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HNCIIOJIB30BAHUE METOJA JOINOJIHUTEJIBHOT'O APT'YMEHTA JJIAA
PEIIEHUS OGPATHOM 3AIAYN

Ammp0aeBa AifxkapkbiH 7KopoOekoBHA
0.¢h.-m.H., npogheccop.
Ouwickuti mexnonoeuweckuti ynusepcumem um. M.M. Aoviuesa
ORCID 0000-0001-7706-0608, aijarkyn.osh@mail.ru

Tynen6aeBa Pamuna AckepOexoBHa
Acnupanm

ApriikanoB Jdanusip AbliikanoBuy
mazucmpaum

AnHOTanus. Pacmmpsrorcss 001acTH MPUMEHEHUSI METO1a JIOMIOJHUTEILHOTO apryMeHTa, pa3paboTaHHOIO
W3BeCTHBIME yueHBIMU KoIpreckoit PecriyOnukn. Ecnm paHee maHHBIM METOA MPHUMEHSUICS B MPSAMBIX 3a/advax,
MPEIYCMOTPEHHBIX Ui YpaBHEHHWH B YAaCTHBIX IMPOW3BOMHBIX PA3MYIHOTO TOpPSIKa, TO B HACTOAIICE BpeMs
paccMaTpUBaeTCs BO3MOXKHOCTh MPUMEHCHHS ¥ JJIsl 0OpaTHBIX 3a1a4. B crtaThe paccMaTpuBacTcs oOpaTHas 3a1ava
JUII YpaBHECHUS B YAaCTHBIX MPOM3BOTHBEIX BTOPOTO TOpsAAKa. B 9acTHOCTH, HapsAy C HEH3BECTHOW (YHKIIMEH
(yHKOHMA B HAYalbHOM VYCIOBHH TaKKe paccMaTpUBaeTcss Kak Hew3BecTHas. [lOKa3aHO CYIIECTBOBaHHE U
€JIMHCTBEHHOCTh PEIICHHSI MOCTABJICHHON 00paTHOM 3a1a4m.

KuoueBble ciioBa: YacTHas mpou3BojaHas, oOpaTHasl 3amada, JOMOJHUTEIBHBIA aprymMeHT, METO],
HavdaIbHOE YCIIOBHE, HEN3BECTHAS (DYHKIIHS, BTOPOH MOPSIOK.

APPLICATION OF THE ADDITIONAL ARGUMENT METHOD TO SOLVING AN
INVERSE PROBLEM

Ashirbayeva Aizharkyn Zhorobekovna
Doctor of Physical and Mathematical Sciences, professor.

Osh Technological University named after M.M. Adyshev. ORCID 0000-0001-7706-0608,
aijarkyn.osh@mail.ru

Tulenbaeva Ramina Askerbekovna
graduate student

Dyikanov Daniyar Dyikanovich
master's student

Abstract. The fields of application for the additional argument method, developed by renowned scientists of
the Kyrgyz Republic, are expanding. While this method was previously applied to direct problems for partial
differential equations of various orders, now its application to inverse problems is currently being explored. An
inverse problem for a second-order partial differential equation is examined in this article. Specifically, along with the
unknown function, the function in the initial condition is also treated as unknown. The existence and uniqueness of
the solution to the formulated inverse problem are proven.
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Keywords: Partial derivative, inverse problem, additional argument, method, initial condition, unknown
function, second order.

Beenenune

B nanHOl cTaTthe METO/ JOMOJHUTEIBHOIO apryMEHTa paclpacTpaHeH i HeJIMHEHHOro
YpaBHEHMsI BTOPOTrO MOPsiAKa OTHOCTEIbHO HEU3BECTHOM (DYHKIIMU BUAA:

b? (t, X)u, (t,X) —a®(t, X)u,, (t,X) = c(t, X)u, (t, X) +d (t, X)u, (t, X) + f (t,x,u), (1)
(t,x) eG,(T)=[0,T]xR.

Ony6sukoBaH psn cTaTeit mo npuMeHeHnto MJIA (MeTo TOTOTHUTEILHOTO apryMeHTa) K
OpsAMBbIM 33JayaM, HayMHas OT ypaBHEHWH MEpBOro MOpsJIKa U 3aKaHUYMBas ypaBHEHHSIMH B
YACTHBIX MPOU3BOIHBIX BBICIIUX MOPAAKOB. Cpeii HUX MOYHO BBIIEIUTH CTaThH [ 1-5].

[IpumeHeHne ke JaHHOTO METOAAa K YPaBHEHUSM CO CTENEHHOH OCOOCHHOCTHIO, B
YaCTHOCTH K OOPATHBIM 3a/1ayaM, ObLIO pACCMOTPEHO B CTaThe [6].

VYpaBuenue (1) spnsercs nupdepeHIraTbHBIM ypaBHEHHEM B YaCTHBIX MPOU3BOIHBIX
runepoosmyeckoro Tuna. s ucciieoBaHus ero peleHus Mol ucnoibzyeM MJIA u i1t yno6cTsa
IPUBOJIMM €0 K CIeIyIoLIei onepaTopHoil Gpopme:

D[b(t, x),—a(t, x)]D[b(t, x),a(t, x)Ju(t, x) = f (t,x,u), (2)

0 0

rae oneparop: D[w,v]=w—+v—.
ot ot

PaccmoTpum 1aHHOE ypaBHEHHE TUTIEPOOTUIESCKOTO TUIIA CO CIICAYIOIUMU Ha9aIbHBIMA

YCIIOBUSIMHU:
u(0,x) =y, (x), 3)
)] @

3nmech GyHKIHS W, (X) sABISETCS 3a1aHHOM M HEMPEephIBHO I depeHImpyeMoii 10 IepBoro

nopsinka, a GyHkuus y,(X) HeusBecTHas QyHKIIHS.
OyHKIUY, 3a]JaHHBIC B YPAaBHEHNUH, YAOBJICTBOPSIOT CICAYIONIMM yCIOBUSM:
a(t, x), b(t,x) eC?(G,(T)), b(0,x)=0, cft,x)=—D[b(t, x),~a(t, X)b(t, X),
d(t, x) =—D[b(t, x),—a(t, x)]a(t, x),
f(t,x,u) eC®(G,(T)xR)nLipLl,, L>0-const.

3necs dynxman C* ' (Q) u Lip(N|u,M|v,...) Kraccs! GyHKIHiA OnpeaeneHsl B paboTax
[1.2]

Ilepen npumenenrneM MJIA paccMOTpUM CIEXYIOIIUE CONPSOKEHHBIE WHTETPAIbHBIE
ypaBHEHUS, UMEIOIIUE €IUHCTBEHHOE PEICHUE:

p(s,t,x)=X+.t|-A(v,p(v,t,x))dv, (5)
q(s,t,x):X—jA(v,p(v,t,x))dv, (6)
a(t,x)
A(t,x)zb(t X)’ b(t,x)+0, (s,t,x)eQZ(T):{(s,t,x)|0£SStST,xeR}.
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Ypapaenus (5) u (6) 00JIaTalOT €IUHCTBEHHBIM peHICHUEM, ecid i GyHKIUH A(t, X)
CYLIECTBYET OrpaHMYEHHAas YacTHas Ipou3BoaHAs mo X. B Hamem ciydae 3710 ycioBue
BBITIOJIHSCTCSI, U UIMEIOT CIICAYIOIINE PAaBEHCTBA:

p(s,s,x)=X%, q(s,s,X) =X

C nomorisio guddepennuponanus u3 (5), (6) monydaem:

Dib(t, x),—a(t,x)]p(s,t,x) =0, (7)
D [b(t,x),a(t,x)]a(s,t,x) =0, (8)
Tenepp ABaXK/1bl OCIE0BATENBHO TpUMEHUM M/IA K nocraBieHHOMN 3a1aue:

DIb(t, X),a(t, )M, X) = ¢(P(O,t, 1) + | m (s, p(s.t,x),us, p(s.t, X))ds, (©)

a(t, \)u, (t, )| = (x).

[Tpumensss MJIA erme pa3, mosydaem:
t

LX) = A0 ) + [ e s HPLO0,5.0(5 )0 +

t 1 s 1
) ?[ b(S’CI(S,t,X))'([b(V, p(v,t,x)) f(v,p(v,s,q(s,t,x)),u(v, p(v,s,q))dvds.

Wuterpanbaoe ypaBHenue (10) umeeT eqMHCTBEHHOE PEIIICHHE.

(10)

O0o03HaYNM:
t

020 = (AL + [ o S (P05, 1 )

Toraa (10) MoXxHO 3anucaTh B BUJE:

t 1 7 1

Au=g(t,x)+ f(v, p(v,s,q(s,t, x)),u(v, p(v,s,q(s,t, x)))dvds.
o a0 56 pe)

Ham HeoO6xoauMo 1oka3ath, 4To oneparop A SBISETCS CKUMAIOIIAM.

ITycts U, (t,X),u,(t,x) e C(G,(T)).

Torna

|Au, — Au,| =

[os q(lst Sl p(lvt 5 T8 A1), (w5 At x ) -

e q(lst 1o p(ivt 15 (7P SAS XN (v, s a(sXavd s <

t2
< 2 R —
<KL 5 gzg)duz(t,x) ul(t,x)|,

< K > 0-const.

3neck:

1
b(t, x)
Yucno T BeiOMpaeTcs 4TOOBI yIOBIETBOPSIIOCH CIEAYIOIIEee HEPABEHCTRO:

2
L @ <1

B oatom cnyyae Ham omepatop OyIeT CXKUMAIOIIMM, CIEA0BaTEIbHO, pEIICHHE
uHTerpasbHoro ypaBHeHus (10) cymectByer um emuHCTBeHHO. Ilocie 3TOro MBI ompenensem
HEU3BECTHYIO (PYHKIIMIO U3 HAUaJbHBIX YCIOBUN HA OCHOBE HailIGHHOTO PEIICHHUS.

8
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PaccMOTpuM KOHKpPETHBINA PUMED
tu, (t,x) —u,, (t,x) = f(t,x)—%ut(t,x), (11)

Paccmotrpum ypasuenue (11) ¢ HavansHbiMu yenoBusiMu (2), (3). CornacHo

IIOCTaBICHHOMY YCIIOBHIO, GYHKIHUS ¥, (X) = X 3amana u HenpepbiBHO auddepeHnupyema, a

Gynkuus y, (X)HensBectHa. 3anumeM (11) B onepaTopHoil hopme:

D[vt,~1]D[Vt u(t, X) = f (t, X) (12)

B mammx ClIy4dasiax :

p(s,t,x)=x+j‘%dv=x+2(ﬁ—«/§),

q(s,t,x):x—j%dv=x—2(«/t_—\/§),
NV
(s,t,x)eQy(T).

Jiig 5Tux QyHKIUN AeWCTBUTENBHO BBIMOMHIIOTCS ycioBust (7) u (8):
D[Vt,~1]p(s,t,X) =0,

D [Vt q(s,t,x) =0,
u p(s,s,x)=x%, q(s,s,X)=X.
[Tpumensiem MJIA k ypaBHeHnwuto (2):

t 1
D[t 17u(t,x)=1+[ —— f(s,p(s,t,x)ds
[VE.1Ju(t,x) =1+ 7 f(sp(stx)
Otcrona nomy4aem:
t
DIVE AUt X) =1+ [~ f (5, x+ 2Vt —2V5)ds
2 s
Eme pa3 npumensas MJIA k nocienHeMy ypaBHEHHIO, OKOHYATEIbHO UMEEM:
t1p1
u(t,x) =q(0,t,X) + 2vt + [—= [—= f (v, q(s,t,X) + 2v/s — 24/v)drds
[=%
Otcrona nony4aem:
t1p1
u(t,x) =x+ [—= [—= f (v, x - 2+t + 45 — 24/v)dwds
[l

MpbI oTy4dnu pemieHne MoCTaBIeHHOM 3a1aun. Teneps onpeaeTuM HEU3BECTHYIO (P YHKITHIO.
st aTOr0 Hemonas3yeM paBeHcTBO (11):

u, (t,x) =2 (t,x) — 2tu, (t,X) + 2u,, (t, X).
U, (0,X) =y, (x) =21 (0,x) +2u,, (0, x).

PlEl
u”(t’x):-l'ﬁ-gﬁ f . (v, X— 23t +4/s —2v)dvds.

0, (0,%) =y, (x) =2 (0,%).

B wactHoMm citygae, ecnu (11) umeet Bu:

1 (60~ (60) = X~ 20, (0)
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1 ¥, (X) = x, To penrerne u QYHKIHUS B HAYATHHOM YCIOBHHU OIPEICISIIOTCS TakK:

u(t,x) = x + 2xt,
wy(x) =2x.

3akirouyenue. [lonydyeHHbIe B cTaThe pe3yiabTaThl MOTYT OBITH 0000IIEHBI 1J11 HHTETPO-
Qg depeHIMaIbHbIX YPaBHEHUH B YaCTHBIX IPOU3BOTHBIX.
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CUCmeM MAcco8020 OOCIYICUBAHUST U OnmuMusayuu yenei nocmasok. Paccmompeno u Ookazamo, 4mo
UCNONb308AHUE UHMESPATLHBIX MOOeNell NO360em YUUMbl6amb HAKONUMENbHbLL CIPOC, 3A0EPIHCKU NOCMABOK U
pacnpedenenue KIUenmog mexncoy ciyscoamu obcayxcueanus. Ilokasanvl ananumuyeckue u YucienHble Memoobl
Pewienus. UHMeZPAlbHbIX YPAGHEHUIl, PACCMOMPEH NpuMep ONMUMUZAYUL YAPAGIEHUs 3aNaAcamMu U pPecypcos.
IHonyuennvie pesyibmamovl UCCIeO08AHUSL MO2Ym  Oblmb  NpUMeHeHbl Ol NOSbleHUs.  dppexmusnocmu
JIO2UCMUYECKUX NPOYECCO8 U CHUNICEHUSL BPEMEHU OACUOAHUSL OOCTYIHCUBAHUSL.
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Abstract. This article examines the application of integral equations to the modeling of queuing systems and
the optimization of supply chains. It is demonstrated that the use of integral models makes it possible to account for
cumulative demand, delivery delays, and the distribution of customers among service facilities. Analytical and
numerical methods for solving integral equations are presented, and an example of inventory and resource
management optimization is discussed. The results of this study can be applied to improve the efficiency of logistics
processes and reduce customer waiting time.

Keywords: integral equations, queuing systems, supply chains, optimization, numerical methods, Fredholm
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Beenenne. CoBpeMEHHBIE CUCTEMBl JIOTHCTUKHA U OOCIIYKUBaHMs XapaKTEPU3YHOTCS
BBICOKOI TMHAMHYHOCTBIO U HEOIIPEJEICHHOCTBIO cipoca. DPPeKTUBHOE yIpaBlIeHUE 3alacaMu
¥ TIOTOKaMHU KJIMEHTOB TpeOyeT MPUMEHEHHs] MaTeMaTHUECKUX MOJIENEH, CIIOCOOHBIX YUUTHIBATh
3a/lep’KKH, HaKOIUIEHUE U pacupelieieHne pecypcoB. MHTerpanbHble ypaBHeHus Ppearonbma u
Bonbreppa npeacTaBisioT yA0OHBIH HHCTPYMEHT JIJIs OTIMCaHMS 3TUX MpoueccoB. C UX MOMOIIBIO
MOYKHO YYUTBIBATh IPOLLIbIE COOBITHS, TAKUE KAK, IPEAbIAYIINE IOCTABKY I BpEMsI OKUIAHUS
KJIMEHTOB U IPOTHO3MPOBATH OYAYILHUE COCTOSHUS CUCTEMBI.

Tak e couuanbHO — SKOHOMUYECKHE CHCTEMbl XapaKTEPU3YIOTCS BBICOKOH CTEIEHbIO
HEOIPEEeIEHHOCTH, JUHAMUYHOCTU M CJIO0XHOCTH B3aUMOJICHCTBYIOIIMX IpoLeccoB. B Takux
YCIOBHUAX OCOOYIO aKTYaJIbHOCTh MPHUOOPETAIOT METOABI MAaTEMAaTUYECKOI0 MOJEIMPOBAHUS, C
IOMOIIBI0 KOTOPHIX MOXXHO 3((EKTUBHO aHATU3UPOBATh W ONTHMHU3MPOBATH IPOLECCHI
oOciyXUBaHUS U pacrpenenaeHuss pecypcoB. K TakuMm MeronaM OTHOCATCS HHTETpaJIbHbIE
YPaBHEHHUS, KOTOPbIE UTPAIOT BAKHYIO POJIb B ONMCAHUM CUCTEM C MaMsThIO, 3aMa3/IbIBAHUEM U
pacripe/ieIeHHbIMU ITapaMeTPaMHU.

Teopuss maccoBoro oOCIyKMBaHHUs SBISETCS OJHUM M3  BaXKHBIX HalpaBlICHUH
IPUKIAJHOM MaTeMaTUKH, OHAa ILIMPOKO MPHUMEHSEeTCS IpH aHaiuu3e paboThl TPAHCIOPTHBIX
CUCTEM, TEJIEKOMMYHUKAIIMOHHBIX CETEeH, MPOU3BOJICTBEHHBIX IPOLIECCOB U JIOTUCTHMYECKUX
KOMILIEKCOB. B J1aHHOM TeopuM HUHTErpajbHblEe YpaBHEHUS NPUMEHSIOTCA s ONMCAaHUS
BEPOATHOCTHBIX XapaKTEPUCTUK IOTOKOB 3asBOK, BPEMEHU OXXHUJAHUS W JUIMHBI OYepenu,
0COOEHHO B ClTy4asiX, KOI/la KI1aCCU4EeCKUE MAPKOBCKUE MOJIENINA OKa3bIBAIOTCSl HEJOCTATOYHBIMH.
Bmecre ¢ sTuMHM 3amayaMu  ONTMMM3ALUMM  IIENE€W IOCTaBOK pPAa3BUBAIOTCA B YCIOBHAX
rmobanmm3anui U OUGPOBU3ALUS  AKOHOMHUKH. O((EeKTUBHOE YIpaBICHHWE 3alacamu,
TPAHCHOPTHBIMM MOTOKAMHU U pacrpeie]IeHHEM PecypcoB TpeOyeT yueTa ciiydyailHbIX (akTOpoB,
BPEMEHHBIX 3a/I€P’KEK U B3aMMOJECHCTBUS MEXAY Pa3INYHBIMU DJIEMEHTaMH CHCTEMBL. B Takmx
cllydasix HMHTErpaJlbHble YpaBHEHHs MO3BOJSAIOT (OPMAIM30BaTh TAaKHUE IMPOLECCHI, BKIIOYAs
3aBUCUMOCTH OT NPEABICTOPUU CHUCTEMBI, 3TO JAENAET HMX MOLIHBIM HMHCTPYMEHTOM IS
MOCTPOEHHUS aJIEKBAaTHBIX MOJIEJIeH Lienel MOCTaBOoK.

Takum oOpa3oMm, MPUMEHEHHWE WHTETPAIbHBIX YpPAaBHEHUH B TEOPUU MacCOBOTO
00CIyXMBaHUS M ONTHUMHU3ALMU ILIETIeH MOCTAaBOK OTKPBIBAET HOBBIE BO3MOXKHOCTU Ui Oojiee
TOYHOTO OIKCAHUS M aHaJIN3a CIOXKHBIX cucTeM. M 3To criocoO6cTByeT pazpaboTke 3pPeKTUBHBIX
METOJIOB YIIPABJICHHs, HANPABICHHBIX HAa CHIWKEHUE W3JECPKEK, IIOBBIIIEHHE KauecTBa
00CITy’)KUBaHUS U YCTOWYMBOCTH JIOTUCTUYECKHUX TPOLIECCOB.

Lenbto JaHHOM pabOTHI ABJISIETCS MOKA3aTh, KAK MHTETpaJIbHbIE YPaBHEHUS IPUMEHSIOTCS
JUIS MOJETHPOBAHUS CHCTEM MAacCOBOTO OOCTYXHMBaHHUS M ONTHUMH3AIMU LNl MOCTaBOK, a
TaK)K€ MCCIEIOBaTh YHUCIICHHbIE METOJbl DPELIEHUS STUX ypaBHEHHIl. B MHoOrokanaibHBIX
cuctemMax oOOCHYyXMBaHUS MHTETpalibHble YpaBHEHHs IOMOTAlOT YYHUTHIBATh paclpeaeseHue
KJIMEHTOB MEXy KaHaJIaMU U BEPOSATHOCTb OXKUAaHUA. B oructrke 3Tv ypaBHEHUSI MOJIETTUPYIOT
HAKOMUTENbHBIN CIIPOC, 33J€PKKH OCTABOK, U BIUSHHUE MPOIUIBIX COOBITUN Ha TEKYLIU 3amac.

NHterpanbhble ypaBHeHUS PpenrosbMa epBoro pojia UMErT BU:

b
f K(t,s)u(s)ds = f(t),

Boaubsreppa Broporo poza:

u(t) = () + f K(t,s) u(s)ds.

rae u(s) — uckomas pynkuusi, K (t, s) — sapo unterpana, f (t) — usBectaas GyHKIHSL.
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WuTerpanbHble ypaBHEHUS IPUMEHSIOTCS B CUCTEMAaX OOCITYyKMBaHMUsI, KaK:

- BeposiTHOCTL OXMJaHMSl KJMEHTOB: BBIUHCISIETCS 4YEpe3 sIpO  HHTErpaina,
YUUTBIBAIOLIEE TOTOK KIMEHTOB U KOJIMYECTBO OOCITYKMBAIOIINX KaHAJIOB;

- MopgeanpoBanue mneperpy3ku KaHAJIO0OB: HUHTETPAIbHOE YpPaBHEHUE I103BOJISIET
OIPEAEINTh MOMEHT, KOTJ]a CHCTEMA CTAHET NIEPErPYKEHHOM.

- OnTUMHU3aNus pecypcoB: YHCIECHHOE PEIICHUE HHTETPAbHBIX YPaBHEHHH MOKa3bIBaeT
ONTUMAJILHOE paclpeieieHue COTPYIHUKOB U 000PYIOBaHHUS.

00630p JuTepaTrypbl. COBpeMEHHBIE HCCIIEIOBAHUS IOKA3bIBAIOT aKTUBHOE pa3BUTHE
METOJIOB aHallu3a CHUCTEM MAaccoBOro OOCIYXXMBaHUS U Ielell IOCTaBOK Ha OCHOBE
CTOXACTUYECKUX MOJEJEH U MHTETpaJbHBIX ypaBHEHUH. Bbuin paccMoTpeHsl pyHaaMeHTaIbHbIE
ACTICKTBI TECOPUU OYepeIeH, BKIIOYast aHAJIN3 BPEMEHU OXKHUIaHUS U OaTaHCHPOBKU OTOKOB [1,2]

Ocoboe BHUMaHUE yIENseTCs] HHTErpallii MOJIeNIeld ouepeield ¢ 3aJauaMu yIpaBIeHHs
3armacamMM W JIOTUCTHKH. Tak, B HMCCIEJOBAaHUSIX Pa3BHBAIOTCS queueing - inventory MOAENH,
MO3BOJIAIOIINE YYUTHIBATH OJTHOBPEMEHHO MPOIIECCHl 00CTYKUBAHUS U XPAaHEHUSI pecypcoB [3, 4]

B pasubix cTaTthsax OBUIM MPEANOKEHBI IMOAXOJbI, OCHOBAaHHBIE Ha WHTETPAJIbHBIX
YPaBHEHHUSX, JUIsl OMUCAHHS TUHAMHUKU CTOXACTUYECKUX CHUCTEM OOCIYKHMBAaHUS. DT METOIbI
MO3BOJIAIOT O0JIee TOUHO MOJISTMPOBATh HEMPEPHIBHBIE TOTOKH 3a5BOK U pecypcoB. COBpeMEHHbIE
paboThl MO ONTUMU3ALMU IeNeld MOCTABOK JIEMOHCTPUPYIOT MPUMEHEHHE METOJIOB TEOpUHU
MaccoOBOT0 OOCITY>)KHBaHUS JUIsI TOBBIIIEHUS 3()(PEKTUBHOCTH JIOTUCTHYECKHX CHCTEM B YCIIOBHSAX
HEONpeIeNeHHOCTH [2, 3]

Taxum o0pa3om, MO)KHO OTMETUThH TEHACHIINIO K O0BEIUHEHUIO HHTErPAIbHBIX METO/I0B,
TEOpUU Ouepeiel U ONTUMHU3ALMOHHBIX MOJIEJIEN B paMKax €MHOI0 MOAX0/1a K aHAJIN3Y CJI0KHBIX
COLIMATIbHO-D)KOHOMHUYECKUX CHCTEM.

Matepuanabl u MeToabl. [IycTh cucTeMa COCTOMT M3 CKJIaJa U HECKOJBKUX IyHKTOB
BBIJIaYM, a CIOPOC B KAXKABIH MOMEHT BpeMeHHW t 3amaercss Qynkuueit f(t). Onpemenutsb
ONTUMAJIbHBINA YPOBEHbB 3a1acoB U(t), yYUThIBas 331€P>KKH IIOCTABOK U paclipeielIeHUue PeCcypCoB.

MatemaTHuecKyl0 MOJEIb MOKHO 3allCaTh C MOMOIIbI0 WHTETPAIBHOTO ypaBHEHUS
Bonbreppa:

t t
u(t) =uy + J K(t,s) f(s)ds — f R(t,s) u(s)ds.
0 0

rae, K(t,s) — HakormieHue crpoca, a R(t,s) — pacxo/ pecypcos.

Pemenne uaer unciennoe. [I[pumeHseTcss METO AMCKPETU3AlMA HA BPEMEHHOM IIare
At. Jlng kaxpgoro mara t;:

2 L
u(ty) ~ ug + Z K(t,t) f(t)At — Z R(t; t) u(t)At.
Jj=0 j=0

Peanuzanus Bo3moxkHa B Excel, Python unmn Matlab.

Hampumep, B onTuMuU3anuu 3To:
- CpaBHEHHE JIBYX CTpATETHUH TOCTABOK: MIEPHOAMYECKHE TIOCTABKH U TIOCTaBKa MO (PaKTHIECKOMY
CIIpoCy;
- BEIYHCIICHUE CPETHETO BPEMEHH OXHJIAHUS U YPOBHS 3aI1acoB;
- BBIOOP CTpaTeruu ¢ MUHUMAJIBHBIMA 3aTpaTaMH U HAUMEHBIIIAM PHCKOM JCPHUITUTA.

IIpumep 1. Moniens odepean ¢ HHTETPAILHBIM YPAaBHECHHEM.

PaccMOTpuM CEepBUCHBIM LIEHTP 110 3aKa3y €1bl, B KOTOPBIN IIOCTYNAOT 3asBKU:
- IOTOK 3asBOK — HHTEHCUBHOCTh A = 2 3asABKH/ 4ac;
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- 00cy)KUBaHWE — MHTEHCUBHOCTh [ = 3 3asBKU/ Yac.
ITycts P(t) — BEpOATHOCTH TOTO, YTO CHCTEMA CBOOOIHA B MOMEHT BpeMeHH t. JlnHaMuKa
CHCTEMBI OIMCHIBACTCS] HHTETPAIbHBIM ypaBHEHUEM TUMa BosbTeppa:

t
P(t) =e M + /1[ e Ht=9)p(s)ds.
0

Pemenue: 310 ypaBHEeHHE pelIaeTcsi METOIOM AU GepeHIIMPOBAHUSI.
[Mponuddepenuupyem:
P'(t) = —pe M + AP(t).
[ToacraBmsiem A = 2, u = 3:
P'(t) = —3e73t + 2P(¢).
Pemras kak nuddepeHnpaibHoe ypaBHEHUE, UMEEM:
O6miee perieHue:
P(t) = Ce?t + e3¢,
U3 ycnosus P(0) = 1:
C+1=1=C=0.
Takum oOpazom,
P(t) = e3¢,
- BEPOSITHOCTH CBOOOIHOM CHCTEMBI SKCITOHEHIIHAILHO YOBIBACT;
- yeM OOoJIbLIE [, TEM ObICTpEe CUCTEMa OCBOOOXKIAeTCS;
-uput —» 0. P(t) - 0.
To ecth, cucTemMa co BpeMEHEM TOYTH BCET/a 3aHATA.
IIpumep 2. Monens ouepeau + 3amnachl.
PaccMoTpuM cepBUCHBIN LIEHTP 110 3aKa3y TAKCH, B KOTOPBIN MTOCTYIIAIOT 3asBKHU:
- 3aBKH MPUXOJAT C UHTEHCUBHOCTHIO A,
- 00CITy’)KHBaHUE C MHTEHCHBHOCTBIO U]
- €CTb rapaxku (3amacsel) S(t);
- IPU OTCYTCTBUHU 3araca BO3HUKAET OYepe/ib.
ITocTpoum Mozienb B BUJIE MHTETPATIBHON CUCTEMBI:

t
P(t) =e M + /1[ e Ht=5)p(s)ds.
0

S(t) =58, + Aft(a — bP(s))ds.
0

rle: @ — CKOPOCTh HOIOJHEHNS; b — MHTEHCUBHOCTD IIOTPEOIEHUS.
P(t) — zarpyska cucrembl; S(t) — ypoBeHp 3amacoB; ecid S(t) - 0 & BO3HHKaeT
oyepenb. PaccMOTpUM KOHKPETHBIE 3HAYEHUSL:
a=05b=4P(t) =e 3
Torna,

t
S(t) =S, + AJ (5 — 4e~3)ds.
0
Pemraem:

Sit)=S +5t+4 a2
=0 3¢ 3

Takum oOpa3om, MmosryuaeM OKOHYATENbHO:

4
S(t) =S, + 5t — 5(1 — e 3Y);

14
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[TonyuenHast MOJIENTh TTOKA3BIBAET MPOIECC OOCTY)KMBAHUS M TUHAMHKY 3aIlacoB. AHAJN3
MOKA3bIBAET, YTO MPH YBEIWYCHUH HWHTCHCUBHOCTH MOTPEOJICHHS CHCTEMa MOXET MEpPeUTH B
pPEKUM JePUIUTA, YTO IPUBOTUT K POCTY OUuepe/eH.

BriBoabl

Taxum oOpa3oM, morydaem:

1. WHrerpanbHble YpaBHEHHS SBISIOTCS MOIIHBIM HWHCTPYMEHTOM MJII MOJCIHPOBAHUS
CHCTEM MacCOBOTO OOCITYKUBAHHUS U IIeTIel TTOCTaBOK.

2. OHH TO3BOJSIOT YYUTBHIBATH HAKOMUTENBHBIA CHPOC, 3aJCPKKU U pacrupeiciieHue
pecypcoB.

3. UmcieHHBbIC METOIBI pEIICHUS JaI0T BO3MOXKHOCTB peanin3oBarh Mojein B Excel u Python,
YTO JIeJIaeT UX MPUMEHUMBIMU JIUISI TPAKTHYECKUX 3a71au.

4. Ontumuzaiys Ha OCHOBE HHTETPAIbHBIX MOJIEJIeH CHUKAET BPEMS OXKUIAHUS U TIOBBIIIAET
3 PEKTUBHOCTD JIOTHCTHKH.
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B cratpe mccnemyercst AByXTOUEUHAs KpaeBas 3ajada Ul JIMHEHHOTO HEOJHOPOJHOTO OOBIKHOBEHHOTO
muddepeHInansHOro ypaBHEHUsI BTOPOTO TOPsAKA ¢ MalbIM I1apaMeTpoM € IO/ 3HaKOM CTaplleil IMPOU3BOJHOM
uckoMoil ¢pyHkumit. PaccmatpuBaemoe ypaBHenue 3a1aHo B Buze &Y (X)+Xy'(X)—xy(X)=f(x,g), —1<x<l, u rpaHH4HbBIC
yeaosust Y(—1)=0, y(1)=0. ITogoGHbIe 3amauu BCTpeUarOTCs B (U3MKE, TEXHUKE, OMOJOTHH, 3KOHOMHKE U JPYTHX
obnactsax Hayku. OCOOCHHOCTSIMH paccMaTpUBAaeMOM 3alaudl SBJSIFOTCS NPHHAUIC)KHOCTh K KIIACCY CHHIYJISIPHO
BO30YXK/ICHHBIX ypaBHEHHMH, a TaKKe TO, YTO KOI((GHUIMEHT COOTBETCTBYIOLIEIO HEBO30Y)XICHHOTO ypaBHEHHS
oOpaiaercsi HyJII0 Ha paccMaTpUBaeMOM OTpe3Kke. DTH /Ba (akTopa (CHHTYJISIPHOE BO3MYLIEHHE U BHYTPEHHSS
CHHTYJISIpHasl TOYKA) JeNafoT 3a/ady OWCHHTYISIPHOW M YCIOXHSIOT CTPYKTYypy pemieHus. OmHako OTJIMYHE
paccMarpruBaeMod 3aJadd OT JPYIMX CHHTYJSIPHO BO3MYIIGHHBIX 3a7ad 3aKII04YaeTcs B TOM, YTO HA TPaHHUIIE
TPAaHWYHBIX TOYEK HE IOSBISIIOTCS HorpaHmuHble ciion. Cioil oOpasyeTcs TOJIBKO B OKPECTHOCTH BHYTpPEHHEH
CHHTYJISIpHOW TOukn x=0. B pe3ynbraTe Mbl HE MOXKEM 3amKcaTh PEIICHHE paccMaTpUBAEMO 337adH C MOMOIIBIO
OTHOY (PYHKITNH, T.€. MBI CTPOHM OTACIBHEIC perreHus Ha orpe3kax [—1,0] u [0,1], T.e. cTpOUTCS COCTaBHOE peIICHUE.
Kaxnprii U3 HUX COCTOMT M3 CYMMBI JABYX (YHKIMH: perylsapHON BHEIIHEH 4YacTH W BHYTPEHHETO peIIeHHs,
OTIHCBIBAIOIIETO CJIOM Ha CHHTYJSPHOW TOYKH. Llenb nccremoBaHus — HOCTPOUTh PABHOMEPHOE aCUMIITOTHYECKOE
pa3oXeHHe DPEUICHUS IBYXTOYEYHOW KpaeBOW 3a1auM C OMCHHTYJISAPHBIM BO3MYIICHHEM, Ha JTaHHOM OTpE3Ke.
TOYHOCTH THOJYYEHHBIX ACHUMITOTHYECKHX ()OPMYJI CPAaBHUBAETCSI C YMCIICHHBIMH pacyeTaMy, BBIOJHEHHBIMU B
cucreme Maple Ha OCHOBE KOHKPETHOTO IIPHUMeEpa, M IOKAa3aHO UX aCUMIITOTHYECKas OJIU30CTb.

KnaroueBblie ciioBa: ABYXTOYCYHasA 3aJa4a, 6I/ICI/IHFyJ'I$IpHOG BO3MYLICHHUE, CHUHIYJSIDHOC BO3MYILCHUC,
ACUMIITOTHKA, aCUMIITOTHICCKOC PA3JIOKCHHC, BHyTpCHHI/Iﬁ CJIOH, CpalllMBaHHUC.
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This article studies a two-point boundary-value problem for a linear inhomogeneous second-order ordinary
differential equation with a small parameter ¢ under the sign of the highest derivative of the unknown function. The
equation under consideration is given in the form gy”(x)+xy’(x)-xy(x)=f(x,g), —1<x<1, and the boundary conditions y(—
1)=0, y(1)=0. Similar problems are encountered in physics, engineering, biology, economics, and other fields of
science. The peculiarities of the problem under consideration are that it belongs to the class of singularly excited
equations, and that the coefficient of the corresponding unexcited equation vanishes on the interval under
consideration. These two factors (singular perturbation and internal singular point) make the problem bisingular and
complicate the structure of the solution. However, the difference between the problem under consideration and other
singularly perturbed problems is that boundary layers do not appear on the boundaries of the boundary points. The
layer is formed only in the neighborhood of the internal singular point x=0. As a result, we cannot write the solution
to the problem under consideration using a single function, i.e. We construct individual solutions on the intervals [
1,0] and [0,1], i.e., a composite solution is constructed. Each solution consists of the sum of two functions: a regular
external part and an internal solution describing the layer at the singular point. The goal of the study is to construct a
uniform asymptotic expansion of the solution to a two-point boundary value problem with a bisingular perturbation
on a given interval. The accuracy of the resulting asymptotic formulas is compared with numerical calculations
performed in Maple based on a specific example, and their asymptotic closeness is demonstrated.

Keywords: two-point problem, bisingular perturbation, singular perturbation, asymptotics, asymptotic
expansion, internal layers, matching.

BBenenue. Teopus CUHTYISIPHO BO3MYIIEHHBIX AU(dEpeHIInaTbHbIX YPAaBHEHUH SIBIISIETCS
OJIHUM W3 BaKHEUIIMX pa3[esioB COBPEMEHHOM MaTeMaTH4eckoil (HU3UKU W MPHUKIAIHOTO
aHanmu3a. 3a7add, COACpIKAlINe Majblid MmapamMeTp MpH CTapuieil MpOW3BOTHON, OMUCHIBAIOT
IMIMPOKHI KJTACC MPOLECCOB C OBICTPHIMU M MEIJICHHBIMH COCTABIISIOLIMMHU: TIOTPAaHUYHBIC CJION B
THIPOAMHAMUKE, KOHTPACTHBIE CTPYKTYPHl B XUMHUYECKOW KHHETHKE, MEPEXOIHBIE PEKUMBI B
ANEKTPUYCCKHX LETISIX, a TAKXKE SIBJICHUS C JIOKAIM30BaHHBIMU BHYTPEHHUMU niepenanamu [4]-[8],
[14]-[17]. B Takux 3amadax penicHUEe Ha MaJIOM HHTEpPBaJIc H3MCHEHHSI HE3aBUCUMOM MTEPEMEHHOM
MOJKET MpeTepreBaTb pe3kue U3MEeHEHHs], 00pa3ys Tak Ha3blBaeMble nozpanuunsie ciou (BOIM3u
TPaHMUIl) WK 8Hympentue ciou (B OKPECTHOCTH BHYTpeHHEH Touku obactu) [1]-[11].

Oco0blit HHTEpEC MPEACTABIAIOT KPAaeBble 3a/1a41 JUIsl OOBIKHOBEHHBIX TU(PepeHIINaTbHBIX
ypaBHEHUI BTOPOTO MOPSAKA BUAA

ey"=f(xv,¢), xe(ahb), e>0,

C JIOTIOJTHUTEIIbHBIMHU YCJIOBUSIMH Ha KOHI[ax oTpe3ka. Korna BeipokeHHOe ypaBHeHue (ipu £=0)
UMEET H30JIMPOBAaHHOE pELIeHHEe, KOTOpOoe TepsieT YCTOHYMBOCTH WM IpeTepreBaeT
OudypKaiuio, B pelIeHUH TMOJIHOM 3aJa4yu MOTYT BO3HHUKATh BHYMPEHHUE NepexoOHble CoU —
o0acT, rJie pereHne ObICTPO MEPEXOAUT OT OJTHOIO YCTOHUHMBOTO COCTOSIHUA K ipyromy. Takue
CTPYKTYPBI Ha3bIBAIOT Kowmpacmuvimu i cmynenuamoimu [2]. TlomoOHOe siBIeHHME paHee B
JMHEWHBIX YPaBHEHUSX HE BCTPEUAIOCh, BCE 334l B KOTOPBIX MOSIBIIIUCH KOHMPACMHbLE
(6cnieck) s6neHus ObLIU HeTUHEHBIMU.

WccnenoBanuio acUMITOTHKUA PEIICHWH MOAOOHBIX 3a/a4d MOCBSIIEHBI paOOThl MHOTHX
aBTopoB (A.b. BacunseBa, B.®. byry3osa, H.H. Hedhénora, C.A. Jlomosa, M.I'. Imutpuena u
1p.). B knaccudyeckom MeTozie MOrpaHUYHBIX (YHKIUH CTPOUTCS pABHOMEPHOE aCUMITTOTHYECKOE
npubsImKeHue, coaepxaiee ObICTPO OCHMITUPYIOIINE UITH OBICTPO 3aTyXaroIKe COCTABISIOIINE
[2]-[8]. OnmHako nmpw HaMTMYUKM BHYTPEHHETO CJI0S BO3HUKAET HEOOXOAMMOCTh JIOTIOTHUTEIEHOTO
COIJIACOBAaHUS PA3JOKEHUN clieBa W clpaBa OT TOYKH IEpexoja, 4To TpeOyeT NMpUMEHEHUs
TEXHHUK CPAUWUBAHUS WITH MEMOOd CUUBAHUSL acuMnmomuyeckux pasnoxcenuti [18].

B maHHOI cTaTbe paccMaTpuBaeTCsl JBYXTOUEYHAs KpaeBas 3ajada JJIsl CHHTYISIPHO
BO3MYILEHHOTO OOBIKHOBEHHOTO JIMHEHHOTO0 HEOJHOPOAHOro AuddepeHnanibHoro ypaBHeHUs
BTOPOTO MOPSAJKA, Y KOTOPOTO BBIPOXKIACHHOE YpaBHEHHE MMEET Pa3pbIBHOE pELICHHE, a TOUKa
pa3pbiBa PacoyioKeHa BHYTPU pacCMaTpUBAEMOr0 HHTEpBAIa.
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[lenp pa®oTBl — MOCTPOEHHE TOJHOTO ACHUMITOTHYECKOTO PA3JIOKEHMs PpeIICHUs,
YUUTHIBAIOIIETO BHYTPEHHUH CJIOW B 3aJaHHON Touke. s 3TOro mcmonbp3yercs KOMOMHALIUS
0000IIEHHOT0 METOJa TOTPAaHUYHBIX (YHKIUH C TEXHHKOW CpalIMBaHUS ACHMIITOTHUYECKHX
Pa3I0KEHUM PEILICHUN.

OcHOBHBIE PE3YJIbTAThl COCTOSIT B CIAEAYIOLIEM:

- YCTaHOBJICHBI YCIIOBHSI CYIIECTBOBAHUS BHYTPEHHETO IIEPEXOIHOTO CII0S;

- OTCYTCTBUS IIOTPAHUYHBIX CJIOEB HA TPAHUYHBIX TOYKAX;

- IOCTPOEHBI PETYJISIPHBIE U CUHTYJISIPHBIE YAaCTH ACUMIITOTUKU (BHYTPEHHSS OrPaHUYHAs
byHKIIHA B OKpecTHOCTH 0c000i Touku x=0);

- I0Ka3aHa paBHOMEPHAsl IPUTOJAHOCTD MTOIYYEHHOIO aCUMITOTUYECKOTO PA3JIOKEHNUS;

- IPUBEJICHBI PUMEPHI, HILTIOCTPUPYIOLTHE 3P (EKTUBHOCTH MPEII0KEHHOTO METOA.

[Tony4yeHHbIe pe3yabTaThl MOTYT OBITH MCIIOJNIB30BAaHBI IPU MOJICIMPOBAHUH TPOLIECCOB C
pPe3KMMH BHYTPEHHMMHM I[I€penajaMu, a Takke IpHu pa3pabOTKe YHMCIEHHBIX METOJOB JUIs
CUHTYJIIDHO BO3MYULIEHHBIX 3a/1a4.

IToctanoBka 3amauu. TpeOyeTcs MOCTPOUTH IOJHOE ACHUMIITOTUYECKOE Ppa3JIOkKEHHE
pewienust kpaeBoi 3amauu (1)-(2) ¢ m000H CTEneHb0 TOYHOCTU MO MaJOMy MapamMmeTpy, Ipu
CTPEMJICHMH MAJIOTO IapameTpa K HyJII0 B PACCMAaTPpUBAEMOM OTpPE3Ke:

gy "(x)+xy'(x) —xy(x) = f(x), xe(-11), 1)
y=D)=0, y@=0 (2)
rae 0<e<<1, X — neiicrButensHas nepemennas, f e C*[-11].
Oco0eHHOCTH paccMaTpUBAEMOM 3a1auu:

B ypaBuenuu (1) mamnblit mapamMeTp € CTOUT NPH cTapiiuei (BTopoit) Mporu3BOJHON HCKOMOM
bynkmm Y(X). YpaBHeHUs, 00JaNarollde TaKOW OCOOCHHOCTBIO, HAa3bIBAIOT CHHTYJISIPHO
BOSMYIIEHHBIMH IH(pPepeHIHAIbLHBIME  ypaBHeHusiMu  Tuna Tuxonosa. Kirouesas
0COOEHHOCTBH 3aKJII0YaeTCs B TOM, UTO IIpHU €—0 MOPSIIOK ypaBHEHUS IOHMKAETCA: U3 ypPaBHEHUS
BTOPOTO MOpsiIKa Mbl TOJIy4aeM ypaBHEHUE IMepBoro mnopsanaka. llpeaenbHoe (BBIPOKIECHHOE)
ypaBHEHHE, BOOOIIE FOBOPs, HE B COCTOSIHUU Y/IOBJIETBOPUTH BCEM KPAEBBIM YCIOBUSAM, KOTOpHIE
ObUIM 3aJ1aHbI I UCXOIHOM 3aauu.

OTO HECOOTBETCTBUE IMPHUBOJUT K TOMY, YTO PELICHHE IOJHOW 3aJaud B OKPECTHOCTH
TpaHUIl MM BHYTpPH OOJIACTM  TpeTepHeBaeT pe3Kue H3MEHEeHHs, o0pa3ys Tak
Ha3bIBAEMBIC MOTPAHUYHBbIE CJI0M. B 3aBUCUMOCTH OT CTPYKTYpPBI BBIPOKICHHOTO YPaBHEHHUS U
BHJIa KPAEBbIX YCJIOBHMI TAaKu€ CIIOM MOTYT BO3HUKAaTh KaK y IpaHHUI] MHTEpBaJIa, TaK U B €T0
BHYTPEHHUX TOuYkax. B mocieaHeM ciaydae TOBOPSAT O 6HYMPEHHEM  NepexoOHOM
cnoe (W KOHMpAacmuou cmpykmype).

Jns mocTpoeHuss aCHUMITOTUYECKOIO PEUICHUS CUHIYISIPHO BO3MYLIEHHBIX 3a4ad ¢
NOTPaHUYHBIMU CIIOSIMU TpaZUuLInOHHO HCIOJIb3YIOTCS METO/Ibl MOTPAHUYHBIX
¢pynxkumii (A.b. Bacunsesa, B.®. byTy30B) u cpamuBaHus acCHMITOTHYECKHX Pa3/I0KeHUH
(A-M. Uabun, Ban [aiik). B ciyuae, xoraa Touka mepexojia HaXOAUTCS BHYTpU 00JacTw,
TpeOyeTcs JOTOIHUTEIBHOE COTIACOBAaHUE PA3NIOKEHUH, IOCTPOEHHBIX ClIeBa U CIipaBa OT HeE,
YTO CYIIECTBEHHO YCIIOKHSIET 3a7auy.

Takum o0Opa3zom, M3yyeHHE KpaeBbIX 3ajad JUIsl CHUHTYJISPHO BO3MYIIEHHBIX YpaBHEHHIA
BTOPOTO IOpAJKAa C BHYTPCHHHMHM CIIOSIMH HMEET Ba)KHOE TEOPETHYECKOE M IPUKIATHOE
3HAYCHHUE, TaK KaK ITO3BOJIAECT ONMCHIBATH NPOLIECCH C PE3KMMU BHYTPECHHUMH II€pernanaMu B
busnKe, XUMUK, OMOJIOTUU U TEXHUKE.
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MeTtoabl U MeTomoJI0THsl uccjaenoBanus. [Ipu pemenun 3amaun (1)-(2) ucrnonb3yroTes
METO/IbI UHTETPUPOBAHNUS OOBIKHOBEHHBIX TU(PEpEeHIINATBHBIX YPABHEHUH C TOTIOJHUTEIHBIMU
YCIIOBHSIMH, a TAK)KE aCUMIITOTUYECKHE METO/IbI (METO/1 MaJIoro napameTpa, 0000IIEeHHBIH METOA
MOTPAHWYHBIX (QYHKIHMA, MeToj cpammBaHus). OCHOBHOW wujaeel, T.e. METOHOJOTUEH
UCCIJIEIOBAHMSI SIBJIAETCS IIOCTPOCHUE DETYJSPHBIX BHEIIHUX PELIEHMH W CpaluBaThb HMX C
BHyTpeHHumu pemenusmu [1], [9], [12]-[14], [18].

Pemenne 3agaun. B ypasaenuu (1) npu €=0 nosydaem BbIpOXKIEHHOE YpaBHEHHE

X§'(x) = xy(x) = f(x), xe(-11), ©)
JUTSL TIOJTYY€HHOTO YpaBHEHHUS Touka X=0 siBisieTcss 0co00M (CUHTYJISIPHOW) TOUKOM, TaK KaK HE
Bcera fo(0)=0. Eciu cunratsh, uro X#0, To penieHue ypaBHeHuUs (3) MOKHO TPE/ICTABUTH B BUJIE:

700 =0g)e ™ + [ 1D e @
X0

®ynkuus  §(X) ompenenennas  paBeHcTBOM (4) mpu X—0 HMeeT 0COOEHHOCTH BHUjIA
¥(x) =0(In| x|), 1.e. Touka x=0 sBIsAETCS 0COOOM TOUKOM st hyrkumii Y(X).

[ToaTomy HyneBoi pubIMKEHHE BHEIIHETro pemieHns 3a1a4u (1)-(2) MokHO npecTaBuTh
B BUJIE:
700 = {vé"(x), xe[-10),
557 (%), xe(0.1]
rnue
X X
70 ()= 10 g, 900 | 10 gy,
0T T
Ha ocHoBe nByX OTMEUYEHHBIX BbIIIE OCOOEHHOCTEH KpaeByro 3amaudy (1)-(2) moxHO
Ha3BaTh OMCUHTYJISAPHOU (ABOWHOI 0COOEHHOCTHIO) 3a/1aueil. DTOT TEPMUH BIEpBbIE ObLIT BBEIEH
B HayKy akageMMkoM ApieHoM MuxaitnoBuuem WneunbiM [4]. bucunrynsphele 3agauu
UCCIIEIYIOTCSI MHOTUMH YYEHBIMH, TIOCKOJIBKY OHM IIUPOKO MPUMEHSIOTCS B (PU3HKE, TEXHUKE U
napyrux Haykax [15]-[17].
CHavana moOCTpOMM BHeIlIHee pelieHue. BHemHee pemieHue OyaeM HCKaTh B BUJE
CJIEAYIOIIETrO psjia:

J () = {u” (x), —1<x<0, | ©)

u®(x), 0<x<1,

rae U7 (x) = Zskulﬁ’) (x), u(x)= Zskuf) (X), ul?(X) — noxa Hem3BeCTHBIEC (YHKIHIA.
k=0 k=0

[Toncrasmss psan (5) B 3agauy (1)-(2) 1 mpuMeHsiss METOJ] MAJIOTO MTapaMeTpa UMEeeM:
XUy (X) = Xu, (X) = (%), u,(-D) =0, u,(1) =0, (6)
xu', () —xu, (x) =—u",_,(x), u(-D)=0,u,@)=0, keN. (7
Ucnions3ys dopmyny (4) 3anumeM pemenns 3a1a4 (6) u (7) B Buje:
(-) (-)
R S
0 ) vl K ) L],

rac
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u$?(x) = j‘ T greeg T, U (x) = _X[me“d T
T 1

e} T

X "(—) M "(+)
u T u T
U () = —j —ktl( ) etdr, uP(x)= _J‘ krl( ) gt

-1

B okpecTHOCTH 0c000if Touku x=0 BBIAETNM ocobeHHOCTH psigoB U (X) = Zskulﬁ’) (X) u
k=0

u®(x) =Y eul” (x):
k=0

n

U (X) =ay(X) +a In | x|+%(a1(x)+oc1x2 In|x|) +...+%(an(x) +a, X2 I | X[) .,

g" .
C 0,00+ B, XD+

rae a,, b €eC*[-11], b (1) =0, a(-1) =0, keN,={01.2,..}, o,,B, =const.

13 mocrenaux moctpoennsix psgoB UM (X) um UT(X) cremyer, uro mms moctpoenms

u(x) =b, (X)+p, In| x|+%(bl(x) +BX2IN| X|) +...+

BHYTPCHHCT'O PCUICHUA H606XO,I[I/IMO HCIIOJIB30BAaTh npeo6pa3013aHI/Ie X:Ht, rae t — HoBas

NepeMeHHas, L = \/E .

TakuM 00pa3oM, BHEIIHEE PEHICHUE TEPSIET CBOM aCHMITOTHYECKHHA XapakTep B 0CO0OM
touke X=0 U B €€ OKPECTHOCTH, M HE MOXKET SBJIATHCS pelleHueM KpaeBoii 3agaun (1)—(2).

Pemenue 3anaun (1)-(2) BItOUYaronIyto oco0yro TOUKY Oy/1eM UCKaTh B BUJIE:

y(X,€) =v(X,e) + w(t, 1), 8

rae V(X,€) — peryisapHOe BHEIIHEE PENIEHUE, HE MMEET HUKAKUX ocobennocrei, W(t, ) —
BHYTpPEHHEE pelIeHne B OKPECTHOCTH 0c000ii Touku x=0.

[Toncrasmss cootHomenue (8) B 3amauy (1)-(2) umeem:

ev"(x)+xv'(x)—xv(x) = f(x)—h(eg), xe(-11), 9)
v(-1)=0, v(@)=0, (10)

w"(t) +tw'(t) —tuw(t) = h(u?), te(-1/p,1/p), (11)
w(=1/p)=0, w(l/p) =0. (12)

Haunewm c 3agauu (9)-(10). Pemenune stoii 3aiaun OyemM UCKaTh B BUE:

v(x) = {v(‘)(x), -1<x<0,

(13)
v (x), 0<x<1,

rae VO (X) = ngvﬁ(x), v (x) = ZSKVIEH (X).
k=0 k=0

[Toncrasmss cootHomenue (13) B 3amauy (9)-(10) umeemM IpoCcTyr0 CUCTEM PEKYPPEHTHBIX
COOTHOILIEHUM:
XV (X) =3 (X) = T (X) =y, vo(=1) =0, v, (1) =0, (14)
X' () =xv () =-h =" (), v (=D =0, v (1) =0, keN. (15)
[pumensis popmyny (4) k (14) u (15) monygaem:
v (x), xe[-1,0], v(x), xe[-1,0],
V()=1", V(=1 "
v, (X), xe[0,1], v, (x), xe[0,1],
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rae
X _h") X (+)
Vé_) (X) — I f (T)T ho ex—rdt, Vé+) (X) I f (T) h() x ‘Edt
-1 1
¢ hO +v"O (1) ) tht +v"(+) (7) o
v () = [l gngr, v (x) = - [ A e,
4 T !
ITycTp

h? =h{? = (0), hO® =-v"(0), ' =—v"™(0), keN
torma V) e C[-1,0], v\ eC[0,]], v{? eC*(-1,0), v{” eC*(0,1).
Taxum 06pa3oM ompesieNeHbl Bee wieHsl HensBecTHEIX pagoB 7 (g), h(g):
hO(e) = f —ev"(0)—...—e"v" 2 (0) —...;
h®(e) = f —ev"{?(0)—...—"v"™ (0) -

[TepexoiM K OCHOBHOM YacTH HAIIIEr0 HAYYHOTO PE3yJIbTaT, T.¢. K perieHuro 3aaaqn (11)-
(12). Pemienue 3To# 3amauu OyeM UCKATh B BUIC:

w(t,p), —1/p<t<0,
Wt =y (16)
w (tw), 0<t<1/y,
rae WO () =D WO (), w(tu) = g w(t).
k=0 k=0
[Moacrasnss psag (16) B coorromnenus (14)-(15) umeem:
WO @) +tw ) =h{?, -1/pu<t<0, Wi (-1/p) =0; an
W) +tw ) =h",  0<t<l/p, WU/ p)=0;
WG )+ () =g, (1), ~1/u<t<0, Wi, (-1/p)=0; 18)
"(2T<) 1(t) +th(2T<)—1 (t) = th:)_z (t)’ O<t<l/ H, Wé:;)—l (1/ },l) =0;
W () +tw'S) (1) =hO +twd) (1), —1/p<t<0, W) (—1/ ) =0; (19

"‘+’(t)+tw"+’(t) h +twd (1), O<t<l/p, W (L/p)=0;

Jnsa  pyHxmii ng )(t) u ng )(t) norpedyeM JONMOJHUTEIbHbIE YCIOBUS (YCIBOUS

cpaluBaHus):
OO+ W) (0 =V ) +w(0), WL (0 =W, (0), k=01..; 20)
vO@+W O =vOO)+ws(©0), W, 0)=w,©), k=0.1..

VYcnosue (20) obcrieunBaeT HenpepbIBHOCTH perieHust (8) B Touke x=0 1 B e OKPECTHOCTH.
JlokaxkeM CIIeIyIOLTYI0 BCIOMOTATENbHYIO JIEMMY.
Jlemma. Pemenue 3anaun (21) cymecTByeT, €TUHCTBEHHO:

EDM)+ED (M) =G (1), te(-p™,0),

ED ) +ED (1) =GP (L), te(O,u™),
ED0)+keM (0) =0, £(0)+k,E"(0) =B,
£ (-p*) =0, (") =0,

(21)

U IIPpEACTAaBUMO B BHUJIC.
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t t
0 =%Y(Bf+>—81<>) [ e Pde+ |

-Un -1/p

g2 I e¥2G)(s)dsd,
0

t t T
g = %Y(Bf” ~B0) [ e dus [ &[G (s)dsd,
Up 0

Up

rmue
-1

t 0 T 0 T
y= j e“2dt| ,BO = I e/ zj'esz’ 2sw{”(s)dsdt, B = I e’ 2jesz’zsw(‘)*’ (s)dsd .
“n U 0 Up 0

Ha ocHOBaHHMM 5TOM JIEMMBI MBI MOXKEM YTBEPKIaTh, 4To pemeHue 3aaa4 (17)-(20)
CYIIECTBYIOT U €IMHCTBCHHBI.

Takum 00pa3oM, HaMU JI0Ka3aHa TeopemMa

Teopema. Jlnis pernenns 3anaun (1)-(2) mpu VX € [—11] cnpasenmmso acummrornueckoe

Pa3JI0KCHHUEC
2n+l

y(X,€) = Zn:s"vk (X)+ > W (t) +O(e™?), e —>0.

Oocy:xnenne. [IpoBeéHHoe nccie0BaHUE IEMOHCTPUPYET, YTO JBYXTOUYEUYHAsl KpaeBas
3ajjaya U1 JMHEWHOrO0 CHUHTYJISIPHO BO3MYILUEHHOIO YpaBHEHHMsI BTOPOrO IOpsIKa C
K03 puLIreHTOM, 0OpallaloIMMCs B HOJIb BHYTPU HHTEpBaa, 00J1afiaeT psiioM HETPUBUAIBHBIX
ocobenHocTeil. Knaccuueckne CHHTYISPHO BO3MYIIEHHBIE 33Jaud OOBIYHO XApPaKTEPHU3YIOTCS
MOSIBJICHUEM TIOTPAaHUYHBIX CJI0€B BONIM3M rpaHull oOnactu. OJHAKO B PacCMOTPEHHOM
npumepe gy’ '+Xy'—xy=f(X) ¢ kpaebiMu ycnoBusmu Y(—1)=0, y(1)=0 nmorpanuuHble ciIOM Ha
KOHI[aX OTpe3Ka OTCYTCTBYIOT, & OCHOBHOH BKJaJ B ()OPMHUPOBAHUE MEPEXOAHON CTPYKTYpPHI
BHOCUT BHYTpEHHsIsI ocobasg Touka X=0. DTO0 HNpUHUMIHMAIBHO OTJIMYAET JAaHHYIO0 337ady OT
LIMPOKO M3BECTHBIX MOJIENEH, TJI€ KOHTPACTHBIE CTPYKTYpPbl BO3HMKAIOT JIUIIb B HEJIMHEHHBIX
ypaBHEHMSX. 37ech e, HECMOTpsl Ha JMHEHHOCTh, HaJU4ue HYJNEeBOro Kod(p(duimeHta mnpu
IPOM3BOJHOW B BBIPOXKJIEHHOM YpaBHEHHWU INPUBOJIUT K Jorapu(pMUUECKON OCOOEHHOCTH
BHEIIHETO peIIeHNs U HE0OXOJUMOCTH IOCTPOEHUSI BHYTPEHHETO CIIOSL.

[IpumMeHEHHBIN TMOAXO0M, COYETAIOMUKA OOOOMEHHBI METOJ MOTPAHUYHBIX (DYHKIUN U
TEXHUKY CpallMBaHUs AaCUMMTOTHYECKHX pAa3I0KEeHUH, IO3BOJIMI HE TOJBKO IOCTPOUTH
dopManbHbIE ACUMOTOTUYECKHE PAIbl, HO U OOOCHOBATH WX DPABHOMEPHYIO IMPUTOAHOCTB.

KilfoueBbIM MOMEHTOM CTajlO0 BBEICHHE HOBOW mepeMeHHoW t=X/p, p=\/§, KOTOpas

«pacTATUBAET» OKPECTHOCTh O0COOOW TOYKM M TIO3BOJISIET OMHUCATh BHYTPEHHEE peIleHue 4depe3
(GYHKIHIO, 3aBUCSINYI0 OT OBICTpOM mepeMeHHoW. MHTepecHo, YTO B OTIWYHE OT MHOTHUX
CUHTYJIIPHO BO3MYIIEHHBIX 3a/1a4, 3/1€Ch MacIITad BHYTPEHHETO CJIOSI ONpPEaeNsIeTcs = Je ,a
HE €, YTO YKa3bIBAET Ha OOJIEe CIIOKHBIN XapaKTep MePeXoqHON 00IaCTH.

C BBIYUCIUTETFHON TOYKH 3pPEHUS TOJYyYEHHBIE ACUMMTOTUYECKHE (HOPMYIBI MOTYT
CIIY’)KHTh OCHOBOH J7isl co37aHusl 9 (HEKTUBHBIX YUCIEHHBIX alTOPUTMOB, TIOCKOIBKY OHH JAOT
Xopolllee HadaiabHOe MPHOIIKEHHE Hake MPH YMEPEHHO MallblX €. TOYHOCTh aCUMMOTOTHUKU
mpoBepsuiack B cucreMe Maple Ha KOHKPETHOM MpUMEpE; Takas Bepu(HKaIus MOATBEPKIAeT
MPaKTUYECKYI0 LIEHHOCTh MeTo/a. BMecTe ¢ Tem, OCTaloTCs OTKPBITBIMUA BOMPOCHI O BIUSHUU
0oJsiee CIOKHBIX MPaBBIX YacTed, 0 BOZMOKHOCTH PACIPOCTPaHEHHs MOJX0Ja Ha HEJTMHEHHbIe
AQHAJIOTH, a TaKXe O CTPOroM OOOCHOBAHUHU CXOJMMOCTH aCUMITOTHYECKUX psaoB mnpu e—0 B
KJIacce TIIaIKuX (PYHKITHIA.
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CrnenyeT OTMETHTb, UTO MPEAJIOKEHHAsE METOAMKA HE TpeOyeT MpeBapUTEIbHOTO 3HAHUS
CTPYKTYpBI IIOTPAHUYHBIX CIIOEB — OHA CaMa BBIABIISET UX U3 AHAJIN3A ITOBEJACHUS BHELIHETO
pemieHus. Oto gAenaer €€ yqoOHOM s aBTOMAaTU3allMM IpPU IOCTPOEHUM AaCUMIITOTHK B
CHMBOJIbHBIX MAaT€MAaTHUYECKUX IaKeTaxX. B 1enom, mojaydeHHbIe pe3ybTaThl paclIUupsIOT K1acce
3aja4, 111 KOTOPBIX MOXKET ObITh 3()(PEKTUBHO MPUMEHEH METO/I CPAILIUBAHHS, U IEMOHCTPUPYIOT,
YTO JIaXKe B JIMHEHHBIX TOCTAHOBKAX BO3MOYKHbI HETPUBHAJIbHbIE BHYTPEHHUE NIEPEXOAHBIE CIIOH,
€CJIM BBIPOXKJIEHHOE YPaBHEHHE UMEET 0COOYIO TOUKY.

3akiroueHue. B 1aHHOW cTarbe paccMOTpeHa [BYXTOUYEYHas KpaeBas 3ajada s
JMHEHHOTr0 HEOTHOPOJAHOTO OOBIKHOBEHHOTO AU(PEpeHIInaTIbHOTO YPaBHEHUS BTOPOTrO MOPsIKa
C MaJIbIM [TapaMeTPOM TIPH CTapIiel mpon3BoaHou. [Tokazano, 4ro HaMuue y Ko3ppuimeHTa npu
IIEPBOM IIPOU3BOAHON HYJISl BHYTPU MHTEPBAJIA IPUBOJUT K TOMY, YTO BBIPOKJICHHOE YpPaBHEHUE
UMEET 0CO0YIO TOUKY, a pEeLIeHHE TOJIHON 3aauu (POpMUPYET BHYTPEHHUN NMEPEXOAHBIN CIOU B
OKPECTHOCTH 3TOM TOUKH, TOTJa KaK KJIaCCHYECKUE MOIrPaHUYHbIE CIIOM Ha IPaHUIIAX 00JIacTU He
BO3HUKAIOT. Takas KOMOMHAIMs CHHTYISPHOTO BO3MYILIEHUS M BHYTPEHHEH OCOOEHHOCTH
MO3BOJIMJIA OTHECTH 3a/1a4y K KIIACcCy OMCHHTYISPHBIX.

OCHOBHBIM  PE3yJbTATOM pPAOOTHI SBISIETCS IOCTPOCHHE IMOJHOTO PaBHOMEPHOTO
ACUMITOTUYECKOTO PA3NIOKEHUS PELICHUs C JII000I CTeNEeHbI0 TOYHOCTH 110 MajoMy MapameTpy.
Jl1s 3TOT0 MCTONB30BaHA KOMOMHALIMA 0000IIEHHOTO METO]a TOTPAHUYHBIX (DYHKIUI U MeTOa
CpallMBaHUsl ACUMIITOTUYECKUX PA3JIOKEHUU. B oTiMume OT CTaHJapTHBIX MOJIXOIO0B, 31€Ch
BHEIIIHEE PELICHUE CTPOUTCS Pa3eIbHO Ha JIEBOM U IIPABOM IIOJyHHTEPBAJIAX,  3aTEM CLIMBAETCS
yepe3 BHYTPEHHEE pELICHUE, KOTOPOE OMMCHIBAET MOBEACHHUE B OKPECTHOCTU OCO0O0M TOUKH.

Macmrabupyromast 3amena t=x/p, p= Je nossonmia HOJYYUTh YPABHEHUS ISl BHYTPEHHUX

MOTPAaHUYHBIX (PYHKIMH, pelraeMbie B sSBHOM Buje. JlokazaHa JieMMa O CYIECTBOBAHHHM U
€IMHCTBEHHOCTH PEILICHUs] BCTIOMOTATEIbHOW 3a/1auu JJii BHYTPEHHETO CJIOos, a Ha €€ OCHOBE
chopmynupoBaHa M JOKa3aHa TeopeMa O PAaBHOMEPHON MPUTOJAHOCTH ACUMIITOTHYECKOTO
pa3NoKeHHUs.

[TonmyuenHnsie  acUMOTOTHYECKHE  (OPMYNIBI  MOTYT OBITh  HCIONB30BaHBI  IPH
MOJICTTUPOBAHUHU (PU3NYECKUX MPOIECCOB, B KOTOPHIX BO3HUKAET PE3KOE M3MEHEHHE pPEUICHHS
BHYTpH OOJIaCTH TpH MalloM MapaMmeTpe — HampuMep, B 3ajadax TeIJIONPOBOJHOCTH C
nepeMeHHbIMU KOd(dQUIeHTaMu, B TEOPUM TOTPAHUYHOTO CJIOS MPU HAJIUYUH BHYTPEHHEH
0CO00# JIMHWM, a TaKKe B JKOHOMHYECKHX M OHOJOTHYECKUX MOJEISAX C TOPOTOBBIMHU
s dexramu. Kpome Toro, pe3ynbTaThl MOTYT CIIYKUTh 3TaJOHOM JIJIs TECTUPOBAHUS YMCIIEHHBIX
METO/IOB, TIPeAHA3HAYEHHBIX JIJISl PEIICHUS CUHTYJIIPHO BO3MYIIIEHHBIX 3a/1a4.

[TpakTHdeckass 3HAYUMOCTh PaOOTHI TMOATBEPKAACTCS CPABHEHHEM ACHMIITOTUYECKUX
NpUOIMKEHUH C YUCIICHHBIMU pacyéTaMu, BHITIOJTHEHHBIMU B cucTeMe Maple, KoTopoe mokasano
BBICOKYIO TOYHOCTh YX€ MpPU MajbIX MOPSAJKAX aCUMOTOTHKU. B nanmpHeiieM IUIaHUpyeTCs
pacupoCTpaHUTh MPEIIOKEHHYI0 METOJMKY Ha HEJIMHEHHbIE YpaBHEHMs], a TAK)KE Ha 3a/1auu C
HECKOJBKUMH BHYTPEHHHUMH OCOOBIMH TOYKAMH W Ha CHCTEMbl ypaBHeHHH. OTAEIbHBIM
HaIpaBJICHUEM SIBJISIETCSI CTPOTO€ OOOCHOBAHHME ACHUMIITOTHYECKHX PAa3JOKCHUM B CMBICTIE
CXOJIMMOCTH PSIJIOB U MOJYyUYEHHUE OIIEHOK OCTAaTOYHBIX YJIEHOB B MPOCTPAHCTBAX 00Jiee BHICOKHUX
HOPM.
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Abstract. This paper investigates periodic solutions of a nonlinear system of fractional functional integro-
differential equations involving the Gerasimov--Caputo fractional operator, a product of two nonlinear functions, and
maxima-type nonlinearities with variable deviations. The considered model combines hereditary effects, nonlocal
interactions, and extremal functional dependencies, which substantially complicate the qualitative analysis of the
system. The original periodic boundary-value problem is transformed into an equivalent system of nonlinear
functional-integral equations. Explicit estimates for the associated nonlinear operators are obtained, and a constructive
iterative procedure based on the method of successive approximations is developed. Sufficient conditions
guaranteeing existence and uniqueness of periodic solutions are established by combining the contraction mapping
principle with detailed operator estimates in an appropriate Banach space. Furthermore, the periodic solvability
problem is reduced to the investigation of zeros of an associated nonlinear vector field. Using homotopy arguments
and topological index techniques, sufficient conditions for the existence of periodic solutions are derived. The obtained
results provide a constructive framework for the analysis of nonlinear fractional systems with memory, delays,
maxima, and nonlocal interactions.

Key words: Periodic solutions, system of functional integro-differential equations, product of two nonlinear
functions, function involving variable deviations under the maximum.

NEPHOJNYECKHUE PEIIEHUS CUCTEMBI ® YHKIIMOHAJIBHBIX HTHTET PO-
JTU®OEPEHIIMAJIBHBIX YPABHEHUI C MIPOU3BEJIEHUEM JIBYX
HEJIMHEWHBIX ®YHKIIUN U ®YHKIIUENA C TEPEMEHHBIMU
OTKJIOHEHUSIMHU IO MAKCUMYMAMH
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AHHoOTanusi. B nanHOH paboTe HMccienyroTcsl MEepHOJUMYECKAe PEIICHUS] HEIMHEHHOH CHCTEMBI IPOOHBIX
(DyHKIIMOHATIBHBIX HHTErpo-IuddepeHnanbHbIX ypaBHEHHH, BKIIOUYAIOmEed ApoOHBINH omeparop ['epacmmoBa—
KamyTo, mpousBeneHne ABYyX HEIMHEHHBIX (YHKIHMH WM HEIMHEHHOCTH THIAa MAaKCHMYMOB C IIE€PEMEHHBIMHU
OTKIOHEHWsIMH. PaccmarpuBaeMass Mopmenb codyeraeT B cebe HaciueICTBEHHbIE 3()(EKTHI, HEIOKaIbHbIC
B3aUMO/ICHCTBUS ¥ HKCTPEMANIbHBIE (h)YHKIIMOHAIBHBIC 3aBUCHMOCTH, YTO CYHIECTBEHHO YCIIOXKHIET KauyeCTBEHHBIN
aHanu3 cucTeMbl. McxonHas mepuoAudeckas KpaeBas 3ajada IpeoOpazyeTcd B OKBHBAJCHTHYIO CHCTEMY
HEJIHUHEHHBIX (I)yHKI_[I/IOHaJ'IbHO-I/IHTeraJ'II:-HI)IX ypaBHeHHﬁ. HOJ’Iy‘IeHbI SABHBIC OLCHKU [JI1 COOTBCTCTBYIOLIUX
HEJIMHEHHBIX OIEepaToOpoB M pa3paboTaHa KOHCTPYKTHBHAs WTEpAlMOHHAs MpOIEeAypa, OCHOBaHHAs Ha METOJE
OCJICA0BATCIIbHBIX HpH6J’IH)KCHHI>i. JIOCTaTO‘-IHI)Ie ycCioBUA, TAapaHTUPYIOIHUC CYHICCTBOBAHUE U CAWHCTBECHHOCTH
MEePUOTUUECKUX PEIICHUH, YCTaHOBIICHBI ITyTeM 00bEMHEHNUS IPUHIIUIIA CKUMAIOIIHUX OTOOpaXeHUH ¢ MOPOOHBIMU
OLICHKAMHU OIEPaTOPOB B COOTBETCTBYIOIIEM OaHaXOBOM IpocTpaHcTBe. Kpome Toro, mepuonudeckas 3amada
Pa3pemnMOoCTH CBOJUTCS K UCCIIEI0BAaHNIO HYJIEH COOTBETCTBYIOIIETO HETMHEHHOTO BEKTOPHOTO 110J1sl. C IOMOIIbI0
TOMOTOIMYECKUX AapTyMEHTOB M TOMNOJIOTHYECKHX HWHIEKCHBIX METOJOB BBIBEJICHBI JOCTATOYHBIC YCIIOBHS
CYIIECTBOBAHUS NMEPUOIMIECKUX pereHuid. [lomydeHHble pe3ynbTaThl 00eceYnBalOT KOHCTPYKTUBHYIO OCHOBY JUTS
aHaIM3a HEJIMHEHHBIX JPOOHBIX CHCTEM C IIaMATBIO, 3aJEp)KKaMHM, MAaKCUMyMaMH M HEJOKaJIbHBIMH
B3aUMO/ICHCTBUSIMU.

KaroueBnle cioBa: Ilepuomuueckue perieHus, cucteMa (QpyHKIIMOHAJIBHBIX HHTErpo-AuddepeHnatbHpIx
YpaBHEHHI, POU3BENICHHUE JIBYX HEIMHEWHBIX (YHKIMHA, (YHKIMS, colepiaiias NepeMeHHbIe OTKIOHEHHS MO
MAaKCUMYMOM.

Introduction

Differential and integro-differential equations have become one of the principal
mathematical tools for describing dynamical systems with memory, hereditary properties,
anomalous transport phenomena, and nonlocal interactions. During the last decades, such
equations have found numerous applications in viscoelasticity, control theory, continuum
mechanics, biology, signal processing, heat transfer, and many other branches of modern science
and engineering. In addition, in the theory of differential equations, one of the main directions is
functional-differential equations (Artykova et al., 2026; Gladilina and Ignatyev, 2004; Mamanov
and et al., 2026).
A particularly important role in the qualitative theory of dynamical systems is played by periodic
solutions. Periodic regimes describe recurrent processes, oscillatory behavior, and stable long-term
patterns that arise naturally in both natural and engineered systems. Consequently, the study of
periodic solutions remains one of the central directions in the theory of differential and integro-
differential equations, see, for example: (Bai and Yang, 2007; Chen and et al., 2007; Hu and Han,
2009; Li and et al., 2015; Ma and et al., 2012).

In the theory of fractional order differential equations, the main place is given not only to
theoretical development, but also to practical application in various fields of science and practice,
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see, for example: (Area and et al., 2015; Delbosco and Rodino, 1996; Handbook of Fractional
Calculus with Applications 2019; Hilfer, 2000; Hussain and et al., 2020; Kaufmann and Mboumi,
2007; Kilbas and et al., 2006; Kosmakova and et all., 2026; Samko and et al., 1993; Sun and et al.,
2019). At the same time, many practical models involve not only memory effects represented by
fractional operators but also functional dependencies containing maxima of the unknown function
over variable intervals. Such maxima-type nonlinearities appear in control systems with threshold
mechanisms, biological models with delayed responses, optimization problems, and engineering
systems with extremal feedback. The simultaneous presence of fractional memory effects and
maxima considerably increases the analytical complexity of the problem.

An additional difficulty arises when nonlinear integral interactions are represented by

products of nonlinear functions. In this case, the resulting equations combine several distinct
sources of nonlinearity: fractional memory, integral dependence, variable deviations, and extremal
operators. The interaction of these mechanisms leads to mathematical models whose qualitative
properties remain insufficiently understood.
Motivated by these considerations, the present paper studies a periodic boundary-value problem
for a nonlinear system of fractional functional integro-differential equations involving the
Gerasimov-Caputo operator, maxima-type nonlinearities, and a product of two nonlinear
functions. The considered model includes various types of deviating arguments and therefore
unifies several important classes of functional differential equations. Related problems of finding
periodic solutions to integer-order nonlinear functional differential equations are considered in
(Yuldashev, 2022a; Yuldashev, 2022b; Yuldashev and Abduvahobov, 2023; Yuldashev and
Sulaimonov, 2022).

The main idea of the paper consists in reducing the original periodic boundary-value problem
to an equivalent system of nonlinear functional-integral equations. This reduction makes it
possible to construct a convergent iterative process and to apply fixed-point techniques. Existence
and uniqueness of periodic solutions are established by means of the contraction mapping
principle. Furthermore, the periodic solvability problem is connected with the investigation of
zeros of an associated nonlinear vector field. By combining homotopy arguments with topological
index methods, additional sufficient conditions for the existence of periodic solutions are obtained.

The developed approach provides a constructive analytical framework for studying
nonlinear periodic processes in fractional systems with memory, maxima, and nonlocal
interactions.

1. Problem statement
In this paper on the interval [0,T] we consider the questions of existence and constructive
methods of calculating of the periodic solutions of the system of nonlinear ordinary first order
integro-differential equations with maxima

c Dot x(1) = q(t, x(1) +
t S
+j g(s,x(s))f[s,x(s), j K(s.0, max{x(r)|reP(0)})d0]ds, 1)
0 —0

where

1 j X'(s) ds

Fd-a)q (t—s)”
is the Gerasimov-Caputo fractional differential operator,

¢ Dgtx(®) = lo “X(t) = , te(0,T)

27



Bectuuk Oml'Y. MaremaTuka. ®@usuka. Texnuka. Nel(8) 2026

t
1EX(t) = ﬁ [t-s)“ x(s)ds, 0<a<1
0

is Riemann-Liouville integral operator, « is order of fractional differential operator, T'(c) is
Gamma function.

x e X, X isthe closed bounded domain in the space R", 0 X is its border, g e C([0,T]x X,R")
f eC([0,T]xX xR",R"), functions a9, f are T -periodic,
Pt) =[A4 1), L)), A4@®)eC[0,T], i=12

1).
2).
3).
4),
5).
6).
7.
8).
9).

According to the deviation functions are possible following cases:
—oo< A4 (t) < A, (t) <0 (initial argument case);
—o0< 4(t) < A (t) <t (initial-delay argument case);
—o< 4 (1) <0, 0< A, (t) <t (initial-delay argument case);
—o< A4 ) <t <A () <T (initial-delay-advancing argument case);
—o00< 4 (t) <t < A, (t) <o (initial-delay-advancing-final argument case);
0< 4 (t) < Ap(t) <t (delay argument case);
0<A4t)<t<A(t)<T (delay-advancing argument case);
t<A4(t) <A (t) <T (advancing argument case);

0< A (t) <T < A (t) <o (advancing-final argument case);

10). —o< A4 (t) <T < A, (t) <o (initial-advancing-final argument case);

11). t< A (t) < 4, (t) <o (advancing-final argument case).

We consider the case 5. Other cases will be study similarly. The choice of the initial

conditions for equation (1) depends from the nature of the deviations. In the case of 5 we will study
the equation (1) with the following conditions

X©) =ax(t), te (00,
X() =@, (1), tell ), )
x(0) = x(T),

where (ol(t)eC((—oo,O],Rn), (oz(t)eC([I',oo),Rn), j|K(t,s,x)|ds<oo.

By C ([O,T], R”) denoted the Banach space, which consists of continuous vector functions

X(t), defined on the segment [0,T], with values in R" and with the norm

n
2
[¥leg - \/Zmaé of

By the BD([O,T], R”) we denote the Banach space of continuous functions on the interval

[0,T] with the norm

| x(®) ”BD[O,T] =[x ”C[O,T] +h-[x'(t) ”C[O,T] , 0<h=const.
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Formulation of problem. To find the T -periodic function x(t) € BD([O,T], R”), which
forall t [0, T] satisfies the system of integro-differential equations (1) and the periodic condition
in (2) and goes through x, at t=0.

2. Reduction to functional-integral equation

Let the function x(t) e BD([O,T], R”) is a solution of the periodic boundary value problem

(1), (2). Using the definition of the operator, we integrate of the equation (1) on the given interval

(0.1)

12eDE (x(1) = 1E1ETX (1) = 13X(t) = Ix(s)ds:x(t)—x(O), 3
0
t
i (tX0) = s Je-9 n(sxe)es @

Appling the formulas (3) and (4) to the last fractional integro-differential equation, we obtain
x(t) = x(0)+—j(t s)“{q(s X) + j 9(8,x) f (6, x, y)d@]ds (5)
where

t
g(t,x) = g(t,x(t), q(t,x)=q(t, x(t)), f(t,x,y)—f{t,x(t),jK(t,s,max{x(r)|reP(s)})ds}.

The quantity x(0) in the equation (5) is unknown. To find it we use the periodic condition
(2). So, from (5) we have

X(T) = x(0)+—j(r 5)* 1[q(s x)+jg(e x) (6, , y)d&]ds
Hence, taking the condition (2) into account, we obtain:
T s
j T —s)“llq(s, x)+jg(9, x) f (0, %, y)dH]ds -0,
0 0

Consequently, the differential equation (1) one can write as
¢ Dot x(®) =q(t, x(1)) +

t S
+Ig(s,x(s))f {s,x(s), _f K(s,@, max {x(r)|r P(H)})d@}ds_
0 —00
1 T a-1
= [Ty a(s x(9)ds -
0

T s 0
_% ! T -s5)%? ! 9(0,x(9)) f (a, x(e),_j K (6.5, max{x(z)[r € P(g)})ngdes. (6)

Then by integration of the equation (6), we obtain the following system of equations:
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X(t) =X +— j (t=9)"*[a(s, X(s))+

+

O

g(H,x(e))fLH,x(H), j K(a,g,max{x(r)rep(g)})dg]de—

—00

1] L 0
< [T -0 a@x@)do-< [T -0 [ 9(5.x(6))x
0 0 0

¢
x f [g, x(c), I K(g,é‘, max{x(r)|r € P(é)})df}dgd@}d& (7)
Lemma 1. For the equation (7) is true the following estimate
| %) —xo | <T“M(M +TMgM ¢ ) (8)
COTI™ " gl+a)(a)' 1 gt )

where
Mg =] a(t.x®) g7 Mo =l 9EXO) o772 M =] T (X0, YO) |01y

Proof. We rewrite the equation (7) as

t
X(0) =% = ﬁ;[(t —5)%q(s, x(s))ds +
1 ¢ o gaf 0
+@j(t—s) 1J'g(6’,X(6’))f(0,x(0),_LK(@,g,max{x(r)heP(g)})ngd@ds—

_?m j (t- s)a-ldsj T -0)*q(6, x(e))de——— j (t- s)“‘ldsj(T 0)** x

x j 9(5,x()) f [g, X(s) j K (5.¢max{x(z)|r e P(f)})df]dgde.
0 —o0

Hence, implies that there is true the following estimate
[ X(®©) =% ooy < @®[ [ a(t.x®) [+T] o (t.x®) || £ (t.x®, y®)][ ], 9)

where
1 ) 1 1] - )
a(t) =@_([(t—s) (l+s)ds—m1—__([(t—s) ds_([(T —0)* 1+ 6)do.

We calculate the integrals:

s=tz
s=0=z=0=
s=t=z=1

1
j t* 11— 2)% Lztdz = t*1B(2, ),
0

A= j(t 5)%sds =
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t-s=z=ds=-dz|
A = I(t 5)* s =|s=0=z =t :—jz“‘ldz:
s=t=1z=0 t
Similarly, we obtain that

o

T T
Ag = j (T —s)* Lsds =T*"B(2, @), A, = j (T —s)*lds=—,
0 0

t T
_[i_e1f 1 _poet _ _(tT)” M) 1
A;»—g(t 5) g(T 0)°1+0)d0ds = Ay Ay + A) = (T r(2+a)+aj'

Then we have the following estimate
t* M) 1
t)=—— -—— = +— |-
*O=Fa )[Al ] r( )T FA= r(a)[ r2+a) a}
aTa-1
1T T I'(x) +l <T@ T+(0+a) .
INa) o 2+a) «a a(l+ o))
It is easy to check that from (9) follows (8). Lemma 1 is proved.
Remark. T -periodic solution Xou (1) =y/(t) of the system (1) with initial value function

@ (t) on the initial set (—o0,0] is defined by the initial value function ¢ (t), which is periodical

continuation of the solution w(t) into initial set (—o0,0]. T -periodic solution Xy () =W (t) Of the

system (1) with final value function ¢, (t) on the final set [T, ) is defined by the final value
function ¢, (t), which is periodical continuation of the solution (t) into final set [T, ) .

Lemma 2. For the difference of two functions with maxima there holds the following
estimate

H max {x(r)|z € P(t)} —~max{y(z)|r € P(t)} ”C[O,T] <

0
<[ X0 YO legor; +h| = [(xO-y(®)]

C[0,T]

where P(t) =[4(t), 4 (1)),

h=max{ sup | A4 () [+ sup PAOLE sup |gol(t)|+ sup | g (t) |}

—oo<t<T T<t<o
3. Main results
Theorem 1. Assume that for all t [0, T] are fulfilled the following conditions:

L | a(t.x®)|<Mq <o, [|g(txt))|<Mgy <o, | f(t,x(),y1))||<M; <oo;
2. [a(t.xy)-a(t. %) [<Lfx—x|;

3. |g(tx)—g(tx)| <Lyl % —x |

4]t )= F(txy2) [ L[ =% [+ =Yz [ ]

5. | K(ts,%)—K(t,5,%) | < Ly(s)] % — X2 || O<sup _[ L, (s)ds < oo;

—00

31



Bectuuk Oml'Y. MaremaTuka. ®@usuka. Texnuka. Nel(8) 2026

T+(1+)

— (M
a(l+a) ()

6. The radius of the inscribed ball in X is greater than T“ q +TMgM f );

7. p= o <1 where 5 =max{L; +T(MgLg+M;Ly);MoMgLs},

o T+(0+a)
lemaX{T m, 0} MO—SUDJL4(S)dS<oo

If the system (1) has a solution for all t<[0,T], then thls solution can be founded by the
system of nonlinear functional- integral equations

X(t, %) = I (t;X) = xo+—j<t 5)*q(s, X(s, xo»ds+—j(t ) 1jg (6.X(0, %))
xf{@,x(@,xo), j K(e,g,max{x(f,x0)|reP(g)})ngdeds—

_?m J (t— s)“—ldsj(r 0)*Lq(6, x(6, xo))de—?mj(t s)“—ldsj (T -6)*x

¢
ng(g, X(5, %)) f {g, X(5:%o), j K(g,f, max {X(z, o) |z P(é)})déJdgd& (10)
0 o

Proof. The theorem we proof by the method of successive approximations, defining
iteration process as

Xt X0) =X0r Xmu1(t, %) =J(t;Xp), M=0,1,23,... (11)
We will show that the right-hand side of the system of equations (10) as an operator maps a ball
with radius T¢ T+(+a)

—(Mq+TMng) into itself and is a contraction operator. So,
a(l+a)l(a)

according to the lemma 1, from (11) we have
o« T+1+a)

| Xmaa (8 X0) =% ”C[O,T] < W(Mq +TMgM ) (12)

By integration of the system of integral equations (10) we obtain
t
' _ 1 a-1 a-1
K 0%0) =5 ! (@L-9)a(s, XS, Xo))d3+— j A-s) j 9(6, %n(6,%0))x
0
x| 0,%:(0,%), j K (0,5,max {x(z,%) | € P(5)}) dg |dods
—o j - s)“—ldsj (T =) (6, X (6, %9))d6 -

TF()

‘?ﬁf‘l s)a—ldsja 6)” 1j JERNEENE
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S
<F| 6 Xm(s %), [ K (6:&max{xm (7, X0)|7 € P(£)})dE |dsdo, (13)
From (13) we get
| X2t %0) o7y < /() (Mg +TMgMy ), (14)
where
R T u "
a(t):@_([(l—s) 1(1+s)ds—ﬁ?_[(l ) 1olsj(T 0)* 11+ 6)de.

We calculate the integrals:

t t 3
(04
0 0

t t
B, = j(l— s)*Lsds = — j (1-9)*(1—s)-1]ds =
0

1-(1-t)** 10"
a+l o

= —j (1—s)%ds +j(1— )% lds =—

1-(+a)A-)* +al-t)*H
- a(l+a) '

Similarly, we obtain that

1 ()

TO(
rR+a)’ ’

T T
By = j (T -5)*sds =T*"B(2, ) = T** = j (T -s)*ds=-—
0 a

t T
Bs = [ (@-9)* s [ (T - 0)* *(1+6)d0 = By(Bs + By) =
0 0

_ _H\@
_pal-@0(7 D@ 1)
a I2+a) «a
Then we have the following estimate

1 1, 1 [1-@-9% 1-+a)@-H%+a@-)**|
a(t)—ﬂ[BlJrBZ]_%?E%_F(a)[ a * a(l+a)
T - (T I'(cx) +1js%1
I'() a I'2+a) o
where
@™t
a(l+a)l ()
a(') = 2+—a, T =1,
a(l+a)l (@)
1-@1-t)“ +1—(1+ a)(1-t)* To1
ol (a) a(l+a) ' '
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We consider a difference x4 (t, Xg) — Xy (t, Xg), Where the functions X,,4(t,%;) and
X (t, Xo) are defined from the approximations of system of equations (11). By the conditions of
the theorem and lemma 2, from (11) we have

[ X2 (6 %0) = X (8 %0) o 7y <

r(a)j(t ) H(L+T(MgLs + M Lp))| (5, %)~ Xm1(5, %) |+
ML j Ls(6)| max {x(z, Xo) |7 € P(0)} ~max {xyy 1 (7, X9) |7 € P(6) } |+

.
+%£ Ly +T (MgLs +M ¢ Lo))[ [ Xn(6: X0) — %16, %) | +Mg ng Ly (&)

—00

x| max{ X (7, ¥o) |7 € P(E)} —max {1 (7. %) | € P(&)] Hdg}de} ds <

<af(t) [( Li+T(MyLs +My Lz))” Xm (t, %) — X (t, Xo) ”C[O,T] +

cra T +l+a)

+MoMLg m-1(t, Xo) ”C[O,T]}_ a(l+a) ()

X0 [II X (t%0) = Xm-a (6 %0) oo 77+ [ ¥ (6 %0) = X1 (¢, Xo) ||C[O’T]] (15)

where
t
2o =max{Ly +T(MgLg+ M Lp); MgMgLs}, Mo =sup [ Ly(s)ds <co.
t —

Similarly, by the assumptions of the theorem 1, from (13) we have
[ X2 (8 %6) =X (&%) o 77 <

< a(’)ZO |:|| Xm (t’ XO) - Xm—l(t’ XO) ”C[O,T] +h ” X;n (t! XO) - XFn—l(t’ XO) ||C[0,T]j|' (16)
Denoting y; = max{T“% } from (15) and (16), we obtain
all+a
” Xm+l(t! XO) —Xm (t' XO) ”BD[O,T] < p” Xm (t' XO) - Xm—l(t' XO) ”BD[O,T] ) (17)

where p= yon.
According to the last condition of the theorem 1, p <1. Since
[ X (6 %0) =X (t: %0) lappo 7 < Xm (8 %0) = X1t %0) [ gy 77

from the estimate (17) we deduce that the operator on right-hand side of (11) is contracting. From
the estimates (12), (14) and (15), (16) implies that there exists a unique fixed point
X(t, Xy) € BD[O, T]. The theorem 1 is proved.

From the estimate (17) it is easy to obtain that for x,,X; € X holds
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< [ %%
| X(t, %g) = X(t, %) ||BD[0,T]S 1-p
Now we will show the existence of periodic solutions of the system of impulsive integro-
differential equations (1). We introduce designationS'

(Xo)_?ﬂj (t- s)“—ldsj (T -0)“ 146, %, (6, %))d6+

1 1 t a- a—
_,_?(_J‘(t—s) 1ds£(|’—9) 1£g(g,xoo(g,xo))><

<
xf (g,xw(g,xo), [ K(s8max{x,(z, x)|r e P(cf)})dc,?}dgd@, (18)

—00

Am<xo>=%(i j(t s)“—ldsj (T =0)* (0, %n (6, %))d0 +

11 t a-! a—
+?(_I(t_s) 1ds-([(T—(9) 1£g(§,xm(§1xo))x

¢
x 1 (g, Xn(5 %) | K (5, max{xn(z, )| € P(§)})d§Jdgd9, (19)

where X(t, %) = lim X, (t,Xy) =X, (t, %) is solution of the nonlinear system (10). Therefore,
m—o0

X, (t, %) is the solution of the system of impulsive integro-differential equations (1) for A(xy) =0
going through x, at t=0. Consequently, the questions of existence of solution of the system of

impulsive integro-differential equations (1) we reduce to the questions of existence of zeros of
function A(X,y) and we solve this problem finding zeros of the function A, (X,)-

Theorem 2. Assume that
1. All conditions of the theorem 1 are fulfilled;

2. There is a natural number m such that the function A,,(Xy) has an isolated singular point xS
that A, (xg) =0 and index of isolated singular point xg IS nonzero;

3. There is a closed convex region X, < X, containing a single singular point such that on the its

border 0 X, is fulfilled estimate
pm+1
inf | AL(X)||Z(Mg+TM M . 20
[ An00]> (Mg +TMgM ) (20)

Then the system of impulsive integro-differential equations (1) has a periodic solution for
all t<[0,T] that x(0) € X,.

Proof. By definition, index of isolated singular point xg of continuous mapping A, (Xg) is

equal to the characteristic of vector field, generated by mapping A, (Xy) on the sufficiently small
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sphere S" with the center in xg. Since in X, there is no another singular point, which will be

differenced from xg and X, is homeomorphic to the unit ball E", then characteristic of vector

field A, (Xy) onthe sphere S" is equal to the characteristic of this vector field on 0 X,. The fields
Am(Xg) and A(Xg) are homotopic on 0 X. Let us consider families of everywhere continuous
on 0 X vector fields

V (0, %) =Am (%) + a(A(X) —An (X)),
which connect the fields

V(0,%) =An (%), V(LX) =A%)
We note that there is true the estimate
m+1

||A(x0)—Am(xO)||s(Mq+TMng)f (21)

Therefore, the vector field V (o, X;) does not vanish anywhere on 0 X, . Indeed, from
(20) and (21) implies that
[V (20} [ =] Am(%0) | =] Ax0) = A (%0) | > 0. (22)
The fields A, (%) and A(Xy) are homotopic on 0 X and the rotations of the fields homotopic on
the compact are equal. Hence, taking into account (22), we conclude that the rotation of the field
A(Xg) onthe 0 X, is equal to the index of the singular point x, of the field A, (%) and nonzero.
Consequently, the vector field A(xy) on the X, has a singular point xy, for which A(xy) =0.
Therefore, the system of impulsive integro-differential equations (1) has a periodic solution for all
t [0,T] that x(0) € X,. In addition, we note that for x,,X, € X from (18) and (19) we have

TZH( (@) +1j(Mq+TMng),

| Alx) ”BD[O,T] <

al(@)\ T'R+a) «
3 | Xo —Xo |
[400) =200} lgopory <~

Theorem 2 is proved.
Conclusion

In this paper, a periodic boundary-value problem for a nonlinear system of fractional
functional integro-differential equations with maxima and variable deviations has been
investigated. The considered system combines several analytically challenging features
simultaneously: fractional memory effects generated by the Gerasimov--Caputo operator,
nonlinear integral interactions, products of nonlinear functions, and extremal functional
dependencies.

By transforming the original problem into an equivalent system of nonlinear functional-
integral equations, a constructive analytical framework for studying periodic solutions has been
developed. Explicit estimates for the associated nonlinear operators were derived, which allowed
the application of the method of successive approximations and the contraction mapping principle.
As a result, sufficient conditions guaranteeing existence and uniqueness of periodic solutions were
obtained.

A further contribution of the paper is the reduction of the periodic solvability problem to the
investigation of zeros of a nonlinear vector field generated by the associated integral equations.
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The application of homotopy methods and topological index theory made it possible to establish
additional existence criteria for periodic solutions.

The obtained results extend existing solvability theories for fractional functional integro-

differential equations and provide effective tools for the analysis of nonlinear systems with
memory and extremal feedback mechanisms. The proposed methods can be further developed for
broader classes of fractional systems, including impulsive equations, systems with nonlocal
boundary conditions, distributed parameter models, and equations defined in infinite-dimensional
functional spaces.
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Byxapcxuii cocyoapcmeennwiii ynusepcumem
OrcidID: 0009-0006-3015-1928, dilnoraqurbonova3@gmail.com

AHHOTanusi: MeTopl CHIEKTpalbHON oTnokeHHOHW Koppekuun (SDC) sBISIOTCS WTEpaMOHHBIMU
METOJIaMH JUIsl pelieHns] OOBIKHOBEHHBIX quddepeHnmansHbX ypaBHeHuit. Metoa SDC MokeT oCcTUraTh BEICOKOTO
HOpsIKa CXOOMMOCTH 32 CUET M3MCHEHHMS HA4YaJbHOTO HPHONIDKEHMs, KBAaJPAaTYPHBIX y3JIOB W YHCIA UTSpaLUil.
[TosToMy €ro cXoIMMOCTh CYHIECTBEHHO 3aBHCHUT OT HaudalbHOTO NMpuONKeHus. B nanHo# pabore mpeanaraercs
THOPUIHBIN MeTO, B KOTOopoM (usnuecku-uHdopmupoBannas HeliponHas ceth (PINN) ucnonbyercs aist 3ananus
HavanpHOTO TipuOmmkenus s urepauuii SDC. [Ipencrasnena crporas gopmymuposka merogoB SDC u PINN, a
TaKKe aHaJIH3 CXOOUMOCTH HPEIUIOKEHHOTO MeTona. B 3akiroueHue pe3ynbTaThl MOATBEP)KAAIOTCS YUCICHHBIMH
npumepamu. [IpeanokeHHbIH METO/A CYIIECTBEHHO YMEHbIIaeT KoyimuecTBOo urtepaunii SDC, HEoOXOIUMBIX s
JOCTIDKEHUS BBICOKOI TOYHOCTH.

KnaioueBble cioBa: cnekTpaibHas ormiokeHHas koppekuus (SDC), 3amaua kojutokanud, (U3HYECKH-
undopmupoBanHas HeiiponHas cets (PINN), HayanpHOE IpHOIMKEHHE.

Introduction

High-order numerical methods play a fundamental role in the accurate simulation of
nonlinear and stiff differential equations arising in physics, engineering, and applied sciences [1-
3]. In many applications, such as fluid dynamics, plasma physics, and kinetic theory, achieving
high accuracy in time integration is essential for capturing complex dynamical behavior [4].

Spectral Deferred Correction (SDC) methods, originally introduced by Dutt, Greengard,
and Rokhlin [5], provide a flexible and systematic framework for constructing high-order time
integration schemes. The main idea behind SDC is to iteratively correct a low-order approximation
using defect correction based on an integral formulation of the differential equation. Each iteration,
often referred to as a sweep, increases the order of accuracy and drives the numerical solution
toward the corresponding collocation solution. Over the years, SDC methods have been further
developed and analyzed in various contexts, including stiff problems and multi-level extensions
[5-9].

Despite their advantages, classical SDC methods rely heavily on the quality of the initial
approximation. Typically, this initial guess is obtained using a low-order time-stepping scheme
such as the forward or backward Euler method. While such approaches are inexpensive, they may
produce relatively large initial errors, especially for highly nonlinear or stiff systems. As a result,
a larger number of SDC iterations may be required to achieve the desired accuracy, which reduces
the overall efficiency of the method [10, 11].

In parallel, recent advances in scientific machine learning have introduced Physics-
Informed Neural Networks (PINNSs) as a powerful tool for approximating solutions of differential
equations [12]. PINNSs incorporate the governing equations directly into the training process of a
neural network, allowing the model to learn solutions that satisfy the underlying physical laws.
Unlike classical numerical methods, PINNs provide a global, smooth approximation over the
entire domain and do not require a predefined

The main objective of this work is to develop and analyze such a hybrid PINN-SDC
method. In this framework, the neural network provides a physics-consistent initial guess at the
quadrature nodes, and the SDC method acts as an efficient iterative solver for the associated
collocation problem. We show that this combination leads to faster convergence and improved
efficiency, particularly for nonlinear problems.
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The remainder of the paper is organized as follows. In Section 2, we introduce the integral
formulation and the associated collocation problem. Section 3 presents the derivation of the SDC
method. Section 4 reviews the formulation of Physics-Informed Neural Networks. In Section 5,
we describe the proposed hybrid method. Section 6 provides an error decomposition and
convergence analysis. Finally, numerical results and conclusions are presented in the subsequent
sections.

Collocation problem

In this section, we explain carefully how the Spectral Deferred Correction (SDC) method
is obtained starting from the original differential equation
Consider the following ordinary differential equation

du
Tl fut),ulte) = ug (D
Instead of working directly with the derivative, we rewrite the problem in an integral form.
This is done by integrating both sides from ¢, to some time t

u(t) =uy + fu(r), r)dr (2)

to

This equation tells us something very important. The value of the solution at time ¢ is equal
to the initial value plus the total accumulated effect of the function f from time ¢t to t.

Suppose we divide the interval into M sub-intervals

to <ty <t, <. <ty

These points are called quadrature nodes. At each of these points, we want to approximate
the solution.

For each point t,,, the integral equation becomes:

tm

u(ty) =ug+ | f(u(r),1)dr (3)

to
The integral is usually difficult to compute exactly because we do not know the exact
solution u (7). Therefore, we approximate the integral using a numerical rule called quadrature.
We replace the integral by a weighted sum:

tm

M
F@@,Ddr = Y anif (w,4) 4
=0

to
where u; is an approximation of u(tj), and g,; are known weights that depend on the chosen

nodes.
Now the equation becomes:

=g+ ) i (11,17 5)
=0

This is called the collocation problem. It is a system of equations where all unknown values
U, Uy, ..., Uy aPpear together.

The important thing to notice is that the values u; appear inside the function f(u]-, tj). This
means the equations are nonlinear. Because of this, solving the system directly can be very
expensive, especially when M is large.

Instead of solving it all at once, we try to improve an approximate solution step by step.
This idea leads to the SDC method.
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We begin by choosing an initial approximation. For example, we can use a simple method
like Euler's method to compute values:
ud,ul, ..., uy
Here, the superscript 0 means this is the first guess.
This guess is not very accurate, but it gives us a starting point.
Now we check how good our approximation is. We do this by plugging it into the
collocation equation. We define the defect:

M
rnlft =Up t+ z qmjf(u]k!tj) - u,’% (6)
=0

If our approximation were perfect, this value would be zero. In reality, it is not zero, and
this tells us how much error we have.
We now try to correct our approximation. We write:
uktl = yk + 6k
where &% is a correction that we want to compute.
The idea is simple: we improve the solution little by little.

Spectral deferred correction method

Instead of solving a complicated global problem, we go back to the integral form and focus
on small intervals.
Between two points t,,_; and t,,, we write:

tm

u(tm) = ulty-1) + f (@), ndr (7)

tm-1
Now we approximate this step by step.
We split the integral into two parts. One part uses the old approximation, and the other part
corrects the error:

it =t [ ke, e @®)
tm-1
4 f " ) - FOk@))dr
tm-1

The first integral is computed using the known values from the previous iteration. The
second integral is small and can be approximated using a simple method.
We approximate the correction term using a simple Euler-type step:

f " @R — FRldr ~ At [F (1Y) — ()] ©)

m-—1
The first integral is approximated using quadrature weights. Combining everything, we
obtain:

M
uptt = uth + Atm[f(uﬁf’_ﬂ) - f(ufn—l)] + Z quf(ujk) (10)
Jj=0

This is exactly the SDC iteration formula.

The method works as follows. We start with a rough approximation. Then we repeatedly
improve it. Each correction reduces the error and increases the accuracy.

After several iterations, the solution becomes very close to the true collocation solution.
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The collocation method gives a very accurate solution but is hard to solve directly. The
SDC method solves it step by step in a simple and efficient way.

In your work, instead of starting with a rough initial guess, a Physics-Informed Neural
Network provides a much better starting point. This means fewer correction steps are needed to
reach high accuracy.

Physics-Informed Neural Networks

In this section, we explain what a Physics-Informed Neural Network (PINN) is and how it
is used to approximate the solution of a differential equation [12].

A neural network is a function with parameters. We denote it by ug (t), where 6 represents
all adjustable parameters (weights and biases). The goal of the neural network is to learn a function
that behaves like the true solution u(t).

The key idea of a PINN is the following. Instead of only learning from data, the neural
network is trained using the differential equation itself. This means that the network is forced to
satisfy the physics of the problem.

We recall the differential equation

du
prialACA) (11)
If ug(t) is a good approximation, then it should satisfy
du
— (O~ fug(0), 1) (12)

To enforce this, we define a loss function. The loss function measures how well the neural
network satisfies the equation and the initial condition.
We write:

1 1 d
L= NZ lug (t:) — w;|? +NZ |% () = f(us (5. 1))
i J

The first term measures how well the neural network matches known values, such as the
initial condition. The second term measures how well the differential equation is satisfied.

During training, the parameters 6 are adjusted so that this loss becomes as small as possible.
When the loss is small, the neural network behaves like a function that satisfies the differential
equation.

An important property of PINNSs is that they produce a smooth function defined on the
entire time interval. This is different from classical numerical methods, which only give values at
discrete points.

Proposed Hybrid Method

2

(13)

When we solve the problem using SDC, we need an initial approximation:
Up, = u(ty,)

If this initial guess is poor, then many SDC iterations are required to correct the error. This
increases computational cost.

A simple method like Euler produces a rough approximation [13, 14]. The error can be
quite large, especially for nonlinear problems.

In contrast, a PINN has already learned the structure of the solution. It approximately
satisfies the differential equation everywhere in the interval. This means that the initial error is
already small before starting SDC.
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Another important point is that the PINN gives values at all points in a continuous way.
Therefore, it naturally provides values at all quadrature nodes without additional computation.

Because of these reasons, the PINN initialization is much closer to the true collocation
solution than a classical low-order method.

As a result, the SDC method needs fewer correction steps to reach high accuracy.

We now describe in detail how the Physics-Informed Neural Network (PINN) is combined
with the Spectral Deferred Correction (SDC) method.

The central idea is to use the neural network as a high-quality approximation of the solution
before applying any classical numerical method. The neural network produces a function ug(t)
that approximately satisfies the differential equation on the entire interval.

Once the neural network is trained, we evaluate it at the quadrature nodes:

ud:=uy(ty,),m=01,..,.M (14)

These values serve as the initial approximation for the SDC method. Unlike standard
approaches where the initial guess is obtained using a low-order method, here the approximation
already incorporates global information about the solution.

After initialization, the SDC iteration is applied. At each sweep, the method corrects the
current approximation using the defect of the collocation problem. Because the initial error is
already small, the correction process converges faster.

Thus, the hybrid method consists of two stages. In the first stage, a global approximation
is constructed using the neural network. In the second stage, this approximation is refined locally
through SDC iterations until high-order accuracy is achieved.

Algorithm

1. Train the neural network ug (t) on the interval [0, T] so that it approximately satisfies the
differential equation and initial condition.

2. Evaluate the trained network at the quadrature nodes to obtain the initial values u3,.

3. Apply SDC sweeps to iteratively improve the solution.

Error Decomposition

To understand why this hybrid method is effective, we analyze the error in a structured
way.

Let u(t) denote the exact solution, and let uX, be the approximation after k SDC iterations.
We define the total error:

em = u(ty) — ulr% (15)
We now split this error into two parts:
em = (W(tm) — ug(tm)) + (ug(tm) — w). (16)
The first term represents the error introduced by the neural network:
em N = U(tn) — ug(tm) (17)
The second term represents the error introduced by the SDC iterations:
em = Up () — ufy (18)
Thus, the total error can be written as:
ek = PINN 4 oSDCk (19)

This decomposition clearly separates the contribution of the machine learning
approximation and the numerical correction.
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The PINN error depends on how well the neural network is trained. The SDC error depends
on the number of iterations and the time step size.

Improved Hybrid Method Description

We now refine our understanding of the hybrid method using the error decomposition.
At the beginning of the SDC iteration, we have:
U = ug(tm) (20)
which implies:
eTOYl = u(tm) —up(ty) = erl:lINN (21)

This shows that the initial error is exactly the PINN approximation error.

During SDC iterations, the method reduces the numerical error component. More precisely, each
SDC sweep improves the approximation by correcting the defect of the collocation equation.

As the number of iterations increases, the SDC error decreases, while the PINN error
remains fixed. Therefore, after sufficiently many iterations, the dominant source of error is the
neural network approximation.

This observation explains why a better PINN leads to fewer required SDC iterations.

Convergence Analysis

We now formalize the above observations.
Theorem 1. Assume that the function f is Lipschitz continuous with constant L. Let the neural
network approximation satisfy:
lu — ugll < epiun
Then the total error after K SDC iterations satisfies:
lle¥|l < C(ADX + epun (22)
where C is a constant independent of At and K.

Proof. From the theory of SDC methods, it is known that each iteration reduces the
collocation error by a factor proportional to At. Therefore, after K iterations, the SDC error
satisfies:

||eSPCK]| < c(an)®

From the error decomposition, we have:

”eK” < ”ePINN” + ”eSDC,K”

Using the assumption on the PINN approximation, we obtain:

lle¥|l < epinn + C(AD)Y

This completes the proof.

Numerical Results

In this section, we demonstrate the performance of the proposed PINN-SDC method on
two test problems. The first example is a simple linear equation with a known exact solution, and
the second example is the nonlinear Penning trap system, which is commonly used in plasma
physics.

Linear Equation: We first consider the scalar problem:

u' =—-uu(0)=1 (23)
The exact solution is given by:
u(t)=e™t (24)
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We compare the performance of the SDC method initialized with a standard low-order
method and with a PINN-based initialization.

The results show that the PINN provides a much better initial approximation. As a result,
the number of SDC iterations required to achieve a given accuracy is significantly reduced. The
final numerical solution obtained by the hybrid method matches the exact solution with high
accuracy.

The table 1 shows the evolution of the training loss over time. At epoch 0, the initial loss
is relatively large (around 1073, reflecting the fact that the network parameters are randomly
initialized and the network does not yet satisfy the differential equation.

After 500 epochs, the loss drops dramatically to approximately 1078, indicating that the
network has learned a solution that closely satisfies the governing differential equation and initial
condition. Subsequent training (epochs 1000 and 1500) shows that the loss remains around 108,
suggesting convergence and stability of the network training.

Table 1. The evolution of the PINN training loss over time for linear problem.

Epoch Loss

0 0.002496610628440976
500 1.3459487746558807e-08
1000 1.522908021911462e-08

Penning Trap System

We now consider the Penning trap model, which describes the motion of a charged particle in
combined electric and magnetic fields. The equations of motion are given by:

w? w?

9'c'=wcy+7zx,j?=—wcx+72y,2=—wzzz (25)

We rewrite this system as a first-order system by introducing velocity variables:

Uy =X, 0y =Y,V, =2

This leads to:

X =V (26)
y =1 (27)
Z =, (28)

. w?
Uy = WUy + 7x (29)

. w?
Uy = —WUx + Ty (30)
v, = —w?iz (3D
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1le—7 Penning Trap Dynamics
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Figure 1. The trajectory of Penning trap problem for 3-axes.

Figure 1 shows the trajectory of Penning trap problem for 3 axes they are x(t), y(t) and z(t).
The system exhibits oscillatory behavior and coupling between components, making it a suitable
test for the proposed method.

Table 2. PINN Training Loss for Penning Trap Problem.

Epoch Loss Epoch Loss

0 0.01792776770889759
500 3.1727699933981057e-07
1000 1.6572564618400065e-06
1500 2.3762851242281613e-07

This table 2 shows the evolution of the training loss for the Physics-Informed Neural
Network (PINN) applied to the Penning trap system, which is a six-dimensional nonlinear
dynamical system. At epoch 0, the loss is approximately 1.79e-2, indicating that the network starts
with a poor approximation due to random initialization. After 500 epochs, the loss drops sharply
to about 3.17e-7, demonstrating that the network has learned a solution that closely satisfies the
system of differential equations. By epoch 1000, the loss slightly increases to 1.66e-6, which can
happen due to stochastic variations during training, but it remains very small. At epoch 1500, the
loss stabilizes at 2.38e-7, indicating that the network has effectively converged.

Conclusion

In this work, we proposed a hybrid numerical framework that combines Spectral Deferred
Correction (SDC) methods with Physics-Informed Neural Networks (PINNSs) for solving initial
value problems. The main idea is to use the neural network as a physics-consistent initial
approximation and then apply SDC iterations to recover high-order accuracy.
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We began by revisiting the integral formulation of the differential equation and its
associated collocation problem. Based on this formulation, we derived the SDC method as an
iterative procedure for solving the collocation system. We then introduced the PINN approach,
which provides a global approximation of the solution by incorporating the governing equation
into the training process.

The central contribution of this work is the integration of these two approaches. By
evaluating the trained neural network at the quadrature nodes, we obtain an initial approximation
that is more accurate than traditional low-order initial guesses. This leads to a substantial reduction
in the initial error of the SDC method.

The convergence analysis shows that the total error consists of two terms: one associated
with the SDC iterations and another determined by the quality of the neural network
approximation. As a result, high-order accuracy can be achieved with fewer SDC sweeps when
the PINN approximation is sufficiently accurate.

Overall, the proposed PINN-SDC framework combines the global approximation capability
of machine learning with the rigorous error control of classical numerical methods. This makes it
particularly attractive for nonlinear problems where traditional initial guesses may be inadequate.
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A”HOoTauMs: B crathe paccMaTpuBaeTCs METOAMKA HKCIIEPUMEHTAIBHOTO ONpPEAENICHUsI YHUBEPCAIbHOM
ra30BOH MOCTOSIHHOW [UIS Pa3NUYHBIX Ta30B C HMCIOIB30BAHHEM BHPTyalbHOU nmabopaTtopuu. Llenms nccrmemoBaHus
3aK/II0YaeTCs B pacuére YMCIEHHBIX 3HAUEHMH YHUBEPCAJIBbHOW Ta30BOM IOCTOSHHON HAa OCHOBE YpaBHEHMS
COCTOSIHUSI M/I€aJIbHOTO ra3a U CPaBHEHUHU IOJYYEHHBIX PE3YyJbTaTOB C TEOPETHMUECKHUM 3HaueHHeM. B kauectse
MOJICJIA HCITIOJB30BAJICS C(HepHUCSCKHi COCyl C MOCTOSIHHBIM 00bEMOM. HauanbHbie MapameTpbl 3KCIIEPUMEHTA
cocrasmsn: gasnenue P1 = 101 000 ITa, remneparypa T = 293 K 1 066ém V = 0,003 m>. C moMoIpo BUPTyaaIbHON
naboparopun ObLITH MPOBEACHBI YKCIIEPUMEHTHI JUISI BO3/lyXa, KUCIOPO/a, YIJIEKUCIIOTO Ta3a, a30Ta, aproHa, MeTaHa,
030Ha, alleTusIeHa, TeIus 1 aMmMuaka. [1o n3MeHeHHUIo 1aBlIeHUsI U COOTBETCTBYIOIIEMY U3MEHEHHUIO MacChl raza ObUTH
paccuuTaHbl 3HAUEHUS! YHUBEPCAIbHOW ra30BOM MOCTOSAHHOW. Pe3ynbpTaThl Moka3aiu, YTO pacCUUTaHHbIE 3HAYEHUS
ONM3KH K TEOPETUIECKOMY 3HAUCHHUIO YHHUBEPCAIBHOW Ta30BOU IMOCTOSHHON. [loryueHHbIE JaHHBIC TOATBEPIKAAIOT
MPaBUJIBHOCTh TIPSAJIOKCHHOW METONWKHA WM HE3aBHCHMOCTh TaHHOW (M3MYECKOH MOCTOSHHOW OT BHIA Tasa.
[IpakTryeckas 3HAUUMOCTH UCCIICIOBAHMUS 3aKIIF0YAETCS B BOSMOKHOCTH UCIIOJIE30BaHIS BUPTYAITBHOM 1ab0paTopuu
MIPY OpPTaHU3AINHN JTA00OPATOPHBIX 3aHATHH MO MOJICKYJISPHON (PU3UKE U TEPMOTUHAMUKE.

KiroueBble coBa: yHHBEpcaibHas ra3oBas MOCTOSHHAs, BUPTyaJbHas JIaOOpaTOpHs, WIEaNbHBIA ras,
ra30BbI€ 3aKOHBI, MOJICKYJIIpHAs (DU3UKA, SKCIICPUMEHTATIBHbIA METOS,.
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Abstract. This article presents a method for experimentally determining the universal gas constant for
different gases using a virtual laboratory. The aim of the study is to calculate the numerical values of the universal gas
constant based on the ideal gas equation and compare the obtained results with the theoretical value. A spherical vessel
with a constant volume was used as a virtual experimental model. The initial parameters were pressure P1 = 101000
Pa, temperature T = 293 K, and volume V = 0.003 m®. Virtual experiments were performed for air, oxygen, carbon
dioxide, nitrogen, argon, methane, ozone, acetylene, helium, and ammonia. The values of the gas mass changes
corresponding to pressure variations were determined. The calculated values of the universal gas constant were found
to be close to the theoretical value. The results confirm the reliability of the proposed experimental methodology and
demonstrate that the universal gas constant does not depend on the type of gas. The obtained results indicate that
virtual laboratories can be effectively used for organizing laboratory activities in molecular physics and
thermodynamics.

Keywords: universal gas constant, virtual laboratory, ideal gas, gas laws, molecular physics, experimental
method.

BBenenne. AKTyaJIbHOCTD MCCJI€I0BAHUS U 0030 JINTEPATYPbI

CoueraHue TEOPETUUECKUX 3HAHUN C SKCIIEPUMEHTAIBHOM JEATEIbHOCThIO B O0yUYEeHUU
¢u3nke SBISETCS OJHUM U3 KIIIOYEBBIX YCIOBHH (OpPMHUpPOBaHMSI y CTYAEHTOB HAy4HOTO
MHUpPOBO33peHus. JlaboparopHbie pabOTHI UTPAIOT BAKHYIO POJIb B OCBOCHUH (PH3MYECKUX 3aKOHOB
B pas3jenax MOJIEKYJISpHOW (UMK M TEPMOJUHAMHKH, IOCKOJIBKY OHHM IPEAOCTaBISIIOT
CTYACHTaM BO3MOKHOCThH CBS3aTh TEOPETUYECKUE MOJEIM C HKCHEPUMEHTAIBHBIMU JTAaHHBIMH.
VYHuBepcaibHas rasopas noctosiHHas (R) siBisercst oqHOW M3 (QyHIaMEHTAIbHBIX BEJIMYMH B
MoJeKysipHOi (u3uke. OHa HCHOJIB3YEeTCS B YPAaBHEHHM COCTOSHHMS HJI€AIBHOTO rasa u
OTpeieNsIeTcs Kak MOCTOSIHHAs BeJTMYMHA, He 3aBUCSIIAs OT pojia rasa.

OnHako HETOCTATOK COBPEMEHHOTO JJa0OPaTOPHOTO 00OPYIOBAHMS, BRICOKAs CTOMMOCTD
npuOOpoB U CBSI3aHHBIE C MX OOCIY)KMBAaHHEM MPOOJEMbl 3aTPYIHSAIOT TOJHOLEHHYIO
OpraHMU3aIHIO0 TPAKTUYECKUX SKCIIEPUMEHTOB B HEKOTOPBIX 00pa30BaTeNbHBIX YUPEXKIECHUAX. JTa
npoOjemMa akTyaiabHa He TOJIbKO aJisi Keiprei3cTana, HO U i1t MHOTHX cTpaH mupa [4, 7, 8]. B
TaKUX YCJIOBUSAX BHPTyallbHbIE JIAOOpAaTOPUHM MPHUOOPETAOT 3HAu€HHE KaK COBpPEMEHHas
oOpa3oBaTeNnbHasi TEXHOJIOTHS, TO3BOJIIONIAS  MOJAEIMPOBAaTH  (U3NYECKHE MPOILECCHI,
MHOTOKPATHO MOBTOPSITH SKCIEPUMEHTHI U aHAJTU3UPOBATh MOJyYCHHBIE TaHHBIE.

OCHOBHOE TPEUMYIIECTBO BUPTYaJbHBIX J1a0OpaTOpUil 3aKIIOYaeTcs B TOM, YTO OHH
IPEJOCTABIISAIOT CTYACHTAM BO3MOXKHOCTh HCCIIEAO0BAaTh B3aUMOCBS3U (DU3NYECKUX BEIUYHMH B
YCIIOBUSX, NMPUOIMKEHHBIX K pPEaJbHOMY O3KCHepUMeHTy. OHU CIIOCOOCTBYIOT MOHUMAaHUIO
JIOTUKU MPOBEJEHUS IKCIEPUMEHTa, 00pabOTKe pe3ylnbTaTOB U3MEPEHHUI U Pa3BUTHIO HABBHIKOB
(bopMynMpOBaHUS HayUYHbIX BbIBO/IOB. J[aHHBIN MOAX0A UMEET PsiJi MPEUMYIIECTB 110 CPABHEHUIO
C TpPaJAMIMOHHBIMU J1a0OpaTOPHBIMH paboTamMH, BKIJIIOYas BO3MOKHOCTh HEOTPAHUYEHHOTO
MOBTOPEHUS]  HKCIEPUMEHTOB, BBICOKHMIl ypOoBEHb 0€30MacCHOCTH U  SKOHOMHUYECKYIO
3P PeKTUBHOCTS [8].

B wuccrenoBaHMsAX TMOCHETHUX JIET OTMEYAETCs, YTO NPUMEHEHHE BHUPTYAIbHBIX
nabopatopuid B OOy4eHHU (HU3UKE CIOCOOCTBYET YINIyOJICHHIO TOHUMAaHHUS CTYACHTOB U
YAYYIIEHUI0 HX SKCIEPUMEHTAIbHOW MOJArOTOBKH. BHpTyallbHblE CHUMYJISIUM TO3BOJISIOT
YCUJIMTB CBSI3b MEX/Y TEOPETUYECKUMHU 3HAHUSIMU U SKCIIEPUMEHTAIBHON EATEIbHOCTBIO TIPU
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M3YyYEHUU Ta30BbIX 3aKOHOB [6]. Takke MOKa3aHO, YTO TaKUE TEXHOJOIMU TMOBBIIIAIOT
3¢ (HeKTUBHOCTH Y4eOHOTO TpOIecca B YCIOBHUAX, KOTAa Ta00paTopHbIe padOThl HEOCTYITHBI [ 7—
9].

Ha wexayHapoqHOM ypOBHE IIPOBEIEH pAJ MCCIEAOBAaHUN IO HCIOIb30BAHUIO
BUPTYaJIbHBIX Jlabopatopuii B oOyueHun ¢Qusuke. Martinez u coaBTOphl [6] TOKa3ai, 4YTO
BUPTYaJIbHbIE CUMYJISILUM YIIIYOJISIOT IOHUMAaHKUE CTYAE€HTaMU I'a30BbIX 3aKOHOB U YKPEIUISIOT
CBSI3b MEXAY TEOPETHMUECKHMMM 3HAHMSMU M SKCIEepUMEHTalbHbIMU JeiictBuaMu. Filanovich u
Povzner [7] ormeTniu, 4To BUPTYyaJabHbIE JIAOOPATOPUU HOBBILAIOT Y3PPEKTUBHOCTh Y4€OHOIO
Ipolecca B yCJIOBHUAX OTPAHUYEHHBIX BO3MOXKHOCTEH JUIs IPOBECHU SKCcIIepruMeHTOB. Shamshin
[8] BBIOETMII TakWe OCHOBHBIC MPEHMYILIECTBA BUPTYaJIbHBIX Ja0OpAaTOpHii, KaK BO3MOXKHOCTb
MHOTOKPaTHOTO TIOBTOPEHHS SKCIIEPUMEHTOB, O€30MaCHOCTh M KOHOMHS PECypPCOB, TOT/Ia KaK
Velychko m Zyma [9] ykazanum Ha BaXHYIO pOJIb TakuX JIaOOpaTOpHii B pPa3BUTHU
npodeCcCHOHATHLHON KOMIIETEHTHOCTH Oy IyIINX yduTenei Gpu3nkm.

B Tpyaax oTedyecTBEHHBIX YUEHBIX TaK)Xe€ BCECTOPOHHE paccMaTpUBAETCs BOIIPOC
BHEJIPEHHUS BUPTYaAJIbHBIX JTJabopaTopuil B yueOHbIN mporiecc. B paborax bokoesoii [1] onucana
CTPYKTYpPa BUPTYaJIbHBIX (PU3NYECKUX J1a00paTopuii U X BO3MOXKHOCTU B y4eOHOM Ipoliecce, a
Tpyxun [4] nmoka3zai, 4TO MCIIOJIb30BaHHE BUPTYaJIbHBIX JIAOOPATOPUIl B 00pa30BaHUU SBIISIETCS
3¢ (deKTUBHON TEXHOJIOTHEH, JONOIHSIIOIEH TPaJUIIMOHHbIE SKCIIEpUMEHTHI. B nccnenoBanusx,
poBeJeHHBbIX B OIICKOM TroCyJapCTBEHHOM YHHMBEPCUTETE, HAKOIUIEH MPAKTUYECKUH OIBIT
MOJICIIUPOBAHMS PA3IMUHBIX (PU3MUECKUX IMPOIECCOB M OpraHU3alMy JabopaTOpHBIX padoT ¢
IIOMOIIbIO BUPTYaJIbHBIX Jaboparopuii [3, 5].

Tem He MeHee, CpaBHUTEIBHO MAJIO BCTPEYAETCS UCCIEAOBAHNUN, B KOTOPBIX C OMOLIbIO
BUPTYaJIbHBIX Ja0OpaTopuil MO €IUHONM METOJIMKE OIpeleseTcsl yHHUBepcajbHas Tra3oBas
IIOCTOSIHHAsT Ui Pa3jM4YHBIX Ta30B M IIOJYYEHHBIE DJKCIEPUMEHTAIBHBIE PE3YJbTAThI
CPaBHHUBAIOTCSI C TEOPETHMUYECKUM 3HaueHHeM. B mpesmiecTByroummx paboTax BHUMaHHE yalle
YIAEISIIOCh U3YYEHHUIO CBOMCTB TOJBKO OJHOTO ra3a, TOrZa KaK KOMIUIEKCHBIE HMCCIEI0BaHUS,
OXBAaTBHIBAOIIME IIUPOKUN CIIEKTP Ia30B C PA3IUYHON MOJISIPHOW MACCOM, HEIOCTAaTOYHBI. Mexay
TEM, TaKO€ MCCJIE0BaHUE BAXKHO JUISl SKCIIEPUMEHTAIbHON JeMOHCTpaluu (yH/IaMEHTaIbHOIO
XapakTepa YHHUBEpPCAIbHON Ta30BOM IOCTOSHHOM M OLIEHKH 3(QQEKTUBHOCTH BHUPTYaAJIbHBIX
TEXHOJIOTHI B yueOHOM Ipoliecce.

B cBA3M ¢ 3TMUM B HAcTOALIEM HCCIIEIOBAaHUM IPENYCMOTPEHO 3KCIEPUMEHTAIbHOE
ONpPECIICHNE YHUBEPCAJIbHOW Ta30BOM IIOCTOSHHOM Ul PA3JIMYHBIX Ta30B C IOMOILBIO
BUPTYaJIbHON J1aOOPAaTOPUH, CpaBHEHHE MOTYYECHHBIX 3HAUEHHH C TEOPETHUUYECKON BETMYMHON U
OLIEHKa BO3MOXHOCTH IPUMEHEHUS MTPEUI0KEHHON METOIMKU B Y4eOHOM MpoI1iecce.

HaquO-MeTOIll/I'IECKaH HOBHM3HA UCCJICIOBAHUA

Hay4yno-MeTroanueckass HOBH3HAa MCCIEIOBAHMS  3aKJIIOYAECTCS B ONPEICICHUHN
YHHUBEpPCAIbHON Ta30BOM MOCTOSIHHOM JIJIs IECSTH ra30B € PA3IMYHON MOJISIpHON Maccol (BO3IyX,
KHUCTIOPOJI, YIJIEKUCIBIA Ta3, a30T, aproH, METaH, O30H, alleTWJeH, Teluid M aMMHaK) C
WCITIOJb30BAaHUEM €IMHOW BUPTYAJIbHOM SKCIEPUMEHTAIbHONW METONMKU. J[aHHas meToauka
JEMOHCTPUPYET BO3MOYKHOCTh IPUMEHEHUS BBIYMCIUTEIBHOIO aJIrOPUTMa, OCHOBAHHOIO Ha
U3MEHEHMH JaBJICHUS U MACCHI I'a3a, B JJaOOPaTOPHBIX paboTax Mo MOJEKYISIPHON (U3UKE.

Kpowme Toro, B ucciei0BaHUU POBEIEHO CPABHEHNUE PE3YIIBTATOB, IIOJTYyUYEHHBIX 11 Ta30B
C pa3IMYHBIMU (PU3UKO-XMMUYECKHUMHU CBOWCTBAMH, U Ha SKCIICPUMEHTAIBHON OCHOBE ITOKa3aHO,
YTO YHUBEpCaJlbHas ra30Bas MOCTOSIHHAS SABJsETCS (PyHAaMEHTaIbHOW (GU3NYECKON BETHMUNHOM,
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HE 3aBHUCSIIEH OT pona rasa. JIaHHBIM MOIXOJ OTIWYACTCS OT TPATUIIMOHHBIX JTAOOPATOPHBIX
paboT TeM, UTO OXBaThIBaET 0OJIEE MUPOKUIA CIIEKTP ra30B.

He.]'lb H 3a1a4M UCCJICT0OBAHUA

OcHOBHasl 1ieb HCCIEI0BAaHUS — 3KCIEPHMEHTAIbHOE OIIPENEICHUE YHUBEPCaIbHOU
ra3oBOM IOCTOSIHHOW JIsl pa3jIMYHBIX Ia30B C MCIOJIb30BAaHUEM BHUPTYyalbHOHM Jaboparopuu,
CPaBHEHHE IIOJIyYECHHBIX 3HAQUYEHUN C TEOPETHYECKMM 3HAYCHHEM M OLICHKAa BO3MOXXHOCTH
IPUMEHEHUS IPEI0KEHHON METOIMKN B 00Y4EHUHU MOJIEKYJIIPHON (pU3HUKE.

JUist 1OCTHUKEHUS TOCTaBIEHHOM 11eJU ObLIN ONpeAEsIeHbI CIelyIOIUe 3a1a4n:

e CO3J1aTh DKCIIEPUMEHTAJILHYIO MOZEIIb JJIS PAa3JINYHBIX Fa30B HA OCHOBE BUPTYaJIbHON

naboparopuu;

e  OIpENEIUTb U3MEHEHHE MACChl I'a3a, CBSI3aHHOE C U3MEHEHUEM €r0 J1aBJICHUS;

e 00paboTaTh MOTYYECHHBIE SKCIIEPUMEHTAILHBIC JaHHBIE B MEXIyHApOJIHON cHcTEMe

equnut (CH);

e  paccUMTaTh 3HAYECHHs YHHBEPCAJIBHOM ra30BOM IOCTOSIHHOW Ha OCHOBE YpPaBHEHUS

COCTOSIHMS MI€aJIbHOTO I'a3a;

e  CpaBHUTH paccuuTaHHbIE 3HAUEHUs C TEOPETUYECKUM 3HAUYEHUEM

R=8,314/1x/(mo1b-K);

e  OLEHUTh BO3MOKHOCTb IIPUMEHEHUS MIPEI0KEHHON 3KCIIEPUMEHTAIIbHON METOIUKU

B J1a0OPaTOPHBIX paboTax Mo GpU3MKe.

OO0BLeKT 1 MeTOoAbI HCCJIeT0BAHNSA

B kauecTBe 00bekTa HccleAOBaHUS ObLTHM BBHIOpAHBI Tasbl, OONAJAIONINE PA3IUYHBIMU
(bU3UKO-XMMHUYECKUMHU CBOMCTBaMH. B sKcrepuMeHTe HCIONb30BAIUCH CIEAYIOIINE Ta3bl:
BO3/1yX, KUCJIOPO/I, YTJIEKUCIBIH ra3, a30T, aproH, METaH, O30H, alleTUJIEH, TeJTMi U aMMHUaK.

[TockonbKy MOJSIpHBIE MAcChl ATHX Ta3oB paznuyaroTcs (B nuanazone ot 0,004 mo 0,048
KI/MOJIb), CPAaBHEHHME PE3YJIbTATOB, MOJYYEHHBIX TMPHU OINPEACICHUH YHUBEPCATHHOW Tra30BOM
MOCTOSTHHOM, MO3BOJISIET IPOBEPUTH €€ HE3aBUCUMOCTH OT poja raza. Beibop cTosb MIUPOKOTO
CIIEKTpa Ta30B CO3/1a€T YAOOHBIE YCIOBHUSA [JIsi OOOOIIEHHS pPE3yJbTaTOB MCCIEIOBAHUS U
MOATBEPKIEHUS (PYHIAMEHTATILHOTO XapaKTepa YHUBEPCATBHOM ra30BOi MMOCTOSTHHOM.

Onucanue 3KCNEPUMEHTATBHOM MO/Ie/TH

HccnenoBanne mpoBOAMIOCH Ha OCHOBE KOMIBIOTEPHOW BHUPTYyalbHOW TabOpaTOpHH.
BupryansHas Mozens mpearycMaTpuBaeT BO3MOKHOCTh BEIOOpa pojia ra3a, H3MEHEHUS JaBJICHUS
U APYTHUX [apaMeTPOB, a TAKXKE OMpPEIeNIEHUs MAcChl T'a3a B COCY/IE.

OO06mwmit Bu BUPTYaIbHOM JIa0OpAaTOPHH MPEICTABIICH HAa PUCYHKE 1.

3KCHepI/IMeHTaJII)Hble ycioBusi

DKCIEpUMEHT TTPOBOIMIICS JUTSI BCEX T'a30B B OJMHAKOBBIX ycioBHsaX. O0BeM cocyaa U
TEeMIIEpaTypa MoAICPKUBATICH HEH3MEHHBIMU. M3Mepsutich pa3HOCTh JIaBJICHUIA B HAYAIBHOM U
KOHEYHOM COCTOSIHHSIX, 4 TaK)Ke M3MEHEHHE MAacChl ra3a, Ha OCHOBE KOTOPBIX PAaCCUUTHIBANIACH
YHHUBEpCcaabHas ra30Basi MOCTOSHHAS.

B nccrnenoBanuu ObUTH IPUHSTHI CIIEAYIONTNE OCHOBHBIC TTAPAMETPHI:

e o00beMm cocyna: V = 0,003 m?;

e Ttemnepatrypa: T =293 K;

e HavanmbHOe maBienue: P; = 101 000 IIa.
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B sTOM HayanbHOM COCTOSIHMH OTIpeIelisiiach 00IIast Macca cocy/ia BMECTe C ra3oM m; .

B kauecTBe nmepeMEeHHBIX BEJIUYHMH B X0JI€ IKCIIEPUMEHTA BBICTYNAIA JABJICHUE U Macca
raza B cocyzae. [Ipy BBIMOJHEHUN BUPTYAIbHOW 1a00paTOPHON pabOTBI TOT K€ CaMblid Ta3
00aBJIsIICS B COCY/I (C MOMOIIBIO0 HACOCA TPOU3BOIUIIACH «IIPOJIYBKa» COCY/a), M IaBJICHHUE rasa
MOBBIIAJIOCH 10 3HaueHuss P, . B pesynbrare moOaBieHHs Tra3a macca Ta3a B COCYIe
YBEJIMYUBAJIACh, U H3MEPsUIach HOBas 001Iast Macca cocy/ia BMECTe ¢ Ta3oM. Takum oOpazom, st
Ka)KJ10T0 SKCIIEPUMEHTA OIPEEsInCh n3MeHenue napienusi AP = P, — P4, 1 U3MEHEHUE MacChl
razadm = m, —m;,.

OnpegeneHne YHUBEpCcanbHOW rasoBou NOCTOAHHOM

Beibepure ras NopameTpsl rasa

= 20 c

V= 0003 W
p= 0028  wivons
my= 022704 xr
my= 023025 wr
P;® 101000 Ma
P;= 194299 Ma

;A M 5
Nyce Nayza Cion

-~ U %3c

Pucynok 1. Oowguit 6uo eupmyanvhnoii 1abopamopuu

ABTOMaTH3UMpPOBAaHHAs M3MEpPUTEIbHAsI CUCTEMA BUPTYaIbHON J1TAOOPAaTOPUM UCKIHOYAET
NOTPEIIHOCTH MpHOOPOB U CcyObeKTHBHBbIE (haKTOpbl. I[lOCKONBKY BCE AKCIEPUMEHTHI
IPOBOAMIINCH B OJIMHAKOBBIX YCIIOBUSX, MOJIyYEHHBIE JAHHBIE JOMYCKAIOT HEMOCPEICTBEHHOE
CpaBHEHHE JPYT C APYTOM.

Teopeanecxaﬂ OCHOBAa U ME€TOIUKA pacueTa

OHpe,Z[CJ'ICHI/Ie YHHBepcaHBHOﬁ ra3oBOH ITOCTOSSHHOM OCHOBAHO Ha YpaBHCHHU COCTOAHUSA
nACaJIbHOIO ra3a:

PV =nRT 1)
KonmgecTBo BemecTBa onpenensercs 4epe3 Maccy raza ¥ MOJIIPHYIO Maccy:

n=m/u )
[Toacrapisist 3T0 3HAUYEHHUE B YPAaBHEHUE COCTOSHUS UACATBHOTO Ta3a, MOTyJ4aeM:

PV = (m/u)RT 3)

JIsisi HaYa bHOTO W KOHEYHOTO COCTOSHHN OSKCIIEPUMEHTa TIOMYYArOTCs CIIEYIOIIHe
ypaBHEHHUS:
PV = (mi/W)RT (4)
P.V = (my/i)RT 5)
[Tockonbky B X01¢ sKcniepumenta temmepatypa (T), oobem cocyna (V) u MosnsipHast macca
JUTSL TAaHHOTO Ta3a (L) OCTAIOTCs TIOCTOSIHHBIMU, BEIYUTaHKUE ypaBHEeHUs (4) u3 ypaBHeHus (5) qaet
CIIETYIOIEe COOTHOIICHHUE:
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(P2 — P)V = ((my — mq)/W)RT (6)
OTcio/a yHUBEpCaIbHAs ra30Bast IOCTOSHHAS ONpPEIeNAeTCs Mo (hopMye:
R = (P, — P)Vu/((mz —my)T) (7)

rjae:
e P, —HavanpHOe AaBieHue, Ila;
e P, —KOHeYHOe gaBicHue, [1a;
e V —o00wem cocyna, M*;
e M, — 00Ilas Macca cocyjia C ra3oM B Ha4aJIbHOM COCTOSIHUU, KT
e M, — 001Ias Macca cocyza ¢ ra30M B KOHEUHOM COCTOSIHUH, KT
e [ — MOJIsIpHAs Macca rasa, KI/MoJb;
e T — aGcomoTHas Temneparypa, K;
e R — yHuBepcanbHas ra3opas nocrosuuas, J[x/(moms-K).
®opmyna (7) MO3BOJIAET ONPEACTUTh 3HAUCHUE YHUBEPCATBHOM ra30BOM MOCTOSTHHOM JIJIst
Ka)XJIOTO Ta3a Ha OCHOBE SKCIEPUMEHTAIBHBIX JAHHBIX.
J111s IpoBepKU KOPPEKTHOCTH (POPMYITBI ObLT IPOBEICH pa3MEPHBIN aHATH3:

(R] = Ma-m® - kr/mons  H/m?-m3-kr/mons  H-m-kr/momb ik

Kr- K Kr- K N Kr - K " Mouib - K
Pa3mepHbIif ananu3 NoaATBEPKAAET MPABHUIBHOCTH PopmyIbl (7).

IMopsiiok npoBeaeHHsI IKCTIEPUMEHTA

DKCIIepUMEHT B BUPTYaJIbHON J1a00paTOpUU MPOBOAMICS MO CIETYIOLIUM JTaraM:
1. VYcranaBnmuBanIHMCh MOCTOSHHBIC IS BCEX SKCIIEPUMEHTOB 3HaUeHHsS oObeMa cocynaa (V
= 0,003 m*) u remnieparypsl (T =293 K).
2. BpiOupancs uccnemyeMblil Ta3, onpeaesuincy HadanbHoe aasinenne Pi = 101 000 Ila
o0mast Macca cocyzia ¢ ra3oM mi.
3. B cocyn mobGapnsuics TOT ke ra3 (C MOMOIIBIO Hacoca MPOM3BOAMIACH TPOJYBKA), H
JaBlieHHE U3MEHSIIOCH 10 3HaueHus P2. [{ns kax0ro ra3a KoHeUHble 3HAaUEeHUs JaBJICHUS
ObUIN pa3IUYHBIMU (CM. Tabsumy 1).
4. W3mepsiach 0011ast Macca cocy/ia ¢ ra30M B KOHEUHOM COCTOSIHUU Mo.
5. PaccunThiBanMch U3MEHEHHE AABICHUS:
AP = P, — Py,
U Pa3HOCTh MaccC:
Am = my, —m,.
6. Ilomy4deHHbIe NaHHBIE TMOJCTABISUIMCH B Gopmyriy (7) mns pacdera YHUBEPCATBHOM
ra30BOM MOCTOSIHHOM, M OIPEAEIUIOCH 3HaUeHne R st Kax10ro rasa.

_(312899-101000)-0,003-0,082 _ 211899-0,003-0082 _ 20,342 _ 31( Tbe )
Air —(0,45235-0,44401) - 293 0,00834-293  2,44362 moms- K
% :(250699—101000)-0,003-0,044:149,699-0,003-0,044:19,76028,316( gg,y ‘K)

b (0,49243-0,48432)-293 0,00811:293 2,376 MOTb
_ (300699-101000)-0,003-0,028 _ 199699-0,003-0,028 _16.774 _, 4( ’bey )

: "~ (0,33401-0,32713)- 293 0,00688-293 2,015 mons- K

~ (305299-101000)0,003-0,04  204299-0,003-0,04 24,56 83 1( ﬂwy )
M (0,27288-0,26282)-293 0,01006-293 2,947 mone- K
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R, - (313299-101000)-0,003-0,048 _ 212299-0,003-0,048 _ 30,571 _g 32( ﬂg;% )
3 monv- K

(0,51788-0,50534) - 293 0,01254-293 3,67
Re _(321199-101000)0,003:0,026 _ 211199-0,003-0,026 :17’175=8 3 1( 1177 )
2H7 (0,27380-0,26675)-293 0,00705-293 2,065 moneK
= (307999-101000)-0,003-0,004 _206999-0,003-0,004 _ 2,4839 8 335( ﬂo,y )
i (0,494883-0,49381) - 293 0,00102-293 0,208 momy- K
R,, = 220999-0,003-0,017 _8 296(1]9’7 )
? 0,00463-293 monb- K

Bce pacuersl nmpoBogmmck B MexayHapoaHoit cucreme eaunuil (CH). CooOmroneHue
OJIMHAKOBBIX AKCIEPUMEHTAIbHBIX YCIOBUN IO3BOJWIO TMPOBECTH CPABHUTENBHBIA aHAIN3
PE3yNIbTAaTOB, MOJYUYCHHBIX IS Pa3IMYHBIX Ta30B.

Pe?oy.]IbTaTbI HCCIeJ0BaAHUA

OOwuit Buj BUPTYaJIbHOM 1ab0OpaTopuu MpeICTaBiIeH Ha pUCYHKE | (IIOKa3aH BBILIE).
Pe3ynbTaThl SKCIEPUMEHTOB I10 ONPEAEICHUIO YHUBEPCAIBHOM ra30BOM MOCTOSIHHOW JJIs
pa3IUYHbIX ra30B NPUBEICHBI B Tabaue 1.

No Cas (W), (M), | (M2), | (Mzmy), | (P2), | (P2-Py), (R),
KI/MOJIb KI KI KI' IIa IIa Jxx/(Moab-K)
1 | Ada 0,029 0,48596 | 0,48961 | 0,00365 | 203299 | 102299 8,390
2 | Kerukpuitek 0,032 0,44401 | 0,45235 | 0,00834 | 312899 | 211899 8,310
3 | Kemyp 0,044 0,48432 | 0,49243 | 0,00811 | 250699 | 149699 8,316
KBIYKBII I'a3bl

4 | Azor 0,028 0,32713 | 0,33401 | 0,00688 | 300699 | 199699 8,324
5 | Apron 0,040 0,26282 | 0,27288 | 0,01006 | 305299 | 204299 8,310
6 | Meran 0,016 0,34869 | 0,35300 | 0,00431 | 319799 | 218799 8,330
7 | O3oH 0,048 0,50534 | 0,51788 | 0,01254 | 313299 | 212299 8,320
8 | Aueruien 0,026 0,26675 | 0,27380 | 0,00705 | 321199 | 220199 8,310
9 | I'enmit 0,004 0,49381 | 0,49483 | 0,00102 | 307999 | 206999 8,335
10 | AMmuak 0,017 0,27572 | 0,28035 | 0,00463 | 321999 | 220999 8,296

Taobnuya 1 — Ixcnepumenmanvhble OanHble U PACCYUMAHHBIE 3HAYEHUS
YHUBEPCAIbHOUL 2A308011 NOCMOAHHOU 0151 PA3/IUYHBIX 24308

AHaJIu3 pe3yJIbTATOB

Kak BumHO W3 maHHBIX TaOnuimbl 1, MIs KaXAOro rasa HadajdbHOE AaBlieHue Pi =
101 000 ITa u Temmniepatypa T=293K noaaep>XHBaIUCh TOCTOSHHBIMU. [I0CKOIBKY JJIST KaXKI0TO
ra3a KOJIMYECTBO J100aBIIIEMOT0 B COCYJ ra3a ObUIO pa3iIMYHbIM, KOHEYHOE JaBjeHue P, u
U3MeHeHue Macchl Am umenu pasHble 3HaueHus. OZHAKO BO BCEX CIIyyasix pPacCUMTaHHbIE
3Ha4YeHUsI R oKazaiuch OJIM3KUMU APYT K IPYTY.

JI71s1 OIEHKH CTETICHH MPUOIMKEHUSI TTOTYyYEHHBIX IKCIIEPUMEHTAIBHBIX PE3YIhTaTOB K
TEOPETUUYECKOMY 3HAYEHHUIO OBbLIO PACCUYMTAHO OTHOCUTENIBHOE OTKJIOHEHHE IO CIlIEAYIoei

dbopmyre:
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5 = | RaKcrl - R'reop | % 100%
RTeop
rjie:
e R, ., — yHUBepcallbHas ra3oBas MOCTOSIHHASL, [TOJIyYE€HHAs! IKCIIEPUMEHTAIbHO;
* Rieop=8,314 Jx/(Moib-K)— TeopeTnueckoe 3HaYEHHE;

e {§ — OTHOCUTEIILHOE OTKJIOHEHHE.
Hanpumep, Hanbosbiiee pacxokaeHne HAOII01AI0Ch I BO3AyXa:
s | 8,390 — 8,314 |
a 8,314
Takum 00pa3oM, OTKIOHCHHE OSKCIHCPUMEHTAJIBHOTO 3HAUCHHs JJIsi BO3jAyXa OT

X 100% = 0,91%

teoperuueckoro cocraBuiio 0,91%. [{nst npyrux ra3zoB OTHOCUTENIbHBIE OTKJIOHEHHUS OBLIN €Ile
menbie (ot 0,02% no 0,24%), uro moaTBep)kaaeT OJU30CTh BCEX MOJIYYCHHBIX 3HAYCHHM K
TEOPETHYECKOI BEITMYHHE.

O0cy:xaeHne pe3y1bTaToB

AHanu3 SKCIEpUMEHTAJIBHBIX JAHHBIX IIOKa3aj, 4TO JJI BCEX HCCIICJOBaHHBIX Ia30B
paccuMTaHHbIE 3HAYCHUs YHMBEPCAJIbHOW ra3oBOM IOCTOSIHHOM OKa3aduCh OJIM3KUMH ApPYr K
apyry. /lnana3oH MOIy4YEHHbIX 3HAYEHU COCTaBUIIL:

Mok ox
8,296 ——— <R <£8,390 ——
MOJIb - K MOJIBb - K

OTH 3HAYECHUS HE3HAYMTEIBHO OTIMYAIOTCS OT MPUHATOIO TEOPETHUYECKOTO 3HAUCHHS
YHHUBEpcaabHOU razoBoii mocrosiHoi (R = 8,314 xx/(moab - K)).

MorsipHble MacChl HCCIIEIOBAaHHBIX Ta30B BapbUPOBAINCH B IIUPOKOM JHana3oHe.
Hanpumep, st renust mossipHast macca coctaBuia 0,004kr/monb, Torja Kak Ui O30HA —
0,048kr/moub. Pasnnumne Mexay 3TUMU MOKazareasiMu gocturaer 12 pa3. OgHako, HECMOTPS Ha
CTOJIb 3HAYUTEIBHBIE PA3INYHsI B MOJISIPHBIX MaccaX, pacCUMTaHHbBIE 3HaYeHHs R /1715 Bcex ra3os
OKa3aJIMCh MPAKTHYECKH OJMHAKOBBIMHU. DTO SKCIEPUMEHTAIBHO MMOATBEPKIAAET TOT (DaKT, 4TO
YHHBEpCaJbHAasl Ta30Basi TIOCTOSIHHAS HE 3aBUCHT OT XUMHYECKOTO COCTaBa MIIM MOJIEKYJISIPHOU
Macchl rasa. MHbIMH ciioBamMM, JaHHas BeIMYMHA SBISETCS (pyHIaMeHTaabHOM (u3nueckon
KOHCTAHTOM, OZIMHAKOBOM /ISl BCEX MJI€aIbHBIX Ia30B.

AHanu3 faHHBIX TaONMIBI TOKa3al, 4TO HauOOJIbIIee OTHOCUTEIbHOE OTKIOHEHHE
HaOroaeTcst Ui BO3JyXa. JTOT PE3yNbTaT SIBISETCS O0XKUIAEMBbIM U OOBICHAETCS TEM, UYTO
BO3AyX TIPEACTaBIIET COOOH HE YHUCTBI Ta3, a CMeCh HECKOJIbKHMX Ta30B. OCHOBHBIMU
KOMIIOHEHTaMHU Bo3ayxa siBisitores a3zoT (78%), kucnopon (21%), apron (0,9%) u yraexucisiit
ra3 (0,03%), koTopble UMEIOT pa3THYHbIE MOJISIpHBIE Macchl. CpeTHsst MOJISIpHAs Macca BO3/IyXa
(0,029 kr/momnb) sBISIETCS TPUOJMKEHHOW BEITWYWHOM, OMPEeIsieMO COOTHOIICHUEM
KOMITOHEHTOB CMECH, YTO B ONPEICICHHOIN CTENeHH BIMAET Ha TOYHOCTh pacueToB. Eciu Obl
TOYHBI COCTaB BO37yXa ObUI U3BECTEH ¢ OOJbIIEH JeTanu3aluei, pacueTsl ObulM ObI Oolee
TOYHBIMH.

B T0 ke BpeMs pe3yibTaThl, MOITy4YE€HHbIE ISl YUCTHIX T'a30B (KHCIOPOJ, YIIIEKUCIBIH ras3,
a30T, aproH, MeTaH, O30H, AalleTWJIeH, TeNHi, aMMHaK), OKa3aINCh OYEeHb OJU3KH K
TEOPETUYECKOMY  3HAYEHHWIO, YTO  TOATBEPKIAET  KOPPEKTHOCTh  HCIIOJIB30BAHHOM
IKCTIEPUMEHTAIBHON MeToaMKH. OCOOSHHO IOKa3aTeNbHO, YTO JUIS KHUCIOpOJa, aproHa
aleTHIeHa IIOJIy4YEHHOE 3HauYEHUe (R = 8,310 x/(Moub - K)) ornnuaercs oT
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teoperndeckoro Bcero Ha 0,05%. DTOT mokazarenb CBUAETENBCTBYET O BBICOKONM TOYHOCTH
BUPTYaJIbHOH JIAOOPATOPUU U HAJICKHOCTH NPEIOKEHHON METOIUKH.

[Tonmy4yeHHble pe3ynabTaThl COTIACYIOTCS C JAHHBIMH HCCJIEIOBAHUN MO MPUMEHEHHIO
BUPTYaJIbHBIX JalOopatopuil B oOydeHuu ¢Qusmke. Martinez u coaBTOpbl [6] MOKazaiH, 4YTO
BUPTYaJIbHBIC CUMYJISIIIMU YIITyONISAI0OT TOHUMAHNUE CTYJCHTAMHU Ta30BbIX 3aKOHOB M YKPEIUISIOT
CBSI3b MEX]ly TEOPETHUUECKUMHU 3HAHUSIMH M dKCIepUMEHTalbHbIMU AeiicTBusmu. Filanovich u
Povzner [7] ormeTuin, 4TO BUPTYalbHbBIE JIAOOPATOPUU MOBBIMIAIOT 3(H(PEKTUBHOCTH y4eOHOTO
mpouecca B YCJIOBHUSX OrPAaHUYEHHBIX BO3MOXKHOCTEW JJisi TMPOBENEHUS SKCIEPUMEHTOB.
Shamshin [8] BblAeNMI Takue OCHOBHBIE IMPEUMYIIECTBA BUPTYAJIbHBIX Ja0OpaTOpUi, Kak
BO3MOXXHOCTh MHOTOKPATHOTO TIOBTOPEHUSI HKCIEPUMEHTOB, O€30HaCHOCTh U IKOHOMHUS
pecypcoB, torna kak Velychko m Zyma [9] ykazanm Ha BakHYIO pOJIb TaKHX JIaDOpaTOpHil B
pa3BUTHH MPO(HECCHOHATTFHON KOMITIETEHTHOCTH Oy IyIINX yYuTeaeH (GU3NKH.

Bmecte ¢ Tem, HEOOXOAMMO OTMETHTh, YTO BHUPTYyaJbHBIC JAOOPATOPHH HE MOTYT
MOJIHOCTBIO 3aMEHUTh pealbHbIe SKCIEepUMEHTHl. B peanbHbIX sabopaTOpHBIX paboTax
VUUTBHIBAIOTCS TOYHOCTh MPHUOOPOB, MOTPEIIHOCTH H3MEPEHUN, U3MEHEHUS TeMIIepaTypbl U
JABJICHUSI OKPY’KAIOIIEH Cpe/ibl, a TAK)Ke BIUSHUE JPYTUX BHEUIHUX (PakTopoB. B BUpTyasbHBIX
MOJIEJISIX 3TU (PaKTOPBI MPEACTABICHBI B YIIPOLIEHHOM BHJIE, TIO3TOMY MOITYYSHHbIE PE3yIbTaThl
B OCHOBHOM HAIpaBieHbl HA JEMOHCTPAIMIO CIPABEIJIMBOCTH TEOPETUUYECKUX 3aKOHOB.
BupTyanbHbIe S5KCTIEPUMEHTHI OPUEHTHPOBAHBI IPEUMYIIECTBEHHO Ha MTPOBEPKY TEOPETHIECKUX
mojeneit u popMupoBaHue HU3NIECKUX MOHATHIA B y4eOHOM IpoIiecce.

[IpakTryeckass 3HAUUMOCTh HCCIIEOBAHMS 3aKIIOYACTCS B BO3MOKHOCTH TPUMEHEHUS
NPEUIOKEHHOH METOIUKM Ha J1a0OpaTOPHBIX 3aHATHAX 10 MOJEKYISIpHOW (HU3UKEe U
TepMonHamMuKke. OCOOEHHO aKTyaJlbHO 3TO s 00pa3oBaTelIbHBIX  YUPEKACHUH C
OTpPaHUYEHHBIM J1a0OpaTOPHBIM OOOPYAOBAaHMEM, a TaKXKe B YCIOBUAX JUCTAHLMOHHOTO
o0y4yeHMsl, I7le BUPTyaJlbHbIE J1a0OpaTOpUU MOTYT CIY)XKUTh JOMOJHUTEIBHBIM CPEICTBOM
OpraHu3alK SKCIEPUMEHTANIbHOM paboThl. KpoMe Toro, mpeniokeHHas METOJMKa MPUTOJHA
JUIE  WCTIOJB30BAHUS B CAMOCTOSTENIBHOW paboTe CTYAEHTOB, a Takke B (U3NIECKUX
NPaKTUKyMax.

3akjaoueHue

B nanHoMm uccnenoBanuu pazpaboTtaHa v anpoOWpoOBaHa METO/IMKA SKCIIEPUMEHTAIbHOTO
oTpesieNieHUs] YHUBEPCAIbHOM Ta30BOM MOCTOSHHOW ISl PA3IMYHBIX Ta30B C MCIOIB30BaHUEM
BUPTYAIbHOU JTA0OpATOPHH, a TAaKXKE OI[CHEHBI €€ BO3MOKHOCTH. B xone uccnenoBanus ais 10
pa3IMYHBIX Ta30B B OJMHAKOBBIX SKCIIEPUMEHTAIBHBIX YCIOBUSAX OBLIU MPOBENCHBI PacUeThl, U
MOJTy4YeHHBIC Pe3yJIbTAaThl MOKA3aJIM, YTO 3HAYCHUS YHHUBEPCATbHOW Ia30BOM MOCTOSTHHOMN OJH3KH
K TEOPETHIECKOMY 3HAUYCHHIO.

Y CTaHOBIIEHO, YTO OTKJIOHCHHE JKCIEPUMEHTAIBHBIX 3HAUYCHUH OT TEOPETUYSCKOTO He
npeBbimaer 1%. Haubompmee otknonenne (0,91%) nHabmomamoch s BO3IyXa, dTO
OOBSCHSETCS TEM, YTO BO3JYX SIBJIISICTCS HE YHCTHIM T'a30M, a CMECHIO Pa3IMUHBIX ra3oB. Jlis
YHUCTBIX Ta30B OTKIOHEeHUs cocTaBwin oT 0,05% 1o 0,24%, 4to moaTBepkaaeT KOPPEKTHOCTD
MCTIOJIb30BAHHOW PAcUyeTHOW METOJUKH U y4eOHO-METOJUYECKYIO HaJIeKHOCTh BUPTYaTbHOTO
IKCIIEPUMEHTA.

OCHOBHOW Hay4yHBI pE3yNbTaT HCCICIOBAHUS 3aKIIOYACTCS B AKCIEPUMEHTATLHOM
JIOKA3aTeNbCTBE TOTO, YTO YHHUBEpCAIbHAS Ta30Basi MOCTOSIHHAS SIBISIETCS (PYHIAMEHTAIbHOM
(GU3MYECKON BETUYMHOW, HE 3aBHUCSIICH OT poja ra3a M €ro MOJSPHOM MacChl. biau3ocTh
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3HaueHUM R, MOJy4EHHBIX JUIS Fa30B C PE3KO pazivyaromuMucs MossipibiMu Maccamu (0,004—
0,048 kr/MOJb), TOATBEPIKIAET YHUBEPCATHHOCTh YPABHEHUSI COCTOSIHHS MJICATHHOTO ra3a Jyis
BCEX ra3oB.

[IpeuiocxkeHHass MeTOAMKA MpPUrOJHA MJIs OpraHu3aluu J1IabopaTOpHBIX pPabdOT Mo
MOJIEKYJISIpHOW (U3MKEe M TEepMOJMHAMMKE, a TaKXKe M MCIOJb30BaHUA B YCIOBHSX
JUCTAHIIMOHHOIO M CMeUIaHHOro oOydeHus. [IpocToTa, HArIgIHOCT U BOCHPOM3BOJUMOCTH
METOAMKH MO3BOJISAIOT 3(h(HEKTUBHO MIPUMEHSATH €€ B y4eOHOM MpolLiecce.

B 10 ke Bpems BUpTyajbHBIE JJAOOpPATOPUM CIIEAYET pacCMaTpUBaTh HE KaK IOJIHYIO
3aMEHy peaJbHBIX HKCIEPUMEHTOB, a KaK COBPEMEHHOE OOpa30BaTEeIbHOE CpPEACTBO, HUX
JoTIoNHstonee. BupTyanbHble SKCIIEPUMEHTHI HANpPABJIEHbl HAa I[OHUMAaHHE TEOPETUYECKUX
MOJeNiell M pa3BUTHE PACUYETHBIX HABBIKOB, TOTJa KakK peajbHbIC JIabOpaTOpHBIE PaOOTHI
(bopMHPYIOT IPAKTUYECKHE YMEHUS U HAaBBIKM TOYHBIX U3MEPEHUH.

B kauecTBe mepCHEeKTHB JalbHEHIIMX HCCIEIOBAaHUN 11€71eco00pa3HO MPOBECTU
CpaBHEHHE Pe3yJbTaTOB BUPTYAIbHBIX U peabHBIX JAOOPAaTOPHBIX IKCIHEPUMEHTOB, a TaKXKe
a/IalITUPOBATh IMPEJUIOKEHHYI0O METOJUKY JUIsl IPYTHX pa3liesioB (U3MKU (3JIEKTPOAMHAMMKA,
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Annomayus. BBonuTcs OTOOpaXeHHWE KOJbIIAa AJsI HCCIENOBAaHUS CHHXPOHH3ALNH
HMITyJIbCHOTO ocummisTopa ['ynBuHa-CmHuTa BHEIIHMM NEPUOIMYECKHM BoO3aeHcTBHEM. B
KadecTBE aBTOKOJICOATEIBHOW CHCTEMBI, IOJBEP)KEHHOW BHEIIHEMY II€PUOIUIECKOMY
BO30YX/ICHHUIO, pacCMaTPHUBAETCsI CKaJIIPHOE UMITyJIbCHOE nu(ddepeHnmnanbHOe ypaBHEHHE. DTO
YpaBHEHHE XOpOIIO OIHMCHIBACT SBJICHHE 3axBaTa KoiebaHMW MOAUGHUIIMPOBAHHOTO
ocumusitopa ['yasuna-CmMuTa U noAgaaeTcs 1eTalbHOMY OH(pYypKaIMOHHOMY aHaInu3y.

Knroueswte cnosa. ocummnstop ['yasuna-Cmura, uMnyibcHoe AuddepeHImaibHoe ypaBHEHUE,
BBIHYXXJACHHAsA CUHXPOHHU3al WA, A3bIKN ApHOHLI[a.

ON THE STUDY SYNCHRONIZATION OF A FORCED IMPULSIVE
GOODWIN-SMITH OSCILLATOR

Ulanbek Adakhimzhanovich Sopuev
Osh State University
Alymbek Datka St., 331, 723500, Osh, Kyrgyzstan
ulansopuev@mail.ru
https://orcid.org/0009-0008-0621-9050

Abstract. In this paper we introduced a two-dimensional map to study the synchronization of a forced
impulsive Goodwin-Smith oscillator. As a self-oscillatory system subjected to external periodic excitation, a scalar
impulsive differential equation is considered. This equation adequately describes the phenomenon of oscillation
locking in a modified Goodwin—Smith oscillator and allow us a detailed bifurcation analysis.

Keywords: Goodwin-Smith oscillator, impulsive differential equation, forced synchronization, Arnold
tongues.

1. BseaeHue
PaccMmoTpuM cucTeMy HMMITYJIBCHBIX AU depeHnaibHbIX ypaBHeHu# [1]

X= AX + &(t). 1)
3nech teR; xeR"; A — mocrosHHas rypulieBa NxN marpuia; N — MepHas BEKTOP-
byukius £(t), paBHas HyneBOoMy BekTOpy, eciu t#t,, u B MOMeHT t=t  ee MHTerpa

paBser b, rme b eR", KeZ', Z" — MHOXECTBO HEOTPHUILATEIbHBIX LIEJBIX YHCEIL.

Pemenust ypaBHenuii (1) B mHTepBamax t,  <t<t u t <t<t,, HeOpepbBHBI U
YIIOBIIETBOPSIIOT
X = AX,
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anpu t=t umetor paspeis X(t, ) —X(t, ) =b,, x(t;) = t "mo X(t).

K cucreme ypaBHenuii (1) mpuBOIsIT MHOTHE 3a/1a4l MEXaHUKH, JTCKTPOHUKH,
Teopuu yripaBiaeHuss u Ouoyornu [1]. B [2] Obula BBegeHa HUMITYyJIbCHAsT MOJCIH
ocuuisitopa I'ynsuna-Cmura [3, 4] 1i1st u3yyeHuUs peryJssiiuy ypoOBHSI TECTOCTEPOHA B
MY>KCKOM opranusme. B cepum Hamux nyOnukauwii (cm., Hanpumep, [5-7])
HCCJICJIOBATNCH PETYIISIPHBIC U XaOTHYECKHE KoJieOaHus, a B [8] — MexaHU3MBbI 3aXBarta
aBTOKOJIECOAHUII BHEIIHUM IEPHUOJIMYSCKUM BO30YXKJIEHHEM B CBS3M C aHAJIU30M

CYTOYHOT'O pUTMa CEKPEIIUH TOPMOHOB, YYAaCTBYIOIINX B BEIpAOOTKE TECTOCTEPOHA.

Muorue (pU3HNOIOTHYECKHE MPOIECCHl B JKUBBIX OpPraHM3Max ITOJUYUHSIOTCS
24— 4YacoBOMY pPUTMY, Ha3bIBAEMOMY LHPKAJHBIM PUTMOM, KOTOPBIH SBIISIETCS
pe3yabTaTOM aJlaliTallii OpraHu3Ma K cMeHe JHs 1 Houu [9]. B orcyTcTBUUM CMEHBI
JIHS W HOYM MHEepHoJ LIUPKAJHOIO pUTMA MOXET oTiuyarbcsa oT 24 uyacoB. B
HOPMAJIbHBIX  YCJOBHUSIX LUPKAJHBIM PUTM  3axBaTbIBAeTCs  KOJICOAHUSIMU
OCBELIIEHHOCTU U TeMIlepaTypsl. I3B€CTHO, 4TO CyIIECTBYIOT OUOJIOTHYECKHE YaChl,
3aJla0lUe LUPKAAHBIA PUTM, KOTOPBIC YHOPABISAIOTCI NEPUOJANYECKON BHEUIHEU
cuioi [9].

OnucaHue BHELIHEro IEPUOJIMYECKOro BO3IEHCTBUS Ha aBTOKOJIEOATEIBHYIO
CHCTEMY OCHOBAHO Ha IMMOCTPOEHUHU OTOOPAKEHUsI OKPY>KHOCTH MJIM Kojbla [9].

B nmannHoii paboTe mpuBeeHa METOIMKA MOJTYUYSCHHSI OTOOpaKEeHUs KOJblia AJIst
HCCJIEIOBAHUSI BBIHYKACHHONW CHUHXPOHHU3AIUU MOJAMU(DUIIMPOBAHHOTO OCHMILISATOPA
I'ynBuna-Cmurta (cm. Ttakke [10]). TlpuBemeHbl pe3ysibTaThl  YHCICHHBIX
SKCIEPUMEHTOB, WUIIOCTpUpYyIOIMe OudypKallMOHHYIO  CTPYKTYpy  obmnacreit
BBIHYKJ€HHOW CHUHXPOHU3AIlMM, COMNOCTABJIEHHUE KOTOPBIX C pe3yidbTaTaMu
nccieaoBanuii [8] mokaspIBaeT HX KAYECTBEHHOE COBIMAJICHHE.

2. Moaeab C HeIpepPbIBHBIM BpeMeHeM

Bynem paccmatpuBaTh A€MCTBHE BHEUIHETO MEPUOAUYECKOr0 BO30YXIECHUS Ha
aBTOKoOJIe0aHUs cKajisipHOro ocuuuisitopa ['ynsuna-Cmura [6]:

X=X, X(t')=x(t)+h, t, >0. @)

NN

x=ax+ 3 bs(t-t,). ©)

k=0
3neck b, =F(z(t.)); t,=t+®41) zZ(f)= MHA cosf+ X, o=2r T
rie M, T — aMmuTyZ1a ¥ NEpUoJ BHEIIHETO BO3JEHUCTBUS.

(DYHKLII/II/I CD, F  saBasrores OIrpaHUYCHHBIMHU W MNPUHUMAKOT IIOJIOKHUTCIIBHBIC

3HadeHus. B Ononoruueckux npuioxkenusx O, F ecrp pynkiun Xumia:

(z/r)? k

D2) =k +k, 2D E)ok e
@=k+k g POy

4)
rae k,k,, K, K,,r, p —napamerpsL
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Kak mMbI oTMeuanu panee, perenne ypasuenus (2) i (3) KyCOYHO-HEIPEPBIBHO
C KOHEYHBIMM pa3pblBaMU B TOYKax f, .

YrBepkaenue. Bennuunbel ckadka D, B Toukax paspeiBa t =t  onpenensarorcs

BBIPAXKCHUEM

X(t)—x(t) =h,.

120.0 —

)

), &

\\\

F(

F(z)

0.0

0.01 z 7.01
Puc. 1. Monynsiionnsie xapakrepuctukn ®(z), F(z): ® ( Z) — YacTOTHAs

XapakTepucTuka; F (z) — aMILUTUTYyJHasl XapaKTepUCTUKA

Joka3zarennbcTBo. B obnactu t, , <t <t , ypaBHeHue (3) 3anucsiBaercsa B popme
X=AX+bo(t—t,). (5)
Pemenne ypaBuenus (5) B mpomexyTtke t , <t <t , Oyzem HCKaTh B BUIC
x(t)=x_(t)+[x, (t)—x_(t)lnt-t,), (6)
rae X, (t) — HenpepbIBHbIE (YHKIUH, OINpPeASIICHHBIE COOTBETCTBEHHO B OO0JIACTSIX
t, <t<t m t <t<t , ¥ yIOBICTBOPSAIOIINE YPABHECHHUIO X = AX.

IToacrasnss (6) B (5) u yunteiBasg uto 7'(t—t ) =5(t—t,) numeem

X (O)+[X, (©) ~ X Ot —t) +[x. () ~x_©15¢t ~t,) =
= AX(®) + A[x, (1) - x_O(t -t,) +b, 5t —t,).

IMTockonbky X, (t) = AX, (t), TO
£(1) - X(6) -BISE 1) =0, x(t) = lim x,(0).
IIpupaBHUBas K HYJIIO BbIpaKEHUE B (QUIYPHBIX CKOOKaX, HajIeM

X(t)—x(t) =b,

3. OTrolOpaxkeHue KoJIbLA
Vpasuenue (2) (nm (3)) cBOAUTCS K OTOOpakeHHIO Kouibiia. [TokakeM 3To.

B mpenenax unTepBana t, <t <t , ypaBHenue (3) umeer BUI X = AX, , pelIeHue
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kotoporo X(t) = e Ix(t), X)) = x(t;) +b,.
Otcrona as MOMeHTa BpeMeHu t =t moimydaeM, 4To
X(tes) = "% (X(t ) +by ), tes —t = D(2(E,)).

BBenem o6osnauenus X, =X(t,) u 6, =wt. Torma oxoHYaTeNTbHO OTOOpa’KCHUE

IIPUHUMACT BHU]

X = €75 H (6 + F(%,0.)),ba = 6, + 0p(%, 6, )mod 27. @)
3nece ® u F — ¢ynknun Xumna (4) (em. puc. 1). ITapamerpsi (7): A =-0.1 k =40.0;
75.0<k, <150.0; k; =1.0; k, =6.0; r =2.7; p=3; 20<M < 25.0; T =1440.

150.0
o
)
v
»

L.
v
L]

.
]

o
3

-

Ll

:
ey

IS -
- = =
B2 .
= . 2
14 e -
= -
ks 0 &= == —
2 L Bmsy = =
; -
. - 1 gy =

=S IS

.
“
1

.

<

0.0 PRl il i = 1

fez 150.0
2.0 M . 11.0 ( 6)

[t
o

Puc. 2. (a) /Jsynapamerpuueckas auarpamma. (6) OpnHomapameTpuueckas
OudypKaMoHHas fuarpaMmma

4. DbudypkanuoHHbIH aHAJIU3
Hapuc. 2, (a) n3o06pakeHa nsynapameTpuueckas OndypkanroHHas iuarpaMmma

otobpakenus (7), paccuruTaHHasi YUCICHHO Ha IIOCKOCTH mmapameTpoB (M, K2).

B nunamuueckoit cucreme (7) BO3MOXHBI TPU PEXKHUMa — TIEPUOTUYCSCKHUM,
KBa3UIEPUOIUYECKUN ©W  XaoTWdeckuil. JlmHamMmka  OTOOpa)keHHsI  KOJIbIla
SKBUBAJICHTHA JUHAMHKE OTOOpaskeHUs1 OKpyKHOCTH [9]. B mepBbIX ABYX ciydasx
ATUM peXuMaM B (a3oBoM MpocTpaHCTBE oToOpakeHws (7) OTBeYaeT 3aMKHYyTas
WHBapuaHTHasl KpuBasi. XapakTep JABH)KECHHUsS Ha MHBApUAHTHOUN KPHUBOM oIlpeelsieTcs
YHUCJIOM BpPAIllEHUs . ECIIM OHO palMOHAILHOE Yuciao @ = P/, TO HAa UHBAPUAHTHOMU

KpPUBOUM €CTh OJHA WM HECKOJIBKO Tap MEePUOJIUYSCKHUX OPOUT - YCTOUYHBBIC H
cennoBble. MlHBapmaHTHasT KpuBas oOpa3oBaHa HEYCTOWYUBBIMH MHOTOOOpa3UsIMHU
CE/VIOBBIX TIEPUOAUYECKUX OpPOUT. 3aMEeTHUM, 4UTO BCE IEPUOIUUYECKUEC IBHKCHUS
rpyOble U B 3TUX CUTYaIUSX TOBOPST, YTO UMEET MECTO PE30HAHC (CHMHXPOHHU3AIIMSI)
[11]. OOGmactsiMm CHHXpOHH3AIMH OTBEYAIOT KOJIcOaHUs, KOIrJa Ha MNepHOJIe
BO3HHUKIIIETO  MNEPUOIHUYECKOTO  JIBWDKCHHS  YKIIAJIBIBAIOTCS p  mepuomon

aBTOKOJIcOaHM U ( TIEPHOIOB BHEIITHEH Ciibl. EClin @ — nppanmuoHaaibHOE YUCII0, TO
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JIBIDKCHVWE Ha WHBApUAHTHOW KPHBOW KBA3UIICPUOIMYSCKOE M B OTJIHYHE OT
NPEAbIIYIIEero Cliydass HOpeACIbHBIM MHOXKECTBOM SIBJIISIETCSI BCS  3aMKHYTast
WHBapuaHTHas Kpuas [11].

O06nacTy BBIHYXJIEHHOW CUHXPOHHU3ALMU (PE30HAHCOB) UMEIOT BUJ, MOKAa3aHHBIN

Ha puc 2, (a) (sa3bikum Apnonbpna [3]). Ha mmockoctu mapamerpoB (M, k,) mexmy

PE30HAHCHBIMH SI3bIKaAMU (O0JACTSIMH C TIEPHOJIUYCSCKON TUHAMHUKOMN) PaCIIOJI0KEHBI
00J1aCTH C KBa3UIICPUOJNISCKUMHU KOJICOAHUSIMHU.

Ha puc. 2, (0) npuBeneHa oJHOIIapamMeTpuyeckas OudypKaroHHAas
nuarpamma it M =15.0, mokaspiBaromias mepexo/ibl K CHHXPOHH3AIIUNA U BBIXOJT U3
Hee Yepes ceIoy3ia0Byio oudypkaruro. Kak mokaszano B [8], xaoTuzarus KojieOaHui
B UMOYJIbCHOM ocmuursitope ['yasuHa-CMHATa NPOUCXOUT Yepe3 KIIACCUYSCKHU
cueHapuii Adparimosuua-IlIunsankosa [11].

5. 3akiaouyeHue

ITpuBeeHa MEeTOIMKA IIOCTPOSHUSI OTOOpaKEHHsI KOJIbIIA IS KCCIIEI0OBAHMSI
BBIHYKJIECHHOM CHHXPOHHU3AIIMA HMITYJILCHOrO ocmuuitopa I'yasuna-Cmura. B
KadeCcTBE aBTOKOJIEOATEIbHON CHCTEMBI, TTOABEPKEHHON BHEIIHEMY ITEPHOTHYCCKOMY
BO30YKJIEHHIO, PACCMOTPEHO CKaLIPHOE HMMIYJbCHOE auddepeHInaibHoe
ypaBHEHHE, KOTOPOE XOPOIIO OIMCBHIBAET CJIOKHYIO IWUHAMHKY OCIHJLISITOpa
I'yaeuna-CMmuTa ¥ moiaeTcs AeTalbHOMY OUypKaIlTHOHHOMY aHau3y [6].

IIpencraBieHbl pe3ybTaThl YUCICHHBIX SKCIIEPUMEHTOB, WIIJIIOCTPUPYIOIIIHAEC
O ypKAITMOHHYIO CTPYKTYPY 00JIacTe! CHHXPOHHU3AIIUU, COTTOCTABIEHUE KOTOPBIX
C pe3yJbTaTaMu Uccied0BaHui [8] moka3zaio ux KaueCTBEHHOE COBMAJICHHE.
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Abstract: This article provides a comprehensive review of style usage in LaTeX and explores their practical
applications in scientific and technical writing. LaTeX, as a high-quality typesetting system, allows users to precisely
control the appearance and formatting of documents through the use of styles, making it a preferred tool in academia
and publishing. The article begins by explaining the core concepts of LaTeX styling, including the role of document
classes (article, report, book, etc.) and packages (geometry, fancyhdr, titlesec, xcolor, among others) that enhance
document design. It then delves into the mechanisms of style customization, such as altering fonts and font sizes,
modifying section headings, adjusting margins, controlling spacing, and applying color schemes. The use of
predefined style templates (such as IEEEtran, ACM, or Springer) is discussed in the context of standardizing the
appearance of publications. Furthermore, guidance on creating custom .sty files for specific institutional or publishing
requirements is provided. A comparative analysis of popular style-related packages is included to highlight their
features, strengths, and limitations. For instance, memoir offers an all-in-one document class for advanced styling,
while KOMA-Script is praised for its modern typographical features. The article also explores common pitfalls when
combining multiple packages and presents best practices for avoiding conflicts. Practical examples illustrate how
styles can be applied to tailor a document for theses, journal articles, technical manuals, and conference proceedings.
These examples demonstrate both the power and the learning curve associated with LaTeX styling. In conclusion, the
article emphasizes the flexibility, consistency, and automation that LaTeX styles provide, and offers practical
recommendations for leveraging these capabilities efficiently. Whether the goal is to adhere to strict formatting
guidelines or to enhance document aesthetics, mastering LaTeX styles is essential for producing professional-quality
documents.

Keywords: Document styling, document classes, custom style files, LaTeX packages, formatting techniques,
typography control, scientific and technical publications, document automation, section formatting, font
customization, color schemes, predefined templates, style customization, academic writing, technical typesetting,
layout management, publication standards, visual consistency, automated formatting tools.
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Annomayusn: B cmamve npedcmasnen ececmoponnuii 0630p ucnonvzoganus cmunei 6 LaTeX u
PACCMOMPeEHbL UX NPAKMuyecKue NPUMeHeHUs: 8 HayuHou u mexHuyeckou aumepamype. LaTeX, xax cucmema
BbICOKOKAYECTNBEHHOU  8EPCMKU, NO360JAem NONb308aMeENIM MOYHO KOHMPOIUPOSAMb  GHEWHUL U0 U
Gopmamuposanue OOKYMEHMO8 ¢ NOMOWbIO CMuiel, 4mo oendaem eé npeonoumumenbHbiM UHCHIPYMEHMOM 6
axkaoemuueckou cpede u uzoamenbckom oene. Cmamuvs HAUUHAEMCA ¢ 00BACHEHUSI OCHOBHBIX KOHYENYUL CIUIU3AYUY
6 LaTeX, sxniouas pons kiaccos 0okymenmos (article, report, book u op.) u nakemos (geometry, fancyhdr, titlesec,
xcolor u Opyeux), Komopvie pacuupsiom GO3MONCHOCHU opopmieHus Odokymenmos. Jaree noopoodHO
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DpaccMampugaiomes MexaHu3mbl HACMPOUKY Cmuiell: u3MeHeHue wpugmos u ux pasmepos, Moougurayus
3a207106K08 pA30enos, pecyiuposKa noetll, YNpaeieHue MeXCCmpOyHbIMU UHMEPBANAMU U NPUMEHEHUE YE8ENO8bIX
cxem. Obcyscoaemcs UCHONIb30BAHUE 20MMOBLIX ciLIesblx wabnonos (maxux kax IEEEtran, ACM unu Springer) ona
cmanoapmuzayuu ogopmaenus nyoauxayuti. Taxowce NpugooaAmMcs peKxomeHOayuu no cOo30aHUr) CoOCMEEHHbIX
Gatinos .sty 011 yooeiemeopeHuss mpebdo8anull KOHKPEeMHbIX yupexcOoenutl unu uzoamenbcms. B cmamoe npogooumcs
CPABHUMETbHBIIL  AHATU3 NONYIAPHLIX NAKENOS, CEA3AHHBIX CO CMUIAMU, C 6blOeleHueM ux ocobeHHocmell,
npeumywecms u ospanuvenuti. Hanpumep, xiacc memoir npeonacaem KOMHIEKCHOe pewienue Ol npoOoeuHymou
cmunuzayuu, a KOMA-Script evicoko oyenusaemcsa 3a cospemennvie munozpagckue 6o3modxcHocmu. Takowce
paccmompensl munuuHvle npoodiemMvl, 8OIHUKAIOWUe NPU KOMOUHUPOBAHUU HECKOTLKUX NAKEMO8, U NPe0Cmasienbl
ydmue npakmuky no usbexcanuio KOHGaukmos. llpaxmuueckue npumepvl UINOCPUPYIOM, KAK CHULU MOMACHO
npumeHamy 0Jid adanmayuy OOKYMeHmos nood OUccepmayu, JHCypHaIvHble Crmambvl, mexHuyecKue pyKogoocmea u
mamepuanvl KoH@epeHyull. Omu npumepvl 0eMOHCMPUpylom Kax Mowb, max u Kpugyio o6yuenus LaTeX-
cmunuzayuu. B 3axnouenue nooduépxueaemcs 2ubKOCMb, CO2NACOBAHHOCMb U  ABMOMAMU3AYUA, KOMOpble
npedocmasnsirom cmunu LaTeX, u daromcea npakmuueckue peKoMeHOayuu no 3¢hGeKxmueHOMy UCHOIbIOBAHUI) IMUX
sosmoocnocmeti. Hezagucumo om moezo, mpebyemesi iu cmpozoe coOmo0eHue Gopmamuposanus uiy yayvuieHue
acmemuku  Ookymenma, oceoenue cmunei LaTeX saeisemcsa HeobXo0umvim ycioguem OAs  CO30AHUSA
npogpeccuonanbHbix OOKYMEHMO8 8blCOKO20 KA4ecmad.

Knwouesvie cnoea: Cmuiu LaTeX, xnaccet 0okymenmos, noav3ogameinvbckue .sty-gpaiiivl, naxemol
oopmaenus, munozpagura, Hayunvie NYOIUKAYUU, HACPOUKA WpU@dmMos, Yeemoguvle cXembvl, Wabiousvl cmuell,
asmomamu3ayus OOKyMeHmos, akademuyeckas 6Epcmka.

LaTeX provides powerful tools for text formatting, allowing users to change the
appearance of documents using styles and packages. It is widely used in academia due to its
flexibility and high typographic accuracy. This article discusses the main aspects of working with
styles in LaTeX, as well as the principles of creating custom styles and integrating them into the
workflow. It also covers popular packages that simplify working with texts, mathematical
formulas, tables, and charts.

The use of styles in LaTeX plays an important role in preparing scientific papers,
presentations, and reports. It allows not only the automation of formatting but also the creation of
a consistent appearance of documents, which is especially important in publishing and educational
institutions.

LaTeX is a high-quality typesetting system widely used for producing scientific and
technical documents. One of its most powerful features is the ability to apply styles systematically
through document classes, packages, and custom definitions. These styles not only ensure
consistency in formatting but also improve the efficiency of document preparation. This paper
explores the mechanisms and practical benefits of styling in LaTeX, emphasizing its role in
academic writing, technical documentation, and professional publishing. It addresses how LaTeX
styles can be tailored to suit different publication requirements and discusses their relevance in a
digital-first, automation-driven research environment.

Materials and Methods

The study involved a comprehensive review and comparative analysis of commonly used
LaTeX document classes (article, report, book, IEEEtran, etc.) and popular styling packages (e.g.,
fancyhdr, geometry, titlesec, xcolor, fontspec). Test documents were created to evaluate how
different style configurations impact layout, readability, and formatting consistency. Custom style
files (.sty) were also designed to explore the flexibility of user-defined formatting rules. The
methods included hands-on experimentation using Overleaf and local TeX distributions (TeX Live
and MiKTeX), focusing on practical scenarios such as thesis formatting, journal article layout, and
presentation design.

The results of this study reinforce LaTeX’s status as a superior platform for producing well-
structured, professional-quality documents, particularly in academic and technical fields.
Compared to traditional WY SIWY G editors, LaTeX offers a separation of content and formatting,
which aligns closely with the best practices in scientific publishing. This modular approach enables
users to focus on substance while relying on classes and style files to enforce formatting standards.
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The findings align with previous studies highlighting the robustness of LaTeX for academic
use. For example, research comparing LaTeX and Word in scholarly contexts (e.g., Knauff &
Nejasmic, 2014) noted that LaTeX users often produce more consistent, better-formatted outputs,
particularly in documents involving mathematical notation or complex layouts. Our review
extends this understanding by demonstrating how style elements—both built-in and custom—
further streamline and enhance this process.

Significantly, this work underscores the importance of style customization in institutional
and publisher-specific workflows. While default classes offer structure, they often fall short when
dealing with unique formatting guidelines. In such cases, the use of .sty files to encapsulate
formatting rules proves to be not only efficient but also scalable, especially when producing
multiple related documents such as articles, reports, and theses.

Moreover, the integration of modern packages like fontspec, xcolor, and geometry reflects
LaTeX's evolution from a rigid typesetting tool to a flexible platform capable of meeting
contemporary design standards. These advancements make LaTeX more accessible to a wider
range of users, including those working in interdisciplinary fields where visual presentation
matters.

In essence, the study positions LaTeX styling not merely as a formatting tool, but as a
component of scholarly communication infrastructure—one that ensures clarity, repeatability, and
professional quality in document creation.

Packages and Their Use

There are numerous packages available to extend LaTeX’s capabilities. The most useful

ones include:
e amsmath — advanced features for working with mathematical formulas;

color — support for color formatting;
hyperref — adding hyperlinks;
showkeys — visualization of label references;
enumitem — customization of lists;
cleveref — intelligent link management;
url — correct formatting of links;
pgfplots — creating plots;
booktabs — creating professionally formatted tables;
biblatex — managing bibliographies.
The use of the microtype package significantly improves the typography of documents by
enhancing word breaks and spacing.

Definition of Commands
In LaTeX, you can create custom commands to improve workflow. For example:

\newcommand{\D}[2]{\frac{\partial #2}{\partial #1}}
\newcommand{\DD}[2]{\frac{\partial*2 #2}{\partial #1"2}}
\renewcommand{\vec}[1]{\boldsymbol{#1}}

These commands simplify writing mathematical expressions and make the code more readable.

Working with Tables

One of LaTeX's powerful tools is creating tables. To format them, you can use the
booktabs package:

\begin{table}[h]
\centering
\begin{tabular}{lcr}
\toprule
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Name & Value & Description \\
\midrule

Alpha & 10 & First row \\

Beta & 20 & Second row \\
Gamma & 30 & Third row \\
\bottomrule

\end{tabular}
\caption{Example Table}
\label{tab:example}
\end{table}

Font Settings

In LaTeX, you can change the document's fonts using various packages:

times — Times New Roman font;

helvet — Helvetica font (similar to Arial);

courier — monospaced Courier font;

fontspec (only for XeLaTeX and LuaLaTeX) — support for arbitrary system fonts.
Example of setting the Times New Roman font:

| \usepackage{times}

To use a custom font in XeLaTeX, you can apply:

\usepackage{fontspec}
\setmainfont{Arial}

Creating a Custom Style

You can create your own style, save it in a file called custom_style.sty, and add it to the
document using:

| \usepackage{custom_style}

Example of a Custom Style:

\usepackage{microtype,xcolor}
\usepackage[colorlinks]{hyperref}

\pagestyle{headings}
\renewcommand{\MakeUppercase}[1]{\color{blue}\textsf{#1}}

This style changes the page headings to blue and sets the font to sans-serif.

Working with Publishing Styles

Many publishers provide their own styles and document classes, which may be outdated
or incompatible with modern LaTeX features. In such cases, you can use methods to override
commands:

\let\theorem\relax
\let\corollary\relax
\makeatletter\let\c@theorem\relax\makeatother
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These commands allow you to disable predefined publisher styles and use your own custom
settings.
Creating Presentations

To create presentations in LaTeX, you can use the beamer class, but it requires learning
new commands. An alternative is to use standard LaTeX with the geometry package:

\documentclass[12pt]{article}
\usepackage[paperwidth=128mm, paperheight=72mm, margin=7ex]{geometry}

Presentations created using the beamer class are widely used at conferences and seminars. For
example, the Metropolis style (\usetheme{metropolis}) is suitable for scientific presentations.

Working with Lists

When formatting lists, you can use the enumitem package, which allows you to customize
numbering and indentation in detail:

\begin{enumerate}[label=\arabic*., itemsep=5pt]
\item First item of the list;

\item Second item of the list;

\item Third item of the list.

\end{enumerate}

LaTeX styles are used to control the formatting and structure of documents in a flexible
and efficient way. They allow you to define and apply specific formatting rules for various
elements, such as fonts, headings, lists, and tables, ensuring consistency and high-quality output.

Here are some key uses of LaTeX styles:

Customization: You can define your own style settings (fonts, colors, indentation, etc.) to
match the specific requirements of your document or publication.

Consistency: Using styles ensures that the entire document follows a uniform structure,
which is especially useful in academic and technical writing.

Reusability: Once a style is created, it can be reused in multiple documents, saving time and
effort when formatting new documents.

Document Typesetting: LaTeX provides predefined document styles (like article, book,
report, etc.) for different types of writing. These styles automate layout and formatting to suit
specific needs.

Professional Formatting: LaTeX allows for precise formatting, especially useful for
complex documents like scientific papers, where you may need to manage figures, tables,
equations, references, and more.

Collaboration: LaTeX styles help maintain consistency in collaborative projects, ensuring
that everyone involved in writing or editing the document follows the same format Figure 1.
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mystyle.sty X document.tex X customstylesty X document1.tex X Q< [4 4 1w DI | @ |3 &
1 | ‘documentclass {article}
‘usepackage {gustomsiyle} % Load our custom style
‘\begin {document}
- 1 Introduction
-=| section {Intrednstion}
Testing the new style. Testing the new style.
\subsection {Example of Lists} 1.1 Example of Lists
10 ‘\begin {itemize} » First item
11 Jitem First item + Second item
: ‘item Second item * Third item
\item Third item
\end{itemize} 1.2 Custom Commands
B ‘ . Highlighting important information: This is important!
subsection {Custom Commands} Anote: This is just a comment
Highlighting important information: \important { This is
imporant!}
: A nofe: \note {This is just a comment. }
20
- | ‘end{document}
Crpoka: 11 Cronew; 8 BCTABKA

‘006LeHKA Nor MNpeznpocmotp Pe3ynbTathl noucka

ouecc 3anywiex: pdflatex.exe -synctex=1 -interaction=nonstopmode "document1”.tex

Figure 1. Connecting the style customstyle.sty to the document

sty X documenttex X customstylesty X documentl.tex X T lla ¢ [4 4 1m1 P P||C
% Set page margins
‘RequirePackage[ad4paper.top=2cm,bottom=2cm,left=3cm,right=1.5cm] { geometry}
1 Introduction
% Default font Testing the new siyle.
‘RequirePackage {times} ) o
\RequirePackage[T1]{fontenc} 1.1 Example of Lists
= First item
* Second item
% Customize numbered lists * Tuird iten
x'RequlrePaCkage{mm} 1.2 Custom Commands
\setlist {noitemsep, topsep=5pt, leftmargin=15pt} Highlighting important information: This is important!
A note: This is just a commeni.

% Customize section headings

‘RequirePackage {titlesec}

\titleformat{\section} {\Large'bfseries\color{red} } {\thesection} {lem} {}
\titleformat{\subsection} {\large'bfseries\color{blue} } {\thesubsection} {lem} {}

% Enable colors (important!)
‘RequirePackage {xcolor}

% Define custom commands
‘newcommand {\important}[ 1] {\textbf{\textcolor {red} {#1}}}
‘newcommand {\note} [1]{\textit{\textcolor {gray} {#1}}}

‘endinput
Figure 2. Custom Style Configuration in LaTeX

The left side shows the code of the files customstyle.sty and document.tex.
e The customstyle.sty file contains formatting settings, including changes to header colors,
lists, and the definition of custom commands (\important{} and \note{}).
e The document.tex file uses this style, creating a document with sections "Introduction,"
"Example of Lists," and "Custom Commands."
The right side shows the compiled PDF file.
e The \section headers are displayed in red, while \subsection headers are in blue.
e The list items (itemize) are correctly formatted.
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e The custom commands work: \important{} highlights text in red bold, and \note{} makes
it gray and italic.
The customstyle.sty file is correctly configured, and LaTeX applies the custom style without
errors.
Conclusion

The results demonstrate that LaTeX offers exceptional control over document aesthetics,
especially through modular use of classes and packages. Predefined document classes provide
solid foundations for formatting, while customization with packages enables fine-tuning of
headers, margins, typography, and section layout. Custom style files proved effective in
standardizing institutional or publication-specific formatting across multiple documents. Notably,
automation of citations, cross-referencing, and table of contents generation improved efficiency
and reduced formatting errors. The comparative analysis revealed that while classes like IEEEtran
are rigid but publication-ready, flexible classes like memoir support deep customization.

The use of styles and packages in LaTeX significantly improves document formatting,
automates routine tasks, and enhances code readability. Creating custom styles allows users to
tailor LaTeX to their individual needs. Additionally, working with tables, lists, and graphics makes
documents more professional and readable.

Thanks to the wide range of packages and settings, LaTeX provides powerful tools for preparing
scientific papers, educational materials, and presentations. A deeper study of LaTeX allows users
to maximize its functionality, ensuring high-quality formatting and ease of use.

Styling in LaTeX is more than a cosmetic tool—it is a core feature that enhances the
structure, clarity, and professionalism of technical documents. The ability to define and reuse
styles streamlines document creation and ensures compliance with academic and editorial
standards. While the learning curve can be steep for beginners, the long-term benefits in
productivity and document quality are substantial. This review underlines the importance of
mastering LaTeX styling for researchers, engineers, and students engaged in high-standard
documentation tasks. Future work may focus on integrating LaTeX styles with collaborative tools
and Al-driven editors to further simplify the process.
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MPOrHOCTUYECKHWHN MMOJYIMIIMPUYECKHAN PACUET
TEILIO®HU3NYECKNAX CBOMCTB CILTABOB 30JIOTA C KPEMHUEM
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Annomayusn. OOHAapy)XEHHE XAOTHYHOTO IPOCTPAHCTBEHHOTO pacrpenesicHus (TpU COXPAHCHUH OJMKHErO
TIOpSIIKa) aTOMOB B CIUIABE 30JI0Ta C KPEMHHEM IMOJIOKIIIO HAYaNIO HE TOJIbKO HHTEHCUBHOMY Pa3BHTHIO TEXHOJIOTMYECKUX
NPHEMOB TIOJY4YEHHs! CIUIAaBOB B aMOP(HOM COCTOSHUM M WX IIMPOKOMY IPAaKTHYECKOMY IIPUMEHEHHIO, HO U
TEOPETHYECKOMY HCCIICIOBAHUIO HEYNOpsao4eHHbIX cucteM. LIupokuii accopTUMEHT aMOp(]HBIX CIUIABOB M
YHUKAJIBHOCTD UX TEIUIO(MU3NUECKUX XapaKTEPUCTUK TPEOYIOT MPEBAPUTEIILHOM OLIEHKH CBOWCTB CILIABOB C IIETIBIO
CHIDKEHHS MAaTepUANbHBIX, DHEPreTHYCCKHNX W HKOHOMHYECKMX 3arparT. Co BpeMeHeM WM TpH TOBHIIICHUN
TeMITepaTyphl aMOPQHBIN METAINTMISCKAH CIUTaB TIOBEPTaeTCs MPOIeCCy KPUCTAILTH3AINH. JTOT MPOILECC IPUBOIUT K
(hopMUPOBAHUIO YHOPSIIOYCHHOTO PACIIPECIICHHIS aTOMOB B IPOCTPAHCTBE, YTO PHBOIUT K BOCCTAHOBJICHHIO NaTbHETO
nopsiaka. M3-3a TEIUIOBOM W BPEMEHHON HECTAOMJIBHOCTH TaKHX MAaTEepPHalioB BO3HHKAIOT TPOOIEMBI Kak C
OTIpeNieIeHUEeM TeMITePAaTypPHBIX 3aBUCIMOCTEH TEIUIOBBIX U IPYTHUX (PU3NIECKUX CBOWMCTB, TaK M C KOA(PPHUIHESHTAMA
KAHETHYCCKNX ypaBHCHHU. B nmaHHON paboTe mpeyiaracTesi HCTONMB30BaHIE MOICTH ABYX(a3HOH 00IacTH JIOKaIbHOTO
PaBHOBECHS U AMIIMPHYECKHX aNNPOKCUMHUPYIOINX (GYHKUMHA JUISl ONMCAHUS TETUIOPU3MIECKHX XapaKTEPUCTUK CILIABOB
30J10TO-KpeMHHH. [IprMeHeHne STOoH Monenu OCHOBaHO Ha ToM (pakre, 4YTO, coracHO mnpuHuMIy [IpuroxuHa,
TEPMOJIMHAMUYECKOE PABHOBECHE YCTaHABIIMBAETCS rOpa3zio ObICTpee B HEOOJBIINX JIOKAIBHBIX 00JIACTSIX, YEM B MACCUBHOM
BBIOOpKE B 1[EJIOM. BBIJIO YCTaHOBIIEHO, YTO TEOPETUYECKOE ONMCAHKE aeKBATHO MACCHUBaM AKCIIEPUMEHTAIIBHBIX JTAHHBIX
JUTS 30J10Ta M KpeMHusI. PacyeThl MpoBOIMIIMCH C MCTIONb30BAHUEM HEIPEPHIBHBIX AIlIPOKCUMHUPYIOIINX (DYHKIIMH, KOTOpbIE
MOTyT OBITh WCIOJIB30BAaHBI YIS PEUICHHS JPYIHX TEIUIOBBIX 3a7ad. TeruioBBIC CBOICTBAa CIUIABOB BBIYMCIICHBI C
WCTIONG30BaHMEM TIPaBMJIa CMCEHICHUS KOMIOHEHTOB. [loka3aHo, 4YTO CBOMCTBAa CIDIABOB pPACIHONATAlOTCS B
TEMITEPaTYPHBIX II0JIOCAX, OTPaHWYCHHBIX TEMIICPaTypHBIMU 3aBHCHMOCTSIMH KOMIIOHEHTOB, W HACIICAYIOT CBOMCTBa
COCTAaBILIOIIMX DJIEMEHTOB. YCTAHOBICHO HAIMYHE TOYCK HEPA3MYMMOCTH 3HAYCHHH TEIUIONPOBOAHOCTEH U
TEMIIePaTypOIPOBOTHOCTEH KOMITOHEHTOB U CIDTABOB JIFOOOTO COCTABA.

Knroueevie cnoea. 301010, KpPEeMHUH, TEINIOEMKOCTh, IUIOTHOCTh, KO3(D(MUIMEHT TEIIOBOTO JIMHEHHOTO
pacimpeHusi, TeIIONPOBOAHOCTh, TEMIIEPATYPOIPOBOAHOCTD.
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Annotation. The discovery of a chaotic spatial distribution (while maintaining short-range order) of atoms in
a gold-silicon alloy marked the beginning of not only the intensive development of technological methods for
producing amorphous alloys and their widespread practical application, but also the theoretical study of disordered
systems. The wide range of amorphous alloys and the uniqueness of their thermophysical characteristics require a
preliminary assessment of the alloys' properties in order to reduce material, energy, and economic costs. Over time or
with increasing temperature, an amorphous metal alloy undergoes a crystallization process. This process leads to the
formation of a well-ordered distribution of atoms in space, resulting in the restoration of long-range order. Due to the
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thermal and temporal instability of such alloys, there are problems of both determining the temperature dependencies
of thermal and other physical properties, as well as the coefficients of kinetic equations. In this work, the use of a two-
phase locally-equilibrium region model and empirical approximating functions is proposed to describe the thermo-
physical characteristics of gold-silicon alloys. The application of this model is based on the fact that, according to
Prigogine's principle, thermodynamic equilibrium is established much faster in small local regions than in a massive
sample as a whole. It has been established that the theoretical description is adequate to the experimental data arrays
for gold and silicon. The calculations were performed using continuous approximating functions, which can be used
to solve other thermal problems. The continuous functions obtained within the framework of the model allow us to
describe such features of the temperature curves of thermophysical properties as jumps, peaks, and pits. Their
appearance is associated with the occurrence of structural and polymorphic transformations, as well as phase
transitions of the first and second kinds, in the systems. The thermal properties of the alloys are calculated using the
component mixing rule. It is shown that the properties of alloys are located in temperature bands limited by the
temperature dependencies of the components, and inherit the properties of the constituent elements. Additional
theoretical studies conducted on other amorphous alloys demonstrated the possibility of sup-pressing the inheritance
effect through the interaction of the alloy components. The presence of points of indistinguishability of the values of
thermal conductivity and thermal diffusivity of components and alloys of any composition is established.

Key words: gold, silicon, heat capacity, density, coefficient of thermal linear expansion, thermal conductivity,
thermal diffusivity.

Beenenue

HeymopsimoueHHble CTPYKTYphl B BELIECTBE ObLIM BIIEPBBIE OOHAPYKEHBI MPH HCCIIEIOBAHUN
CBEpXIIPOBOJMMOCTH B TOHKMX IUICHKax IIOCI€ BO3JEHCTBUA JlazepHoro Jyda [1-3]. 3artem
Xa0TUYECKUE PACIIPEAEICHHS aTOMOB MPU HAMYNK OJIMKHETO MOPS/IKA TONYUYHIH ITyTeM OBICTPOid
3aKaJIK! pacIiIaBOB METAJUIMYECKUX CIUI1aBoB [4]. Hanbonee MHTEHCHMBHO 3TO Hay4YHOE HAIIPaBIICHUE
HAyajo0 pa3BUBATBHCA IIOCIIE MCCIEIOBaHUN amMoOphHOro cruiaBa 307010 Au-kpemuwmii Si [5,6],
OTHOCSIILIETOCS K TPYIIE METaUI-NONYPOBOJHUK. B Hacrosimee BpeMs H3y4alOT HarpaMMbI
cocrosiuus cruiaBoB Au-Si [7, ¢. 397; 8], ux nmoBepxHocTHbIE [9, 10] U 00BEMHBIE CTPYKTYpHI,
TerioBbie cBoicTBa [11, 12], hopmupoBanue MetacTadmwibHbIX (a3 [13], sBeHHS U KUHETHYECKHEe
NPOIIECCHl B KPUCTAIUTMYECKUX M aMOP(HBIX CIUIaBax, a TAK)Ke B JKUJIKUX paciuiaBax [14-18].
bunaphble crtaBbl Au-Si BBI3BIBAIOT UHTEPEC KaK ¢ HAYYHOM, TaK M C TEXHOJOTMYECKOH TOouek
3peHus. OH CBsI3aH C NMPAKTUYECKUM MPUMEHEHHEM 3THX CIUIaBOB MPH MPOM3BOJCTBE MHTETPAIbHBIX
MHUKPOCXEM M MaiiKke KPUCTAIIIOB K TOJIOKKAM.

CrutaBbl Bujia AU1ooxSix ipu X = 18 at. % (18.6; 19 u ap.; nepeBox at. % B Macc. % cM. B [19,
c. 48]) mMeroT IBTEKTHUECKYIO Temriepatypy le = 643 K. Dra Temmeparypa ropasno MeEHBIIE
Temreparyp riasieHus 3omora AU (Tm = 1336 K) u kpemuus Si (Tm = 1667 K) [7]. B padote [15]
MOKa3aHo, 4To crutaB AUgy4Si1gs MOXKET TUIABUTHCS pu Temiieparypax 567 K, 585 K, 625 K u 640 K.
Tak kak KpeMHHUH oOiagaeT Ooyiee HU3KUM IOBEPXHOCTHBIM HATSHKEHHEM, YeM 30JI0TO, TO
NOBEPXHOCTh pacIuiaBoB oboramaercs atromamu Si [9]. [TosTomy npu TemmepaTypax HHUXKE Te
KOMITOHEHTHI B TBEPJIOM COCTOSHUM aMOP(HBIX CIIAaBOB HE PACTBOPSIOTCS APYT B JIpyre, He 00pasyroT
CTaOMIBHBIX COSTMHEHUI U MOTYT ITOPOKAaTh MeTacTabmibHbIe (hasbr [10].

MonenupoBaHue KUAKAX U MEPEOXJIKICHHBIX CIUIaBOB AugiSilg METOIOM MOJIEKYIISIPHOM
muHamukd (MMJI) [16] mokasasio BiMsSHHE KPEMHHS HAa aTOMHO-MACIITa0HYIO CTPYKTYPY C
paspymieHreM OIMKHETO MOPS/IKA M aTOMHBIX HKOCAdIPUUECKUX OOBETMHEHHI.

B 3arBepmeBmMX KamuisiX HAHOMETPOBOTO pa3Mmepa cruiaBa AU74Size HaOIIOMATH
oOpazoBanue MeractabmibHOW (asbl ¢ b-rieHTpupoBaHHON OpTOpOMOMUECKOW CTpyKTypoid [14].
Haunbosee ycroiumBas CTpykTypa ciutaBa AuiooxSix YCTAHOBJEHA IMPH KBAHTOBO-MEXaHUYECKOM
MonenupoBanuu [17], ona Bo3Hukaer mpu X = 40-50 at. %, a mpu X = 60 ar. % HaOmogaercs
MHMHHMYM U3MEHEHHH 00beMa M SHTAJBIINK CMEIIEHHUs! KOMIIOHEHTOB. CTaOHIbHOCTh B COUETAHUH C
XPYIKOCTBIO CIUIaBa OOECIIEUMBACTCS JIOKAIBHBIM YIOPAIOYCHHEM aTOMOB B JIOCTaTOYHO MAJIbIX
00J1aCTsIX KaK >KHJIKOTO PacIuiaBa, Tak M Ha CYHIECTBYFOLIMX MEK(a3HbIX MOBEPXHOCTSIX [17].
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HesnauntenbHoe BHUMaHHE HCCIIENOBATEISAMH YyAESETCS TEIUIOPU3NYECKUM XapaKTepHCTH-
KaM CIUTaBOB 30Ji0Ta ¢ kpemHueM. K HuM oTHocsTcs: Temioemkocts C [JIx/(monb K)] mpu
nocrosiHHOM Aasyienun [12, 13, 20]; kod(duimenTs! Temmosoro mueinoro ai [K ] u odbemuoro ayv
[K!] pactmpenus (KTJIP u KTOP); nnotnocts p [kr/m®]; Temtonposoanocts A [Br/(m K)] u
TeMIIEpaTypOHpOBOAHOCTE A [M%/c]. BBULy HelocTaTKa CBEIEHHi O TEIUIOBBIX CBONCTBAX CILIABOB
30JI0Ta C KPEMHHEM BO3HHKAET HEOOXOIMMOCTh B pa3paboTKe HOBOIO MOX0/1a K UX MOJICIIMPOBAHHIO.

Bornpire nHpopMaIuu U3BECTHO O KOMIIOHEHTaX Au U Si, OHa COIEPYKUTCS B CIIpaBOYHOM [21-
25] u HayuyHoil [26-35] muteparype. I[Ipumenenne MMJ[ c HCIIONB30BaHUEM MEKATOMHBIX
noreniuanos CtuuMHKkepa-Bebepa g pacuera TermnoQu3nuecKux XapakTepUCTHK 30J10Ta U
kpemuus [26-27, 34, 35] umeet psa HemocTaTkoB. K HUM OTHOCSTCS: MPUOJIMKEHHBIN XapakTep
[OTEHIMAJIOB, HAKOIUIEHUE OIPEIEIIEHHOIrO0 KOJIMYECTBA YHCIIEHHBIX 3KCIIEPUMEHTOB IS
CTaTHUCTUYECKON 00pabOTKH Pe3ysIbTaTOB, CTIIAXMBAHUE MOTYIYCHHBIX JAHHBIX TIOJIMHOMAMH U T. I1.
B pesynbrare o0nacTe arperaTHoOro mepexoja KpUCTALI-KHIKOCTh Ul TEIUIOEMKOCTH 30J10Ta
OIKCHIBAETCS B BUJE CKaukKa, a HE OKPYIJIOro MUKa, XapakTepHoro i (pasosoro nepexona | pona
[36, c. 37]. Kpome Toro, 3TOT METO/1 HE ONKCHIBACT CKAaUYKH KOA(P(PUIIMEHTOB TEIUIOBOTO PACIIIMPEHUS
30JI0Ta U KPEMHHMS, CKa4OK IUIOTHOCTH 30JI0Ta TP TEMIIepaType IUIaBJICHHs, HaIW4Yie MUKOB Ha
TEMIIEPaTyPHBIX 3aBUCHMOCTSIX TEIUIONPOBOIHOCTEH MeTaljia W MOJYNPOBOAHUKA Ul MHTEpBaia
TeMIIepaTyp B OKPECTHOCTH a0COIFOTHOTO HYJISL.

CoBpeMeHHbIe (PHU3NKO-MAaTEMAaTUIECKHE MOJIEIN TEIIOBBIX CBOMCTB 3JeMEHTOB [37] maroT
JUIIb KAueCTBEHHOE, HO HE KOJIMYECTBEHHOE COBIIAJICHUE TEOPETUYECKHX pacueToB C
AKCIIEpUMEHTAIBHBIMU JaHHbIMU [38,39]. Hanpumep, npu onucaHuu TeMIepaTypHON 3aBUCUMOCTH
TEIJIOEMKOCTH BEIIECTBA Mojeiu OiHiuTelHa, Jlebas U nx MoauduKaluyd HE ONUCHIBAIOT: POCT
TEIJIOEMKOCTH TPU  YBEIWYEHUHM TEMIIEPaTypbl, CKAauku Oa3MCHOM JMHMU (CTPYKTypHbIE
nepecTpoeHus ), okpyribslie (pazosbie nepexoss | poaa) u octpsie (pazosbie nepexost || pona) muxu
U sIMBl, a TaKKe MX uepe/oBaHME (MOIMMOp(HBIE MpPEBpallleHHs), BKIAAbl YHNOPSAOYEHUS U
KHHETHUYECKHUX MPOLECCOB (IIEpecTpoiiKa CTPYKTYpHI, epepacrpeiereHle aTOMOB 10 MO3ULUSIM B
DIIEMEHTAPHOM siueiike, TEIUIOBOE pacIIUpeHHe, TMEepexoj]l JIETY4Yux mpuMeceii B arMmocdepy
kajmopuMmeTpa u apyrue [39]). TermoBsle 3 dekThl pU BHYTPEHHEM IEpEyCcTporcTBE o0Opasiia
CYMMHPYIOTCSI M3MEPUTEIBHON armaparypoil, 4To MPUBOJUT K Pa3OpOCy HKCIIEPUMEHTATHEHBIX
JIaHHBIX pa3HbIX aBTOpPoB (cM., Hampumep, [30,31]). Monenu TemmepaTtypHOil 3aBHCHMOCTH
TEIUIONPOBOAHOCTH JIUILb (PUKCUPYIOT HAIMYME NMUKA MPH NPUOIMHKEHUHN K aOCOIIOTHOMY HYJIO
U YKa3bIBAIOT IIPUYMHOM €ro CyIecTBOBaHMS NMPUCYTCTBHE B MeTaiuie npumeceil [37]. YkazaHHbIe
TPYJHOCTH OIMCAHUS TETUIO(YU3NUECKUX CBOWCTB BE IIECTBA ObUIM YCHEIIHO MPEOIOJICHBI B PaMKaXx
MOIeITH IBYX(ha3HOM JIOKaJIbHO-paBHOBECHOM oOmactu [40-42].

OneHky TeropU3nYecKUX BeTMUMH OMHAPHOTO CIIJIaBa MOYKHO MPOBECTH C UCIIOJIb30BaHUEM
COBOKYITHOCTH JaHHBIX O MX COCTaBJISIOUIMX 3yieMeHTax. [[ng momydeHHs cIiaBa 3a/laHHOTO
cocTaBa M3 KOMIIOHEHTOB C XapakTepucTukamu Aj 1 MaccoBbIMU J0JsiMU Ni (i = 1,2) IPUMEHSIOT
npaBuiio cMmenienus [37, 43, 44]:

AM) = A(T)+ny Ay (T), 1)
rae A,(T) — cBOHCTBO CHCTEMBI B LIEJIOM.

Taxum 00pazom, IEeTbI0 PA0OTHI SIBJISIETCS OLIEHOYHBIN pacyeT TeMIepaTypPHbBIX 3aBUCUMOCTEN
TEMNO(U3NIECKUX BEIMYMH CIUIABOB 30JI0TA C KPEMHHEM C UCMOJIB30BAHUEM JIaHHBIX O
KOMITOHEHTAaX, TpaBHUja CMEIICHUSI U COOTHOIICHUH MojenH ABYyX(}a3HOW JOKAILHO-PABHOBECHOU
obmacrtu.
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Tenopuznyeckne CBOMCTBA 30J10TA U KPEMHUSL: Pe3yJIbTAThl H 00CYKIeHue

3onromo: a) mennoemxocms. B paMkax Monenu AByX(pa3zHoH JIOKAILHO-PABHOBECHOM 00IaCTH
[40-42] TemoBast XapaKTEpHCTUKA BEIMUCIISAETCS 1O (hopmyrie

C = Cb + Ck . (2)
I[TepBoe cnaraemoe B paBeHCTBE (2)

J

omnpenessieT BKJIAJ B TEIUIOEMKOCTh BJICKTPOH IMOJAOOHBIX W KPUCTALT IMOJOOHBIX IMOICHCTEM
COOTBETCTBEHHO, OIKMCHIBACT OA3MCHYIO JMHHIO TEIUIOEMKOCTH, IIPH 9TOM BTOPOE ciaraeMoe B (3)
3aaeT TAKKe BO3BMOJKHBIC CKAuKd (CTPYKTYpHBIE IMpPEBpAIEHHsI) Ha KPUBOM TEIUIOEMKOCTH; Ki
[[ox/(moms K2)] u kyj [[Tx/(mons K)] — mocrosiaasie koaddurments:, T [K] — Temmeparypa, Xi1j —
o0beMHast J0JIs YIIOPSIOYMBAIONIEHCS (ha3bl B OJACUCTEME |, paBHAS

X, =%{1—th(bj TXJT—_TH (4)

bj — mapameTtp, cBA3aHHBIN ¢ H3MEHEHHEM XMMHUYECKOTO MoTeHrana a3l 1 B moacucreme j, Tyj —
TeMIIepaTypa COCYyIIECTBOBaHUS JIBYX (a3 C paBHBIMU 00BEMHBIMU JI0JIsIMU. BTOpoe ciiaraemoe B (2)

J

CBSI3aHO C BKJIAJOM B TEIUIOEMKOCTh MPOLIECCOB YIIOPSIOYCHUs, BHYTPEHHEH MepecTpoiku u
peanu3aimeii (pa3oBbIX MEpPexo10B (OKPYTIIbIE M OCTPbIC THKH U SIMBI HA TEMIIEPATYPHOI KPUBOIA); Ksj
[Jlx/(monb K)] — koHCTaHTHI, Uj = OX1/0T. [lapameTpbl Mozesu 6e3 MHIeKCa ] OTHOCSITCS K CHCTEME, a
C HUM — K [IOZICKCTEMaM, OHH NPUBEJICHBI B Ta0IHLE 1.

B Tabnuie 2 mpoaeMOHCTPUPOBAHBI SKCIIEPUMEHTAIBHBIE U PACCUMTAHHBIE TIO (popMysam
(2)-(5) 3Havenust TeroeMkocTH 30510Ta AU. M3 TabiuIel 2 BUAHO, YTO TIPU TEMIIEpaTypax OoJibIie
40 K orHOcuTENbHAs TIOTPEIIHOCTh BBIYUCICHUM HE MpeBbIaeT 6 %, YTO CBUIETHCTBYET 00
aJIEKBaTHOCTH MCIIOB3yEeMOW MOJIEIIH SKCTIEPHMEHTATEHBIM JTaHHBIM.

0) koaghpuyuenm mennosozo aunetino2o (06vemnozo) pacuwupernus (KTJIP u KTOP).
Tadmuua 1. Ilapamempuvr moldenu 08yxgasHoii n0KaIbHO-pasHo8ecHou obracmu O
pacuema menioguzuyeckux xapaxmepucmux sonioma AU

TennoeMKoCTh
kix10? ka2 Tx b ka1 Tx1 b1 - -
2.8 29.3 52.2 0.98 1.05 1375 6.6 - -
KTJIP

q1x10° 02 Tx b (P31 Ta b1 Qa1 | Tw b2

3.0 17.4 58.0 0.70 19.0 1350 310 1.0 {1290 | 3.0
TernmonpoBOAHOCTh

g1x10° 031 Ta b1 032 Ty b2 033 | Txa b3

-58 3137.5 6.542 1.4 2028.6 | 13.4608 2.6 -82 80 | 1.44

Taomuma 2. Cpasnenue sKkcnepumenmanvhulx (unoekc €Xp) u meopemuueckux (theor)

3HAueHUt MenioQu3UYecKUx eeUyUH 3010ma Au npu paznudHbIX memMnepamypax
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Cexp Pexpx 10~ 7&exp Aexp
T, K [22] Ctheor 3 [22] ptheogxlo_ [21] Atheor [22] Atheor
4 — 0.01 — 19.30 2100 2100 — —
10 - 0.04 - 19.30 3200 3200 — —
20 3.21 [23] 1.25 — 19.32 1580 1580.1 — 12852.5
40 | 11.20[23] | 10.51 - 19.38 520 519.9 — 502.7
80 | 19.63[23] | 19.68 | - 19.42 332 | 3318 | - | 171
150 | 23.49[23] | 23.34 - 19.40 325 327.1 — 142.3
200 | 24.42 [24] | 24.29 - 19.37 323 323.8 — 135.6
300 25.35 25.30 | 19.30 19.30 317 315.9 128 127.5
400 25.78 25.91 19.22 19.22 311 308.5 123 122
500 26.22 26.38 19.13 19.14 302.9 [22] | 301.6 119 117.6
600 26.65 26.79 19.04 19.06 298 295 115 113.8
700 27.08 27.15 18.95 18.97 289.2 [22] | 288.6 111 110.3
800 27.52 27.50 18.85 18.88 284 282.3 107 107.1
900 27.99 27.85 18.75 18.77 272.9[22] | 276.1 103 104.1
1000 28.58 28.28 | 18.65 18.65 270 270 98.9 100.8

1100 29.43 29.05 | 18.54 18.53 263.1[22] | 264 94.9 96.6
1200 30.19 30.53 | 18.43 18.41 260.7 [22] | 258 911 90.4
1300 32.18 32.25 | 18.32 18.30 257.0[22] | 252 85.9 84.1

Wcnonbs3oBanue BTOporo mpaBuia [pronaiizena [45, c.14], ycTaHaBiIMBaIomero CBs3b
Mexy TermioeMkocThio (2) 1 KTJIP oL, mo3Bossier paccuntars KTJIP o dopmyie

a -10° =T + 3.0, +T X05,u; (6)
J J

r1e gi, Ggj ¥ (3j — NOCTOsIHHBIE K03 uimeHTsl. B Tabnuie 1 npuBeneHs! napaMeTpbl MOJAETH /IS
30J10Ta, a Ha pucyHKe 1 npezacrasinena 3aBucuMocts ero KTJIP ot remnieparypsl. Otmerum, yro KTOP
av cBs3aH ¢ KTJIP o npubmkeHHbIM paBEHCTBOM (CM., Hanipumep, [47, c.18])
a, ~3a, . (7)
W3 pucynka 1 BugHO, 4ro Ha TemmeparypHou 3aBucumoctu KTJIP mepexon kpucraii-
paciuiaB AJis 30J0Ta Au oToOpakaeTcs B BHJIE CKauka (CTpYKTypHOe IpeBpaiieHue). OTMeTum,
4TO Ha rpauke TEII0EMKOCTH 3TOT Mepexo UMEeT B OKpyriioro nuka (¢da3osslii nepexon |
pona).
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50

onoe k=
da e by e

KTOP=100 K

n | 1 1 -
0 500 000 1500 2000

Temneparvpa, K

Pucynok 1. TemmneparypHast 3aBECUMOCTB K03 (pUIIMEHTA TETTIOBOTO TMHEWHOTO PACIIHPEHHS
(KTJIP) 30mota Au: 1 —[23], 2—[24], 3—[46], 4 — ypaBHeHue (6).

B) niomuocms. BeruuciaeHus mioTHOCTH AU TPOBOJMIMCH IO popMyIie
P = poll+ay (300 -T)], ®)
e po = 19300 xr/m® , ay = 2.7 ay (cootBeTcTBYET hopmyie (7)).
PacuerHble 3HaUeHMs TIIOTHOCTH 30510Ta 110 popmysie (8) ¢ yaetoM Gpopmyi (6) u (7) B cpaBHEHUU
C DKCTIEPUMEHTAIBHBIMU pe3yiibTaramMu [22] mpuBeaeHs! B Tabnuue 2.
T) MEen1onpo8oOHOCHb. ATITIPOKCUMHUPYIOIIIAs SKCIIEpUMEHTATbHBIC JaHHbIe [21,22,24] dhyHKIus
JUIS1 OTTMCAHUSI TEMITEPATYPHOM 3aBUCHMOCTH TEIJIONPOBOTHOCTH 30J10Ta UMEET BUJ

A=g,T +TX gyu; +325.2, )
i

napaMeTpbl KOTOpoi NpuBeieHbl B TaOnuue 1, a BblUMCIeHHbIE N0 Gopmyie (9) 3HaueHus — B
tabnme 2.
1) MemMnepamyponposooHocmy. ITta Termou3ndeckas XapakTepUCTUKA paCCUUTHIBATIACh 110
dopmye [25, c. 8]
a=\1/(cp), (10)
r7ie A — TEmIONpPOBOAHOCTE, C = C/Ma — ynensHas TermnoeMkocTs, Ma, 1073 [kr/Mons] — aTomHas
(MonexymsipHas) Macca MeTasia (paciuiasa), p — INIOTHOCTb.
CpaBuenne pacueTHbIX 3HaueHU# (10) ¢ PKCIIEpUMEHTATFHBIMU TaHHBIMU [22] B Tabmwie 2
MIOKa3bIBAaET XOPOIIYIO CXOAUMOCTb MOJIETIbHBIX U SKCIIEPUMEHTATIbHBIX BETUUHH.
Kpemnuii: TernoeMKoCTh MOMYIPOBOTHUKA pacCUUThIBaiach o Gopmynam (2)-(5) ¢ mapamerpamu,
NPUBEJCHHBIMU B TabJMIlE 3, a CPAaBHEHHE C IKCIIEPUMECHTAIBHBIME JaHHBIMU [25] — B Tabuue 4.
3nauenus KTJIP ai kpemuust Si BerUMcIsUIACH O Gopmyrie (6) ¢ mapamerpamu n3 TaOIUIbI 3,
temneparypHas 3aBucuMocts KTJIP ai npogemoHcTpupoBana Ha pucyHke 2. M3 pucyHka 2 BUIHO,
YTO arperatHbiil ¢a3oBbIil mepexoa B KpemHuu npu temmneparype 1650 K otobpaxaercs Ha
rpadguke KTJIP B Buzme ckauka (CTpYKTypHOE INpEBpalleHHE), HO C MPOTHUBOIOIOKHBIM, YeM Yy
30J10Ta, TEIJIOBBIM 3P PEKTOM.
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Tabmuua 3. Ilapamempwvr mooenu 08yxghaszHou JOKAILHO-PABHOBECHOU 00IACMU O
pacuema menioQu3udeckux ceoucms Kpemmus Si

TemnoeMkocTs

kix103 ko Tx b — — — — — —

2.6 30 192.0 0.83 - - - - - -
KTJIP

q1x10° g2 Tx b g21 Ty b1 a1 Ty b2

15 4.2 310 0.77 -33.1 1703 2000 -0.95 80 2.0
TernonpoBOAHOCTh

g1x10° 031 Ty by 032 Txo b2 033 Txs b3
23 3280.6 | 12.76 0.9 7169.0 | 31.66 1.0 856.0 59.8 1.0
034 Txa b4 g3s Txs bs — _ _ _

-178.8 148.0 1.7 -52.7 360.0 1.2 - - - -

Taéauua 4. Cpasuenue s3Kcnepumenmanvbuvix (unoexc €Xp) u meopemuueckux (theor)
SHAUEHUL MENIOMUULECKUX SeUHUH KpeMHUst ST npu paziudHblX MemMnepanypax

Cexp Pexpx 107 Aexp Aexp™ 10°
T,K | [25] Ctheor 8 pthe0r><1073 [21] Atheor [25] Atheor<10°
[29]

4 — 0.01 — 2.3299 300 300.0 — —
10 — 0.03 | 2.3306 2.3298 2300 2302.0 — —
20 — 0.05 — 2.3297 5000 5000.4 — —
40 — 0.16 — 2.3308 3500 3502.0 — —
80 — 2.88 — 2.3380 1340 1338.1 — 5060.4
150 — 11.97 | 2.3308 2.3234 410 410.2 412 392.1
200 | 15.62 | 16.02 | 2.3304 2.3163 260 264.8 204 193.8
300 | 20.05 | 20.13 — 2.3084 150 146.1 89 87.5
400 | 22.27 | 22.14 | 2.3269 2.3051 99 99.3 54 54.7
500 | 23.51 | 23.36 | 2.3245 2.3041 76.2 [25] 74.7 39 39.2
600 | 24.29 | 24.23 | 2.3219 2.3041 62 59.1 31 29.9
700 | 24.86 | 24.90 | 2.3192 2.3048 50.8 [25] 48.3 25 23.7
800 | 25.30 | 25.46 | 2.3164 2.3061 42 40.7 20 19.4
900 | 25.67 | 25.94 | 2.3135 2.3077 35.9 [25] 35.1 17 16.3

1000 | 26.01 | 26.38 | 2.3106 2.3096 31 31.0 14.5 14.1
1100 — 26.78 | 2.3076 2.3118 — 28.0 — 12.5
1200 — 27.16 | 2.3046 2.3142 — 25.9 — 11.3
1300 - 27.52 | 2.3015 2.3169 - 24.4 - 10.4

[InoTHOCTH KpEMHHS OMHUCHIBaeTCS PopMyIon
p=pll+a, (T —1703)]+0.22x,,, (12)

3meck po=2330kr/M°, av = 2.7 ar (cM. opmyy (7)), X11 BeIMHCTsINACK 1O hopMyIte (4) ¢ mapamMeTpaMu
Tx1 = 1703 K, by = 2000.

Oynkuus (11) 10ocTaTOYHO a/eKBaTHO OMNMCBHIBAET SKCIEPHMEHTANbHbIE JaHHble [29] (cM.
Tabnuity 4).

Pacuer TemneparypHoil 3aBUCUMOCTH TEILIONPOBOIHOCTU KPEMHHUSI TIPOBOIMICA 1O (hopmyrie
tumna (9) ¢ koaddurmenTamu U3 Ta0IHIIBI 3.
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B Tabmnune 4 npusenens! 3HaueHus GyHkimu (12) u sKcriepuMeHTaIbHbIC TaHHbIe U3 [21, 25].
TemmeparyporpoBoaHocTh Sionpeaensuiack mo Gopmyine (10) u ee BeaMUMHA CpaBHUBAJIACH C
AKCIIEPUMEHTAJILHBIM 3HaUeHUEM U3 [25] (cM. Tabnuiy 4).
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Pucynoxk 2. U3menenus kodddunrenta temtooro guHeitnoro pacmmupenus (KTJIP) kpemuus
Si B 3aBuCHMOCTH OT TemriepaTypbl: 1 —[25], 2 — ypaBHeHue (6).

TenuioBbIe cBoiicTBa crIaBOB AU100-xSix: pe3yJIbTaThl H 00CY:KIeHne

O1eHOUHBIH pacyeT TemI0pU3MIECKUX CBOMCTB CIUIaBOB Au100xSix mpoBoauiics npu X = 18.6
u X = 75 ¢ ucnonb3oBanueM mnpasuita cMernenus (1) [37]. B mepBom ciydae maccoBbie a0su
KOMITOHEHTOB paBHbI N1 = 0.9688 u n2 = 0.0312, a Bo Bropom — N1 = 0.7004 u nz = 0.2996.
Pe3ynbTarhl BbIYMCIEHUN TNPUBEACHBI HA PUCYHKE 3, TaM K€ Ui CPaBHEHHs IPUBEIICHBI
TEIUIO(U3UYECKHE XapAKTEePUCTUKM KOMIIOHEHTOB CIUIaBOB. M3 pucyHka 3 BHMIHO, YTO
TerIo(h)U3NYeCcKre CBOMCTBA CIUTaBOB AU100-xSix HACIEIYIOT 0COOCHHOCTH MOBEICHUS TEMITEPATYPHBIX
KPHUBBIX KOMIIOHEHTOB, YTO OBLIO SKCIIEPUMEHTATBHO MOATBEPXKICHO HA Apyrux cruiaBax [48-50].
TenoBble XapaKTEPUCTUKHU CIUIABOB PACIIOIAratOTCsl BHYTPHU MOJIOC, OTPAaHUUEHHBIX aHATIOTHYHBIMU
TeMIepaTypHbIMHU 3aBUCUMOCTSIMU 30J10Ta AU U KpeMHHS Si.

B mpouecce pacueroB ObUIM YCTAHOBIIEHBI 1O JIBE€ TOUKHM Ha TpadMKax TEIUIONPOBOIHOCTEH
(A(13.89, 3487.31); B(173.89, 325.69)) m TemmeparyponposoaHocteii (C(8.09, 1.095x10°);
D(243.73, 131.496)). B atux toukax, Hanpumep, B u D (cMm. pucyHok 3 B, T), COOTBETCTBYIOIIHE
TemI0(QU3NIYECKUE XapaKTEPUCTUKH KOMIIOHEHTOB Au, Si 1 CIUIaBOB BHE 3aBUCIMOCTH OT 3HAYE€HHS X
IPUHUMAOT OJHO W TO K€ 3HadeHwe. [[pyrmmm cnoBamu, B Toukax A u B mnpoucxoaur
OTOX/IecTBIieHHe Au, Si W CIUIaBOB IO TEIUIONPOBOTHOCTH, a B Toukax C m D — mo
TemreparyponpoBogHocTr. CliemyeT OTMETUTb, uTo adcimcca Toukn B temmeparypa Tt = 173.89 K

Onr3Ka K xapakrepuctudeckoir Temrieparype Jlebas Op = 170 K, BBIYHCICHHON 1O TEITIOEMKOCTH
[37].

3akirouenue

[lpyMeHeHre COOTHOLICHHH MOJENIH JABYX(a3HOW JIOKaIbHO-PaBHOBECHOM o0O0nacT u
SMIMPUYECKUX AMMPOKCUMHUPYIONMX (DYHKIMI B COYETAaHHMHM C TPABHIOM CMEIICHHUS MO3BOJISET
IPOBOAWTH OLICHOYHBIA pacyeT TeIUIO(pU3NYECKHX CBOWCTB 30J10Ta, KPEMHHUS M HUX CIUIABOB.
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Breruncienuss TpoBOAWINCH C TIOMOIIBIO HEMPEPHIBHBIX (DYHKIMH, aJIeKBaTHO OMHCHIBAFOIINX
AKCIIEPUMEHTAIbHBIE JIaHHBIE Uil KOHJEHCUPOBAHHOTO COCTOSHMS BeliecTBa. OTMETHUM, 4TO
UCIIOJIb30BAHUE  HEIMPEPHIBHBIX GYHKIMH ~ TO3BOJIMT  AQHAIMTUYECKH  HCCIIENIOBATh
TerI0(QU3NIECKHE BETMYMHBI C MMOMOIIBIO MPOU3BOAHBIX. [103TOMY MpeIoKeHHBIE BBIPAKECHUS
MOTYT JIOTIOJTHUTH SKCIIEPUMEHTAIIbHBIE UCCIIEI0BAHUS.
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Pucynok 3. TemnepaTypHble 3aBUCIMOCTH TeTNIOEMKOCTeH (a), TioTHocTekH (0),
TEIUIONPOBOAHOCTEH (B) U TEMIIEPATYPOIPOBOJHOCTEH (T) 30J10Ta M KPEMHHSI, a TAKKE UX
CILJIABOB:

1— Au, 2 — Aug1.4Siis6, 3 — AuzsSizs, 4 — Si.

IIpoBenieHHBIE TIPOrHOCTUYECKUE BBIUMCIICHUS MOKA3aJId, YTO TEMIIEPATYpPHBIE 3aBUCHMOCTH
TEIIOPU3NIECKIX XapaKTEPUCTUK CIUIaBOB 30JI0Ta ¢ KPEMHHEM DPACIOIararoTcsi BHYTPU MOJIOCHI,
OTrPAaHNYECHHON KPUBBIMUA COOTBETCTBYIOIIMX CBOMCTB KOMIIOHEHTOB CIUIaBa. B mporecce BeIUMCIIEHUI
YCTAaHOBJIEHO, YTO CIUIaBbI HE TOJBKO HACIIEAYIOT OCOOCHHOCTH TOBEACHUS KOMIIOHEHTOB, HO U
UMEIOT 0COOBbIE TOUKH, B KOTOPBIX BCE CIUIABBI K X KOMIIOHEHTHI IPUHUMAIOT OJIMHAKOBBIC 3HAYCHHS
TEIUIONPOBOJHOCTH U TEMIIEPATYPOIIPOBOJHOCTH.
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