), (40)
and it inherits a Lie point symmetry from the first-order symmetry v, of (30),

~ _ 1 i
v:L - G(x,u;Cl,Cz) Ou' (41)

However, working with this symmetry is not really convenient, since the expression
G(x,u; Cy, C,) requires to solve (39) as a cubic equation in u;. In order to avoid this difficulty,
Bluman and Anco determined a new Lie point symmetry for equation (39):

~__ 0 2 0
v-xa+§(u—62)a. (42)

Applying the method of canonical coordinates, equation (39) is reduced to a quadrature. In

particular, we can choose

2C2—u
r(x,u) =—= ,
(o) = =3 x5 (43)
s(x,u) =Inx,
so that
ol
U= (44)

Writing now (39) in terms of (r,s), carrying out the quadrature and writing the resulting
expression back to the original coordinates, the general solution of (39), and thus of (30), is
obtained in implicit form:

u = CZ + (u__zcz> eXp (%H (u_zcz> + 63), (45)

x3 X3

where H is a function such that

1

' 6p(z) 3
H'(z) = m, where p(z) = (23 +34/3C,(27C, — 223) — 27C1)3. (46)

In the integration procedure that has been applied in this section, several analytical methods
based on symmetries have been successively used. First, the generalized symmetry v, given in
(33) has been determined. Second, in order to find second-order differential invariants for v,
symmetry methods have been used to find a particular solution of the characteristic system (36).
Luckily, in this example, the reduced system (38) can be trivially integrated; however, in general,
additional symmetries might be necessary to solve the reduced system. Third, a new symmetry
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(42) has been determined in order to solve the first-order ODE (39). Finally, the method of
canonical coordinates has been used to integrate equation (39). As a result, the general solution of
the ODE has been obtained in (45), although it is expressed in implicit form and in terms of a

primitive that cannot be explicitly evaluated (see equation (46)).

In the following section, we investigate if the application of geometrical methods to
equation (30) can improve the results that have been obtained so far by using only analytical
methods.

5. Integration by geometrical methods.

In this section we apply the geometric tools described in Section 3.2 with the aim of

providing a more convenient expression for the general solution of equation (30):

Uz = 6u—%(xﬂ + 1). (47)

Uq Uy

As in Section 4, we consider the associated vector field (31),

0 us [ u, d
+6—(xu—1+1) : (48)

0 d
A=—+u —+-+u,
ox T ou ot Un— Oun_» Uy Oun_q

defined on the open set M < R* introduced in (32),
M = {(x,u,uq,u;) € R: uy # 0}. (49)

In order to achieve our objective of obtaining the general solution of (47) by geometrical
methods, we can use some of the Lie point and first-order symmetries of the ODE given in (33)
and (34). The integration procedure that will be presented in this section does not need to calculate

any differential invariants nor canonical coordinates at all.

First, we observe that among the symmetries (33) and (34) it is possible to select three
pointwise independent symmetries satisfying the hypothesis of Theorem 1. This can be done, for
instance, by considering the second-order prolongations of the symmetries (34) because, according
to (35), they span a three-dimensional, solvable Lie algebra, which is a particular case of a solvable
structure of the distribution D = (A). However, since for equation (47) we know an oversupply of
symmetries, in the next section we will apply the theoretical results presented in Section 3.2, in
order to obtain first integrals algebraically, without any kind of integration (see Proposition 1 and
Corollary 1). This will be done by conveniently choosing the symmetries that will be used in the
integration process. With this aim, we choose the following symmetries (in the sense of Definition
1) of the distribution D:
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=v .
8 du
2) d d
v,=v® =ul+u Uy —
2 9 o T W5 1 T Uy ouy’
Voep® 2, 2 ? (50)
37710 T Ty 1ou 2 9u,’
) 10 2u, 9 6ui(2xuy+u,) 0
Yy =v) = ——
uj ou uy ouy u3 du,

It can be checked that the commutator relationships become
[YlﬂA] = [YZiA] = [Y31A] = [Y41A] = O'

[Y1»Y2] =Y, [Y1’Y3] = [Yli Y4] = [YZ'Y3] =0, [YZ'YAI-] = —3Y,, [Y3’Y4] = 2Y,. (51)

5.1 Two first integrals without integration.

In this section we aim to apply the theoretical results presented in Section 3.2 in order to

obtain two first integrals of A by an algebraic procedure, without any kind of integration.
It can be checked that the set {A,Y;, Y5, Y,} is linearly independent on the open set
V ={(x,u,uy, uy) € M: u,(3xu, + uy) # 0}. (52)

This implies that Y;, Y5, Y, are pointwise linearly independent and transversal symmetries of the
distribution D = (A) on V. Consequently, they can be used as the non-trivial symmetries X; (i =

1,2, 3) required in Corollary 1.

Since {A,Y;,YsY,} is a basis of X(V), any additional non-trivial symmetry of D can
be expressed in terms of Y;, Y5, Y, and A. For instance, the symmetry Y, given in (50) is a
transversal symmetry of D that can be written as follows:

YZ — _ 6xXU1U; —2UUy +HUT Yl _ 2Y3 + wyl} + 2xA. (53)

2'LL2 Uy

As a direct consequence of Corollary 1 we conclude that the following functions, corresponding

to the coefficients of ¥; and Y, in (53), are non-trivial first integrals of A:

u? 3, ui
I, = 6xu; —2u + u—l, I, = 2xu; + u—l (54)
2

2
These functions are defined on the open set
U={(xuu,u,) € R:uu, # 0} S M, (55)

and it can be checked that dI; A dl, does not vanish on U, so I; and I, are functionally

independent first integrals of A on U.
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Since the coefficient of Y; in (53) is constant, the application of Corollary 1 by using the
symmetries Y;,Y,, Y3, Y, only provides two functionally independent first integrals of A. In order
to complete the integration of the distribution D = (A), one more functionally independent first
integral is required. Although Corollary 1 could be applied by using other sets of symmetries of
the equation, there is not a criterion to know a priori which ones will produce non-trivial and
functionally independent first integrals. In the worst case, it might happen that none of the admitted
symmetries gave rise to the remaining first integral. In this situation, an alternative strategy must
be followed. In the next subsection we illustrate how Theorem 1 can be applied to overcome this

possible obstacle.
5.2 A remaining first integral and the general solution of equation (47).

Besides the first integrals I; and I, given in (54), one more functionally independent
first integral of A is required in order to complete the integration of equation (47). In order to
determine such first integral, we first observe that the distribution € = (Y3,Y,, A) is involutive by
commutator relationships (51). Moreover, since

A(ly) = Ys(I) =Y4(1y) =0, (56)
we conclude that I, is a first integral of E£.

Consider the following local change of variables on the open set U defined in (55),

(OF U — )

(x,u,ug,uy) — (u,uy, uy, Iy). ®7)

By means of the push-forward by ¢ (see [18, pg. 46]), the vector fields A,Y,,Y; are expressed in

terms of local coordinates (u,u,,u,,I;) as follows:

i) u3(2uuz+ljuy+5u?) 9

-~ a
A=@*A=u1£+u26_ul+ 2 o
a 0
Y3 = (p*Y3 U, % - ZUZ 0_112' (58)
S _ 10 2u, 0 2u§(2uu2+11u2+2u%) 3]
R LTI T

We can restrict each one of the previous vector fields to the submanifold defined by the
level set I; = C;, where C; € R, by substituting I, by C; in (58). We keep denoting the

restricted vector fields by A, Y; and Y, respectively.

By using (51), it can be checked that Y; and Y, span a 2-dimensional, solvable Lie
algebra of symmetries of the distribution D = (K). In particular, they generate a solvable structure

for D. In order to apply Theorem 1, we consider the non-zero 3-form Q = du A du; A du, and
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construct the corresponding 1-form given by (5) for j = 1:

= v iaQ =

W1 = a0 Vs afl
4713

(59)

=——1 (Zuzdu +

2uuy+Cquy +3u% du
2uuy+Cyuy+u? 1

uf
0 ; duz) .
Theorem 1 ensures that (59) is closed and, therefore, locally exact. A primitive of w;, and hence

a first integral of A, can be obtained by quadratures:

3= ln( = ) (60)

(2uuz+Cruz+u?)uy

Thus, the following function

J3 = exp(—T3) = (3—3 + 2u + Cl) U (61)

is also a first integral of A. Substituting now C, by I, in (61) and writing the obtained expression

back in terms of (x,u, uy, u,), we obtain a function I; € ¢*(U) given by
3
I, = 3xu? + =, (62)
uz

which is a first integral of A. It can be checked that 1,1, (defined in (54)) and 15 are functionally
independent on U, since dI; A dI, A dI; does not vanish on U.

Therefore, the general solution of ODE (47) can be implicitly defined by equations I, =
Cl’ IZ = C2,13 = C3, Where Cl' Cz, C3 € R

uf
6xu; — 2u + o= Cyq,
2

uj

qui + = Cz, (63)

uz

| 3
| 3xuf + == (.
uz

In order to obtain a parametric expression for the general solution of ODE (47), we

eliminate u, from the last equation in (63) and choose u, =t as a parameter:

x(0) = 252, o0
—Cqt244C3t-3C
u(t) — 1t +;;:23t 3 2.

We depict the graphs of two of the solutions in Figures 1 and 2, obtained by setting different values

to the integration constants.
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Figure 1: Figure 2:

€, =10,C, =0,C3 = —1,0.5 < t < 10. €, =-21,C,=-5,C3=7,05<¢t < 10.

6. Concluding remarks.

Different analytical and geometrical methods have been applied in the study of a third-
order ODE for which abundant Lie point and generalized symmetries had been previously

reported.

Regarding analytical methods, a generalized symmetry of the equation had been used in
the previous literature to reduce the given ODE to a system of two first-order ODEs. In this
reduction process, additional symmetry methods had been necessary to determine differential
invariants for the generalized symmetry. After solving the reduced system, it remains the problem
of reconstruction of the solution for the original equation. Although theoretically this can be done
by a quadrature, the difficulty of obtaining an explicit expression for the underlying symmetry (41)
forced the search of a new symmetry (42). After application of the canonical coordinates method,
the implicit general solution (45) was finally obtained. However, this expression involves a

primitive that cannot be explicitly evaluated.

In this work we have shown that the application of geometrical methods greatly simplifies
the integration of the given third-order ODE. Remarkably, two functionally independent first
integrals of the equation have been calculated by simple algebraic manipulations, avoiding the use

of differential invariants, canonical coordinates or any kind of integration. Moreover, a remaining
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first integral has been calculated by quadrature, as a primitive of a 1-form defined in an open set
of a three-dimensional space. From the complete system of first integrals of the equation derived
by using these geometrical tools we have obtained the general solution of the equation in
parametric form (see equation (64)). The obtained solution is given in terms of simple rational

expressions, greatly improving the solution (45) derived via the analytical procedures.

It can be concluded that the geometrical approach to integrating ODEs is a powerful
alternative to the classical approach of differential invariants or canonical coordinates, specially
when there are higher-order symmetries involved. An additional advantage that must be taken into
account is that the geometrical methods allow us to use not only symmetries of the associated
distribution, i.e., not only prolongations of Lie (point or generalized) symmetries of the equation.
In a solvable structure, only the first element must be a symmetry of the associated distribution
while, in general, the remaining vector fields are not symmetries of the equation. This fact greatly

expands the strategies that can be followed to find exact solutions of differential equations.
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Abstract. In this paper, we will study the connection between a uniformly connected, uniformly
pseudocompact, P —precompact and its hyperspace. It is proved that if a uniform space (X,('//) is uniformly

pseudocompact iff (expc X, exp, ff//) is uniformly pseudocompact. It is also shown that if a uniform space (X , (f//)
is P —precompact, then a uniform space (expC X, exp, K’//) is P —precompact.
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Hayuonanvuoii ynusepcumem Ysbexucmarna

Tawxenm, Y3b6exucman

Annomayusa. B omoil cmamvbe Mbl UYUUM  C6A3b  MeJHCOY PAGHOMEDHO CEA3HbIM, PAGHOMEPHO

ncesdoxomnaxmmuvim, P — npeoxomnaxmom u eco eunepnpocmparncmeom. Jloxasano, umo eciu pasHomeproe

npoCmMpancmeo (X,"//) PABHOMEPHO NCEBOOKOMNAKMHO MO20d U MOJbKO Mo20d, Koeod (QXpCX,EXpC (T//)
PAasHOMEPHO ncesdoKomMnaxkmuo. Takdce NOKA3AHO, 4MoO eciu PAGHOMEPHOE NPOCMPAHCMEO (X,(f//) P -

npeoKOMNAKMHO, MO PAGHOMEPHOE NPOCMPAHCINEO (expc X, exp, v/ ) P- 1npeoKOMNAaKmHo.

Knrwuesvie cnosa: cunepnpocmpancmeo, pasHomMepHoe npocmpancmeo, pasHoMepHOCntb, pPABHOMEPHOe
C653H0€E npoCmMpancmeo, pa6HOMEPHOE NCe600KOMNAKMHOE npocmpaHcmeo, P — NPEKOMNAaKmHoe npocmpancmeo.

Introduction (Beexenmue)

In [1], the connection between a finally compact, pseudocompact, extremely disconnected,

N -space and its hyperspace is studied. It is proved: if the uniform space (X,c//,) is uniformly

278


https://doi.org/10.52754/16948645_2023_1_281

paracompact, then (exp, X,exp, /) is uniformly paracompact, if the uniform space (X,C//) is

uniformly R -paracompact, then uniform space (exp, X,exp, /) is uniformly R -paracompact. In

[2] the properties of space of the G -permutation degree, like: weight, uniform connectedness and
index boundedness are studied. It was proved the G -permutation degree proserves the uniformly
connected and index bounded. In the work [3] are established that the functor of idempotent
probability measures with a compact support transforms open maps into open maps and preserves
the weight and the completeness index of uniform spaces.

Definition 1 [4]. Let x be a nonempty set. A family «, of coverings of a set x is
called uniformity on x if the following conditions are satisfied:

(P1) If aew and «a isinscribed in some cover g oftheset x,then pgecar.

(P2) Forany o, e, a,e@ thereexists « </, whichisinscribedin ¢ and «,.

(P3) Forany « <, there exists pgec/ strongly star inscribed in o .

(P4) For any x,y of a pair of different points of x, there exists « </ such that no
element of « contains both x and vy.

A family <, consisting of a set X satisfying conditions (P1) - (P3) is called a pseudo-

uniformity on x ; and the pair (X,cz/) is a pseudo-uniform space.

A family ~,, consisting of a set X satisfying conditions (P1) - (P4) is called a uniformity

on x;and the pair (X, /) isa uniform space.
Proposition 1 [4]. For any uniformity of <, on X, the family z, ={O< X :for each

xeO exists aews suchthat «(x)co} isatopologyon x and the topological space (X,z,,)
isa T,-space.

The topology of ¢, is called the topology generated or induced by the uniformity of @ .

Let (X,) be a uniform space and expX the set of all nonempty closed subsets of the
space (X.z,). For  each ae, put P(a)={{a"):a'ca}, where
(a')={F eexpX: F cud'andF n A= foreach Aea'} .

Proposition 2 [8]. If = is the base of a uniform space (X,%), then
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P(%)={P(a): e} formsabase of some uniformity expz on expX.

A uniform space (expX, expcz/) is called a hyperspace of closed subsets of a uniform space
(X,), and uniformity expc/ is called Hausdorff uniformity on expX .
Remark 1 [8]. Let exp, X be the set of all nonempty compact subsets of the uniform space

(X,(’//). For each ae, pUt K(a)={<a’> a'ca anda'—finite}.

Note that K(«) is the cover of the set exp, X .
Corollary 1 [5]. Let (X,@) be auniform space. Then w(c/)=w(exp/).

Corollary 2 [5]. If the uniform space (X,@/) is metrizable, then its hyperspace
(exp X,expc7/) is also metrizable.
Theorem 1. If (X,%/) isauniformspaceand « e/ isacover of (X,7).Then the

following equality is true [(a)]=([a]), where (a')eP(a) and P(a)ecexp, ¥ .

A uniform space (X,) is called uniformly connected, and uniformity «, is connected
if any uniformly continuous mapping f :(X,@)—(D,%) of the uniform space (X,/) into any
discrete uniform space (D, ) is constant.

A finite sequence {A,A,,..,A} of subsets of a set x is called linked if AnA, =2 of

eachi=12,..,n-1.

Definition 2 [4]. A uniform space (X,%/) is called uniformly linked if for any cover
a e there exists a natural number n, such that to any points x,ye X one can choose a linked
sequence {A,A,..A}ca,suchthat k<n,xeA,yecA.

Proposition 3 [4]. For a uniform space (X,), the following conditions are equivalent:
(1) The uniform space (X,) is uniformly connected.
(2) The uniformity of <, does not contain disjoint covers consisting of at most one

element.

(3) Forany «ews and forany point xex , Oan(x):x.

n=1

(4) For any o<« and for any points of x,ye X there exists a finite linked sequence

{ALA,...A}lca, suchthat xe A, yeA,.
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Teopema 2. A uniform space (X,/) is uniformly linked if and only if the uniform space

(exp, X,exp, 7/) is uniformly linked.
It follows from Proposition 3 that every uniformly linked uniform space (X,%) is

uniformly connected.

Corollary 3. A uniform space (X,cz/) is uniformly connected if and only if a uniform
space (exp, X,exp, 7/) is uniformly connected.
Definition 3 [4]. A uniform space (X,(%/) is called uniformly pseudocompact if every

uniformly continuous real-valued function defined on (X,C‘//) is bounded.

Every Tychonoff pseudocompact space X with universal uniformity /" is uniformly

pseudocompact. Conversely, if a universal space (X,(f//) is uniformly pseudocompact, then its

topological space is pseudocompact.

A uniform space (X,(://) is uniformly pseudocompact if for every countable centered

o0

open cover a={V,:ieM} of the uniform space (X,/) the intersection (][V;] non-
i=1

empty.

Theorem 3. A uniform space (X,c/) is uniformly pseudocompact if and only if a
uniform space (exp, X,exp, cz/) is uniformly pseudocompact.
A cover y of auniform space (X,c/) issaid to be uniformly star-finite if there exists a

uniform cover a €7/ suchthat y(B) intersects only a finite number of elements of » forany
Bea [6].

A cover y of auniform space (X : 0//) is called uniformly point-finite if for each xe X

theset {aeM :xe Ag ey} isfinite.

Let us give examples of the property P of uniform covers of uniform spaces:
(1) covers of brevity <n;
(2) star-finite covers;
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(3) point-finite covers;
(4) finite covers;
(5) coversof power <7,7>¥N,.

A uniform space (X,C'//) is called P —precompact if the uniformity ¢/ has a base
24" consisting of covers with property P.

Theorem 4. A uniform space (X,cz/) is P —precompact if and only if a uniform

space (exp. X,exp, /) is P —precompact, where properties P is a uniformly point-finite

cover of uniform space.

Teopema 5. A uniform space (X,c/) is P —precompact if and only if a uniform space

(exp. X,exp, z/) is P —precompact, where properties P is a uniformly star-finite cover of

uniform space.
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Abstract. The paper investigates a system of three parabolic equations, which is a model of the

spatiotemporal state of two competing populations of species, both of which are chemotactically attracted by the same

signal substance. Individuals move according to random diffusion and chemotaxis, and both populations reproduce

themselves and mutually compete with each other according to the classical Lotka-Volterra kinetics. The global

existence and uniqueness of the classical solutions of this system is proved by the contraction mapping principle using
a priori Lp estimates and Schauder-type estimates for parabolic equations.

Key words: Keller—Segel model, chemotaxis, a priori estimates, global solution.
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HUnemumym mamemamuxu AH PY3, Tawkenm, Y3b6exucman
Annomayusn. B cmamve uccnedyemcs cucmema mpex napadoauseckux ypasHenuil, npedcmasisiiowas cooot
MoOenb NPOCMPAHCIMBEHHO-BPEMEHH020 COCMOSIHUSL 08YX KOHKYPUPYIOWUX NONYJIAYUL 6UO08, XEMOMAKCUYECKU
NPUMASUBAEMBIX OOHUM U ThEM Jice CUSHANbHBIM Geujecmeom. Ocobu nepemewaomes 6 COOmEemcmeuy co CLy4aiHou
oughpysueil u xemomaxcucom, u 06e NORYAAYUU BOCHPOUIBOOAMCS U 83AUMHO KOHKYPUPYIOM Opye ¢ OPY2OM CO2NACHO
kaaccuveckou kunemuke Jlomxa-Bonemeppa. Inobanvroe cyujecmeosanue u eOUHCMBEHHOCHb KIACCUYECKUX
peuenul 3motl cucmemvl 00KA3bIBACMCS NPUHYUNOM CHCUMATOWUX OMOOPANCEHULL ¢ UCNONb30BAHUEM ANPUOPHBIX
oyenox Lp u oyenox muna Illayoepa ons napadonuveckux ypasHenuil.
Knioueswie cnosa: mooenv Kennepa—Cezensi, xemomaxcuc, anpuophvie OYeHKu, 2100a1bHoe peuleHue .
1. Introduction ( Beenenue). It is known that in the mathematical modeling of the self-
organization of living cells, the system of equations "Keller-Segel" is used [1],
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u, =Au—-V(Uuwv), 1)
V, =AvV—-V+U
The system describes the general behavior of a set of cells under the influence of
chemotaxis. Under such conditions, the movement of each individual cell, although not entirely

predictable, follows a preferred direction, namely to higher concentrations of a certain signaling
chemical. If u(x,t) is the cell density, and v(x,t) is the chemical concentration, then the first

equation in (1) reflects the interaction of non-directional diffusion motion, on the one hand, and
the “chemotactic motion” controlled by Vv, with others. The second equation expresses the
assumption of the model that the signaling substance, in addition to diffusion and degradation, like
most chemicals, is constantly produced by living cells. This association is known to be present in
many other biologically significant situations associated with chemotaxis [2]. The striking feature
of (1) is that, despite its simple mathematical structure, it turned out to be able to describe the
phenomenon of spatial self-organization of cells.

Usually, consider two competing populations of biological species that are attracted to the
same chemical stimulus. All individuals move according to the laws of random diffusion and
chemotaxis, and both populations reproduce and mutually compete with each other according to
the classical Lotka-Volterra kinetics .

In this note, we study a problem with periodic boundary conditions for a quasilinear system

proposed by J. Tello and M. Winkler [3] and investigated in [4], which models the dynamics of

populations of two competing species in the regionQ:{(x,t) ; O<x<Lt >O}, both of which
are chemotactically attracted by the same signal substance

U, = (dy, —uw,), + (- u - av)u,

Vv, = (dy, —éw), + W, (1 —au —v)y, (x,t)eQ,
W, =W, —AW + U + Vv, (2)

u(x, 0) = uy(x), v(x 0) = vy(x), w(x, 0) =wy(x), xe(0,L),
u(o,t) = U(Lt), U,(0t) = U, (Lt), t>0,
where U (x, t)=(u, v, w), u(x, t)and v(x, t) arethe population densities of two competing

species in space-time (x, t) and W( X, t) are concentration of the attracting substance, d,,
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W, a, i =12 A are positive constants, y and & are assumed to be non-negative

constants. It is assumed that both species u and v direct their movements chemotactically along
the concentration gradient of the chemical above the habitat. This is modeled by taking both
x > 0 and & > 0. Biologically, y and & measure the strength of chemical attraction to

species U andV, respectively. Species kinetics is assumed to be of the classical Lotka-Volterra

u, v a,,

type, where i B2 measure the internal growth rate, and % interpret the strength

of interspecific competition. In addition, the chemical is produced by both species at the same rate
with no saturation effect and at the same time consumed by a particular enzyme in the environment

at a rate of 4.

In the paper, first, some a priori L estimates and Schauder-type estimates are

established. Next, we prove that model (1) has a unique classical global solution for any

chemotactic coefficients £ g > O.

2. A priori estimates and global existence

Let us now turn to establishing L -estimates (u, v, W) under the above conditions.

Global existence (2) is a consequence of several lemmas.

The no negativity of (u, v, W) follows from maximum principles [5].
Lemmal. If p,, > 0 and (u, v, W) is the only non-negative solution of equation

(2)in (O, T,,,). then there is a constant C>0 depending on ||u,, V,, W[, and L such that

Jug ©

oo [v(-. t) ooy * [w(-, t) <C, forallte(0, Tp) (3

(o.L)
Proof. We integrate the u—equation of (1) over (0, L) and have that
L

u(x, t)dx = _[pl(l —u —aVv)udx <

0

a

" My (1 — u )udx ,

O ey ™
O by ™

then it follows from the Gronwall’s lemma that

O ey

L
u(x, t)ydx <e™ I Up(x)dx + L,
0

similarly we can show
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L L
jv(x, t)dx < e ™ I Vo(X)dx + L,
0 0

Integrating the w-—equation over(O, L), we easily see that HW( t) is uniformly

L'(o.L)
bounded for all te(0, o). This completes the proof of Lemma 1.

To obtain their L —bounds, we shall see that it is sufficient to obtain the boundedness of

w, (-, t)||Lm . For this purpose, we first convert the w-—equation into the following abstract form

w(, t) = e“ M, + je A2 (@- AW, S) +U(, S) + V(- s))ds, (4)

0
2

where A = % . To estimate W(x, t) in (4), we apply the well-known smoothing properties
X

of operator —A+ 1 and estimates between the linear analytic semigroups generated by{e tA}t>0.

We have forall 1 < p < g < o, there exists a positive constant C dependenton p, W, and

[ | weoy) Such that

(-, 1)

sC(1+J;.e ’V("S)(t—s)fé' %[%’ijnw( s)+u(-, s)+v(, s)

wH(0,L) Lp ds), (5)
where te(0, T), T (0, =], v :% is the first Neumann eigenvalue of —A.
Lemma 2. Let us assume the same conditions (u,, V,, W,) as in Lemma 1. For any

g (1 o), there exists a positive constant C(q)such that

(-, t) w0y < C(a), VEe(0, Toy). (6)

Proof. Let p = 1in (5), then we have that

[w(-. )

| SC(1+Ie 9 sy 316 (u s)

wh(o,L }(o,L) +

V(. 5)

On the other hand, there exists a constant C, > 0 such that forany qe (1, )

AJw(. 9)

o top)d8) - (7)
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1
sup _[e 9 (1 —s) 2 ds < Cy,
IEOoo
then we conclude from (7) that

oy SCA+ stjop)(”u

o) - ®

*(o,L) +||W(" S)

|_1(o,|_) + ||V(" S)

[w(- ©)
Finally, (6) is an immediate consequence of (1) and (8).

Lemma 3. If pe(2, «), then there is a constant C(p) > Osuch that

t) L < C(p), vte(0, T,u) - 9)

”U(-, t) L

t), < C(p), can be

Proof. We shall only show that [u(-, t)|, < C(p), since |v(-,
proved by the same arguments. For p > 2, we multiply the first equation of (1) by u ** and

integrate it over (0, L) by parts, then it follows from simple calculations that

L

L L
- jup‘lut = jup‘l (du, —yuw,), + J‘pi(l -u-avju’
0 0

O ey ™
[
o

14d
p dt

o

IA
|

1) L eop ‘
2(p 1)ZIUZ(U2)W %Iup*l+C1, (10)
0

Where C, is a positive constant that depends on p . It follows from Holder’s and Young’s

inequality that

Lp »p i i P »
Jurw?) us (u ), o = U2 (U ), o
0 L ° I 2
P
B S (e i (11)
4 2
In light of (11), we obtain from (10) that
1 d ¢ L o
o at JwrexsCoul. -2l o, (12

0
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L
Denoting y, (t) = j u®(x,t)dx, one can apply Holder’s on (12) to obtain that
0

p+1

Yo (1) < =Cy,” (1) + Co ¥, (0) = [usll,

We conclude that y (t) < C(p) for all te(0, ). Similarly, we can show that

L
J' u®(x,t)dx <C(p). This completes the proof of Lemma 3.
0

Theorem 4. Suppose a, W, i =1 2,and A are positive constants. Then for positive

initial data (uy, vy, Wy) e H*(0, L)xH*(0, L)xH*(0, L)and any constants 7, ¢ e R,
problem (1) has a unique bounded positive solution (u(x, t), v(x t), w(x, t)) defined on
[0, L] x [0, ) such that

(u(-,t), v(-t), w(-t))eC([0,), H* (0, L)xH*(0, L)xH*(0,L)) and

loc

(u,v) e C2+“’2+“’1+“([0, L]x[o, oo)) for somea € (0, % J
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BECTHHK OHICKOI'O 'TOCYIJAPCTBEHHOI'O YHUBEPCUTETA
MATEMATHKA, OU3UKA, TEXHUKA. 2023, Nel

Pe3osonusi MeKIyHAPOAHON HAYYHON KOH(pEepPeHIUN “AKTyajlbHbIE
npoodJeMbl MATEMATHKH U 00pa3oBanus’

Pe3omronus
MEXyHApOAHON HaydyHOU KOH(epeHInn “AKTyalbHble NP00JeMbl MATEMATHKH U
o0pa3oBaHus”, MOCBALIEHHON 80-JIETUIO 3aCIyKEHHOTO JesTelsd Hayku Kbelprui3koit
Pecny6onuku, unena-koppecnonnenta HAH KP, noktopa ¢pu3nko-mMareMaTnueckux Hayk,

npodeccopa, mouerHoro akagemuka HAH KP Kenau6as AnpiMkyinoBa

12-13 wmas 2023 roma B OIICKOM TOCYZapCTBEHHOM YHUBEPCUTETE COCTOSIACH
MEXIYHApOJHAs HaydHas KoH(pepeHIHs “AKTyajibHble TPo0JeMbl MATEeMAaTHKH H
o0pa3zoBaHusi”, TmOCBAUICHHONW 80-JIETUIO 3aciIyXEeHHOro Jesrens Hayku KbsIpreizkoi
PecnyOnuku, unena-koppecnongeHta HAH KP, nokropa ¢u3nko-mMaTemMaTHUYeCKUX HayK,
npodeccopa, nouerHoro akagemrka HAH KP Keanu6as AnbiMkysioBa.

Opranuzaropom koH(pepeHuH BrICTyNUI OUICKHUI roCy1apCTBEHHBIA YHUBEPCUTET.

B pabote xoHbepeHIINH NMPUHSIN y4acTHE yYeHbIe, MPEeroJaBaTey BBICIIMX YYeOHBIX
3aBelleHUN permoHa u pecnyonuku. [lupokas reorpadusi y4aCTHHKOB BHJIHBIX YUEHBIX-
maremaTtukoB u3 Poccuu, Kaszaxcrana, Y3Oekucrana, Hcnanum, D'epmanumn, Yexum
MOJITBEPXKJIAET aKTyaIbHOCTh TEMbI KOH(EPEHIINH U PacCMaTPUBAEMBIX B €€ paMKaX BOIIPOCOB.

[IporpamMma koH(pepeHIIMH BKIIOYaia IMJICHAPHOE W IIECTh CEKIMOHHBIX 3aceqaHuil 1Mo
pa3IMYHBIM aKTyallbHBIM HAIPaBIECHUSM MaTeMaTUKU 1 oOpa3oBanusl. J{Jis obecrieyeHus yuactus
HIMPOKOTO KPYra 3aMHTEPECOBAHHBIX JIHI] ObLIT 00ecTieueH OHNaitH ¢popMaT paboTHI.

B pa6ote xondepenuu npuHsun ydactue 6osee 120 yesioBek. bpuio 3acimyiiano cBhITIE
190 poxknanoB u cooOmenuil. TeMmMbl JOKIAaJ0B W BBICTYIUIGHMHM 3aTparuBajd CaMble
pa3HoOOpa3Hble W aKTyallbHble MPOOJIEMBbl TAaKMX HANpPaBIEHUN KaK T€OMETpHs, TOIMOJIOTHS,
muddepeHIManbHbIe YPaBHEHUS, YPaBHEHUs MaTeMaTH4eCKOW (DM3HKH, TEOpHsl OINepaTopoB,
CIIEKTpajbHas TEOpHs, MaTeMaTHYECKOE M KOMIIBIOTEPHOE MOJEIUPOBAHUE, METOAMKA
MpernoaBaHus MAaTeMaTUKHU U UHHOPMATUKHU U JIp.

VYyacTHUKM KOH(EpEHLMU MOAYEPKHYJIU 3HAUUTENbHYIO0 poiib mpodeccopa Keagudas
AJIBIMKYJIOBA B pPa3BUTHE MaTEMaTHYECKOW HAyKH, €r0 BECOMBIN BKJIAJ, B BOCIHUTAHHE W
MOJATOTOBKY MOJIOJBIX HAYYHBIX KaJpoOB; YKa3alld COBPEMEHHBIC HAIPABJICHUS U TMPOOIEMBI
MaTeMaTHUYeCKON HayKu W 00pa30BaHUS M HEOOXOJUMOCTh PazBUTHUS (yHIaMEHTAIBHBIX H
NPUKIAIHBIX MCCIEIOBAHUNA; OTMETHIIM, YTO B HACTOSIIEE BpeMs B COBPEMEHHOM MHUpPE U
KbIprei3cTane MoBBIIIAETCS POJIb MATEMATUKH i MAaTEMaTHUYECKOTO 00pa3oBaHUsI.

Martepuansl koH(epeHIMH OyayT omyOiauMKoBaHbl B KypHanax «Bectnmk Oml'Y:

MatemaTtuka. Pusuka. Texnuka», «Bectomk OmI'Y: Ilemaroruka. Ilcumxojiorus»,
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«Marepuajbl MeKAYHAPOAHON HAay4YHOHl KOH(QepeHIHMH «AKTyajlbHble HPO0JaeMbl
MaTeMaTHKH U 00pa30BaHUs.
[To wrToram TmPOBENEHHBIX IUICHAPHBIX, CEKIMOHHBIX 3aCENaHUNl U JIUCKYCCHUU

Kondepennus pekomeHayer:

®  AKYeHmMupo8amv GHUMAHUE MONOObIX VUEHbIX HA PeuleHUsl NPUOPUMEMHbIX U NPUKIAOHBIX
npoobiem Mamemamux, IKOHOMUKU, MeOUYUHbl, IKo102ulU, dsHepeemuxu u | T-mexnonozuu;

® yoenamb GHUMAHUE HA NOO20MOBKY 6blCOKOKBANUPDUYUPOBAHHBIX HAYUHO-NE0a202UYecKUx
Kaopos, omeeualouux co8pemMeHHbIM mpebo8aHUAM 6PEMEHU;

®  YCunume uUHmMepayuro UCCie008amenbCKux 0esmenbHOCmel HayYHblX OpeaHu3ayull, WKOI U
8Y306 PA3IUYHbIX CIMPAH,

®  WUPOKO  UCNONb306AMb  UHPOPMAYUOHHBIE U KOMMYHUKAYUOHHbIE — MEXHONIO02UU,
cnocobecmeyrowue 83aumMo0eicmeuio YuacmHuko8 00pasoeamenbHo20 npoyeccd, 00CMyn K
UHDOPMAYUOHHBIM UCIMOYHUKAM, IPPeKmuHblll MOHUMOPUHZ U KOHMPOb Pe3Vibmamos
0bpazosamenvHo20 npoyecca,

®  pazsuUeamv KpUmuyeckoe u CUCIeMHOe MbIUNEHUS YYeHUKOS, CIYOEeHmMOo8 U MA2UCTPAHIN08
6 npoyecce npenooasaHus MamemMamuyeckux OUCYUNIuH,

®  eJIce200H0 NPOBOOUMb HAYUHYIO KOHepeHyuio « ANbIMKYI068CKUe UmMeHUs ).

Y4acTHUKN KOH(EPEHIIMH OTMEYAI0T BBICOKHI YPOBEHb OpPraHM3ALUU W TPOBEICHUS
JAHHOTO MEPOIIPHSTHS, CIIOCOOCTBYIOIIETO YCTAHOBJICHHIO HOBBIX TBOPUYECKUX CBS3EH,
00BEIMHEHUIO HAYYHOTO TOTCHIMANa YYEHBIX, HAYYHBIX W 0Opa30BaTEIbHBIX OpraHU3aALUI

PAa3JIMYHBIX CTpaH.

Kusnb u gesarenbHocTh Kenqudas AsbIMKYyJ10Ba

AneivkynoB Kemmubair pomuncs 11 saBaps 1943 roma B ceme ['epeiit-Illopon

Hooxkatckoro paiiona Omickoit o6nactu. TpymoByro neaTrenbHOCTh Hadan B 1964 romy mocie
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OKOHYaHUs  (HU3UKO-MaTeMaTHuecKkoro  ¢akymnbretra  KbIprbI3cKOro  rocynapcTBEHHOTO
yHuBepcuteTa B I'. @pyH3se (HbiHe buikek). ITo pekomennanun wien-koppecnonaenta AH KP,
npodeccopa FO.B. beikoBa oH ObLT HPHHAT Ha PabOTy B AKaIeMHIO MIIQAIIAM HAyYHBIM
COTPYIHUKOM.

B 1965 rony cinyxun B CoBerckoil ApMuM Ha YKpauHe.

B 1966-1969 ronax yunincs B acnupantype npu Axkagemun Hayk KP.

B 1969-1971 ronmax paGoran yuurenem maremaTuku B Kox-JKapckol cpenmneil mikose
Hookarckoro paitona.

B 1971-1999 romax paboran cCTapimiiM HAyYHBIM COTPYAHHKOM, 3aBEAYIOLIUM
nabopatopueir AH KP.

B 1973 roay mon pykoBojcTBOM akajaemuka M.MMananueBa 3aliUTUIl KaHIUJATCKYIO
nucceptaruio (r. dpynse).

B 1991 romy mon pykoBoactBom akaigemuka PAH JI.B. AnocoBa B Maremarnueckom
uncrturyre umeHu CrexinoBa AH CCCP B MockBe 3aiuTii JOKTOPCKYIO TUCCEPTALIHIO.

B 1999-2001 romax Obur mpodeccopom Kadeapbl MAaTEeMAaTHYSCKOTO aHann3a (U3HKO-
mMareMaTrueckoro akymnprera Oml'Y.

B 2001-2007 romax Obur 3aBemyrommm Kadeapoi obmelr wuHbopmaruku OIICKOTO
roCy/1apCTBEHHOTO YHUBEPCUTETA.

C 2007 roma npodeccop kadenpsl anredpsl u reomerpun pakynprera MUT Oml'Y.

C 2007 roma W 10 MOCIAENAHUX JHEM KHU3HU ABISICS JupekTopoM HMHcturyra
(GyHIaMEeHTaJIbHBIX U IPUKIJIAIHBIX HccaeaoBaHnil OIICKOro rocy1apcTBEHHOIO YHUBEPCUTETA.

AnpiMkynoB Kenaubali BHeC 3HAaYMTENbHBIM BKJIAJ4 B TEOPUIO OOBIKHOBEHHBIX
TG depeHIMATBbHBIX YPaBHEHUN C CUHTYIISIPHBIM Bo3MyIlieHneM. OH pa3paldoTal aHaIuTHYECKHe
MeToabl: «YHupopmmzaius», «CTpykTypHOe cpamuBanue» U «HemokanpHas Oudypkamms
MEPUOIUYECKUX PEIICHUI.

Kenmubait AnbIMKy/IOBHY BHEC OOJIBIION BKJIaJ B MOJATOTOBKY Hay4yHBIX KajapoB Oml'Y,
BO3IVIaBMJI HaydHYIO WIKody mo crneuuanbHoctu 01.01.02 - nuddepennumanbHbie ypaBHEHUS,
MOJArOTOBWII 2 JOKTOPOB HayK M 9 KaHAWJATOB HayK, siBJseTcsl aBTopoM Ooisiee 150 HaydHBIX
cTaTeil 1 MOHOrpaguu.

Kenaubaii AnBIMKYJIOBMY ydacTBOBal M BBICTYNAl C Hay4YHBIMH JIOKJaJaMU B
MeXIYyHapoAHbIX KoH(epeHiusx B bomrapun (Bapna), Benrpum (bynanemr), Ilonbiie
(BapmaBa), Tamnanne (banrkox), I'peniun (octpoB Camoc-ITudarop), [IBennn (Ctokronbm),
Poccun (MockBa, HoBocubupck, Hanbuuk u np.), Ykpaune (Kues, UepnoBupl, TepHomouns),
Kazaxcrane (Anma-Ata), Y30ekucrane (Tamkent, Camapkann), AzepOanimxane (baky).

[To nnunmaruse K. Anpivkynosa B 2008 rony B Oml'Y OblT OTKPBIT — UCCEPTAILIMOHHBIH
COBET Ha COMCKaHHE YUYEHOH CTeNeHM KaHAMIaTa HayK Mo HampasieHusaM “/{uddepennmanbupie
YpaBHEHUS, JMHAMUYECKHE CUCTEMBI M ONITUMAJIbHOE ynpasieHue” u “I'eomerpus u Tonosorus’,

KOTOpBIM pykoBoaui 10 2015 roga, B To ke BpeMsi ObLI YJICHOM JMCCEPTAlMOHHOTO COBETa B
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ropoze bumkek. Kenaubait Anbivkymnos ¢ 2015 roya 6bu1 4WIEHOM IUCCEPTAIIMOHHOTO COBETA MTPU
Wuctutyre maremaruku HAH KP r. bunikexk.
Harpans! u 3Banus:
— IloueTtHas rpamota MunucTepcTBa 0OpazoBanus, HAyKu B KyabTypsl KP, 1999 r.
— IloueTHas rpaMoTa rocyaapcTBeHHOM aqMuHucTpanuu Omckon obmactu, 2001 T.
— Jlyammuii pabotHuk o6pazoBanus KP, 2005 r.
— Unen-koppecnonaent HanmonansHo# akagemuun Hayk Keipreizckoit Pecriy6muku, 2010 1.
— 3aciykeHHbIl aesTenb Hayku Keipreickoit Pecy6muku, 2011 r.
— C 2011 roma oH SBIAJNCSA WICHOM PEAKOJUIETMU aMEPHKAaHCKOro kypHana «Maremaruka u
CTaTHCTHUKA», WIEHOM AmepukaHckoro u EBporelickoro oo0mecTBa MaTEeMaTHKOB, BHIIE-
npe3uieHToM KbIpre3ckoro o01iecTBa MaTeMaTHKOB.
— Ilouernas rpamora I[IpaButensctBa Kbipreizckoit Peciyonuku, 2014 r.
— Jlaypear npemun «Xan-Tenpun», 2017 r.
— Axagemuk Poccuiickoil akajeMuu eCTECTBEHHbIX HayK, 2019 r.

— Ilouernslii akanemuk HanmonansHoit akanemun Hayk Koipreizckoit Peciyomnuku, 2021 r.

Keannb6ait ATbIMKYJI0BIYH 6MYPY KaHA YbITapMAYbLIbITbI

AnwivkyioB Kenmubaii 1943-xeuapia 11-saBapeiaga Om 06mycyHyH, Hookat paiioHyHyH,
Teenec aiib1 exMeTyHYH ['epeiiT-1llopon kpitarsiaa Tyyiaras. 1964-xeuisl @pyHse (a3bIpKbl
bumkexk) maapeiHna Kbiprei3 MamiekeTTUK — YHMBEPCUTETHHHH — (pU3MKa-MaTeMaTHKa
¢dakynbreTuH OyrypreH. Kelprsiz unnmaep AkaaeMUsICBIHBIH MY40-KOPPECIIOHIEHTH, TIpodeccop
S1.B. BeIKOBIYH CyHYIIy MEHEH AKaJEeMUSHbIH KMYU WIMMHHA KbI3MaTKEPH KaTapbl UIIKE KaObLI
aJIbIHTaH.

1965-xputbl Ykpanaaga CoBETTHK ApMHEsIa KbI3MaT ©TOTOH.

1966-1969-xpinaps! Keiprei3 umumaep AkaJeMHUSCHIHBIH aCITHPAHTYPAChIH/A OKYTaH.

1969-1971-xpmmapsr  Hookar paitonynyn Kek-Kap opTo MekreOmHOe MareMaTHKa
MyTaJIUMH OOJIYTl SMI'€KTEHTEH.

1971-1999-xpimapsr  Kelprei3 wimMaep AKaneMUSCBIHAA YIYK WIUMHA KbI3MaTKep,
nabopaTopust 0anTIbICHl OOTYIT SMIEKTCHTEH.

1973-xputel @pyH3e maapeiHAa akaaeMuk M. MiMaHanMeBIWH JKETCKUWINTH allbIH/Ia
KaHIUAATTHIK AUCCEPTALMSICHIH KOPTOTOH.

1991-xbutel Poccust mimmaep AkaIeMUSChIHBIH akajeMurd [1.B. AHOCOBIYH KEeTeKIHITUTH
anaeiHaa MockBa maapeiHgarsl CCCP  unumuep AxaaemusacbiHblH CTEKIIOB  aThIHIATHI
MaTeMaTHKa MHCTUTYH/Ia JOKTOPAYK AUCCEPTALMSICHIH KOPTOTOH.

1999-2001-xkpmaper OmMVYHYH ¢u3nka-mareMaTika (haKyJIbTeTHHUH MaTeMaTHKAJIBIK
aHanmu3 KadeapaceiHbIH podeccopy,

2001-2007-xpumapsl OmiM YHYH Kanmsl ”HPopMaTHKa KadeapachIHBIH OalIdbIChI,

2007-xputman Taptein OmMYuyn MUT dakynpTeTHUH Asnrebpa ’kaHa TEOMETpHS
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KaeapacsIHBIH podeccopy,

2007-xputman TapThin Ke3y oTkeHre 4deinH OmMYHyH anasiHaarsl OyHIaMEHTAIIBIK
JKaHa MPUKJIIAAJbIK U3U1106J16p UHCTUTYTYHYH JUPEKTOPY KbI3MaTTapblH apKaJlal KEeJIreH.

AnpivkynoB  Kenaubait  AJBIMKYIOBHY KaJAWMKH —JU(QQPEPEeHIHNATABIK CUHTYIAPAYY
KO3TOJITOH TEHJEMeIep TEOpHsIChIHA OapaaHAyy CalbIM KOIIKOH. Arail “YHudbopMaamreipyy”,
“CTpyKTypallblK  JKaJramitelpyy~’ skaHa “Mesruniyy YeYMMJIEpAUMH JIOKAJIJIBIK  AMEC
OndypKausacel’” aHATUTHKAIBIK METOOPYH KUAUPTEH.

Kennu6ait AnsiMkynoBuutuH OmMVYra, Kelpreizcranra uinmMuil Kaapajiapasl Jaspaooao
caibimMbl 30p, 01.01.02 — quddepeHnranabIK TeHIEMeNep aIuCTUTH OOIOHYA UITUMUN MEKTETH
KETEKTEN, WIMMIMH 2 JOKTOPYH jKaHa 9 KaHIMJATbIH yblraprad, omoHou ae 150neH amryyH
WIMMHUI MakajlaHblH >kaHa MoHorpadusHbeiH aBTopy. Kemmubaih AnbimkynoBud bonrapusma
(Bapna), Benrpusana (bynmanemr), Ilonbmaga (Bapumasa), Taunangna (banrkok), I'penusiga
(Camoc-ITudarop apaner), IBenmsnma (Crtokromem), Poccusima (MockBa, HoBocuOupck,
Hampunk, x.0.), Ykpamnaga (Kue, YepnoBupl, Tepromonn), Kaszaxcranma (Anma-Arta),
O30ekcranga (Tamkent, Camapkann), AsepOaibkanna (baky) Oonron kondepeHuusuiapra
KaTbIILbIN, WIMMHUH TOKIaaapbl &Kacar KeJreH.

2008-xputbet OmMYnuyn amgeiana 01.01.02 — nuddepeHIManapk TEHISMENIEp KaHa
01.01.04 — reomerpusi KaHa TONOJOTHS AUCTHKTCpU OOIOHYA WIMMJIWAH KaHIUIATHI
OKYMYIITYYJYK JapaKachlH U3IACHMII aJlyy YUYH JUCCEpTalUsIIbIK KEHEHH aubln, 2015-xbira
YEHUH JKETEKTEll, OIIOJ 3Jie Me3ruijie bullkek maapbiHAarsl JUCCEPTALUSIBIK KEHEIITE MY4o
6onyn kenreH. 2015-xpuiman Oepu bumkek maapeiHaarel KPP YUAHBIH MaTemaTHka
nHCTUTYTYHa kaHa JK. banacarsin areiHgarsl KYVYra kapamryy auccepTanysulblk KEHEIINH]E
Myue OO0JIym KeJlau.

ChIBIKTapBI:

—  Ksiprez PecnyOnukacbiHbIH OnuM Oepyy, MMM jKaHa MaIaHUST MUHUCTPIMTUHUH ApJllak
rpaMoTacsl, 1999-x.

—  Om 06aycyHyH MaMJIEKETTUK aJIMUHUCTPAIMACBIHBIH Apiak rpamoTachl, 2001-x.

—  Keipres PecniyOnukaceiHbIH OMIUM OepyYCYHYH MBIKTBICH, 2005-K..

—  Keiprez PecnyOnukacelHbIH YIIYTTYK MIUMIEP aKaJeMHSICHIHBIH MY46-KOPPECIIOHACHTH,
2010-x.

—  KsIpre3 pecniy0aukachbIHBIH MITUMHHE SMI'eK CHHUpPreH uimep”’, 2011-x.

— 2011-xpuiman TapThil AMEpUKaHbIH “‘MaTeMaTHKa j>KaHa CTATUCTHKA  IKYPHAJBIHBIH
pEeNaKIMUIbIK KeHEIIMHUH My4ecy, AMepuka jkaHa EBpora MaTemMaTHKTEp KOOMYHYH MYuecy,
KbIprei3cTan MaTeMaTUKTEP KOOMYHYH BHIIE IPE3UCHTH OOITYTT KEIH.

—  2014-xputel Keiprez PecniybnukacsiHblH OKMOTYHYH Apaak rpamoracsl, 2014-x.

“Xan-TeHupu” ChIIBITBIHBIH J1aypeatsl, 2017-xk.

—  PoccusHbIH TaOUTBII HIMMIEp aKaJAEMUSCBIHBIH akageMuru, 2019-x.

—  Keiprez PecniyOnukachbiHbIH YIIYTTYK WIMMAEP aKaJeMUSICBIHBIH APIaKkTyy AKaJeMUTH,
2021-x.
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