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Abstract. Proof of the correctness of the Collatz conjecture is topical research, as it represents one of the many
unsolved problems in mathematics. Understanding the properties of this sequence has important implications
for other areas of mathematics, such as number theory or graph theory. The aim of the study was to prove the
Collatz hypothesis as a theorem. The research methodology included the analysis of numerical sequences, the
use of mathematical induction, recursive, combinatorial methods and computer modelling. The study analysed
the properties of sequences generated by the Collatz hypothesis, particularly their recursive properties. The
study determined that each odd number has a unique “potential” that affects the behaviour of the sequence. The
correlation between even and odd numbers in the context of the hypothesis, as well as the influence of division
and multiplication operations on the change of number sequences, are investigated. The results of the study
showed that sequences according to the Collatz hypothesis have specific patterns that can be used to develop
effective approaches to their proof. The study also determined that the operations of dividing by 2 multiplying by
3 and adding 1 have a systemic effect on the development of the sequence. The results of the study showed that
the proposed method of studying sequences helped to determine the correct location of numbers in an infinite
sequence of natural numbers n and other groups of numbers. The main difference of the proposed approach is the
introduction of the concept of “potential of an odd number” and “blocks of numbers” related to this odd number.
The potential of an odd number was a property of numbers that confirmed the hypothesis and was used to call the
Collatz problem a theorem. The practical significance of the study lies in the possibility of applying new methods
of analysing numerical sequences in computer science, cryptography and other fields requiring optimisation of
computing processes

Keywords: natural numbers; odd number potential; mathematical induction; sequence analysis; open problem

Introduction

The hypothesis proposed by Lothar Collatz is one of the
key unsolved problems in mathematics, which has at-
tracted interest and remained open for many decades.
It considers a sequence of operations on a positive in-
teger n. According to the hypothesis, choose any initial
positive integer n and apply the following rules: if n is
even, divide it by 2 (n / 2); if n is odd, multiply it by 3
and add 1 (3n+1), anew number is obtained. The pro-
cess is repeated for the resulting number, and the hy-
pothesis states that, regardless of the initial choice of
n, the number 1 is always reached in the end. The solu-
tion to this problem can be a significant contribution
to the development of mathematical science. Proving
Collatz’s conjecture as a theorem requires a systematic

Suggested Citation:

and detailed approach to analysing number sequences
and studying their properties. There is a need to care-
fully consider all variants and develop a mathematical
logic for its convincing proof, which creates a difficult
challenge for researchers.

0.V. Zelensky et al. [1] analysed various counterex-
amples of the Collatz hypothesis. The author investi-
gated the aspect of the minimal counterexample and
presented proofs of several examples. P. Kosobutskyy
& V. Karkulovskyy [2] conducted a study on the repeti-
tion and structuring of 3n+ 1 transformation sequenc-
es as arguments in support of the Collatz conjecture.
The authors demonstrated that the absence of infinity
of odd numbers in a subsequence is not an argument
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against the Collatz conjecture. Instead, this property
is a universal characteristic of the sequence of trans-
formations for natural numbers using the 3n + 1 algo-
rithm. The study also determined that there is a re-
current relationship between the parameters for the
sequences of the Collatz transforms of any pair of pos-
itive integers n and 2n.

According to S.V. Kmita [3], the Collatz hypothesis
naming has a reason - no one has been able to prove it
so far. Collatz put forward this hypothesis in 1937 (ac-
cording to other sources, in 1928 or 1932), and since
then, many attempts have been made to verify or re-
fute this statement using purely mathematical proofs.
However, all those mathematicians have been able to
achieve is an experimental test of the hypothesis.

P. Kosobutskyy & D. Rebot [4] analysed the Collatz
conjecture, considering it a binomial problem similar
to Newton’s problem. They demonstrated that in the
opposite direction, the Collatz sequence consists of the
lower bounds of the corresponding cycles, and the last
element tends to become a multiple of three for odd
numbers. The researchers also determined that for
infinite cycles isolated from the main graph with min-
imum amplitudes of 5, 7, and 17, additional conditions
arise that regulate their lower limits of oscillation.

According to O. Leshchenko [5], one of the key
problems that arise when studying the Collatz hypoth-
esis is the issue of randomness in the behaviour of
this sequence, which seems to have a randomly given
nature. In the paper, the author revealed the impor-
tance of this problem for mathematics and considered
the possibility of its application in the modern world.
Some key characteristics of the Collatz sequence were
analysed using the Maple computer algebra system.
A hypothesis was put forward that as the initial number
increases, the maximum length of the Collatz sequence
grows no faster than the logarithmic function, which
was confirmed by numerical calculations. E. Dyachen-
ko [6] presented a proof of the Collatz conjecture, also
known as the 3x+ 1 problem. The proof was based on
the number systems of rational bases, their modifica-
tions and the sequence of ordered numerical intervals.
The latter provided a new way of thinking about inte-
gers. The proof was obtained by dividing the numbers
into ordered intervals.

Notably, some aspects of Collatz’s conjecture re-
main unexplored, in particular, the possibility of com-
plex cyclic structures when changing the condition, for
example, 3n+1to3n-1,or5n+1or 5n-1, which are not
reduced to 1, and the consideration of sequence prop-
erties for large numbers. Addressing these questions
may help to better understand the nature of the Col-
latz hypothesis and its possible applications. The study
aimed to develop a new approach to the study and anal-
ysis of the Collatz sequence. Using the concept of odd
number potential and blocks of numbers allows for a
deeper and more systematic analysis of this sequence.

Materials and Methods

The study focused on analysing the behaviour of nu-
merical sequences formed using the rules of the Col-
latz hypothesis. The main research methods used
were mathematical analysis, combinatorics, algebraic
methods, mathematical induction and formalisation of
results using mathematical logic. The first stage of the
study was a detailed analysis of the number sequences
generated by the 3n+1 rule. The properties of odd num-
bers and their relationships with even numbers were
analysed. Their dualistic properties were investigated,
and their relationships were established in the context
of the Collatz hypothesis. The mathematical properties
of sequences of numbers and their influence on the be-
haviour of numbers during iterations were analysed.
Particular attention was devoted to the study of odd
numbers, since they, after the 3n + 1 operation, form
more complex structures than even numbers, which
rapidly decrease due to division by 2. The behaviour of
numbers during iterations was analysed and some reg-
ularities were revealed the rapid decrease of numbers
and the possibility of long sequences of odd numbers
before reaching 1. The possibility of studying the struc-
ture of complex sequences to understand the general
laws of the Collatz hypothesis was also considered.

The method of mathematical induction was used to
analyse the recursive properties of the Collatz function.
This analysis determined the diversity of sequence be-
haviour, including fast and slow convergence to 1. The
base case was established for the number 1, which is
the endpoint for all possible sequences. Then, an induc-
tive assumption was built to prove that if the hypothe-
sis is true for the number n, it is also true for the num-
ber n + 1. This formalised the process of proving the
hypothesis for a wide class of natural numbers.

Combinatorial methods were used to analyse the
number of steps required to reach 1 depending on the
initial number n. This was used not only to estimate
the length of the sequences but also to establish cer-
tain patterns in the frequency of occurrence of certain
numbers in the sequences. This was used to study the
cyclic properties of sequences and to predict possible
ways of developing numbers depending on the initial
conditions, substantially improving understanding of
their structure and convergence.

Algebraic methods were used to analyse the struc-
ture of Collatz sequences and their relationship with
other algebraic objects, such as groups or rings. This
was used to consider the Collatz sequences as part of
the general algebraic structure and to determine how
algebraic properties can affect the behaviour of num-
bers. To further determine the arithmetic properties
of numbers in Collatz sequences, various results from
number theory, such as the prime number theorem
or the prime factorisation theorem, were used. This
was used to explore the characteristics of numbers in
sequences and their relationship to the structure of
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primes in more depth. The last stage of the study was
the formalisation of the results using mathematical
logic. For this purpose, predicative logic and set theo-
ry were used to carefully structure the proofs and con-
vincingly prove the theorem within the framework of
formal mathematical systems.

Results

Collatz’s conjecture, also known as the 3n+ 1 problem
or Hayes’ problem, is one of the most famous unsolved
problems in mathematics. The Collatz conjecture states
that no matter what initial positive integer is chosen,
sooner or later the process will end, and the number 1
will be reached. Despite its simplicity, this problem has
attracted many scientists because of its unpredictability
and lack of proof, as the process itself ends in an infinite
loop: 1,4, 2,1, 4... The Collatz hypothesis itself did not at-
tract the attention of the scientific community for a long
time, until in the 1950s Helmud Hasse (Syracuse Univer-
sity) formulated it as a mathematical game, thus relating
the problem to numerical sequences. When American
amateur mathematician Martin Gardner formulated it
as a mathematical puzzle in 1972, interest in the Collatz
conjecture grew significantly, and later Stanislav Ulam,
Hungarian mathematician Pal Erdds, and others tried
to solve it. With the involvement of powerful comput-
ing resources, the Collatz conjecture was confirmed for
numbers of order 10 to the 28" power. However, no al-
gorithm was found to prove the correctness of the hy-
pothesis, so the problem is open for proof.

Despite many attempts and tests for different initial
values of n to disprove the hypothesis, no counterexam-
ples have been found so far. That is, all known tests con-
firm that the Collatz hypothesis is valid [7-9]. Although
the Collatz Conjecture is very simple to formulate and
understand, its difficulty lies in the fact that there has
been no mathematical proof of its validity for any posi-
tive integer n. This situation makes it one of the most fa-
mous open problems in mathematics. Many mathemati-
cians have worked on this problem, and although some
additional properties of this sequence have been found,
the problem itself remains unsolved [10]. Mathemati-
cally, the Collatz conjecture was written as follows (1):

n . .
;,zfnls even

. : (1)
3n+ 1,if nis odd

o=

Task 1. The analysis of the conditions of Hypothesis
1 shows the need to identify groups of numbers that
participate in iterations when fulfilling the conditions
of the task:

1. Even numbers. It is assumed that all even num-
bers that exist in nature and are used in iterations will
lead to odd numbers.

2.0dd numbers. It is assumed that odd numbers
have some specific properties they serve as the begin-
ning of a cycle using the 3n+ 1 function.

3. Numbers 3n+ 1. These numbers are always even
(odd number x odd number =odd number).

4. The numbers are 3n; 3n=N,,,, - 1.

This task aims to analyse the conditions of a hy-
pothesis related to the structure of numbers during
their iteration depending on their evenness or oddness.

The duality of the properties of odd numbers is
noteworthy: each odd number N, ,, is the beginning of
the cycle 3n+1=N,,,,-N,,,,/2"=N,,, Analysis of the du-
ality of the properties of odd numbers, it was concluded
that each odd number serves as the beginning of a cer-
tain cycle that will lead to new odd numbers using the
3n+1 function. This indicates that the numbers under
study form a certain structure and sequence that can
be investigated to obtain additional conclusions about
their behaviour and properties.

The Collatz problem was considered an interesting
game, and there is no need for practice in proving the
hypothesis for scientific, technical and other spheres of
life, at least not now. However, many examples of purely
mathematical theories, which have nothing to do with
practice, becoming an important tool for research and
calculations, mathematical apparatus of theories in
other scientific disciplines, show that proving the cor-
rectness (incorrectness) of a hypothesis is necessary,
and the author offered a version of proving a hypothe-
sis and turning it into a theorem.

The author suggested that there is a certain prop-
erty that characterises the groups of numbers involved
in the iterations, and this property determines whether
the hypothesis is true. That is, it was assumed that if the
groups of numbers involved in the iterations are correctly
arranged, a hidden property of the numerical sequence of
natural numbers N that determines the correctness/in-
correctness of the Collatz hypothesis will be evident. The
correct arrangement is the arrangement that shows the
entire iteration process until its completion, i.e., until 1
and the infinite cycle 1, 4, 2, 1, 4... Below is the sequence of
the author’s proof of the Collatz conjecture as a theorem.

1. Lothar Collatz proposed the task: take any posi-
tive number N from the infinite sequence (2):

1,2,3, ... . (2).

If even is returned - divide by 2. If it is odd, multi-
ply by 3 and add 1 to the result. Do the same with the
resulting number until 1 is the result. After that, an
endless cycle is evident: 1, 4, 2, 1, 4... This is the Collatz
hypothesis. No matter what the initial number is, the
sequence comes to 1 and an infinite cycle.

2.To prove a hypothesis, a certain property in the
presented infinite sequence of numbers that deter-
mines the correctness or incorrectness of the hypoth-
esis should be determined.

3. The concept of “colour of number” (numbers)
was introduced. The chosen property of a number, ei-
ther due to its nature or as a result of predefined oper-
ations, as indicated by the assigned colour.
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4.Even and odd number groups were considered.
These two groups comprise all the numbers considered
in the Collatz hypothesis (0 was not considered, but later
it was discovered that it was impossible to do without 0).
Even numbers are denoted by A and are black, odd num-
bers are denoted by B and are blue. In addition, the lilac C
numbers, green X numbers, and red / numbers (defined
below) were considered. There is also a group of num-
bers 3 x B and a group of numbers (3 xB+1).

5. The properties of these groups (sets) were ana-
lysed, they are infinite sets.

6. The odd numbers B have two properties accord-
ing to the rules of the hypothesis:

a) each number B is the result of dividing an even
number from the set of even numbers (3) by 2 the ap-
propriate number of times:

Aand=Eand x 2n, (3)

where n=1,2,3, ... ©0;i=1,2,3, ... o0;

b) each number B is the starting point for calculat-
ing an even number using formula (4):

3xE+1. (4).

7.Even numbers have the following properties
according to the rules of the hypothesis:

a. each number A4 is a member of one of the sets
defined by formula (3);

b. some of the numbers A are the result of the calcu-
lation using formula (4).

8. An infinite sequence of numbers was presented
in the form of an infinite table (Table 1).

Table 1. Aninfinite sequence of even and odd numbers in the context of the Collatz hypothesis

K.n 0 1 2 3 4 5 6 n

0 1 2 4 8 16 32 64 1x2n

1 3 6 12 24 48 96 192 3x2n

2 5 10 20 40 80 160 320 5x2n

3 7 14 28 56 2 224 448 7x2"

4 9 18 36 72 144 288 576 9x 20

5 1 22 44 88 176 352 704 Tx2r

6 13 26 52 104 208 416 832 13x2n

7 15 30 60 120 240 480 960 1520

K, 1+2xK | (1+2xK)x2n (1+2xK)x2"

Note: Kis the row index that defines the set of odd numbers in each row of the table

Source: compiled by the author

The second left column, starting from the second
row, contains all odd blue numbers, the column is filled
in using the formula (5):

Eand=1+2xK, (5
wherei=1,2,3,...00; (;=1,2,3, ... . The leftmost column
starts from the second row:

i=1,2,3, ...,
€=1,2,3, ...

The top row starting from the second column is n:
n=1,2,3, ... 00,

The lines after the blue numbers are filled with
black (even) numbers according to the formula (6):
A, =(1+2xK)x2n, (6)

where K,=0, 1, 2, 3..00; n=0, 1, 2, 3...c0.
All combinations of K, and n have been obtained
(this means that Table 1 contains all natural numbers

that exist in nature), i.e. the infinite sequence (2) and
Table 1 contain the same numbers.

Next, number groups were analysed: 3 x B and
3xB+1, 3 x B always odd by definition. Each odd num-
ber in B is the starting point for calculating an even
number using the formula 3 x £+ 1. It was affirmed:
3xE=A-1, where i=1,2,3, ... o, it is problematic to
denote A.

9. The number X is green (7):

X=A4A,-1, (7)
wherei=2,4,6....c0.

Later, it was discovered that green numbers that
are multiples of 3 and the result of division X/ 3 are of
interest. Number C has a lilac colour, lilac numbers are
always even and odd (8):

C=X/3, 8)
wherei=1, 3,5, 7...00, if the result of dividing X,/3 is not
an integer, it does not turn lilac, such numbers were not
considered.

Blue, black, green and lilac numbers were placed

in Table 2. Green numbers not divisible by 3 were not
highlighted.

G
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Table 2. Classification of blue, green and lilac numbers in the context of the Collatz hypothesis

21 41 83 167
42 84 168
25

19 37 75 151
38 76 152

1 45
17 33 67 135
34 68 136

29 59 119
" 30 60 120

17

13 25 51 103
26 52 104

7 29

1 21 43 87
22 44 88

17 35 71

° 18 36 72

9

7 13 27 56
14 28 56

3 Ll

5 9 19 39
10 20 40

3 5 1 23
6 12 24

1
1 1 3 7
2 4 8

335 671 (21x2")-1
336 672 212"
101 ((19x21-1)/3
303 607 (19x27-1
304 608 19x2n

181 ((17x2m-1/3
271 543 (17 x27-1
272 544 17x2"
239 478 (1x2m-1
240 480 15x2"

5 ((13x21-1)/3
207 415 (13x27-1
208 416 13x2"

17 ((11=x271-1/3
175 351 (11x2m-1
176 352 11x 2
143 287 (9x21-1
144 288 gx2n

37 ((7x27-1/3
m 223 (7x2m-1
12 224 7x2n

53 ((5x21-1/3

79 159 (5x27-1
80 160 Sx2n
47 95 (3x2M-1
48 96 3x2"

5 ((1x2m-1)/3

15 31 (1x2m-1
16 32 1x2n

Source: compiled by the author

10. Analysis of Table 2. The table shows all the blue
(odd) numbers that exist in nature (9):

Eand=1+2xK, 9

wherei=0,1, 2, 3...c0.

Since it is impossible to avoid 0, formula (5) was
used, and all odd numbers in nature can certainly be
placed in Table 1. Table 2 shows all the green numbers
(10) that exist in nature:

X=A-1,

1 1

(10)

where 4,2, 4, 6....00.

For ease of reference, green numbers not divisible
by 3 have not been removed from the table, and green
numbers are odd. Table 2 shows all naturally occurring
lilac numbers (11):

v=X/3, (11)

wherei=1, 3, 5....00, lilac numbers are odd.

As can be seen from the previous step, for every
blue number there is a corresponding lilac number of
equal magnitude, and vice versa - for every lilac num-
ber there is a corresponding blue number of equal

—<>

magnitudes. Notably, the blue and lilac odd numbers
reflect the duality of the properties of odd numbers
considered in the hypothesis. Each number B is the re-
sult of dividing an even number from the set of even
numbers (12) by 2 the appropriate number of times:

An =B x2", (12)

where n=0,1, 2, 3...0;i=0,1, 2, 3....0.
Each number B is the starting point for the calcula-
tion of an even number using the formula (13):

3xB+1. (13).

11. The concept of a block of odd blue numbers was
introduced (it is emphasised that itis blue because all li-
lac and green numbers are also odd). An odd blue num-
ber block is an odd blue number and its corresponding
rows: black even, green, lilac and red numbers (block 1,
block 3, block 5, etc.).

12.The question was investigated: whether lilac
and blue numbers can be placed in the same block.

The blue number (14):

Eand=(1+2xKand),i=0,1,2,3...c0. (14).
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Lilac number (15):
C=(1+2xK),j=0,1,2,3...00, (15)
The numbers are equal (16, 17):
Eand=(1+2xKand)=C;=(1+2xK), (16)
C=(1+2xK)=(((1+2xK)*x2)-1)/3,  (17)

where n=0, 1, 2, 3...c.

There is a unique solution to equation (12):
C= KJ: 0; n=2. Only one block 1 contains a blue 1 and a
lilac 1, in all other blocks, it is impossible to place equal
blue and lilac numbers in the same block.

13. To reflect the relationship between the lilac and
blue numbers, the concept of block potential was intro-
duced. It will be denoted by the letter J, the colour red.
The potential of a blue number block is a property of
a block determined by the duality of the odd numbers
considered in the hypothesis, namely blue and lilac.

14. The block’s potential is determined by the fol-
lowing rules:

a) the potential of the block is numbered with the
numbers (18):

J=1,2,3,4...00; (18)

b) the potential of block /=1 is that of block 1. This
is the lowest potential, the block of the smallest blue
number has the lowest potential;

c) if the potential of the block of blue odd numbers
in which the lilac number C equals J, then the potential
of the block of blue odd numbers B=C is equal to (19):

J+1. (19)

For the lilac number C=1, rule 15b applies.

15. The question was investigated: whether it is
possible to determine the potential of the block in all
blocks. An arbitrary lilac number C in the block /- C,
was chosen. According to the rules of the hypothesis in
Table 3, there is a number B equal to C, the specified
number B is in block /+ 1, and it is denoted as B,,, (20):

E+1=0C. (20)
Moreover, according to the rules of the hypothesis,
the block containing C, also contains the number B, (21):
E=C/2", (21)
where n is the number of times to divide C, by 2.
According to the rules of the hypothesis, a number
C,, exists in block B/, such that (22):

E=C

AR BE U (22)

That is, all blocks have a certain potential.

16. The location of a number in a block with poten-
tial / is denoted by the subscript J. An arbitrary number
A,was chosen and placed in a block with potential /. The
number 4, is divided by 2 the required number of times,
and the number B, is obtained. If the number B, was se-
lected the previous stage was skipped. The number B,
has an equal lilac number in the block with the poten-
tial /-1 (23):

E=C .y (23)
(€, ,x3)+1=4, ..

The number 4, is divided by 2 the required num-
ber of times, and the number B, is obtained the num-
ber B/, has an equal lilac number in the block with the
potential /-2 (24):

E _,=C , (24)
The result s a lilac number ¢, ; ,=C,_,(25):
(C=1x3)+1=A=1 (25)

The number A, =1 was divided by 2 the required
number of times, and the result was (26):
E=1=1 (26)

17.The hypothesis became a theorem and was
proven.

Table 3. Determining the number potential in blocks based on the Collatz hypothesis

41 83 167
2|2 42 84 168
25
7119 37 75 151
38 76 1562
1l 45
4 | 17 33 67 135
34 68 136
29 59 19
61 30 60 120

335 671 (21x27-1
336 672 21x2n
101 ((19%x27-1)/3
303 607 (19x27-1
304 608 19x2n

181 ((7x27-1/3
271 543 (17x27-1
272 544 17x2"
239 479 (1x21-1
240 480 15x2"
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17

3 | 13 25 51 103

26 52 104

7 29

5 M 21 43 87

22 44 88

17 35 Al

719 18 36 72
9

6 | 7 13 27 95

14 28 56

3 13

2 |5 9 19 39

10 20 40

5 1 23

313 6 12 24
1

11 1 3 7

2 4 8

Table 3. Continued

3] ((13x21-1)/3
207 415 (13x2"-1
208 416 13x2"

17 ((11=x271-1)/3
175 351 (11x27-1
176 352 11x2n
143 287 (9x2m-1
144 288 gx2n

37 ((7x27-1/3
m 223 (7x2m-1
12 224 7x2n

53 ((5%2n)-1)/3

79 159 (5x27-1
80 160 5x2n
47 95 (3x27)-1
48 96 3x2"

5 ((1x2n)-1/3

15 31 (1x2"-1
16 32 1x2"

Source: compiled by the author

The hypothesis became a theorem. The research
will be continued to determine the practical value of the
project. Formula (27) is noteworthy:

A=Bx2, @

wheren=0,1,2,3, ..,;i=0,1, 2,3, ..., .

Any integer can be represented in this form, and ab-
breviations are possible for large numbers: instead of
one large number 4, 2 smaller numbers B and n can be
specified. This can be used to shorten the information
being transmitted. The proof of the Collatz conjecture
as a theorem is a key step in the study, as it confirms the
validity of the conjecture for all natural numbers. Sever-
almethods and strategies were used for this purpose, in-
cluding the recursive properties of the Collatz function
and the method of mathematical induction. The induc-
tion assumption was introduced, which states that the
Collatz hypothesis holds for all numbers up to a certain
n. In other words, if for any number k less than or equal
to n, the Collatz hypothesis holds, then it holds for n.

It should be noted that the main difference between
the proposed approach is the introduction of the con-
cept of the potential of an odd number and the block
of numbers belonging to the specified odd number, the
potential of an odd number is the property of numbers
that shows the correctness of the hypothesis and was
used to call the Collatz problem a theorem. The study
showed that the Collatz hypothesis is important in un-
derstanding the properties and behaviour of numbers.

Thus, the study determined that the Collatz con-
jecture, also known as the 3x+ 1 problem, can be con-
sidered as a theorem with appropriate conditions. The
study showed that under the given initial conditions,
the sequence of numbers obtained by the rule of the

o>

Collatz hypothesis always converges to one number - 1.
As demonstrated, this theorem is true for all natural
numbers considered in the study. Additionally, some
statements and properties related to the Collatz con-
jecture were considered and proved. The study demon-
strated that the sequence of numbers formed following
the rules of the Collatz hypothesis is always bounded
from above by the value formed by the corresponding
formula. It was also found that this sequence has a fi-
nite length for any given initial number. In general, the
results of the study confirm the Collatz theorem as a
universal mathematical phenomenon that can be con-
sidered a general property of natural numbers.

Discussion

The study of the Collatz hypothesis is central to scien-
tific research for various reasons. The discussion of this
conjecture expands the understanding of the nature of
number sequences and has profound implications for
various aspects of scientific research. The Collatz con-
jecture is an important object of research in mathemat-
ics. Its consideration opens new horizons for the devel-
opment of number theory, combinatorics, graph theory,
and other mathematical fields. The author M. Dane-
si [11] proved that understanding the properties of the
Collatz sequence opens up new methods and approach-
es for solving various mathematical problems.

Further study of the Collatz hypothesis is impor-
tant in the context of computer science. It leads to the
development of new algorithms for optimisation, data
processing, and information encryption. As noted by
A. Trocado et al. [12], understanding the properties
of this sequence helps to improve various algorithms
and methods of computer science, which is important
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for the development of modern technologies. In addi-
tion, the study of the Collatz conjecture has the poten-
tial to be applied to solve problems in other scientific
fields, such as cryptography, data theory, optimisation,
and bioinformatics. C. Fan & Q. Ding [13] stated that
understanding the properties of numerical sequences
can help solve complex problems and provide new per-
spectives on solving scientific problems. M. Rasool &
S.B. Belhaouari [14] studied the Collatz conjectures and
used them to solve optimisation and control problems.
Understanding the structure and properties of numer-
ical sequences can help improve process optimisation
algorithms and make effective management decisions.

In their work on the Collatz conjecture and the
Kurepa left factorial conjecture, N. Fabiano et al. [15]
addressed the Collatz conjecture by comparing the val-
ue density with Planck blackbody radiation in physics,
demonstrating a surprising agreement between them.
The generalisation of the Collatz conjecture to the gen-
eral gN + 1 sequence was also briefly discussed using
numerical analysis. The authors provided a brief his-
torical overview and proved some properties of the
Kurepa function in a simple way. The similarity of the
papers lies in the treatment of the Collatz conjecture as
a theorem, but N. Fabiano et al. compared it to physical
phenomena, while this study looks at the Collatz con-
jecture from a more abstract point of view, comparing
it to mathematical structures and algorithms.

In their work on the central aspect of the Collatz
conjecture - division by two - C. Koch et al. [16] ana-
lysed the problem in its original 3v + 1 form, as well as in
the general kv +1 version. Based on mathematical rea-
soning and empirical research, the authors derived and
proved theorems about the occurrence of cycles and
the completion of sequences. Their thinking is based on
the binary representation of the Collatz numbers and
basic operations. Theorem 4.4 presented in this paper
defines the number of divisions by two that can lead to
a cycle. The theorem is based on the simple truth that
a cycle can occur only when the binary growth of a se-
quence is exactly matched with divisions by two. An-
other theorem presented in the paper, Theorem 3.2, de-
fines the maximum number of divisions by two that can
be performed in a sequence. According to the authors, if
it could be shown that every initial number eventually
leads to this maximum, the Collatz problem would be
solved. The authors are convinced that a deep study of
the binary mechanics of Collatz sequences will lead to
this proof. The similarity of the papers lies in the con-
sideration of the Collatz conjecture as a theorem and
the mathematical analysis of the conjecture itself to
find out certain regularities of its behaviour.

In a study on the proof of the Collatz conjecture,
H. Tadesse [17] employed two main strategies: binary
representation and decomposition of a natural number
into many composite functions of even and odd func-
tions. The author reviewed and discussed the Collatz

conjecture on odd-even numbers in number theory us-
ing them as follows: the sequence created by the finite
iterations of the Collatz function becomes a definitively
periodic sequence if any natural number is the initial
value, proving a conjecture that has been held for 85
years. The similarity between the works on the proof
of the Collatz conjecture is that they both use mathe-
matical methods and strategies to analyse and solve
this problem.

In their study on the clustering of the Collatz hy-
pothesis, ]. Machado et al. [18] proposed a clustering
perspective for the analysis of the Collatz hypothesis.
The Hailstone sequences were analysed using cluster-
ing methods, namely the computational algorithms
HC and MDS. HC leads to two-dimensional graphical
representations such as dendrograms and trees. On
the other hand, a set of MDS points can be visualised
using two- or three-dimensional charts. The three-di-
mensional MDS map reveals a complex picture that is
not easily observed with two-dimensional images. A
set of six distances was tested in combination with a
Hamming-like classification. All representations re-
vealed complex patterns, but the Arcosine-Hemming,
Canberra-Hemming and Clark-Hemming distances on
the three-dimensional MDS maps produced clearer
structures. Interpreting the results, however, is not easy
and future efforts are needed to continue this line of re-
search. The similarity of the works lies in the treatment
of the Collatz hypothesis as a theorem and the use of
a clustering perspective in an attempt to discover pat-
terns and structures in the set of numbers that arise
during the execution of Collatz sequences. Both ap-
proaches are aimed at understanding its properties and
possible patterns. These studies demonstrate that the
use of clustering methods can identify complex struc-
tures and patterns in the Collatz hypothesis, which may
open new avenues for further research in this area.

In a study on the statistical view of the Collatz hy-
pothesis, B. Gurbaxani [19] examined the hypothesis
from the perspective of a statistician/data scientist and
an engineer. As a statistician or data scientist, the author
addressed the Collatz sequences as sequences found in
nature, as a set of time series created by some natural
process, ignoring for the moment their fully determin-
istic origin. As an engineer, the author attempted to ma-
nipulate the Collatz sequences to determine what makes
them effective and designed changes to the sequences
thatalso do “interesting” things, after the author first de-
fined exactly what is implied by “interesting”. Although
these analyses do not provide evidence for the Collatz
hypothesis, they do suggest that the hypothesis is prob-
ably true and it is hoped that analyses of sequences sim-
ilar to Collatz sequences will help to reveal the nature
of Collatz. This study and the approaches of B. Gurbax-
ani are both aimed at exploring the nature of Collatz
sequences and their efficient functioning, but they use
different methods and perspectives to achieve this goal.

O
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In a study on the Collatz convergence algorithm,
A. Rahn et al. [20] established a special equivalent of
modular arithmetic for Collatz sequences based on five
arithmetic rules that apply to the entire Collatz dynami-
cal system, and for which iterations precisely determine
the full basis of attraction leading to any odd number.
The authors then simulated these rules to gain insight
into their structure geometry and computational prop-
erties and observed that they linearise the convergence
proof of the complete rows of a binary tree over odd
numbers in their natural order, a result that, together
with a complete description of the set of all initial val-
ues of any odd number, has never been achieved before.
The authors provided two theoretical applications to
explain why five rules linearise Collatz convergence,
one specifically depending on the axiom of choice and
the other on Peano arithmetic. The similarity between
the study of the treatment of the Collatz conjecture as
a theorem and the work of A. Rahn et al. is that both
approaches are aimed at understanding and solving the
problem of convergence of Collatz sequences.

In general, the study of the validity of the Collatz hy-
pothesis has significant potential for the development
of scientific research, technology and engineering. The
recognition of this hypothesis as a theorem opens new
opportunities for mathematical modelling and analy-
sis of complex systems. This will help solve important
scientific problems in various fields such as physics, bi-
ology, economics, and others. The mathematical model
underlying the Collatz hypothesis has the potential to
be used in the mathematical modelling of complex sys-
tems and processes. This can be useful for analysing the
behaviour of various physical, biological and economic
systems, as well as for solving important scientific prob-
lems. In physics, the Collatz hypothesis can be used to
study dynamic systems and processes where a sequence
of events occurs. In biology, it can be a useful tool for
studying evolutionary processes and mechanisms of
organismal development. In economics, the Collatz hy-
pothesis can be used to analyse market processes and
forecast trends in financial markets. Given the wide

of mathematical sciences but also in a wide range of
applied fields. The main objective of the study was to
develop an effective and convincing proof of the Collatz
conjecture as a theorem. This required improving exist-
ing mathematical methods, introducing new concepts
and using computational methods. It is expected that
the results of the study will provide mathematicians
and scientists with the means to better understand
the structure of the sequence. The main problems of
the study were the complexity of analysing and un-
derstanding the behaviour of a sequence of numbers
in the context of the Collatz hypothesis, as well as the
difficulty of proving its validity. The proposed approach
with the introduction of the concept of the potential of
an odd number and the block of numbers belonging to
the specified odd number was indeed marked by sig-
nificant differences from the classical approach to the
Collatz hypothesis.

The main innovation was the introduction of these
new concepts, which were used to determine and ana-
lyse the behaviour of number sequences generated by
the Collatz function. The odd number potential is an
indicator that reflects the property of numbers in the
context of the Collatz hypothesis. This new concept
was used to study the properties of number sequenc-
es in more detail and find connections between them.
Blocks of numbers belonging to a given odd number
also played an important role in analysing and under-
standing the structure of the Collatz conjecture. The
introduction of these concepts was used to review
the Collatz conjecture in a new light and consider it
as a proven theorem. This made the research more
systematic, in-depth, and opened up new opportuni-
ties for studying and applying this theorem in various
fields of science and technology. The development of
algorithms and methods aimed at finding new prop-
erties of numbers in a sequence according to the Col-
latz hypothesis, as well as improving existing meth-
ods for proving its correctness, remains an important
area of research.
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Proving the correctness of the Collatz hypothesis

KoJ/uiari, 60:K0OMOJIYHYH TYYPAJIbITBIH JTAJTNI100

A"aToaunin YepraceHkro
MopangablK XaHa NCUX0A0rUsbliK KaMCbI3000 60HYa poTaHblH KOMaHOUPUHUH OpyH Bacapbl

VYKpaunHaHbiH Kypangyy KyutepyHyH 60-MexaHusaumuanaHraHd 6puragachiHbiH
https://orcid.org/0009-0000-7947-8549

AHHOTanusA. KosaTy 60KOMOJIYHYH TYYpasbITbIH Ja/WJIZiee MaTeMaTHKaJarbl KeNTereH 4deduse 3JIeK
MaceJiesiep/IuH OGUPHU GOJNTOHJAYKTAH aKTyaJllyy U3UJ/iee G0JIyN caHalraH. by bIpaaTTyy/nyKTyH KacueTTepuH
TYLIYHYY CaH/Aap/iblH TEOPHUSCHI ke rpadTap TEOPHUSCHI ChIIKTYY MaTeMaTHKa TapMaKTapblHa MaaHUJIYY Taacup
TUUru3sred. UsungeeHyH MakcaTbl KosutaTi 60KOMOJIYH TeopeMa KaTapbl Jaluajee 0oaroH. UsuijgeeHyH
METO/[0JIOTHUSIChI CAH/IbIK bIpaaTTap/bl TaJJO0HY, MaTeMaTHUKaJIbIK UHAYKLUSHbI, PEKYPCHUB/UK, KOMOUHATOPAYK
bIKMaJIap/bl ’kaHa KOMIIBIOTEPAUK MO/e//Ie6HYy KaMThirad. Usunsee Kosiatn 60:K0MOJIy apKblayy aJblHTaH
bIpaaTTap/blH KaCHeTTEePUH, 63Te4e ajap/blH PeKypCUBJUK MyHO3YyH TajijaraH. Usuizee ap 6up Tak caH
bIPAATThIH )KYPYILYH6 TaacUp 3TKEH YHUKAIAYY “TIOTeHIMasIra” 33 3KeHUH aHbIKTaraH. bo/koJIyH KOHTeKCTHH/Ie
KYTI )KaHa TaK CaH/ap/iblH 63 apa 6aiyiaHblIIIb], OLIOH/0H 3J1e 66J1yY XKaHa KeOeNUTYY onepanusaapblHbIH CAH/IbIK
bIpaaTTap/blH 63repyIIyHe TUATU3TeH TaaCUPU U3UJI/IeHTeH. U31J1/1e60HYH )KbIUBIHTBIKTApb! KoJl1aTi 603kxoMoty
60l0HYa bIpaaTTap/a ajap/ibl AATUI66re bIAaUbIKTYY OeJTUIYY CTPYKTypasiap 6ap sKeHUH KepceTKeH. U3uiiee
OIIOH/0H 3J1€ 2Te 66J1YY, 3K6 Ke6OHUTYY *KaHa 1 KolIyy onepanusaapbl bIpaaTTbIH 6HYTYUIYHO CUCTEMAJIYy Taacup
TUWTM3epUH aHbIKTaraH. M3ueeHYH »KbIMBIHTBIKTAPbl CYHYIITAJITaH bIKMa bIpaaTTap apKblIyy TaOUIbIH
CaHJlap/AbIH YEeKCU3 N KaTapblHZATBI XKaHa 6alllka caHAap TONTOPYHAArbl CaHJAPAbIH TYypa OpAyH aHBIKTOOIO
»KapJlaM 6epreHUH KopceTKeH. CyHyIITaJraH bIKMaHbIH HETU3TU albIpMachl TaK CAaH[bIH “TIOTEHIIMAIbI” YKaHa
OIIOJI TAaK CaHra GalJiaHbILIKAH ‘caHzap OJO0KTOpY” TYLIYHYKTOPYHYH KHUPrU3WJIUALIK 60aroH. Tak caH/bIH
MOTeHIMaJIbl 60’KOMOJI/Iy blpacTaraH *aHa KoJiaTi MacesiecH TeopeMa KaTapbl aTOOT'0 HErM3 60JITOH CaH/IbIH
KacueTu 60JIroH. U3ui/1IeeHYH NpaKTUKa/JblK MAaaHUCH CaH/IbIK blpaaTTapbl TaJJJOOHYH >KaHbl bIKMaJapblH
KOMITBIOTEPJUK WIUM/JE, KpUunTorpadusia xaHa 3CenTee NPoLecCTEPUH ONTUMa/AAIITBIPYYHY Tasal KblJIraH
6alllKa TapMaKTap/a KoJIJJOHYY MyMKYHYYJIYTYH/® 60JIr0H

Herusru ces3aep: Taburbiii cav/iap; Tak CaH/bIH MOTEeHIMaJlbl; MaTeMaTUKa/IbIK UHAYKLHUS; bIPAaaTTYYIAYKTY
TaJIZ100; a4bIK MaceJsie

< 3y

{18

/
Journal of Osh State University. Mathematics. Physics. Technical Sciences. Vol. 4, No. 1


https://orcid.org/0009-0000-7947-8549

Journal of Osh State University.
Mathematics. Physics. Technical Sciences

VOL. 4, No. 1

Journal homepage: https://mpht-oshsu.com/en

Journal of Osh State University

UDC517.956.6
DOI: 10.52754/16948645_2025_4(1)_19

Article’s History:
Received 25.11.2024 Revised 07.02.2025 Accepted 07.03.2025

The matching problem for fourth-order composite
and hyperbolic equations with two lines of change of type

Saifullo Babaev’

PhD in Physical and Mathematical Sciences, Associate Professor
Branch of the Technological University of Tajikistan
735920, 52 A. Juraev Str.,, Isfara, Republic of Tajikistan
https://orcid.org/0009-0008-6971-8009
Zamirbek Bekmamatov
PhD in Physical and Mathematical Sciences, Associate Professor
Batken State University
720100, 11 1. Jusupov Str., Batken, Kyrgyz Republic
https://orcid.org/0009-0003-3325-1519

Abstract. Boundary value problems for higher-order equations of mixed and mixed-composite types play a
significant role in the mathematical modelling of phenomena related to heat propagation, wave processes, and
the motion of weakly viscous media. The relevance of this research stems from the need for rigorous analysis
of such problems, particularly in the presence of type-change lines and complex boundary conditions. The aim
of the study was to formulate and comprehensively investigate a boundary value problem for a fourth-order
equation of composite and hyperbolic types in a domain divided into three subdomains with differing equation
structures. The problem was reduced to three auxiliary subproblems posed in the corresponding subdomains.
On the lines where the type of equation changes, conjugation conditions were imposed, involving the unknown
function and its derivatives up to the second order. The investigation employed classical methods from the theory
of boundary value problems, techniques for order reduction, and approaches from the theory of mixed-composite
type equations. Each auxiliary problem was reduced to standard formulations - namely, Dirichlet, Goursat, and
Darboux problems. On the type-change lines, second-order differential equations were obtained, for which
boundary value problems were solved using explicitly constructed Green’s functions. The hyperbolic subproblems
were reduced to Volterra and Fredholm integral equations of the second kind, and sufficient conditions for their
unique solvability were derived via kernel estimates. As a result, explicit analytical expressions for the solutions
in each subdomain were obtained. The results can be applied to the analysis of processes in inhomogeneous
media and to the development of numerical models in mathematical physics problems

Keywords: boundary value problems; Dirichlet problem; Darboux-type problem; Green’s function; matching
conditions; boundary conditions; Volterra and Fredholm equations

Introduction

Boundary value problems for mixed and mixed-com-
pound differential equations of the third and fourth
orders arise in the description of various physical pro-
cesses, including low-viscosity fluid flows and temper-
ature distribution in complex media. Particularly chal-
lenging are conjugation problems, in which the values
of the sought function and its derivatives are specified

Suggested Citation:

on lines of variation of the equation type. Such prob-
lems typically have a complex structure and require the
development of special approaches for their analysis.
Research in this area contributes to a deeper under-
standing of the properties of solutions and allows the
formation of a theoretical basis for application in ap-
plied problems of mathematical physics.
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The matching problem for fourth-order composite and hyperbolic equations...

In the work of M. Mamajonov & H.M. Shermato-
va [1], boundary value problems for parabolic-hy-
perbolic equations with three lines of variation of the
equation type in a triangular domain are studied. By
constructing a solution, the existence and uniqueness
theorem for the investigated problem is proved. K. Ab-
dumutalip uulu [2] investigated the boundary value
problem for a fourth-order partial differential equation
with variable coefficients, containing the product of a
mixed parabolic-hyperbolic operator and a string oscil-
lation differential operator with discontinuous bond-
ing conditions in a pentagon on a plane. The existence
and uniqueness of the solution to the boundary value
problem were proven. The solvability of this problem
was reduced to solving a Fredholm integral equation of
the second kind with respect to the trace of the deriva-
tive function along the line of variation of the equation.
The solution to the first boundary value problem was
obtained using the method of successive approxima-
tions and Green’s functions. As a result, the solution to
the problem was implemented by solving the Goursat
problem and the first boundary value problem for the
string vibration equation.

D. Amanov & O. Kilichov [3] studied boundary val-
ue problems for a fourth-order mixed-type equation
in a rectangular domain and proved the existence and
uniqueness of the solution to this problem. The prob-
lem under consideration differed from previously stud-
ied problems in that conjugation conditions were used
instead of boundary conditions. In this case, there is no
restriction on the size of the domain boundary for the
solubility of the problem. If the conjugation condition is
rejected, then a condition must be specified.

The boundary value problem with displacement for
a third-order parabolic-hyperbolic type equation with
a wave operator in the domain of hyperbolicity, when a
linear combination of the values of the sought function
on two independent characteristics and on the line of
change is given as the boundary condition, was stud-
ied by Zh.A. Balkizov [4]. The necessary and sufficient
conditions for the solvability of the problem are found.

In the work of R.R. Ashurov & M.V. Murzambeto-
va [5], the boundary value problem for a mixed-type
equation with a positive formally adjoint high-order el-
liptic operator is considered. In proving the theorem on
the existence and uniqueness of the classical solution
to the problem, where the positivity of the elliptic oper-
ator is essential. An example of a mixed-type equation
with a non-negative elliptic operator is given, showing
that the solution to the corresponding problem is not
unique. The results of the work were obtained using the
Fourier method.

Yu.P. Apakov & A.A. Sopuev [6] proved the existence
of a unique solution for non-local conjugation problems
in a rectangular domain for a third-order partial differ-
ential equation, where, for y >0 the characteristic equa-
tion has three multiple roots, and for y <0 it has one

-

simple root and two multiple roots. Using the Green’s
function and the method of integral equations, the
solution of the problems is equivalently reduced to the
solution of the boundary value problem for the trace
of the sought function at y=0, and then to the solution
of the Fredholm integral equation of the second kind,
the solvability of which is proved by the method of suc-
cessive approximations. The solution of the problem at
y >0 is constructed using Green'’s function method, and
aty <0 - by reducing the problem to a two-dimensional
Volterra integral equation of the second kind.

Author I.A. Rudakov [7] considered the problem for
the beam vibration equation, which is a fourth-order
equation. The existence of an infinite number of peri-
odic solutions of a quasi-linear equation was proven
if the nonlinear term is a homogeneous odd function
with power growth. The main result of the work was
a theorem on the existence of a countable number of
solutions to the problem. The equation considered in
this work was a mathematical model of the vibrations
of wires and beams.

In the work of B.Yu. Irgashev [8], a Cauchy-type
problem for a high-order equation with a fractional de-
rivative in the sense of Hilfer is considered. The exis-
tence and uniqueness theorems for the solution of the
problem in the class of bounded functions constructed
using automodel solutions are proved. EM. Muminov
& S.Ya. Karimov [9] investigated a mixed problem for a
third-order composite equation in the multidimension-
al case. Using methods of generalised function theory,
the necessary a priori estimates for the approximate
solution of the problem were obtained, and the exis-
tence and uniqueness of a regular solution to the prob-
lem were proven. It should be noted that in the main
part of the equation there were time derivatives of the
Laplace operator.

From the above analysis, the formulation and study
of correct problems for fourth-order composite and hy-
perbolic equations requires further research. The main
objective of the work was to justify the correctness of
the new formulation of the problem for fourth-order
composite and hyperbolic equations when there are
two lines of change of type in the considered domain,
which are characteristics. When studying the problem,
the necessity of the given conditions and gluing condi-
tions, as well as the agreement of the given functions,
was determined.

Materials and Methods
Problem statement. Let D - be the domain bounded by
thelinesx=0,x=-I,x=1,y=0,y=h,y=-h,,D=D,UD,UD,,
D, ={x20,y20}, D,={x=20,y=<0}, D,={x<0, y>0},
(L 1, h, h,>0). In the domain D, the following equations
were considered:
92 a d 9%u  9%u
G tamtby+o (E+5i+m) =0

(xy)€D, (1)
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a*u a3u a3u 8%u 9%u
0x2dy2

a%u Ju ou
+ b3§+ Claﬁ-czg"l'dlu = 0,(X',V)ED2. (2)

a*u a3u a3u a%u
% ta;— +ta, b,— +

ax® axroy T P12
+hy o 2 e, 24 d, = 0,(5y) €D, (3)
9xdy ax dy T 3
Whe_re ak(x, ) bi(X, ) Ck(X, ) dj(XP ), pxy) (k=14
i=1,5; j=1,2) - given real functions.

Equation (1) is the simplest representative of the
canonical form of a composite equation with double
characteristics y = const and simple complex charac-
teristics. Equations (2) and (3) are representatives of
the canonical form of hyperbolic equations, since all
their characteristics are real and multiple: x = const,
y=const - double for equation (2); y = const - triple for
equations (3).

Problem 1. Find a function u(x, y) € C(D) N C* (D) N
n [C*(D,) U C*3(D,) U C***(D,) U C**'(D,)], satisfying
equations (1)-(3) in domains D,, D, and D, respectively,
and boundary conditions:

u(l, y)=¢,(0), ulx, h)=19,(x),0<x<l, (4)
uo(Ly)=@,(V)u,,(x, h)=1,(x),0<y<h,inD,,  (5)
u(0,y)=x,0), u,(0,y) = x,v),-h; <y <0, (6)
u(x,-h)=@(x),0<x<l,in D,, 7)

u(x, 0) =x(x),-, <x<0, (8)

u(-,y)=9,0), u,(-1,y)=9,0),0<sy<h,in D,, (9)

where ¢,(v), ,(x), x.(v), 9,(0), (x), x(x) (i=1.2) - given
material functions, where these functions and coeffi-
cients of equations (1)-(3) satisfy the following condi-
tions of smoothness and compatibility:
a,bec*'(D,);c,peC(D,); a,c,d, € C(BZ),
alxxy' anyy‘ blxx' bey’ b3yy' Clx' CZy € C(Dl )'
ak’ bk’ Ck’ a3xxx‘ a4xxy’ b3xx’ b4xy’ C3xx’ C4xy € C(D3)'[k = 12)’
clx,y) €C(D,), d,€C(D,), d,€C(D,),
»,(V)€C[0, h], ,(v) €C'[0, h], ¥,(x) €C?[0, 1],

,(x) €C[0, 1], x,(v) € C*[-h,, 0],

X.(y) EC'[-h,, 0], (x) € C°[0, 1], x(x) € C*[-1,, 0], 9, (¥),
9.0V €C?[0, h]; ¥, (1) = @, (), ¥, (1) = @, (h), 9(0) =x,(-hy),
¢'(0)=x,(-h)), x(1,)=9,(0), 9;,(0) =g,(-1,),

x(0)=x,(0), x' (0)=x,(0). (11)
From problem 1, it follows that the conditions

of conjugacy are satisfied on the lines y=0 and x=0,
respectively:

(10)

u(x, +0)=u(x, -0)=1,(x), u (x, +0) =u (x,-0) =
=v, (%), u, (x, +0)=u, (x, -0) =, (x), 0sx<],

Ll(+0,y) = u(-O,y) = TZ(Y)' UX(+0,y) = ux('o'.y) =
=V,(0), uy(+0,y) = u, (-0,y) =, (¥), 0y <h, (12)

where Tl(X), V1(X)' ,ul(x), TZU/)' Vz[)/)' ,uz(y) - unknown
functions, subject to the following matching conditions:

7,(0)=x,(0) =x(0), 7, (D = ,(0), 7{() =
=¢,(0), 1, (D =3(0), v, (D) = ¢;(0), 7,(0) =x(0),

T,(h) =1,(0), v,(0) =x'(0), 1,(0) =x"(0),
H5(h) =1, (0),v,(h) =15 (0).

After determining the functions 7,(x), v,(x), u,(x),
7,(¥), v,(»), u,(v) problem 1 is split into the following
independent auxiliary problems.

Problem 2. Find a function u(x, y) € C*(D,) N [C**)
(D,) U C**3(D,)] satisfying equation (1) in domain D,,
boundary conditions (4), (5) and conditions:

u(x, +0)=1,(x), u(+0,y)=1,(y), 0=sx<[, 0sy<h. (13)

Problem 3. Find a function u(x, y) € C'(D,) N C?** (D,),
satisfying equation (2) in domain D,, boundary condi-
tions (6), (7), and the condition:

u(x,-0)=r1,(x), 0=sx<IL (14)

Problem 4. Find a function u(x, y) € C'(D,) N C**!
(D), satisfying equation (3) in domain D,, boundary
conditions (8), (9) and the condition:

u(-0,y)=r1,(y),0<sy<h. (15)

When solving the above problems, it is first nec-
essary to obtain the equations on the line of change
of types between individual unknown functions (12)
in the corresponding areas, and then analyse them. It
should be noted that the formulated tasks are solved
mainly by methods of Green’s and Riemann’s functions,
the theory of Volterra and Fredholm integral equations,
as well as the principle of compressive mappings.

Results and Discussion
Equation derived from domain D,. In the notation:

0%u

dx2

2
+5E+pu=2(xy),(6y) €D, (16)

Equations (1) for the function z(x, y) can be rewrit-
ten as:
0’z 0z 0

+aZ b L iez=0, (x,y)e D,

17
ox0y  Ox Oy (17)

@
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where z(x, y) - a new unknown function. For this equa-
tion, consider the Goursat problem: find a solution to
equation (17) in the domain D, that satisfies the con-
ditions:

z(x, ) =f,(x), z(LY)=£,(»), 0=sx<,0<sy<h,

where fi(x), f,(y) - unknown functions, where
fi(D) =£,(h). The solution to problems (17) and (18) is
given by formula [10]:

(18)

z(x,y) = RO, by, )1 (x) + RUy; ¢, ) 2 (v) —
—RWh;x, WD) + [, Bt h) Rt h;x,y) —
—ZR(t B x,Y)f,(Odt +
+ fyh (A(l, tR(ty, 1%, y) —aith(z, tx,y) ) x
x f(t)dty,

where R(t, ¢;; x, y) - Riemann function. Furthermore,
substituting (19) into the right-hand side of (16) for
y=h and x=1, also taking into account boundary con-
ditions (4), (5) for determining the function f,(x), f,(y)
the following is obtained:

[ =9 () +,(x) +p, (),

(19)

L0 =000+ ) +pe, (). (20)
Thus, the function z(x, y) is determined, i.e.:
92 92
#+#+pu = zo(x, ), (21)

where z(x, y) =z, - a known function. Passing to the
limit in (21) as y =+ 0 and x -+ 0 and taking into ac-
count (12), the following equations are derived from
domain D;:

/() + 1,00 +pT, () =2,(x, 0), 0x<], (22)

L) +1,0) +p1,(0) =2,(0,5), 0sy<h.  (23)

For equations (22) and (23) respectively, the fol-
lowing problems are solved:

1.7,(0) =x,(0), 7,(0) = 9,(0). (24)
2.7,(0) =x(0), 7,(h) =, (0). (25)

If equations (22) and (23) are represented as:
T/(x) =2,(x, 0)-pr, (x) - 1,(x), (26)
) =2,(0,9)-pr,0) - 1,00, 27)

then problems (26), (24) and (27), (25) will respective-
ly be equivalent to the integral equations [11]:

7,00=JiG,(x ) ps, 0) 7,(s)ds +a, (x),  (28)

7,0) =06, 5) (0, )T, ()ds+ a, (7),
a,(x)= 2,0+ (9,0) - 1,(0))+
+Gy(0,5) (24(5,0) = 1)) s,

(29)

where

() = x(0) + 3 (:(0) — x(0)) +
+ 1 Gy (7,5)(20(0,5) — pp(5))ds,

Xsh) 0<x<s
l ) — )

G, (x,8) = s(x=1)

- Green’s function,
,S<x <,

@,05y<s,

s—h) - Green'’s function.
h

G,(y,s) = <v<h
’S—y— )

Equations (28) and (29) are Fredholm integral
equations of the second kind. Let:

l- max |pG;l <1, h- max |pG,| <1,
l 0<y,s<h

0=<x,s<

(30)

then equations (28) and (29) have unique solu-
tions [12]:

1,(0) = (1) + [ Ry (%, ay(s)ds,  (31)

,0) = () + f; R, )ay(s)ds,  (32)

respectively, where R,(x, s) and R,(y, s) — are the resol-
vent kernels of equations (28) and (29).

Equation derived from domain D,. In the next
stage, Problem 3 was considered. Due to the formulation
of Problem 3 and the introduced notations (12), Gour-
sat’s problem for equation (2) with conditions (6) and
u(x, -0)=1,(x), u,(x, -0) =v,(x) is solved by formula [12]:

u(x,y) = A:(6y) () =9, (¥, 0, )x.(y) —
— B Ce, yim) - 22 () — € (e, y; m)xa ()] +
+ 90, y; € 0)vy (§) — D, (x,y; )7, (8) +
+a;(§,09(x,y;§,0)v; (§) — E; (x, 7;:§)71(§) + b3 (§,0) X
xI(x,y;§,0)v,(§) — Fi(e,y; )t (D)dg,  (33)
where, 9(x, y; & n) - the Riemann function for equation

(2). Using condition (7) from (33), the equations for the
functions 7, and v, obtained from domain D,, follow.

Jo @0, —hy; £,00v) (£) — Dy (x, —hy; )T/ (€) +
+a,(§,0)9(x, —hy;€,0)v1 (§) —
—E;(x, —hy; §)711(§) + b, (&, 0)x
x 9(x, —hy; &, 0)vy (§) — Fy(x, —hy; 5)71(5))" (34)
xdgZ = T(x)_

—&>
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Carrying out integration by parts in (34), taking
into account the property of the Riemann function
9(x,y; € 1) [13] and the compatibility conditions (11),
the following is obtained:

Dy (x, —hy; x)7, (%) — 9¢(x, —hy; x, 0)vy () —
—Lmu@n@@+fm@@w®@=ﬂm@m

where Hy(x,§) = Dyge(x, —hy; ) —
_E1§(x: —hy;8) + Fi(x,—hy; 6),
Hy(x, &) = a1:(§,0)9(x,—hy;£,0) +
+a2 (6' 0)195(3(, _hl; f! 0) - 79{'{ (X, _hl; {) 0) -
—b3(¢,0)9(x, —hy;§,0),

H(x) = T(x) +9(x, —hy;0,0)x,(0) —
— 0 (%, —hy;0,0),(0) — Dy (x, —hy1; 0) x,(0) +
+D1§(x, —hy;0)x1(0) + a,(0,0)x
x9(x, —hy;0,0) 1 (0) — E; (x, —hy; 0)x,1(0).

On the other hand, taking into account problem 3
and aiming y —- 0, equation (2) can be reduced to the
form:

ui (x) + ay (x, vy (x) + ay(x, 0)us (x) + by (x,0)7y (x) +
+b,(x, 0)v; (x) + bs(x, 0y (x) + ¢; (x,0)71 (x) +

+c,(x, 0)v, (x) + dy(x,0)T,(x) = 0. (36)

Integrating this equation and using the aforemen-
tioned compatibility conditions, it is possible to obtain:
21511 () + v, (x) + by () +
F [ @0 Om© + a0 Om @ +
0
+q3(x, §)11(§))dE = f(x),
where

q:1(x,§) = a,(§,0) — (x = §)(a,(§, 0) — b3(§, 0)),

qZ(x' E) = bZ(E' 0) - ZGI(E, 0) + (X - E)X
x(a1¢¢(€,0) — by (,0) + ¢, (¢, 0)),

q3(x' E) = CI(E' 0) - ZbI(E' 0) + (X - E)X
x(b1(§,0) = 1(£,0) + dy (£, 0)),

f &) =7{(0) + a,(0,0)71(0) + b,(0,0)7, (0) —
—b1,(0,0)t(0) + (v"(0) + a,(0,0)7{ (0) +
+a,(0,0)v{(0) — a;£(0,0)71(0) + b,(0,0)71(0) +
+b,(0,0)v;(0) + ¢;(0,0)v, (0))x.

(37)

Excluding 7,(x) from (31) and (37), the following
equation holds for the functions v,(x) and u, (x):

v () = [T Hy(x, &) vy ()dé +

+ fy Ha(x, ) iy (§)dE + p(x), (38)

where
H (x f) — HZ(xvf)
3V - 195(x,—h1;x,0)'
1
Ha ) = 5 (Dyg e, —hys Ry (x, §) —

— J§ Hi(, §)R10(61,§)d8),
p(x) = _195(x,—h1;x,0) )
(H() = Dy (6, —hy; )y, (x) + [ Hy (©)ay; (§)dE).

Equation (38) with respect to the function v,(¢) is
a Volterra integral equation of the second kind, and its
solution can be represented by the formula:

v, (x) = py(0) + i Ky (6, &) w (©)dE,  (39)

where
Ky (x,§) = =H3(x,$) — foxR11(x'f1)H3(f1'f)df1'

p1(0) = =p(0) = J; Ru (6, )p(§)dE ;
R, (x, &) - the resolvent kernel of H,(x, §).

Next, substituting 7,(x) from (31) and v,(x) from
(39), into equation (34) yields the equation:

u () + [ a1 Ce, Oy (£)dE +

@ Om©dE = &), O

where

KZ (x! f) =a (x, O)Kl (x, 'f) + bl(xi O)Rlo (x! f) +
+ fox Ki(§1,6)q2(x, §)dé, + fox q3(x,§1)Ry1(§1,§)dS,,
B (%) = f(0) = [ (@6 Op1 () + q1.(x, E)ar1 (§))dé.

Now, by solving the Volterra part of equation (40),
it can be reduced to a Fredholm integral equation
of the second kind:

() + f Ko Opy (§)dE = b, (),

where K(x,§) = q1(x,§) + J; R(x,€1)a1 (§1,)déy,
®,(x) = @, (x) + [; R(x, )@y (§)dS, —R(x, §)the re-
solvent kernel of q,(x, ). Let

I-N()<1,

where V() =,213% |K(x,§)|. Then equation (41)
has a unique solution. Thus, by defining the func-
tion y,(x) as the solution to equation (41) and sub-
stituting its value into (31) and (39), the functions
7,(x) and v,(x) can be found respectively, and there-
by the solution to Problem 3. The solution to Prob-
lem 3 in domain D, can be represented as (33).

Equation derived from domain D,. Next, the der-
ivation of the formula for solving Problem 4 is carried
out. The solution to equation (3), satisfying the bound-
ary conditions:

(41)

(42)

Y
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u(x,0) = x(x),u(=0,y) = 72 (y),
Uy (=0,¥) = v, (¥),
uxx(_O: J’) = U2 (y):

is given by the formula [13]:
uCx,y) = Fx,y) + f; 9Cx, y;0,m) s, () + a5 (0,m)x
x 906, ¥; 0,Mi () — Fy (e, y;my () — Fy(x, v m)x
v, () + F3Ce,y; iz () + F (e, v mTo (), (43)

where J(x, y; & n) - Riemann function Xfor equa-
tion (3), and F(x, y) = 9(x, ; %, 0) x(x) - [yF5(x, y; &)
x(&)dé& F(x, y; n)(k=1,5) - well-defined functions,
which are expressed through the coefficients of equa-
tion (3) and Riemann functions 9(x, y; &, n). Based on
formula (43), boundary conditions (9) are reduced to
a system of equations:

(=1, 0, (y) — F (=L, y, y)v,(y) +

+F(=ly,y, )t () + fg](kn(y;n)llz(n) +
+kay MV (M) + ks (v, MT2(M)dn = PL(y), (44)
0, (=1, y; 0,0, ¥) — Fip (=1, y, yIv,(v) +
+F3 (=1, y,y)1, () + foy(km(y'n)llz(n) +
+kso (v, Mv2 () + ks3(v, M) T2 (M) )dn = P, (y), (45)

where k,, (y,n) = -9, (-L,y;0,n) + a;(0,n)I(-1,y;0.n),
ka2 (v,m) = Fiy (=L, y,m) = R (=L, y,m),
kys(im) = F (=1, ) — F3n(_l1' ),
k31 (v,m) = =0y (=11, ¥; 0,1m) + a3 (0,9, (11, ¥; 0,m),
ks, (y,m) = me(—ll'y,n) - anx(_lpy' ),
k33 (y,n) = Fa (=l y,m) — anx(—ll.y.n).
P,(y)=g,0)-F(-1,, y) + F5(-1,, ¥, 0) 7,(0) +9(-1,, y; 0,0)
xX"(0)-F,(-1,, y, 0)x' (0),

P,v)=9,0) -x,(-1, y) +9,(-1,, ; 0,0) X"(0) -F, (-1, y, 0) %
xx'(0)-F3,(-1,, y, 0)x(0).

A= [PCLy:0m) = F(=h,y.)
(=11, y; 0,m) = Fie (=11, y,y)

Equations (44) and (45) with respect to the func-
tions v,(y) and p,(y) represent a system of Volterra in-
tegral equations of the second kind. The solution of the
system (44), (45) due to condition (46) is represented
by formula [11]:

Let #0. (46)

v,00) =, (1,0)) + oM, (v, s)m, (1, (s))ds,
1,0) = my(,(0) + JoM, (, $)m, (,(s))ds,

(47)
(48)

where M,, M, - elements of the matrix resolvent of the
matrix kernel; m,, m, - are well-defined functions ex-
pressed in terms of the functions 7,(y). After substitut-
ing the value of the function 7,(y) from (32) into the
right-hand side of (48), it reduces to a Fredholm inte-
gral equation of the second kind:

—ap

1,00 = JoM(, y(s)ds +m(y), (49)
where M(y, s), m(y) - well-defined functions that are ex-
pressed through the elements of the matrix 4 and the
data of problem 1 in domains D, and D, If the condition:

h-M(h)<1, (50)
where M(h) = Ogr;ggth (,5)l, then equation (49) has a
unique solution [12]. By determining u,(y) from (49)
and substituting its value into (32) t,(y) is found. After
this v,(y), is determined from (47), thus providing the
solution to Problem 4. The solution to Problem 4 in do-
main D, is defined by formula (43).

Solution to problem 1 in domain D,. After de-
termining the functions 7,(x) and 7,(y) the solution of
problem 1 in the domain D, is determined as the solu-
tion of problem 2. In section 2, it is shown that after
reducing the order, equation (1) with the solution of the
Goursat’s problem gives equation (21). Consequently,
the solution to problem 2 is equivalent to the solution to
the Dirichlet problem for equation (21) with boundary
conditions (4) and u(x, 0) =t,(x), u(0,y) =7,(¥), (0sx<],
0<y<h).If equation (21) be rewritten as:

o’u Ou
+—5=z,(x,y) = p(x, y)u,

i 51
o’ oy’ GU

then, using Green’s function, Dirichlet’s problem can be
equivalently reduced to an integral equation

u(x,y) = [ d€ [sG(x,y; & ) p(& m) u(€ e +Q(x.y), (52)

where
4Rt oo Do 1 .
GO0y Em) = Z T B i in ()
- sin g}mya sin (E E) - sin (mn) — Green'’s function
of the Dirichlet 2prot)lem in the domain D, [13] for the

2
equation 3% + g_ylzl =0

Q) = [ Gy (6, y: €, 07, () d€ —
— [, Gy G, 3 &, 1 (§) dE + [ G (x,y; 0,m)7, () d —
- foh Ge(x,y;L,m) X @ (n)dn — fol déx
%[ G (%, y; €20 (€,m) d.

Let, pEMG(x,y;E,m)|<1.

[-h- max (53)
0<x,&<l,
0<y,n<h

Then equation (52) has a unique solution, which

can be represented as:

ux,y) = fy d€ [ Lo y; € m) Q(E,mydn + Q(x, y),

where L(x,y; & 1) - the resolvent of the kernel equation (52).

The following theorem holds: if conditions (10),
(30), (42), (46), (50) and (53) are satisfied, then the
solution to problem 1 exists and is unique.
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Thus, the existence and uniqueness of the solution
to problem 1, a fourth-order equation with two lines of
change of type within the considered domain, has been
proven. The following works are devoted to a system-
atic study of various formulations of boundary value
problems for third-, fourth- and higher-order equations
in domains with certain geometric configurations.

In the work of A.G. Khodjaniyazov [14], the bound-
ary value problem for a fourth-order equation with a
spectral parameter, the elliptic part of which is of the
fourth order, is investigated. The author managed to find
conditions for the spectral parameter that guarantee
both the existence and uniqueness of the solution to the
problem under consideration. Y.P. Apakov & S.M. Mama-
jonov [15] considered the boundary value problem for
a fourth-order parabolic-hyperbolic equation in a pen-
tagonal domain with two characteristic lines of change
of type. The existence and uniqueness of the solution
are proved. It is noted that the sought function satisfies
anumber of boundary conditions and gluing conditions.

In the study by A.A. Klyachin & 1.Yu. Verevkin [16],
one approach to constructing continuously differentia-
ble piecewise quadratic functions on a triangular mesh
is presented, based on smoothing a piecewise linear
function in the vicinity of the edges and nodes of the
triangulation. The developed method does not require
solving systems of linear algebraic equations as in the
construction of splines. This circumstance allows this
class of functions to be applied for the approximate solu-
tion of boundary value problems of 4" order equations.

The author V.V. Karachik [17] presented a rep-
resentation of the solution to the Dirichlet problem for
a homogeneous polyharmonic equation in a unit ball
through the solutions to the Dirichlet problems for the
Laplace equation. It should be noted that for a compos-
ite equation of high order, the elliptic part may be a pol-
yharmonic equation.

In their work, scientists A.K. Urinov & M.S. Azi-
zov [18] formulated and investigated an initial-bound-
ary value problem for a high-order even equation that
degenerates at the boundary of the domain. Using the
Green’s function method and Fourier series theory,
they proved the existence, uniqueness, and stabili-
ty of the solution to the problem under investigation.

The article by A.K. Urinov & D.A. Usmonov [19] is
devoted to the study of a non-local initial-boundary
value problem for a single fourth-order mixed-type
equation in a rectangular domain. The method of sepa-
ration of variables was applied, and a spectral problem
for an ordinary differential equation was obtained. The
Green’s function of the latter problem is constructed,
which reduces it to a Fredholm integral equation of
the second kind with a symmetric kernel, from which
the existence of eigenvalues and a system of eigenfunc-
tions of the spectral problem follows. An estimate for
the solution of the problem is obtained, from which its
continuous dependence on the given functions follows.

Zh.A. Balkizov [20] investigated three local bound-
ary value problems for a third-order hyperbolic model
equation, the solutions of which are written in explicit
form. Using methods of mixed-type equation theory,
the existence and uniqueness of the corresponding
problems are proved. The formulas found for repre-
senting the solutions to the problems can be applied
when solving various problems similar to those stud-
ied in the work.

The author K.S. Goziev [21] focused on proving the
existence and uniqueness of the solution to the bound-
ary value problem for a fourth-order mixed-type equa-
tion considered in a limited domain of the plane. To es-
tablish the uniqueness of the solution, the method of
energy integrals was applied - a classical approach that
allows one to evaluate the behaviour of solutions and
eliminate ambiguity. The proof of the existence of the
solution was reduced to an equivalent formulation in
the form of a Fredholm integral equation of the second
kind. This transition allows the use of powerful tools
from functional analysis and integral equation theory
to study the problem at hand. The results obtained ex-
pand the understanding of boundary value problems
for high-order equations with composite structure and
open up prospects for their practical application in var-
ious areas of mathematical physics.

A.B. Bekiev & E.E. Eshmuratov [22] conducted a
study of the initial-boundary value problem for a de-
generate fourth-order equation considered in a rec-
tangular domain. The work focused on constructing
a solution in the form of a Bessel function expansion,
which allowed the solution to be presented in analyti-
cal form. The authors analysed in detail the dependence
of the convergence of the obtained series on the ini-
tial functions, identifying the conditions under which
the solution is guaranteed to converge to the desired
function. In addition, the uniqueness of the solution is
proven based on its representation as a series, as well
as thanks to the completeness properties of the system
of well-defined functions used in the methodology. This
work expands the class of equations for which analyti-
cal solutions can be found and confirms the applicabili-
ty of functional analysis methods and special functions
to complex problems in mathematical physics.

In the work of 0.Kh. Abdullaev & A.A. Matchano-
va [23], boundary value problems for a mixed third-or-
der parabolic-hyperbolic differential equation with a
fractional Gerasimov-Caputo operator were studied.
The necessary classes of given functions ensuring the
unique solvability of the posed boundary value problems
were determined. The existence and uniqueness of the
solution to the boundary value problem were proved.

N. Mironov [24] presented the formulation of Dar-
boux’s problem and the definition of the Riemann-Had-
amard function for a third-order equation with a domi-
nating partial derivative (Bianchi’s equation). Based on
the possibility of representing the Riemann function in

@9
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an explicit form for a class of equations equivalent to
the third-order Bianchi equation, sufficient conditions
for the coefficients of the Bianchi equation were pro-
posed. These conditions ensure the construction of
the Riemann-Hadamard function in terms of hyperge-
ometric functions.

Conclusions

The article proves the existence and uniqueness of
problem 1 for fourth-order composite and hyperbolic
equations in a domain with two lines of type change.
Using methods from the theory of mixed-composite
equations, the main problem 1 is reduced to three
independent auxiliary problems. At the same time,
according to the formulation of problem 1, as a con-
sequence, on the line of change of equation types, con-
jugation conditions arise in which the values of the
sought function and its derivatives are specified. Using
the method of order reduction, Green’s and Riemann
functions, as well as integral equations, the auxiliary
problems in the corresponding subdomains of the
considered domain are solved.

Particular attention was paid to the solution of prob-
lem 1 to the equations obtained on the line of change of
equation types. These equations are expressed in the

The results of the work can be generalised to the
case of similar high-order equations with correspond-
ing boundary conditions and the condition of gluing on
the line of change of equation types, as well as in areas
with curved boundaries. The course of the research and
the results obtained can be used to develop the theo-
ry of boundary value problems for non-classical equa-
tions of mathematical physics, including mixed and
mixed-composite equations, as well as when the line of
change of types is not a characteristic.

In the future, itis necessary to study the problem with
anormal derivative in that part of the domain where the
equation is of the corresponding type. This problem can
be equivalently reduced to a singular integral equation
and a formula for calculating the problem index can be
derived. In addition, when solving the aforementioned
problems, sufficient conditions for unique solvability can
be derived in explicit form, i.e., conditions ensuring the
correctness of the problem under study.
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The matching problem for fourth-order composite and hyperbolic equations...
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AH”HOTaNMA. YKoropky gapaxazarsl apaJall »aHa apajall-KypaMAyy TUIITEr TeHAeMesep YUyH YeK UapTTyy
MaceJsiesiep KbUIYYAYKTYH, TOJKYHJAp/JblH Tapasbllibl ’KaHa a3 WJIEIIKeK 4YeHpesiepAyH KbIMMbLIbI MEHEH
GallJlaHBILIKAH KyOy/aylITapAbl MaTeMaTHKaJblK MOJI€/N/I66HYH MaaHWJYYy acleKTHUCHUH Ty3eT. M3uijieeHyH
AKTYaJIAYYJIyTy TeHJeMEeHUH TYPY 63repreH ChI3bIKTApP KaHa TaTaasl YeK WapTTap 60JrOH MapTTap/a MbIH/AH
MaceJiesiepay TaK aHaJU3J66HYH 3apbl/IYblJIBITBI MEHEH HEeru3aeseT. WimTuH MakcaThbl - TEeHAEeMEeHUWH TY3YJayly
ap TYpZAYY 60JITOH Y4 o/106/1acKa 66JIYHI'OH 06/1aCTTa TOPTYHYY Japaxkajarbl KypaMayy KaHa TUIep6oJIMKaTbIK
TUITETH TEHJEeMe YUYH YeK LApPTTyy MaceseHHU GOPMYJIMPOBKAJIOO KaHa ap TapanTyy usuazee 6osny. Macesne
THellesyy nogobacTapAars! yu KollyMua IojMacesiere KeJTUPU/IUIIL, 6yJ1 yuypJa TeHJEeMEeHUH TYPY ©3repreH
CBI3BIKTAp/a 3KWHYU Jlapakara 4YeHHMHKU TYYHAY/Ap apKbLIyy Gepu/reH U3zeere THUHHUII GOJITOH QyHKIUSA
Y4YH CONpshKeHHe MapTTapbl KUPrusuagu. Usuinjieesie yek mapTTyy Macesesep TeOPUACBIHBIH KJIaCCUKaJbIK
bIKMaJiapbl, TEHAEMEHHH JapaXaCblH TOMOH/JAOTYY bIKMACHI, OLHOHAOﬁ 3Jie apaJsialll-KypamMayy THITErnu
TeHJleMeJsIep TeOPHUsIChIHBIH bIKMasapbl KOJIZOHY/ITaH. Ap 6Up KollyMya MaceJse CTaHJApPTThIK ¢popmasapra —
Jupuxie, 'ypca »aHa Jlap6y MacesiejieprHe KeJTHPUITeH. Typy ©3repreH ChI3bIKTap/a 3KWHYM Japakajarbl
nuddepeHnan bk TeHAeMeJsep aJblHIaH aHa ajap y4yH Tak Kypy/araH ['puH ¢yHKUMsAIApb! apKbLIYy YeK
IapTTyy MaceJsiejiep YeuyusareH. [unepbosimkaabik noamacesenep Bosbreppa xaHa @peArosbM HHTerpaJblk
TeH/leMeJIePUHUH 3KMHYY TYPYH6 pelyKIHAIaHbII, alap/blH 63re4e YeYrJIyy LIapThl KaTaphl si/[po10pAy 6aanoo
HerusuH/e KeTULITYY WapTTap ajablHraH. HaTelikasa ap 6Up mo06/1acT YYYH YeYUM/IUH TaK aHaJUTHKaJIbIK
dopMystanapsl anbIHABL AJIBIHIAH XKbIUBIHTBIKTAP FeTepOreHJUK Yol peiep/ery NpoueccTepim TaaL00/10 XKaHa
MaTeMaTHKaJbIK GU3MKa MaceJieJlepUH/ie CaH/IbIK MOJeJiepAr Kypyy/Aa KoJJOHYIYLY MYMKYH

Herusru ce3aep: yek wapttyy Macesesep; upuxie macesnecy; [Jap6y Tunreru Macese; ['puH QyHKIHUACHI;
comnpsiKeHHWe MapTTaphl; Yek mapTrap; BosbTeppa xxaHa @peArosibM TeH/leMelepu
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AHHOTanusA. KpaeBble 3aJayd /sl ypaBHEHUH CMENIAaHHOTO M CMELIaHHO-COCTABHOT'O THIIOB BbICOKOIO
MopsJiKa UTParoT BaXHYI0 POJIb B MaTeMaTU4YeCKOM MOJleJIMPOBaHUH SIBJIEHUH, CBA3aHHBIX C paclpoCTpaHeHHeM
TelJsa, BOJIH U JIBU>KeHHEM CJa00BA3KUX cpeJ. AKTyalbHOCTb UCC/Ie[,0BaHUs 00yCJI0BJIeHa He0O6X0AHUMOCTbIO
CTPOTOr0 aHaJM3a TAaKUX 33/lay, OCOOGEHHO B YCJIOBHUAX HaJU4YMs JIMHUNA CMEHBl THUINA YPAaBHEHUS U CJIOKHBIX
rpaHUYHBIX yca0BUH. llesblo paboThl 66110 GOpMyIHpPOBaHME U BCECTOPOHHEE HCC/Ie/JOBaHUE KpaeBOU 3a/iauu
JUIsl ypaBHEHUs] 4eTBEPTOro MOpsJKa COCTABHOTO U TUNepboJIMYEeCcKOro TUIOB B 06JIACTH, pas/ie/IéHHON Ha
TPH MO006JIAaCTH C Pa3JUYHON CTPYKTYpPOH ypaBHeHHH. 3asiauya Oblja MpUBe/ieHa K TPEM BCIIOMOTaTeJbHbBIM
10/133/1a4aM B COOTBETCTBYIOIUX M0061ACTSX, IPU 3TOM Ha JIMHUAX U3MEeHEHUs THIA ypaBHEHUU BBOJUJINCh
yCJOBUSI COMNPSDKEHUS, BbIpaKEeHHble Yepe3 HCKOMYH (QYHKLHIO U €€ NMPOU3BOJAHBIE [0 BTOPOTO MOps/Ka.
HWcmosib30Baniuch KjacCM4ecKue MeTOJAbl TEOPUH KpaeBbIX 3a/ay, NPUEM IMOHMKEeHHUS NOopAJAKa YpaBHEHMH,
a TaKXXe MeTO/ibl TEOPUH YpPaBHEHUH CMellaHHO-COCTaBHOro Tumna. Kaxkgas BcroMoraTesibHas 3ajada Oblia
CBeJleHa K CTaH/JapTHBIM NOCTaHOBKaM — 3aZa4aM /Jlupuxie, I'ypca u Jlap6y. Ha 1TMHUAX CMEHBI TUIA T0JIyY€eHbI
JuddepeHnuasbHble ypaBHEHUS BTOPOIo MOPSA/IKa, AJIs KOTOPBIX pelleHbl KpaeBble 3a/ja4M C UCI0JIb30BaHUEM
SIBHO TOCTpOeHHbIX ¢yHKIuNA [puna. umep6Gosuyeckre mnoj3ajayd peAyLHUPOBAHbl K HHTErpajbHbIM
ypaBHeHUAM BosbTeppa u ®@pesrosbMa BTOPOTo poJia, U MOJIyYeHBI JOCTATOYHbIE YCI0BUS UX OJJHO3HAYHOH
paspelMMOCTH Yyepes3 OLeHKH fA/iep. B pe3ysbraTe nosydyeHsl ABHble aHAJIUTUYECKHE BbIPaXKEHUS pellleHUN B
KaXkZ,0¥ 1moso6.s1acTy. Pe3ynbTaThl MOTYT OGbITh NPMMEHEHBI /IJI1 aHa/IM3a IPOLeCCOB B HEOJAHOPOHBIX CpeiaxX U
[IPY TOCTPOEHUH YHCJIEHHBIX MO/lesIel B 33/la4ax MaTeMaTU4ecKor pU3UKU

KiioueBble ¢/10Ba: kpaeBble 33/ja4y; 3aa4a JupuxJe; 3aa4a Tumna Jlapoy; ¢yHknus ['puHa; ycioBus
COIJIacOBaHUsl; KpaeBble yCJI0BUs; ypaBHeHUs BosbTeppa u @pearosbma
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Abstract. The existence and uniqueness of the solution to the boundary value problem for a third-order mixed-
type equation with variable coefficients in the lower terms is proven, with conditions for the gluing of the function
itself and its first- and second-order derivatives on the line y = 0, where the type of equation changes when a
second-order mixed parabolic-hyperbolic operator is applied to a first-order linear differential operator with
constant coefficients. By reducing the order of the equation, the problem was reduced to the Tricomi problem for a
second-order mixed parabolic-hyperbolic equation with continuous conditions for the function itself and its first-
order derivative with respect to y on the line of change of the equation type. By the method of elimination of the
system of equations obtained from the parabolic and hyperbolic parts of the domains, the solvability of the problem
was reduced to the solvability of the Fredholm integral equation of the second kind. A sufficient condition for the
solvability of the integral equation was obtained through estimates of the kernel of the equation. The solution of
the problem was split into two problems in the regions under consideration: in the parabolic part of the region, the
first boundary value problem for the heat conduction equation was solved using the Green's function method, and
in the hyperbolic part of the region, bounded by the characteristics of the equation and the line y =0, the solution
of the problem using the Riemann function construction method was determined as the solution of the Cauchy
problem. By applying a curvilinear integral, the solution to the problem in the areas under consideration was
found. The necessity of the requirement of continuity of the function itself and its first two derivatives with respect
to y on the line of change of the equation type was justified. Sufficient conditions for the unique classical solvability
of the boundary value problem were established. The obtained conditions for the solvability of the boundary value
problem provided a theoretical basis for the development of numerical methods for solving applied problems in
aerohydrodynamics, geophysics, and engineering thermodynamics

Keywords: existence; uniqueness; Green's function; Riemann's function; integral equation; order reduction method

Introduction
Mathematical modeling of a number of applied prob- equations, since in practice, the measurement of cer-
lems in fluid mechanics, physics, and mathematical tain characteristics of the desired function and its de-
biology has led to the formulation and investigation of  rivatives is possible only in averaged or integral form.
the solvability of boundary value problems with nonlo- The formulation of well-posed boundary value
cal and integral conditions for third-order mixed-type problems for partial differential equations and their
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investigation are urgent tasks of the modern theory of
partial differential equations. Despite the wide appli-
cation of mixed-type equations in problems of gas dy-
namics, hydrodynamics, and other applied disciplines,
boundary value problems for third-order mixed-type
equations with two independent variables remain
insufficiently studied, which necessitates further re-
search in this direction.

K. Belakroum [1] studied a nonlocal boundary value
problem for third-order partial differential equations in
Hilbert space with a self-adjoint positively defined op-
erator, in which stability estimates for the solution of
two nonlocal problems for third-order partial differen-
tial equations were obtained.

In the works of R.R. Ashurov & Yu.E. Fayziev [2], the
uniqueness and existence of the solution of the inverse
problem of determining the order of the fractional de-
rivative with respect to time in an inhomogeneous sub-
diffusion equation with an arbitrary elliptic differential
operator with constant coefficients in an n-dimensional
torus was proved. Using the classical Fourier method,
it was proved that the value of the solution at a fixed
moment in time, based on observational data, uniquely
reconstructs the order of the fractional derivative.

Zh.A. Balkizov [3] investigated a boundary value
problem with shift for a third-order inhomogeneous
parabolic-hyperbolic equation with a wave operator
in the hyperbolic region, when a linear combination of
the values of the desired function on two independent
characteristics and on the line of type change is given
as a boundary condition. Necessary and sufficient con-
ditions for the existence and uniqueness of a regular
solution to the problem were found.

N.K. Ochilova & T.K. Yuldashev [4] investigated the
existence and uniqueness of the solution of a nonlocal
boundary value problem for a degenerate differential
equation of mixed type. A parabolic-hyperbolic equa-
tion with a Gerasimov-Caputo fractional derivative was
considered. The uniqueness of the solution was proved
by the method of energy integrals using some prop-
erties of hypergeometric functions and integro-differ-
ential operators of fractional order. The existence of a
solution is proved by the method of integral equations.

The solvability in anisotropic Sobolev spaces of non-
local boundary value problems for third-order pseu-
doparabolic equations was studied by A.l. Kozhanov
& G.I. Tarasova [5]. A feature of the problems studied
is that they impose a condition on the spatial variable
that combines the generalised Samarskii-lonkin con-
dition and an integral type condition. The purpose of
the work was to prove the existence and uniqueness of
regular solutions to the problems studied - solutions
having all generalised Sobolev derivatives included in
the corresponding equation.

In the work of D.K. Durdieva & Sh.B. Merajova [6], an
inverse problem related to finding an unknown right-
hand side was studied for a mixed parabolic-hyperbolic

equation with a Bessel operator. Based on the meth-
od of separation of variables, the problem is reduced
to solving ordinary differential equations with respect
to the coefficients of the expansion into Bessel-Fourier
series of unknown functions in terms of orthonormal
Bessel functions of the first kind of zero order. A criteri-
on for the uniqueness and existence of a solution to the
posed problem was established.

In the work of S.N. Sidorov [7], an initial-boundary
value problem was investigated for an inhomogeneous
mixed parabolic-hyperbolic equation of three variables
with a degenerating parabolic part in a rectangular
parallelepiped. A criterion for the uniqueness of the
solution was established. The solution was construct-
ed as a sum of an orthogonal series. The stability of the
solution with respect to the boundary function and the
right-hand side of the equation was established.

In the work of R.Kh. Makaova [8], a theorem on
the existence and uniqueness of a regular solution to a
mixed boundary value problem for a third-order hyper-
bolic equation with order degeneration inside the do-
main was proved. In the positive part of the domain, the
considered equation coincided with the Aller equation,
which is a third-order hyperbolic equation. And in the
negative part of the domain, it coincided with a degen-
erate hyperbolic equation of the first kind. The unique-
ness of the solution of the studied problem was proved
by the Tricomi method.

In the work of D.K. Durdiev [9], direct and inverse
problems for a model mixed parabolic-hyperbolic equa-
tion were considered. In the direct problem, an analog of
the Tricomi problem for this equation with a characteris-
tic line of type change was considered. The unknown in
the inverse problem is the variable coefficient at the lower
term of the parabolic equation. For its determination with
respect to the solution defined in the parabolic part of the
domain, an integral overdetermination condition is giv-
en. Local theorems on the unique solvability of the posed
problems in the sense of a classical solution are proved.

The purpose of this work was to formulate and
investigate new well-posed boundary value problems
for third-order equations, when a mixed parabolic-hy-
perbolic operator is applied to a first-order differential
operator of a certain form. The questions of where and
what mandatory boundary conditions should be set for
a well-posed problem, the number of gluing conditions
on the line of change of the equation type, and what
methods should be used to solve the problem were un-
known beforehand, so they were determined during
the study of the problem.

Materials and Methods
Let ™™ means the class of functions having all con-
tinuous derivatives 0"*/dx"dy*(r=0,1,.., n; s=0,1,...,, m).
In this work, a boundary value problem is considered
where a mixed parabolic-hyperbolic operator is applied
to a linear first-order differential operator.
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Problem Statement. In the domain D, limit-
ed by line segments AC: x+y =0, CB: x-y=1, BB x=1,
B,A,:y=h, B/A: x=0(,h>0), the equation is considered:

L,L,u=0, 1
22
ﬁ——+cl(x ¥),y >0,
L= 92
ﬁ——+az(x Y)as +b 2(6,¥) 5 +cz(x ¥),y <0,
ou | du
L, = ox ' oy’

where a,(x, y), b,(x,y), ¢,(x,¥), c,(x, y) - given functions
satisfying the following smoothness conditions:

¢,(x,y)€C(D)), V(x,¥)ED: ¢,(x,y) <0,

a,(%,Y), 0,(%,5), a,,(%, ),
b,(%,), by (x,¥), b, (x, 9),c,(x, Y) EC(D,).  (2)

LetD,=Dn(y>0), D,=DnN(y<0). The characteris-
tic equation for equation (1) in the domain D, has the
form -(dy)? + (dy)*dx=0. Consequently, the line y = const
is a 2-fold characteristic, x-y = const a single character-
istic of equation (1) in the domain D,. The characteris-
tic equation for equation (1) in the domain D, has the
form -(dy)? + (dy)*dx + dy(dx)? - (dx)* = 0, which can be
written as (dx + dy)(dx - dy)? = 0. Consequently, the line
x-y=const is a 2-fold characteristic, and x +y = const a
single characteristic of equation (1) in the domain D,.
Thus, equation (1) in the domain D, belongs to the hy-
perbolic type, and in the domain D, - also hyperbolic
type. This fact means that equation (1) is a mixed-type
equation in the domain D, since when crossing the lines
y =0 the characteristics of equation (1) differ, which
affects the well-posedness of the problem. This pa-
per considers the formulation and investigation of the
well-posedness of the following problem.

Problem 1. It is required to determine the function
u(x, y) with the following properties:

1) u(x,y) € C(D)NC* (D) N[C** (D)W C*(D,)];
2) u(x, y) is a solution of equation (1) in the domain

D\ (y=0);

3) u(x, y) satisfies the following boundary conditions:

u(0,y)=¢,0), ullLy)=¢,(»), 0sy<h, (3)
u(0,y)=¢,0), u,(Ly)=¢,(), 0sy<h, (4)
- =0k < - (5)

where ¢,(y)(i=1,4), ¥(x) - given smooth functions, n -
inner normal, and:

@;(y) € C?[0,h](i = 1,2),9;(y) € C'[0,h]
G =34),%@ ec*|ol] (6)

—G>

@5(0)-9}(0) =-V21(0). (7)

From the statement of Problem 1, the following glu-
ing conditions follow:

u(x,—0) = u(x, +0) = 7(x),u, (x,—0) =
= uy(x, +0)=v(x)0<x <1,

Uyy (X, —0) = Uy, (x,+0) = u(x),0<x <1, (8)

where 7(x), v(x), u(x) - currently unknown functions.

By the method of reducing the order of equations,
Problem 1 is reduced to an analogue of the Tricomi
problem for a mixed parabolic-hyperbolic equation
with continuous gluing conditions with the line of
change of type y=0 in the following way. The solution
to Problem 1 was considered separately in each of the
domains. D, and D,. Equation (1) in the domain D, is
written as a system of equations:

7] 7]
oy =@y, (xy) €D,

9%v, aul

oz oy T c1(x,y)v; =0,(x,y) €Dy, 9)

and in the domain D, - in the form of:

9 a
Byl _u =v,(x,y),(x,y) € Dy,
2
vaz‘z a 2+ a,(x, Y) Y T (e avz

+C2(x:3’)vz - 0' (x,y) € D2' (10)
From the gluing condition (8) on the line y =0 the equal-
ities follow: v,(x, + 0) = T'(x) - v(x), v,(x,-0) = T'(x) - v(x).
Therefore, according to the first two conditions (8),
the equality holds: v,(x, -0) = v,(x, +0). By differen-
tiating the first equation of system (9) with respect
to y the equality is obtained: af’_a” Py _ = o),
Then at y = 0 taking into account the glumg condltlon
(8) the equality follows: & ”(";0) "2”(“0) ‘9”1(“0)
which can be written as: ""+’;+°) v (x) — #(x) Slmllarly,
from the first equation of system (10), the equality is
obtained: M =v'(x) - u(x). Consequently, according
to the second and third conditions of (8), the equali-
ty holds: 22822 — 22220 Thys, for functions v,(x, y)
and v,(x, y) the following gluing conditions hold
on the line y=0:

avl(x +0) dvy(x,—0)

oy

v, (x,40) =, (x,—-0) = v,(x), = u; (x),(11)
where v,(x) and u,(x) - currently unknown functions.
The functions v,(x) and u,(x) are related to the func-
tions t(x), v(x) and u(x) as follows:

v () = 7' () = v(x), () =v () —px) . (12)
Thus, the equations
Mt Gy =0,(y) €Dy, (13)

dx?
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0%v
% —2 + ay(x, y) +bz(x y)

+Cz(x:3’)vz - 0' (x'y) € DZ,

62v2
0x?
(14)

are related by the conjugation conditions (11). There-
fore, to determine the functions v,(x, y) and v,(x, y) the
following auxiliary problem was considered.

Problem 2. It is required to determine the function
v,(x,y) € C(El) n 0(51) NC*(Dy) and v,(x, y) € C(Bz) n
N C'(D,) N C*(D,), satisfying the following conditions:

1) v,(x, y) is a solution of equation (13) in the do-
main. D,, v,(x, ) is a solution of equation (14) in the
domain D,;

2) v,(x,y) satisfies the boundary conditions:

v,(0,0)=a ), v,(Ly)=¢,(v), 0<sy<l,  (15)
3) v,(x y) satisfies the boundary condition
v,(x x) = j(x), 0 sx<, (16)

4) v,(x,y) and uv,(x, y) satisfy the gluing conditions
(11), where ¢,(0) = 9,0) - 97), ,00) = @, (%) - P30),
P(x) = V29 (x).

To solve Problem 2, it is first necessary to find the
functions v,(x) and p,(x). To determine these functions,
relationships obtained from both domains are required
D,, as well as from the domain D,. To obtain a relation-
ship from the domain D, between v,(x) and y,(x) a lim-
iting transition from the equation is used (13) aty—+0,
and to obtain the second relationship between v, (x) and
U,(x). The general representation of the solution to the
Cauchy problem for equation (14), presented through
Riemann functions, is used [10].

Results and Discussion
First, Problem 2 was considered. To solve Problem 2, it
is necessary to obtain relationships derived from both
regions D,, and also from the domain D,.

Obtaining a relationship from the domain D,.
When tending towards y to +0 from equation (13), a
relationship between the functions follows. v,(x) and
U,(x), from equation (13), a relationship between the
functions follows. D,:

Vi) +c,(x, 0)v,(x) -1, (x)=0,0<x<1. 7
From the boundary conditions (15), the following con-
ditions are obtained:

v,(0)=¢,(0), v,(D) =,(0). (18)
If introduce the notation:
v,(x)=®,(0) +,£ [#,(0)- @, (0)] +v,(x), (19)

where v,(x) - a new unknown function, then from (17)
the relation is obtained:

vy (x)+c,(x, 0) v,(x) =, (x) + D, (x), 0<x<l, (20)
where @,(x) = -¢,(x, 0){¢,(0) + Ii [¢,(0) - ¢,(0)]}-
The boundary conditions are then of the form:

v,(0)=0,v,()) =0. (21

The following lemma holds.

Lemma 1. If the conditions are met: Vx € [0, []:
¢,(x, 0)=0, (22) then the homogeneous problem (20)-
(21) has only a trivial solution.

Proof. After multiplying the homogeneous equa-
tion vj(x) + ¢,(x, 0) v,(x) =0 at v,(x) and of integrating
the obtained relation from 0 to I taking into account the
homogeneous conditions (21) the equality holds:

1 n
I?Vz () [v2 (x) +c,(x, 0) v,(x)]dx =
= - V(12 + ¢, (x, 0) [v,(x)]}dx = 0.
Itisobviousthatifthe conditionismet(22),thenVx€[O0,/]:
v,(x) =0. Lemma 1 is proved. Solution of the inhomo-

geneous equation (20), satisfying the homogeneous
boundary conditions (21), has the form:

V,(x) = D, (x) + [oG(x, &) 11,(§)dE, 0<x<],

where ®,(x) = [,G(x, &) ®,(x)dx, G(x, &) - Green'’s func-
tion. Then equality (19) will be written as:

(22)

v,(0) = D(x) + [,G(x, &) 1, (O)d, 0<x<, (23)
where @(x) = ,(0) +3 [,(0) - ,(0)] + @,(x). Equality
(23) represents the relationship between functions
v,(x) and u,(x) obtained from the domain D,.

Obtaining a relationship from the domain D,.
For the hyperbolic equation (14) in the domain D,. The
Cauchy problem with conditions is considered:

U,(x, 0)=v,(x), v,,(x 0) =, (x), 0<x<], (24)

the solution of which is presented in the form:

1
U,(%,y) =5 [R(x,y; x+y, 0) vi(x +y) + R(x, y; X -, 0) x

X

xv,(x-Y)|+5 LJR,,(X 3§ 0)+by(£ 0) R(x,y; & 0)]v, ()
xdg-2 [ R06 5 € 0) uy(§)d, (25)

where R(x, y; & n) - Riemann function [11]. This func-
tion is defined as the solution to the Goursat problem
for the equation:

Ry-R,, - (a;R);- (bR, + c,R=0, (26)

satisfying the conditions:

L R(x,y;§,x+y—¢§) =
= exp {_Eff [ay(t,x +y—1t) + by(t,x +y — t)] dt},(27)

&

Journal of Osh State University. Mathematics. Physics. Technical Sciences. Vol. 4, No. 1



Boundary value problems for a mixed type equation of the 3rd order with variable coefficients...

R(x,y;§,{—x+y)=
—exp{ fs [a,(t,t —x +y) — by(t, t—x+y)]dt}(28)
R(x,y; x,y)=1. (29)

After using condition (16), equality (28) is written as:

R(x, —x; 2x, 0)v, (2x) = 2 (x) — R(x, —x; 0,0)v; (0) —
i} Ozx[Rn (x, —x;&,0) + by(&, 0)R(x, —x; &, 0)| v, (§)dé +
x 1
+I, RO E O (g0 x <5 (30)
Obviously, that Vx € [0,—1]: 0<2x<I Taking into account

that v,(0) = $(0), then from (30), upon substitution
2x=z and then z at x the relation is obtained:

R (g,—g;x,O) v (x) =
= —Jy [Ry (5.-%:6,0) + b, (&, OR (£,-%;£,0) |
xvy () + [T R (2,-2;6,0) iy (§)dg +
+2¢ (f) _R(E:_E;f,O)Iﬁ(O). (31)

Lemma 2. Vx € [0, [] the inequality holds:

(-

Proof. Let & = x - y. Then equality (28% will
take the form R(x,y;x -3y, 0)—exp{1fx_y aZ(t(i;f:iy) t}
If y =-x, then this equality will bé ‘writtén as
R(x,—x;2x,0) = exp {2 fxzx[a2 (t,t — 2x) — —b,(t,t — 2x)] dt} .When
replacing 2x to z, then z to x, the following relati-
on holds r (E - x, 0) = expg [elay(t,t —x) — by(t, t — x)] dty .
From this equallty, the va 1d1ty of inequality (32) fol-
lows. Lemma 2 is proved.

If take into account inequality (32) from Lemma 2,
then it follows from (31) that the relation between
functions v,(x) and u,(x), obtained from the domain D,,
is presented as:

v () = [ P (x, &) vy (O)dE +
+ [ Py (%, &) 1y (O)dE + 1y (),

;%,0) > 0. (32)

(33)

[~n(G-5:£0)+b2 . OR(G-5£0)]

where P, (x,&) =— R(f,—f;x,o)
P(wy) =R(3.-%:£0) _ [#B)-rGS00)p]
Ggee) M7 G

After inverting the Volterra part of equation (33),
the relation is obtained:

v, (x) = 1K, (%, &) p, (OdE+ ¥, (),

where K, (x, ) =P,(x, §)+LG(X t) P,(t &)dt, ¥, (x) =y, (x) +
+[1G(x, ) ¥, (O)dt, G(x, &) - resolvent of the kernel P, (x, &).
Equality (34) represents the relationship between the
functions v,(x) and p,(x), obtained from the domain D,.

-

(34)

Reduction of the problem to an integral equation.
After eliminating v,(x) From equations (23) and (34),
the following relationship is obtained:

Iy Ky (6, ©) i (9)dE = [ 6(x, )y (§)dE + W, (x) (35)

where ¥,(x) = @(x) - ¥,(x). After differentiating equa-
tion (35), the following equation is obtained:
Ky G )y () + [ K0, €) pu (§)d€ =
1 .
= Jy G (6, py (§)dE + W5 (x).
This is Vx € [0, []: K,(x, x) = P,(x, x) =1, then equation
(36) is written as:
() = [T (0, )] (§)dl§ +
I .
+Jy G (6, O (§)dS + ¥ (x).

(36)

(37)

After inverting the Volterra part of equation (37), a
Fredholm integral equation of the second kind is ob-
tained:

u,(¥) = W) + [iK(x, &) u,(§)dE,

where K(x, &) = G,(x, &) + [,R,(x, t) G (t, Hdt, ¥(x) =
= Yi(x) + [ R,(x, £) Wi(t)dt, and R,(x, t) - resolvent of
the kernel -K, (x, ). Let ||K||C(Q]— max |K(x, &)|, where
Q={(x,8):0=sx<,0<sé<} If:

(38)

[-1|Kll gy <1 (39)
then the integral equation (38) has a unique solu-
tion [12]. The solution of equation (38) can be repre-
sented as:
/

#,(x) = P(x) + [ (R(x, &) P(8)d8, (40)
where R(x, £) - resolvent of the kernel K(x, £). Then from
(23) is also determined v, (x):

v, (¥) = D00 + [ G, OW(E)dE +

I 1

+ [y G(x,§1)dé ) R(, )W (§)dS. (41)
Then the function v,(x, y), presented by formula
(25), is fully determined, since the functions v,(x)
and u,(x) are determined by formulas (40) and (41),
respectively.

Solution of the problem in the domain D,. In the
domain D,. The following problem is considered.

Problem 3. Find in the domain D, the solution of
equation (13), satisfying the conditions:

v,(0,Y)=@ (), v,(Ly) =3, (),
Os<sys<lLuv,(x 0)=v,(x),0=x<],

where v,(x) determined by the formula (41), and
v1(0)=,(0), v,() = ¢,(0)
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By the Green’s function method, the solution of
Problem 3 is reduced to solving a Volterra integral
equation of the second kind:

v,(69) =00 ) + [y NG y; & ) v,(& )dé, (42)

where (x, y; & 1) =-c,(§, n) Gx, y; & n), Glx, y; & n)=
= o ST exp [~ ] —exp [- 22D — Green'’s func-
tion 3], and v(x, ) = RGEGG 35 0, n) @(n)dn -
-16€(%,; L, m) @,(mdn + [,G(x, y; & 0) v,(£)dé - known
function. Since the kernel N(x, y; &, ) has a weak singular-
ity, therefore equation (42) has a unique solution, conse-
quently Problem 3 is uniquely solvable in the domain D,.
Problem 4. Find the solution to the equation in the
domain

a
2+ = 1y, (x,y), (%) €Dy,

(43)
satisfying conditions (3).

For solving Problem 4, a curvilinear integral of the
second kind was used. On the plane £On the domain
D, is divided into two regions: D, = D,, U D,,, where
D,y ={(§n): 0<&<l, §<n<l}, D1, ={(§n): 0<§<l, 0<n<g}.
In the domain D,, an arbitrary point is chosen M, (x, y)
and a straight line is drawn n = &-x +y through this
point, which is parallel to the bisector 1 = ¢ of the first
coordinate angle. This line intersects the y-axis at point
N,(0, y - x). Further, on the segment N,M, a curvilinear
integral of the second kind is applied to equation (43):

FTue@ & = x + ) +u, (6, € — x +y)] dE =
= [Fv,(&,& — x + y)d.

This is u (&, &-x+y)+u, (& &-x+y) =(% u(¢ &-x+y), then
after integrating the left side of the equality, taking into
account the first boundary condition (3), the following
relation holds:
u(x,y) = 9,(r-2) + [;0,(&, € x+)dE, (xy) €D, .

Similarly, in the domain D ,={(& n): 0<é<[,0<n<¢}
an arbitrary point is considered M,(x, y) and a line
n=£&-x+y, parallel to the bisector n=¢, which intersects
the line £=1at the point N, (], [-x+y). Next, a curvilinear
integral of the 2" kind from the equation is calculated
(43) on the segment M,N,:

fxl[ug(f,f —xl+ y)+u,(§&—x +y)] dé =
= [ u(EE—x+y)ds.

Hence, as in the previous case, the solution to Prob-
lem 1, satisfying the second boundary condition (3), is
determined as follows:

u(x,y) = @, (I-x+y) - [1v, (& &-x+y)d§, (x,y) €D,

Thus, the solution to Problem 2 is presented as:

ux,y) =
y—-x) +f0xv1(f,f —x+y)dé, (x,y) € Dy,

921 =X +) = [10,(6,€ = x + y) d§, (x,) € Dy,. (44)

It should be noted that the solution to problem 4 in the
field of D, may have a discontinuity of the first kind on
the line y = x. If compliance with the agreement condi-
tion is required

@,(D=p,(0) + [, (& OdE,

then u(x, y) € C(D,) from (44). The trace of the function
is defined on the segment AB:

(45)

1
T(x) = @,(I-x) - [, (& &-x)dE 0<x<L. (46)
Solving problems in the field of D,. In the domain
D, considering the following problem.
Problem 5. Find in the domain D, equation solution

ou ou

—+—=1,(x,¥),(x,y) €Dy,

ox ay (47)

satisfying the condition u(x, 0)=7(x), 0sx<l

Let M,(x, y). An arbitrary point of the region D,.
Through the point M,(x, y) the direct line is being built
n=¢&-x+y, which is parallel to the line CB: x-y=1. This
line intersects the x-axis at the point N,(x-y, 0). On the
line M,;N,={(x,y): x<&<x-y,n=&-x+y}. The line integral
of the second kind is applied to equation (47):

[ Tu& &-x+y) +u, (& E-x+y)|dE= [0, (& &-x+y)dE. (48)

Copsidering that u/$, §-x+y) +u(§ §-x+y) =

= a—u({, &-x+y), from equality (48), the solution to prob-

lem 5 is determined, representable in the form:
u(x,y) =t(x-y)- [ v,(& £-x+y)dé, (x,y) €D, (49)

Hence, the following theorem holds.

Theorem 1. Let the conditions be met (5), (6), (29),
(32) and (45). Then the solution to Problem 1 exists and
is unique. If condition (45) is not met, then the solution
to Problem 1 in the domain D, suffers discontinuities of
the first kind on the line y =x. Therefore, condition (45)
provides a sufficient condition for the continuity of the
desired solution along the line y=x.

Example 1. Let Vy € [0, h]: $,(/) = 0,() - 9}(/) =0,
$.00) = 9,07) - 93(v) = 0, Y(x) =-V2§p(x) = 0. Therefore,
vx€e[0,1]: 0,0) =0}, 0,00) =0 (¥), VXE[0,1]: Yy(x) =O.
Then problem 2 has a trivial solution, thatis V(x,y) €D;:
v,(% ) =0,V (x,y) €D,: v,(x,y) =0. From formula (44),
the solution of Problem 1 is determined in the form:

(y—x),0<x<y,0<y<h,
u(x,y)={<p1y y,0=y

(pz(l—x+y),y<xsl,OSySh.(SO)

Itis obvious that if ¢, (0) = @, (), then u(x, y) € C(D,). It fol-

lows from (50) that 7(x) = ¢,(I-x). Solution of Problem 1
in the domain D, is represented by the formula (49):

@
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ux,y)=t(x-y)=@,(l-x+y), (x,y) €D,

Thus, the existence and uniqueness of the solution
to Problem 1 for a third-order equation have been prov-
en, where a mixed parabolic-hyperbolic second-order
operator is applied to a first-order linear differential
operator. Various formulations of boundary value prob-
lems for a third-order equation with two independent
variables were considered in the work of B.I. Islomov &
0.Kh. Abdullaev [13], where the unique solvability of a
nonlocal problem with an integral gluing condition for
a third-order equation with a parabolic-hyperbolic op-
erator was proven.

This operator includes the Caputo fractional deriva-
tive and a nonlinear term involving the trace of the solu-
tion u(x, 0). Unlike this work, the equation under consid-
eration is a third-order equation in which a first-order
differential operator with coefficients a, b, and c acts on
a second-order parabolic-hyperbolic operator.

AN. Mironov [14] considered the third-order equa-
tion with a dominant partial derivative (Bianchi equa-
tions), providingthe formulationofthe Darboux problem
and the definition of the Riemann-Hadamard function.
Relying on the possibility of representing the Riemann
function explicitly for one class of third-order Bianchi
equations equivalent by function, sufficient conditions
on the coefficients of the Bianchi equation were pro-
posed to ensure the construction of the Riemann-Ha-
damard function in terms of hypergeometric functions.

In the work by Zh.A. Balkizov et al. [15], a bound-
ary value problem with displacement was studied for
a nonhomogeneous third-order parabolic-hyperbolic
type equation, where one of the boundary conditions is
given as a linear combination of the values of the sought
function on independent characteristics. The work es-
tablished necessary and sufficient conditions for the
existence and uniqueness of a regular solution to the
problem. It was shown that if the necessary conditions
on the given functions found in the work are violated,
the corresponding homogeneous problem has infinite-
ly many linearly independent solutions, and the set of
solutions to the corresponding nonhomogeneous prob-
lem may exist only under additional requirements on
the given functions.

In the work of R.Kh. Makaova [16], a mixed bound-
ary value problem was studied for a nonhomogeneous
third-order hyperbolic-type Aller equation. Using the
method of separation of variables, the theorem on exis-
tence and uniqueness of a regular solution was proven.
A representation of the Green’s function was obtained.
The explicit form of the regular solution to the problem
under study was written out.

AN. Mironov & A.P. Volkov [17] proved the exis-
tence and uniqueness of the solution to a boundary
value problem with conditions on one of the charac-
teristics and on a free line for a system of hyperbolic
equations with multiple characteristics. An analogue of

—GS

the Riemann-Hadamard method was developed for the
stated problem, and the definition of the Riemann-Ha-
damard matrix was given. The solution to the problem
was constructed in terms of the introduced Riemann-
Hadamard matrix.

AK. Urinov & K.S. Khalilov [18] formulated and
studied a nonclassical problem with an integral con-
dition for a third-order parabolic-hyperbolic equation.
The unique solvability of the posed problem was prov-
en using the method of integral equations. Moreover,
the posed problem was equivalently reduced to a prob-
lem for a second-order parabolic-hyperbolic equation
with an unknown right-hand side. In the study of this
latter problem, formulas for solving the Cauchy prob-
lem for a hyperbolic equation with a singular coeffi-
cient and a spectral parameter, as well as solutions of
the first boundary value problem for the parabolic Fou-
rier equation, were used.

In the article by O0.Kh. Abdullaev & TK. Yulda-
shev [19], the existence and uniqueness of solutions to
inverse problems with a nonlinear gluing condition for a
loaded parabolic-hyperbolic type equation were investi-
gated. The problem was reduced to the study of a nonlin-
ear Fredholm integral equation of the second kind. The
theorem on existence and uniqueness of the solution
was proved by the method of successive approximations.

0.M. Dzhokhadze et al. [20] studied a mixed problem
with Dirichlet and Poincaré boundary conditions for a
second-order hyperbolic equation and systems. In the
linear case, an explicit representation of the solution was
given, and questions of uniqueness and solvability of the
posed problem were also investigated depending on the
nature of the nonlinearities present in the system.

The work of A. Matchanova [21] is devoted to the solu-
tion of a local problem for a third-order parabolic-hyper-
bolic equation with a Caputo fractional derivative. The
considered problem includes the third boundary condi-
tion in the parabolic domain and a continuity condition
on the line y=0. The existence of the solution was prov-
en using the theory of Volterra-type integral equations.

A.l.Kozhanov & G.R. Ashurova [22] investigated the
well-posedness of inverse problems of determining,
together with the solution, a degenerate differential
equation with multiple characteristics and an unknown
coefficient defining the external influence (free term).
The nature of degeneracy in the studied equation, as
well as the form of the unknown coefficient, are deter-
mined by the time variable. For the studied problems,
theorems on the existence and uniqueness of regular
solutions having all generalised derivatives according
to S.L. Sobolev entering the equation are proven.

M.G. Beshtokov [23] considered initial-boundary
value problems for a fractional-order moisture transfer
equation with a nonlocal linear source and variable co-
efficients. Assuming the existence of a regular solution
for each of the considered first and third initial-bound-
ary value problems, an a priori estimate in differential
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form was obtained. Estimates in difference form and
convergence of the solution of each difference problem
were obtained. Numerical calculations illustrating the
obtained theoretical results were performed.

Yu.P. Apakov & A.A. Sopuev [24] proved the exis-
tence of a unique solution for nonlocal conjugation
problems in a rectangular domain for a third-order
partial differential equation, when for y> 0 the charac-
teristic equation has three multiple roots, and for y <0 it
has one simple and two multiple roots. Using the Green
function and the method of integral equations, the solu-
tion of the problems is equivalently reduced to the solu-
tion of a boundary value problem for the trace of the
sought function at y =0, and then to the solution of a
Fredholm integral equation of the second kind, the solv-
ability of which is proved by the method of successive
approximations. The solution of the problem for y >0
is constructed by the Green function method, and for
y <0 - by reducing the problem to a two-dimensional
Volterra integral equation of the second kind.

It should be noted that the cited works considered
various formulations of boundary value problems for a
third-order equation with two independent variables. In
the presentwork, one of the variants of the boundary val-
ue problem formulation for a third-order equation was
studied, where a mixed parabolic-hyperbolic second-or-
der operator with a line of type change is involved y=0,
is applied to a first-order linear differential operator.

Conclusions
The unique solvability of the main problem 1 for equa-
tion (1) is proved when the mixed parabolic-hyperbolic
operator is applied on the left to a first-order differential
operator. In solving problem 1, the method of reducing
the order of the equation was used, as a result of which
this problem is reduced to problem 2 (an analogue of
the Tricomi problem) for a second-order mixed par-

of the solution to problem 2, when the equation in the
domain D, belongs to the parabolic type, and in the
domain D, - of hyperbolic type. A key point in solving
Problem 2 was finding the trace of the sought function
and its derivative on the line y = 0. Next, the solution of
problem 2 was decomposed into solutions of the first
boundary value problem for equation (13) in the do-
main D,, and in the domain D, - to the solution of the
Cauchy problem for the hyperbolic type equation (14).
Then, problems 4 and 5 were considered. The peculi-
arity of the solution to problem 4 was that on the line
y=x the domain D,. The sought solution undergoes a
first kind discontinuity. Therefore, it is additionally re-
quired to satisfy the continuity condition of the sought
solution along the line y =x, as a result, the continuity
of the function u(x, y), as the solution of problem 4 in
the domain D, is provided. When the coefficients at the
lower-order terms of the equation are absent, the con-
tinuity of the solution is ensured by the fulfillment of
the compatibility condition: ¢,(0) = ¢,(]). Thus, the set
goal in solving the main problem 1 has been achieved.
The indicated research method is also applicable if the
gluing conditions have first-kind discontinuities on the
line of type change.

It should also be noted that there is a need to study,
in the direction of this research topic, the case when the
line of change of the type of the equation is a line x=0
since in this case, unlike in the present study, this line
is not a characteristic of either the parabolic or the hy-
perbolic equation.
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Y4YyH4YYy TapTUOTEry apajiall TANTETH 63repMeJiyy
K03¢PULHEeHTTEepPH Gap TEHAEMeE YYYH YeK apasiblK Macesiesep

Anaxumskan ComyeB
dunsmka-maTeMaTmka UNMMOEPUHMH QOKTOPY, Mpodeccopy
Ow MaMneKkeTTUK YHUBEPCUTETHU
723500, J1leHuH keu., 331, Ow w., Kbipreiz Pecniybnukacsl
https://orcid.org/0009-0008-8530-6629
bakrbioex Hypanos
YnyK oKyTyyuycy
Ow MaMneKkeTTUK YHUBEPCUTETH

723500, J1leHuH keu., 331, Ow w., Kbiproid Pecniybnukacsl
https://orcid.org/0009-0003-4120-8780

AHHOTANUA. ToMeHKY MyueJ/iepy e3repMmesyy koapduipeHTTEp 60r0OH YYYHUY TAaPTUIITErW apajall TUIITErHd
TeHJeMe Y4yH OYHKUUSHBIH ©3YHYH >KaHa aHbIH OUMPUHYM KaHA 3KHMHYM TApTUNTErH TYYHAyJapbl YYYH
TeH/J|IeMEeHUH TYPY 63repe TypraH y =0 cbI3bIrbIH/IA }KaObILIITHIPYY MAPTTAapbl OPYH aJraH YYypAarel 4eK apaJiblk
MacCeJIeHMH 4Ye4YHMMHWHHH 6ap SKEeHAHWTH KaHa »KaJIrbI3AbITbl OAaJWUJIJEHIE€H. ByJI MaceJsie 3KMHYU TapTUIITEru
apaJia napaboJiablK-runep6osasablK ornepaTop GUPUHYM TAPTUIITETH TYPAKTYy KO3QPUIMEHTTYY ChI3BIKTYY
nuddepeHnanAbIK ONepaTopro KOJJOHYJIraH y4dyypAa Kapasar. TeHJeMeHUH TapTUOUH TOMOHJOTYY KOJIY
MeHEeH Kapaslblll )KaTKaH Macese QYHKIUAHbIH 63YH >KaHa aHbIH OMPHUHYU TapTUIITETH TYYH/YCYH TeHJeMeHUH
TYpy e3repe TypraH y = 0 CbI3bITbIH/A >KaObILITBIPYy LIapTTapbl MeHeH 3KWHYM TapTUITErd apaJsiaul
napaboJiabIK-TUIIEPOOJIAIBIK TEHAeMe YUyH TpUKOMH MacesiecHe KeJTHpuaeT. 06/1acTTapAblH MapaboJiaabiK
’KaHa TUIepbosialiblK GOJIYKTOPYHOH aJIbIHTaH TeHJeMeJiep CHUCTEMAchblH KOKY bIKMAachl MEHEH MaceJIeHUH
YEeYUWJIMIINU 3KHWHYU Typaery CDpearom:mayH HHTEerpajablKk TeHAEeMEeCHUHUH 4Ye4YHJIYY4YJYTYHO KeJITUPUJIET.
I/IHTeraJI,E[bIK TEeHAeMEeHHWH Ye4YUJIMIIU YIYH XEeTHUIITYY IapT TeHAEeMEeHHWH AAPOCYH 6aaJioo APKbLJIYY aJIBIHAT.
MacesieHH Yeuyyy Kapasiblll )KaTKaH aliMaKTap/a 3KU MaceJiere 66/yHOT: aUMaKTbIH napa6oJiajiblK 6eJYTYH/e
KbUIYYJIYK TeHAEeMeCH Y4YH 6I/IpI/IH‘-II/I YeK apaJibIK MaceJie FpI/IH d)yHKLU/IHCbI bIKMaCbl ME€HEH 4bITapbl/IaT, aJl
OMU TEHAEMEHHWH MYHO631664Y CbI3bIKTAaphbl KaHa ) = 0 chI3BIrBI MEHEH YeKTeJITeH aMMaKTa I‘I/Il'IepGOJIaJII)IK
TeHJeMe y4yH PuMaH/bIH QYHKLHUSACBIH Kypyy bIKMacbl MEHeH MaceseHH 4edyy Kouium macesiecMH 4edyyre
aJIbIIl KeJIMHET. HﬁpH CbI3BIKTYY UHTErpasi/ibl KOJIJOHYY MEHEH KapaJibIll )XaTKaH aﬁMaKTapAaI‘bI MacCeJIEeHUH
yeyuMHU TabbliraH. TeHJeMeHUH TYpPYHYH ¥ =0 63repyy ChI3bITbIH/a QYHKIMSHBIH 63YHYH KaHa aHbIH OUPUHYH
’KaHa 3KMHYM TApPTUITErW TYYHAYJAPbIHBIH Y3TYJTYKCY3AYTYH Tasall KbLIyy 3apblLIYbLIbITBl HETU3JEJITeH.
Yek apaJiblK MaceJeCUHUH KJIAaCCUKaJIbIK YeYMMHUHUH >Kallallbl YYYH KeTHULITYY WapTTap Tabblirad. KpaeBas
MacCeJIEeHWH Ye4YUJIMII IMapTTapbl a3poruApoJJHHaMHUKa, reod)mmca KaHa MHXEHEePpAUK KbUIYYJIYK TE€XHUKAChI
TapMarbIHAArbl KOJIZIOHMOJIYK Macesiesiepiu CaHAbIK bIKMaJiap MEHEH Y€4YYHYH T€OPHUAJIbIK HETU3UH TY36T

Hermsru ce310p: YeyHMAWH >Kallallbl; YEeYUMAWH JKaITBI3ALITH;; [pUHAMH OQYHKUUACH; PuMaH/bIH
YHKIUSACH; MHTETPAIABIK TEHAEME; TAPTUOUH TOMOH/IOTYY METOAY
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KpaeBble 3aa4¥ /151 ypaBHEHH S CMELIAHHOT0 THNA 3-ro NopsjKa
C IepeMeHHbIMU KO3ppUuueHTaMu

Apaxumskan ConyeB
LloKTop h13nKo-MaTeMaTMUECKMX HayK, Npodeccop
OWCKMiA rocynapCTBEHHbIN yHUBEpCUTET
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AHHOTANMA. /loka3blBaeTcsl CyLIeCTBOBAaHME U €MHCTBEHHOCTb pelleHHs] KpaeBOM 3a/iaud [iJisl ypaBHEHUs
CMEIIaHHOI0 THUIA TPeThEro Mopsi/iKa C epeMeHHbIMU K03dPUIMeHTaMU NMPY MJIAJIIINX YJeHax C YCIOBUSMU
CKJIeMBaHUA caMOM QYHKLHUU U e€ MPOU3BOJHBIX NEPBOTO M BTOPOro MOPSJKOB Ha JIMHUM Y = 0 U3MeHeHus
THUIIA ypaBHEHMs, KOIJla CMellaHHbIA Mapa6oJio-runepboiMyeckuil ornepaTop BTOPOro Mopsi/ika NMpHUMeHsIeTcs K
JIMHeltHOMY auddepeHNaTbHOMY ONepaTopy MepBOro nopsi/ika ¢ MOCTOSTHHBIMU Koadduimentamu. MeTosom
MOHWKEHM NOpPsi/iKa YpaBHEHHs 33/lada CBOAUIIACH K 3a/iaye TpUKOMU /1/1s1 ypaBHEHHUs CMeIlaHHOro napabosio-
runep6oM4ecKoro TUIA BTOPOTro MOpPsiiKa C HENpPepbIBHBIMU YCJAOBUSMH CKJIEHMBAHUS CaMOM QYyHKIHUHU U eé
MIPOU3BOJHOM MepBOro MopsiZika 1o y Ha JUHUU W3MEHEHUs THUIA ypaBHEHUsS. MeToJ0M UCK/IIOUYEHUs] CUCTEMBI
ypaBHEHUH, MOJyYeHHbIX W3 MapabOJMYecKON U TUIEPOOJUYeCKOM 4YacTh 06JacTed, pa3peliuMoCTb 33Jadyu
CBOJIMJIACh K Pa3pelIMMOCTH WHTEerpajbHOro ypaBHeHUs Ppexrosbma BTOporo poza. IlosydeHo gocTaTodHoe
yCJOBHE pa3peliuMOCTH HHTErpa/ibHOTO YpaBHEHHsI uyepe3 OLlEHKU fJipa ypaBHeHUs. Perienue 3azauu
pacLenJIsI0Ch Ha IBe 33/1a4H B pacCMaTpPHUBaeMbIX 06JIaCTAX: B 1apabonyecKol 4acTH 06/1aCTH MeTO0M QYHKLIUU
['prHa pelasiack nmepBasi KpaeBasi 3a/iaya [iJisl YpaBHEHHUsI TEIJIONPOBOJHOCTH, a B IMIEPOOIMYECKON 4YacTH
06J1aCTH, OrpaHUYeHHasl XapaKTepUCTUKAaMU ypaBHEeHUs U JMHUeEH y = 0, pellleHUe 3a/ja4l METO/I0OM IIOCTPOEHUS
¢dyHkuuy PuMaHa onpe/iesisiiach Kak penieHue 3a1a4u Koy, [IpyMeHeHeM KpHBOJIMHEHOT 0 MHTeTpaJia HaljeHo
pellleHHe 33/la4y B pacCMaTpUBaeMbIX 06J1acTsaxX. 060CHOBbIBa/IaCh HEOOXOAUMOCTb TPe6GOBAHNS HEPEPBIBHOCTU
caMoi QYHKIMU U eé MepBbIX ABYX NMPOU3BOJHBIX 110 y HA JIMHUU U3MEHEHHUs THUIA ypaBHEHMs. YCTaHOBJIEHBI
JlOCTaTO4YHbIe YCI0BUSA AJI OJHO3HAYHOU KJIACCUYECKOM paspellMMOCTHU KpaeBoW 3aaui. [losydeHHble yca0BUs
pa3pelmiMMoCTH KpaeBOHM 3a/laud 00ecreyuid TEeOPeTHUYECKYyH OCHOBY JJis1 pa3pabOTKH YHCIEHHBIX METO/0B
pellleHUs IPUKJIAJHbIX 33/]a4 B a3pOTHU/IPOIMHAMUKE, TeopU3HKe U UHKEHEPHOU TENJIOTEXHUKE

KiaoueBbie ciioBa: CyleCTBOBaHue;, e JHUHCTBEHHOCTDb; CIZ)YHKLU/IH FpI/IHa; CI)YHKLU/IH PumaHa; HHTEerpasibHOe
YpaBHE€HHE€; MEeTOJ NIOHWXKEHUSA MOPAAKA
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Abstract. The study of solutions to singularly perturbed problems remains relevant, as many mathematical models
in technical and natural sciences are described by such differential equations. Despite existing research, there remains
aneed for a more in-depth analysis and further study of the in-fluence of small perturbations on the phenomenon of
delayed loss of stability. The aim of this study was to examine the influence of a small perturbation on the phenomenon
of delayed loss of stability, as well as to justify the limit transition confirming the convergence of solutions of the
perturbed and unperturbed problems. To achieve this goal, analytical methods were employed, including the
level lines method and methods for selecting descending integration paths, which made it possible to rigorously
substantiate the limit transitions between the perturbed and unper-turbed problems. The study established that in
the absence of a small perturbation, the phenomenon of delayed loss of stability persists regardless of the location of
the zeros of the eigenvalues whether on the real axis or in the complex plane. In the presence of a small perturbation,
the situation changes: if the eigenvalues have zeros on the real axis, the delay phenomenon does not occur. However,
if the zeros are located in the complex plane, the delay is observed only over a limited time interval. In the case where
the eigenvalues have poles, the small perturbation does not affect the presence of the phenomenon persists in all
cases. Thus, the influence of a small perturbation on the delayed loss of stability depends significantly on the nature
of the eigenvalues. It was also substantiated that, under certain conditions on the small perturbation, convergence of
solutions is ensured when transitioning from the perturbed problem to the unperturbed one. The results of the study
provide a justification for the existence and nature of delayed loss of stability in broader functional spaces, which is
important for applied problems in modelling unstable processes
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Introduction

The phenomenon of delayed loss of stability plays an
important role in the theory of singularly perturbed
first-order differential equations during changes in sta-
bility conditions. The stable and unstable intervals of
the solution to singularly perturbed first-order differ-
ential equations are determined by the real parts of the
eigenvalues. The identification of the negative interval
of the real part of the eigenvalue integral justifies the
emergence of the phenomenon of delayed loss of sta-
bility. Such a case occurs when the zeros of the eigen-
values lie in the complex plane. When they lie on the
real line, the question arises about the presence of the
extended loss of stability effect and the nature of the
system'’s response to small perturbations. Given the in-
sufficient degree of study of such cases, the presented
research is of high relevance.

When the limit equation has turning points, the
work of A.G. Eliseev [1] studied the construction of an
asymptotic solution of the linear Cauchy problem with
a weak turning point of the limit operator using the Lo-
mov regularisation method. The main singularities of
this problem are presented in explicit form. Estimates
in terms of € are provided, describing the behaviour of
the singularities as € = 0. Asymptotic convergence of
the regularised series has been proven. The obtained
results are illustrated by an example. Small perturba-
tions and the case of stability change are not consid-
ered in this work.

In the work of P. Kaklamanos et al. [2], an auton-
omous singularly perturbed system with two fast and
one slow variable was considered, in which the lineari-
sation of the fast variable subsystems has intersecting
or closely spaced eigenvalues. It has been shown that
such a spectral structure leads to the emergence of the
delayed loss of stability effect, where the system’s tra-
jectory remains near an unstable equilibrium longer
than expected. The authors proposed generalised en-
try-exit relations formulas that allow for a quantitative
description of the nature and duration of this delayed
transition, including the influence of eigenvalue cross-
ings on the geometry of the phase space.

Sometimes, when the zeros of the eigenvalues lie on
therealline, itis possible to determine stable and unsta-
ble intervals, but the integral taken over the eigenvalues
does not allow for the determination of a stable inter-
val. In this case, the point of stability condition change
is chosen as the initial point, which allows for the de-
termination of a stable region for conducting the study:.
A.A. Akmatov et al. [3] noted this case in their work.

S.K. Karimov et al. [4] studied the case when the
zeros of the eigenvalues lie on the real axis and small
perturbations are present. Here, the eigenvalues satisfy
all the conditions for determining stable and unstable
intervals. Moreover, on the complex plane, the lines
passing through the points of stability change divide
the region into four parts. The choice of a descending

integration path connecting the initial and final points
within the solution domain of the problem is accom-
panied by certain difficulties. These difficulties are re-
solved by means of parallel lines, which are well known
in projective geometry. However, in this case, there are
certain nuances that require explanation. Moreover, it
does not fully cover the influence of a small perturba-
tion on the solution of the singular problem.

In the work of A.G. Eliseev [5], based on the regu-
larisation method of S.A. Lomov, an asymptotic solu-
tion of the singularly perturbed Cauchy problem for a
parabolic equation with the presence of a strong turn-
ing point is constructed. The regularisation method
allows obtaining a uniform asymptotic solution of the
problem on the entire real axis. The idea of the work
is based on previously developed methods for solving
the singularly perturbed Cauchy problem in the case
of a simple turning point of the limiting operator with
a natural exponent. However, the case of a singularly
perturbed problem with a small perturbation is not
considered in this work.

It is known that the zeros of eigenvalues located
on the complex plane determine the delay time and the
occurrence of the phenomenon of delayed loss of sta-
bility. A similar effect was also considered in the con-
text of the FitzHugh-Nagumo model, where a delay in
the transition from the steady state to the oscillatory
regime is observed during a slow passage through the
Hopf bifurcation point. As shown in one of the studies
by S.M. Baer et al. [6], the system enters oscillations at a
parameter value significantly exceeding the critical one,
indicating the presence of memory and delay effects
not accounted for in the classical bifurcation analysis.

M.N. Nurmatova [7] studied the case when the ei-
genvalues were complex conjugates, which means that
the zeros of the eigenvalues belong to the complex
plane. One of the features of the study is the change in
the zeros of the eigenvalues, which, in turn, leads to a
change in the delay time. Only the smallest zeros of the
eigenvalues affect the obtained estimate. A small per-
turbation is present, and the eigenvalues are complex
conjugates, which indicates the existence of the phe-
nomenon of delayed loss of stability.

The aim of the study was to investigate the influence
of a small perturbation on the behaviour of the solu-
tions of the problem, as well as to examine its effect on
the phenomenon of delayed loss of stability. An impor-
tant aspect of the work was the justification of the limit-
ing transition, which confirmed the convergence of the
solutions of the perturbed and unperturbed problems.

Materials and Methods
Within the framework of the study, the problem of ana-
lysing the characteristics of solutions to singularly per-
turbed differential equations of the following form was
considered:

o
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ex'(t, e)=a(t)x(t, €) +[f[t) +g(¢ x)], ()
x(0, &) =x°(¢), [x°(e)| = O(e), (2)

where 0 <¢ - is a small parameter, g(t, x(¢, €)) - is an an-
alytic function of two variables, t € T is a finite or infinite
domain. For example, g(¢, x(t, €)) may turn out to be pol-
ynomials in the variable x with analytic coefficients on
the domain T.

Definition. The expression &f(t), where 0 <¢ is a
small parameter, is called a small perturbation.

The unperturbed equation a(t) X(t, 0) =0 has the
zero solution X(t) = 0. In the course of the study, it is
necessary to prove the limiting equality:

lirrol x(t €)=X(t),as teT. 3)
E—

Let the following conditions be satisfied:

) &f(t) =0 and a(t) = a(t) or a(t) = a(t) +if(t).
1) ef(£) #0 and a(t) = a(t) or a(t) = a(t) +iB(t).

Here a(t) = a(t), defines the stable and unstable
intervals of the eigenvalues, indicating the transition
point from stability to instability. By analysing the real
part of the eigenvalue a(t) = a(t) +if(t) and solving it
as an equation, one can determine the stable and un-
stable intervals, as well as the transition points from
stability to instability.

To analyse the stable interval on the numerical axis,
the method of integration over eigenvalues, previously
determined on stable and unstable intervals, was ap-
plied. This point was one of the main conditions of the
problem solution study. At the next stage, the method
of Lagrange variation was applied to obtain an analyti-
cal representation of the solutions of problems (1) and
(2). This method allowed expressing the solution in an
integral form suitable for subsequent estimation and
theoretical analysis within the framework of the posed
problem. To estimate the solution presented in analyti-
cal form, a descending integration method was chosen.
Accordingly, the level set method [8] or the stationary
phase method [9], or simply an appropriate descending
integration method, were used. Within the framework
of the study of boundary layers, the method [10] relat-
ed to the investigation of transition curves was applied.

The obtained analytical expression was solved us-
ing the method of successive approximations, tradition-
ally applied in the theory of differential equations. The
choice of this method was determined by its ability to
provide the construction of an approximate solution
with the subsequent possibility of obtaining an exact
estimate. Majorant series were used to demonstrate the
convergence of the obtained estimates. This, in turn,
facilitated the process of achieving the corresponding
convergence of the estimates.

At the next stage, it was planned to prove the
uniqueness of the solution by the method of contradic-
tion. However, this step was not carried out within the

framework of the work, as it was reduced to standard
formal procedures. Nevertheless, the structure of the
study was maintained in accordance with the generally
accepted approach.

Results and Discussion

Let condition I be satisfied. However, its fulfillment did
not eliminate the necessity of solving the differential
equation using the Lagrange method, since the prob-
lems defined by equalities (1) and (2) were nonlinear.
Thus, in accordance with the Lagrange method, a ho-
mogeneous approximation was identified, correspond-
ing to the singularly perturbed first-order ordinary dif-
ferential equation given in equality (1). Then:

8%?8) =a(t)x(t, ).

By separating the variables and integrating, the gener-
al solution was obtained: x(t, &) = Cexp é ft:) a(s)ds),
where C - is an arbitrary constant. Now, by varying C,
taking the value C = C(¢t). As a result, the following was
obtained:

x@@=C@aweﬁﬂ@Mﬁ

Substituting the derivative x'(¢, €) and the function x(t, €)
itself into equality (1), performing some transforma-
tions, the following was obtained:

x(t, €) = x°(e)x
X exp Gf; a(s) ds)+ ftto g(t,x(t,€)) exp Gfrt a(s)ds) dr. (4)

The integral problem defined by equality (4) was
solved using the method of successive approxima-
tions. This method simplifies calculations, takes into
account small perturbations, and constructs an as-
ymptotic approximation of the perturbed problem’s
solution to the solution of the corresponding unper-
turbed problem. The successive approximations were
defined as follows:

X,(t, €)=0,
x1(t, &) = x°(e) exp G ftz a(s)ds)
x,(t, &) = x°(e) exp G f; a(s)ds) N
+f ; g, x,(t,€)) exp e f: a(s) ds) dt

x,(t, &) = x°(e) exp G ftto a(s)ds) +
+ i 90 () exp (L f a(s)ds ) dr
(n=0,1,2,.).

The unperturbed equation had the zero solution
X(t) = 0. The initial point belonged to the stable seg-
ment, therefore, according to the stability criterion, was
chosen |x(t,, €)| = |x°(e)| = O(¢). The study was conduct-
ed in the complex plane. Then:

@
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u(t, t,) =Ref""“a(s)ds,
9(t,, t,)=Imf; " a(s)ds,

where t,, t, € R. The solutions of problems (1) and (2)
were studied in the domain T={(¢; t,): u(t, t,) <0},
which was defined by the function u(t,, t,). From equal-
ity (4), the following notation was introduced:

A(t, &) = x°(e) exp G ftto a(s)ds)
and I(t, &) = ftto g(t,x(t,€)) exp G th a(s)ds) dr.

In the domain T, the estimate of the absolute value
|A(t, )] = |x°(s) exp G ftz a(s)ds)| = 0(¢), turned out to be
valid. This estimate held due to the absolute value of
the initial problem |[x(t,, €)| = |x,(€)| = O(¢).

The zeros of the function defined by the integral of
the eigenvalues in the complex plane determined the
lines. These lines, in turn, marked the boundaries of
the domains under study in the complex plane, within
which problems (1) and (2) were solved. A boundary
layer was formed in a sufficiently small neighbourhood
of these boundaries. In this layer, the estimates defined
by the function A(t, €) became significant. However,
since the initial point was chosen within a stable inter-
val, taking into account the condition |x°(¢)| = O(¢g), an
estimate could be obtained.

To estimate the function I(t, €), integration paths
were chosen in the domain T. In order for the succes-
sive approximations to remain bounded, it was neces-
sary to satisfy the condition u(t,, t,) - u(tr,, 7,) <0, that
is, the integration paths had to be descending from the
initial point to the final one. As a result, the first approx-
imation was determined by the estimate |A(t, €)|, and
then for all the (¢t;; ¢,) € T following estimate held:

X, (¢ €)| < C5(e), (5)

where C is an arbitrary constant.

The function I(¢t, €) had values except within the
boundary layers. Therefore, it was necessary to follow a
descending path of integration. For §(¢), the statement
held true e=0(6(¢)), provided that ¢ tended to zero. The
remaining approximations were determined by the es-
timate of the function I(¢, €) in the domain T. A majorant
expression in the form of a series was constructed, cor-
responding to the difference:

XX, (6 ) -x,,4 (8 €)]. (6)

The convergence of successive approximations was
studied. Subsequently, positive constants that did not
play a significant role in the reasoning were denoted by
the same letter C. It is assumed that the following con-
dition was satisfied:

l9(t, x)-g(t, )| <plx-%], (7

where 0 < - is a certain constant. Then:

-

Xt &) — x,(t,€) = [[g(z, x,(z, €))] exp Gf; a(s)ds) dr.

The absolute value was determined as follows:

u(tl'tz)—u(‘l’p‘rz)) .

lx,(t &) —x, (L, ) < ﬁfllxl(t, )| exp( .
-ldel < peve [ exp (M2 - | < (Co())*.

The corresponding estimate was obtained

|x,(t, €) -x, (¢, €)| < (Cy())* (8)

The following expression then took place:
|x,(t €)-x,.,(t €)= (Cs(e)),(n=1, 2,...).

The proof of the uniqueness of the solution was
carried out similarly to that performed in the work of
L.S. Pontryagin & E.F. Mishchenko [11]. The following
theorem holds true.

Theorem 1. In the domain T, the problem (1), (2)
has a unique solution x(t, €), representable in the form
x(t, &)=Y [x,(t €)-x,,(t €)], and on T the estimate
|x,(t €)-x,.,(t €)| < (Cs(e))", (n=1, 2,..) holds, where 0<C
is a constant number.

Let condition II be satisfied. In this case, the choice
of the initial point, the determination of stable and un-
stable intervals, as well as the definition of the domain
T for solving problem (1), (2), were carried out in full
analogy with case I. The problem (1), (2) in this case
was also solved using the Lagrange variation method.
Without repeating the steps carried out in section I,
by incorporating the features of this case, when the
function f(t) was nonzero, the solution could be writ-
ten as follows:

x(t, &) = x%(e) exp G ftz a(s)ds) +
1 pt
+ f;)[f(r) +g(t,x)] exp (;fr a(s)ds) dr. (9)
The problem posed in (9) was again solved using
the method of successive approximations. The succes-
sive approximation was written for the case when the

function f(t) was nonzero. Thus, the following expres-
sion was obtained:

X,(t €)=0,

x,(t, &) = x°(e) exp (i ftz a(s)ds) +
+ f; f(@) exp G f: a(s)ds) dr,
x,(t, &) = x°(e) exp G ftto a(s)ds) +
+ fti, g(t,x,(t,€)) exp G f: a(s)ds) dr,

x,(t, &) = x°(e) exp (i ftto a(s)ds) +
+ ftt; 9T xn_1(7,€)) exp (i f,: a(s)ds) dr,

(n=0,1,2,.).
In this case, since the function f(t), which defines
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the nonhomogeneous part, was nonzero, the integra-
tion path at the first approximation was chosen so that
it decreased from the initial point to the endpoint t. As
a result, a value was obtained that represented an in-
finitesimal of a lower order compared to the estimate
given in Theorem 1 and depended on the special points
of the eigenvalues. Thus, in the domain T, the following
estimate was obtained:

|x,(t, €)= Cy(e), (10)
where C is an arbitrary constant. As can be seen, the
estimate y(¢), defined by equation (10), tended to zero
as the small parameter approached zero. However, the
order of this convergence was lower than the order of
the estimate in Theorem 1. This is because in that case,
the first approximation was determined by the function
A(t, €), whereas here it was determined by the func-
tion x(¢, €). Since the solution x(¢, €) included a nonho-
mogeneous part, the special points of the eigenvalues
influenced the order of the solution estimate. For this
reason, the equality e=0(y(¢)) held true as the small pa-
rameter tended to zero.

To prove the convergence of the estimates obtained
through successive approximations, the majorant se-
ries (6) was also used in this case. Accordingly, assum-
ing the fulfillment of the equality condition (7), and
generally taking absolute values, the following estimate
was obtained:

I%,(t €)-x,., (6, &) S (CYE)Y, (n=1, 2,..).

The uniqueness of the solution was proved similar-
ly to Theorem 1. The following theorem holds.

Theorem 2. In the domain T, the problem (1), (2)
had a unique solution x(t, €) representable in the form
x(t, &) = Yp—qlxn(t,€) —x,_1(t,€)], and the esti-
mate |x,(t, €)-x,,(t €)| < (Cy(e))", (n=1, 2,..) was valid
on T, where 0 < Cis a constant number.

The first theorem was studied in the absence of
small perturbations and proved that the phenomenon
of delayed loss of stability occurred independently of
the singular points of the eigenvalues. The second the-
orem proved that this phenomenon took place when
the singular points of the eigenvalues were located in
the complex plane.

In their work, the authors S.F. Iglesias & S. Mirrahi-
mi[12] studied the asymptotic behaviour of solutions of
a Lotka-Volterra type parabolic equation with a period-
ically varying growth coefficient and nonlocal competi-
tion. It has been proven that, at large times, the solution
converges to a unique periodic solution. At small muta-
tions, the solution concentrates in the form of a single
delta function, and the population size changes peri-
odically over time. Moreover, using methods from the
theory of Hamilton-Jacobi equations with constraints, a
detailed asymptotic characterisation of such behaviour

was obtained. For small but nonzero values of muta-
tions, formal approximations of the moments of the
population distribution were proposed, which makes it
possible to describe the dynamics of its evolution more
accurately. The authors also demonstrated how the ob-
tained results can be applied to interpret and predict
biological experiments, confirming the significance of
mathematical modelling in studying the adaptation of
populations in changing environments.

The authors D.A. Tursunov & G.A. Omaralieva [13]
considered the Cauchy problem for a first-order ordi-
nary differential equation with a small parameter at the
derivative and a singularity at the initial point. A suffi-
cient condition was found, the fulfillment of which leads
to the appearance of an intermediate boundary layer in
the singularly perturbed problem described by first-or-
der ordinary differential equations. Using the modified
boundary function method, a complete asymptotic ex-
pansion of the solution in the form of a series in the
Erdélyi sense was constructed. The obtained expansion
was justified, that is, an appropriate estimate was ob-
tained for the remainder term. The study is devoted to
the investigation of the boundary layer structure, for
which necessary estimates were also obtained.

In the work of A.S. Ryabenko [14], a study was con-
ducted on problems of evolutionary differential equa-
tions with a complex parameter. Of special interest
was the behaviour of their solutions for large values
of time, as it demonstrated their evolution. A homoge-
neous ordinary differential equation with a variable
coefficient and a complex parameter was considered,
to the study of which a wide class of problems of evolu-
tionary differential equations could be reduced. Unlike
the considered work, the parameter was complex and
was not associated with the highest derivative, which
affected the structure and behaviour of the solutions of
this differential equation.

In the article by V.I. Uskov [15], the Cauchy prob-
lem for a first-order differential equation in a Banach
space was considered, containing a small parame-
ter at the highest derivative and an operator term of
Fredholm type on the right-hand side. The relevance
of the problem associated with a small parameter
at the highest derivative is due to the need to model
various physical processes, such as the behaviour of
viscous flow, deformations of thin plates and shells,
as well as supersonic flow around blunt bodies. The
existence of a boundary layer has been identified in
the work, which significantly affects the solution even
under small perturbations. The asymptotic expansion
of the solution is constructed using the Vasilieva-Vi-
shik-Lyusternik method in the form of a power series
in the small parameter, and its validity is confirmed
by mathematical justification. The regular part of the
decomposition is formed by means of the equation
decomposition method, which involves a sequential
reduction of the problem’s dimensionality.

.
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K.G. Kozhobekov et al. [16] constructed a uniform
asymptotic expansion of the solution to the first bound-
ary value problem for a singularly perturbed second-or-
der parabolic equation. The Vishik-Lusternik method
is used, as well as the maximum principle and meth-
ods of integrating ordinary differential equations. The
solution is presented as the sum of the outer solution
and several boundary layers that exponentially decay
outside these layers. The remainder term is estimated,
which confirms the asymptotic nature of the expansion.

The authors J. Penalva et al. [17] studied the phe-
nomenon of delay of loss of stability in an autonomous
fast-slow system with a piecewise-linear structure and
a slowly varying parameter. It is shown that when the
eigenvalues of the fast variables cross or approach each
other, a delayed Hopf bifurcation occurs, known as the
“way-in/way-out” effect. The authors presented the
conditions for the occurrence of this phenomenon and
described the so-called entry-exit functions, which de-
pend on the initial conditions and the duration of the
delay. Applied to a neuronal model (elliptic bursting), it
is shown that these mechanisms are robustly realised
even in simple piecewise-linear systems.

In the work by ].T. Zhusubaliyev et al. [18], a study
was conducted on the bifurcation structure related to
the stability of oscillations, bistability, and synchroni-
sation of forced oscillations in a relay system with hys-
teresis. The behaviour of this system was described by
a non-autonomous differential equation with a discon-
tinuous right-hand side. The basic properties of this
equation were considered first. Then, a method for ob-
taining the first return map from this vector field was
presented, and it was shown that, depending on the pa-
rameter values, such a map can be either a diffeomor-
phism of the circle or a map with discontinuities. An
equation has been identified that divides the parameter
plane into regions where the map is either smooth and
invertible or discontinuous. A detailed analytical and
numerical bifurcation analysis has been carried out,
explaining the mechanism of transition between stable
capture regimes, bistable states, and chaotic dynamics.
Moreover, this work allows the system to be considered
as a mathematical model of an oscillatory process de-
scribing the dynamics of transitions between different
operating modes of the relay system.

In their work, S. Karimov & G.M. Anarbaeva [19] in-
vestigated the solution of a singularly perturbed prob-
lem under changing stability conditions, taking into
account critical points that are the endpoints of delay
times. This work addresses unresolved problems relat-
ed to this class of equations. The analysis is carried out
in the irregular case when the singular points are locat-
ed on the boundaries of the domain. The existence of a
solution to the problem under conditions of a bound-
ed domain has been proved. Asymptotic expansions
of solutions have been constructed, which allows for
a deeper understanding of the dynamics of processes

in the considered systems. The analysis of the studied
works allows us to conclude that the eigenvalues are
complex conjugates, and a small perturbation is pres-
ent; that is, the investigations were not conducted in
the absence of a small perturbation.

The work by PV. Kirichenko [20] is devoted to the
development of a regularisation method for singularly
perturbed Cauchy problems in which the spectral sta-
bility conditions of the limiting operator are violated.
The case of a “weak” turning point is considered, in
which the eigenvalues coalesce at the initial moment of
time. The principles of introducing regularising func-
tions, the regularisation algorithm, and its mathemat-
ical justification are presented in detail in the work. An
asymptotic solution of arbitrary order with respect to
the small parameter is constructed, demonstrating the
effectiveness of the method under spectral peculiarities.

Conclusions

Within the framework of the conducted study, the phe-
nomenon of delayed loss of stability in singularly per-
turbed problems was examined under various config-
urations of eigenvalues and in the presence or absence
of a small perturbation. It has been shown that in the
absence of a perturbation, the effect of delayed loss
of stability arises regardless of the nature of the spec-
trum: both when the zeros of the eigenvalues are locat-
ed in the complex plane and on the real axis. A sufficient
condition for the existence of this phenomenon is the
fulfilment of certain spectral requirements that do not
depend on the specific location of the zeros.

Special attention is given to cases where the eigen-
values contain poles. It has been established that the
presence or absence of a small perturbation does not
affect the manifestation of the effect - the determining
factor remains the structure of the spectrum. In con-
trast, in the absence of poles and in the presence of a
small perturbation, the behaviour of the system is deter-
mined not only by the eigenvalues but also by the form
of the perturbation. In particular, if the zeros are locat-
ed on the real axis, the asymptotic closeness of the solu-
tions is preserved only until the loss of stability, which
indicates the dominant role of the perturbation itself.

It has been established that the order of the zeros
of eigenvalues affects the order of the resulting solution
estimates, which is important for constructing a priori
bounds and analysing long-term dynamics. In the case
of purely imaginary values, the time delay is absent, and
the behaviour is determined exclusively by the spectrum.

Thus, the objective of the study has been achieved:
the conditions for the emergence of the effect of de-
layed loss of stability have been characterized, and
their relationship with spectral properties and exter-
nal perturbations has been substantiated. The results
obtained are of interest for the further development
of stability theory in singularly perturbed problems,
especially in more general types of functional spaces.

o
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A promising direction for future work may involve re-
fining the understanding of the influence of perturba-
tions in the complex plane, taking into account the ge-
ometry of the spectrum and boundary conditions.
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AHHOTaMA. CUHTYJASPABIK KO3rOoJrOH MaceJsesJepAuH YeUUMHUH U3WJJI66 OYT'YHKY KYHZe Jarbl aKTyaJlayy
OOMJ0H Kasyy/Zla, aHTKEHU TEeXHUKAJIBbIK JKaHa TaOUTbIA WJIUMJEp/leTH KONTOreH MaTeMaTHUKaIbIK MOZeJep
Jan ymyn auddepeHIUaNIbIK TeHJEeMeJep apKblIyy CYpeTTeJIeT. Y4YypAarbl H3WJJieeJiepre KapabacTaH,
KHYMHE KO3TOJIyYHYH TYPYKTYYJIYKTYH >KOTOJIYYCYHYH TapThUIbIILBI KyOyJyIIYHYHA THHIU3reH TaacHpUH
TepPeHUPI3K TaNJI00 KaHa aHJaH apbl U3WJIJI66 3aPbLIJbIThl CAaKTaAyyAa. By/ U3W/I86HYH MakcaThl KUYHHE
KO3TOJIYYHYH TYPYKTYYJIYKTYH >KOTOJIYLIYHYH TapThUIbIMIbl KyOyJayllyHa THHIHM3reH TaaCHpUH HW3UJIJee,
OILIOH/ION 3Jie KO3rOJIFOH JKaHa KO3T0JIGOTOH MaceJieJIepAUH YeYHM/IEPUHUH JKaKbIHAAIYYCYHYH MpeJesiuK
OTYYCYH Heruszee GoJsyn caHajiaT. KodyiaraH MakcaTKa XKETYYy YYYH aHIMTHKAJbIK bIKMaJap KOJILOHYJAY,
aJlap/iblH UYMH/E JEHII3J1 ChI3BIKTAPhl METOAY KaHa KeMYy4dy HHTETpaJiZioo KOJIJOPYH TaH/I00 bIKMaJsaphl 6ap,
6yJ1 60JICO KO3TOJITOH jKaHa KO3roJI60r0H MacesieslepZiuH OPTOCYHAATbl PeesINK 6TYYJIOpAY TaK HErU3/1e6re
MYMKYHAYK 6epau. JKyMyliTa KUUMHE KO3TO0JYY KOK G0JITOH/0, TYPYKTYYIYKTYH OTOJYYCYHYH TapThLJIbILIbI
KyOyJIyLy 63/IyK MaaHUJIEPAUH HOJI/I6PY CaH OT'YH/A e KOMILJIEKCTYY TETH3/JUKTe KalurallKaHblHa KapabacTaH
cakTaJjlapbl aHbIKTa/1Abl. KHurMHe Ko3rosyy 6ap 60JIroH y4yyp/ia abajl e3repeT: arepJe e3JyK MaaHWJIep CaH
OTYyH/Ia HeJ/iepre 33 60JICO, TYPYKTYYAYKTYH >KOTOJIYYCYHYH TapThLIbIIbI KyOyayuy 6aiikan6aiT. Bupox,
arep/ie HeJIZIep KOMILIEKCTYY TETU3AUKTE KaWrauica, TYPYKTYYIYKTYH OT0JYYCYHYH TapThLIbILIbI KyOy1yIly
0eJITHJIyY 6Up YOAKBIT apasjibITblHA FaHa CaKTaJaT. Irepje e3[yK MaaHWJep MoJIcTapra 33 60JiCo, KHUHHE
KO3ToJIyy 6y/1 KyOyJIyIITYH GOJIyLIYHA TaacUp 3TIEWUT KaHa as 6apAblK y4ypja cakrtajaT. OUeHTHI, KHYuHe
KO3T0J1yy TYPYKTYYJIYKTYH OTOJYUIYHYH TapThUIbIIbI KYOY/IyLUIyHa TUUTU3TeH TaaCUPU ©3/[YK MaaHUJIepUH
TaGUSTBIHAH OJIYTTYY TYP/Ze K3 KapaH/ibl 60J10py KepyHAYy. OIIOH/L0H 3/1e KHUHMHE KO3T0J1yy YIYH GeIrnayy 6up
apTTap aTKapblUIraH yyyp/a KO3TroJIrOH MaceJie[ileH KO3roJIG0roH Macesiere 6TKOH/10 ajap/blH YeunM/IepAuH
YKaKbIHJALIYyCy KaMcCbI3/alaapbl Herusaeaau. U3uiieeHyH KbIMbIHTBIKTAPbl TYPYKTYYIAYKTYH KOTOJIYIIYHYH
TapTBUIBIIIBIHBIH 6GOJIYLIY >KaHa aHbIH MYHE3YH KeHUpPU OQYHKIMOHAJN/JbIK MeHKUHJUKTep/e Herus/ieere
MYMKYHYYJIYK G6epeT. Bys 60Jico TYypyKCy3 MpoLeccTepAN MOJAE/Ae6re 6ailaHbIIITyy NPUKIAJbIK Maceiesep
YUYH €3rede MaaHUTe 33 60J10T

Herunsrm c¢e3a0p: KuuuHe MNapaMeTp; HpefesJuK OTYyJep; e34YK MaaHW; 4YeYHMJUH TYpPyKTYyJayTy;
WHTerpaJiblKk Uipuiep

< 3y

=——{48

v
Journal of Osh State University. Mathematics. Physics. Technical Sciences. Vol. 4, No. 1


https://orcid.org/0009-0004-6756-4262
https://orcid.org/0009-0009-3525-9438
https://orcid.org/0009-0009-2966-4496
https://orcid.org/0009-0002-2879-5071

Akmatov et al.

BiiMsiHMe MaJ10ro BO3MYILeHUSA Ha sIBJIEHUE 3aTATUBaHUS
NOTepH YyCTOMYUBOCTH

AOMIA3N3 AKMATOB
CTaplumni npenogasaresb
OLICKMIA rocyapCTBEHHbIN YyHUBEpCUTET
723500, yn. leHnHa, 331, r. Ow, Kbiproidckas Pecnybnuka
https://orcid.org/0009-0004-6756-4262

KbuibiMryss Mama/iskaHoBa
MaruncrtpaHT
OLICKMIA rocyOapCTBEHHbIN YyHUBEpCUTET
723500, yn. IleHnHa, 331, r. Ow, Kbiprbidckas Pecnybnuka
https://orcid.org/0009-0009-3525-9438
Apagarkan baiimamaroBa
MaruncrtpaHT
OLICKMIA rocyapCTBEHHbIN YHUBEpPCUTET

723500, yn. JlenuHa, 331, r. Ow, Kbiproizckas Pecnybnuka
https://orcid.org/0009-0009-2966-4496
Dausa Uc1aMuINH KbI3bI
MaructpaHT
OLICKMIA rocy1apCTBEHHbIN YHUBEpPCUTET

723500, yn. IleHnHa, 331, r. Ow, Kbiproidckas Pecnybnuka
https://orcid.org/0009-0002-2879-5071

AHHOTAnMA. HM3ydyeHWe pelleHUNA CHUHTY/ISIPHO BO3MYIIEHHBIX 33/ad OCTAETCSA aKTyaJbHBIM, MOCKOJIBKY
MHOTMe MaTeMaTH4YeCcKue MOJleJId B TEXHHUYECKUX U eCTEeCTBEHHbIX HayKaxX OINHCBIBAIOTCS MUMEHHO TaKUMU
nuddepeHIIMATBHBIMU YPaBHEHUSIMU. HecMOTpSl Ha UMerIHecs UCCIeJ0BaHUS, COXPAHSIeTCsI He0OX0AUMOCTh
B 6oJiee TJIy6OKOM aHa/IM3€e U JaJbHeHIeM U3yYeHUH BJAUSHUSA MaJoTO BO3MYIIEHUs Ha SIBJIEHUE 3aTATMBAHUS
MOTEPU YCTOMYMBOCTHU. LleJibo HacTosA1Lero Uccae 0BaHUsA ABJISLJIOCh U3yUYeHUE BJIUSAHUA MaJIOr0 BO3MYILEHUS Ha
sIBJIEHHE 3aTSTMBAHUS IOTEPU YCTOMYMBOCTH, a TAKXKe 000CHOBaHUE NPeie/IbHOTO0 [TepPexXo/1a, IO TBEPXKAAI0LIEr0
CXOIMMOCTh pelleHUH BO3MYIEHHOW M HeBO3MYIIEHHOU 3a7a4. [|Jis JOCTXKEeHHUs MOCTaBJeHHOU IeJiu ObLIH
HCII0JIb30BaHbI aHAJIUTUYECKHE METO/Ibl, BK/II0Yasi MeTO/I IMHUM YPOBHS U METO/bI BbIOOpA YOBIBAOIIUX My TEeH
WHTETPUPOBAHUSA, YTO MO3BOJIUJIO KOPPEKTHO OOOCHOBATh MpeZie/ibHble IMepexo/bl MeXAYy BO3MYIIEHHOU
Y HEBO3MYLIEHHOW 3aZiayaMU. B paboTe yCTAaHOBJIEHO, UTO MPHU OTCYTCTBUU MaJIOTO BO3MYILEHHUS SIBJIEHUE
3aTATUBAHUA MOTEPH YCTOMYMBOCTU COXPAHSIETCS HE3aBUCHMO OT pACIOJIOXKEHHsI HyJied CO6CTBEHHBIX
3HAaYEeHUU KaK Ha BeleCTBEHHOM OCH, TaK MU B KOMIIJIEKCHOHM MJIOCKOCTH. [Ipy Ha/IMuuMK Masioro BO3MYILLEHUS
CUTYyalusi MEHSIETCS: eCJIM COOCTBEHHbIE 3HAYEHHs] UMEIOT HYJIM Ha BeIeCTBEHHOH OCH, IBJIeHHEe 3aTSATMBAHUS
He Hab6uogaeTcsd. OHAKO, eCIM HYJIM PACHoJIOKeHbl B KOMILJIEKCHOW IJIOCKOCTH, 3aTATUBAaHUE COXPAHSETCS
JIUIIIb HA OTPAaHUYEeHHOM BpEMEeHHOM HHTepBaie. B ciydae, Korjja co6CTBeHHbIe 3HAaYE€HHUsI 00/1aIal0T IOJI0CAMH,
MaJjioe BO3MYIIeHHe He BJIUSIET Ha HaJM4ve JAaHHOTO sIBJEHHSI OHO COXpaHseTCs B JIO60M ciaydae. Takum
00pa3oM, BJHSHHE MaJIOT0 BO3MYyIIEHUS Ha 3aTATHMBAHUE MOTEPU YCTOMYMBOCTHU CYIECTBEHHO 3aBUCHUT OT
MPUPO/Ibl COOCTBEHHBIX 3HAYeHUH. TakKe 6blJI0 0O0CHOBAHO, YTO MPU BHIMOJHEHUHU OINpeAeEHHbIX YCI0BUN
Ha MaJjioe BO3MYILeHHe 00eCrneYynBaeTCs CXOAMMOCTb pPeIleHUH NMPU Iepexofie OT BO3MYLEHHOW 3aJjayd K
HEeBO3MYIIEHHOU. Pe3ysibTaThl UCCIe0BaHUS TO3BOJISIOT 060CHOBATh CYI[eCTBOBAHHUE U XapaKTep 3aTATMBAHUS
MOTEePHU YCTONYHUBOCTHU B GoJiee IUPOKUX PYHKIIMOHATBHBIX MPOCTPAHCTBAX, UTO BAXKHO JIJIs1 MPUKJIAAHBIX 337124
MOJieJINPOBAaHHUS HeCTAaOUJIbHBIX MPOIECCOB

RiioueBble ¢/10Ba: Masibli TapaMeTp; pe/ebHbIH epexo/; CO6CTBEHHbIE 3HAYEHUS; YCTOMYUBOCTD PELIEHUH;
WHTerpaJJbHble KpUBbIE
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Abstract. In natural aquatic environments, both the diffusion coefficient-characterising the rate of pollutant
dispersion-and the advection coefficient-describing transport due to water flow-exhibit significant spatio-temporal
variability. These variations stem from changes in river geometry, flow velocity, temperature, and seasonal dynamics.
To better capture these complexities, this study presents an enhanced modelling framework that incorporates
spatio-temporally variable diffusion and advection coefficients. These coefficients are further assumed to depend
on both the population density and the concentration of environmental toxicants, enabling a more realistic
representation of contaminant transport processes. This study developed a system of nonlinear partial differential
equations (PDEs) with a free boundary to represent the dynamic aspect of toxic substance dispersion. The model
characterises the interaction between a riverine biological population and a toxicant, accounting for ecological
and hydrodynamic influences. To ensure the regularity of the solution, a priori calculations were established,
including the population density u(x, t), the toxicant concentration v(x, t), the free boundary position s(t), and the
Holder continuity estimates. The global existence and uniqueness of classical solutions are rigorously proven via
the Leray-Schauder fixed-point theorem and energy-based methods. Parameter regimes were identified where the
toxicant could not spread throughout the entire river area, thereby allowing the population to survive in unaffected
areas. Due to the analytical difficulty of the nonlinear free boundary problem, implicit numerical schemes were
used for the simulation. Numerical experiments, implemented in Python with graphical visualisations, validate
the theoretical results and illustrate the interplay between ecological parameters and pollutant dynamics. The
results obtained show how different environmental conditions affect the stability of biological populations and the
spatiotemporal evolution of toxic substance concentrations

Keywords: nonlinear dynamics; pollutant spread; free-boundary problem; numerical simulations; diffusion
coefficient

Introduction
The purpose of this study stems from the increasing im-  to the spatial and temporal variability of advection and
portance of developing accurate mathematical models diffusion processes observed in real hydrosystems. In-
to describe the transport and transformation of pol- corporating variable coefficients, nonlinear reactions,
lutants in flowing water systems, where conventional and free boundary conditions allows for a more realis-
models with constant parameters prove insufficientdue  tic simulation of pollutant dynamics and their influence
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on population behaviour. Such models are crucial for
understanding complex flow-dependent ecological phe-
nomena, including imbalance, population loss, adapta-
tion, and uncertain scenarios like the “drift paradox” -
the persistence of populations under continuous flow.
This approach not only provides a deeper mathematical
understanding of these processes but also contributes
to building a solid theoretical foundation for solving ap-
plied problems in ecological and technical systems.

Researcher Ch. Cosner [1] investigated population
dynamics governed by advection-diffusion equations
with nonlinear reaction terms in heterogeneous media.
The author underscored the challenges of determining
survival thresholds in flow systems with spatially var-
ying diffusion coefficients. However, this model did not
incorporate a free boundary, thereby limiting its capac-
ity to describe the spatial expansion of populations - a
gap that the present study aims to address. W. Peng et
al. [2] proposed a reaction-diffusion-advection model
with spatially variable parameters to explore population
persistence in river-like environments. Although their
model effectively captured spatial heterogeneity, it was
constrained to a fixed spatial domain and did not ac-
count for the dynamic expansion of habitat boundaries.

In a similar vein, K.-Y. Lam & Y. Lou [3] examined
the effects of temporal heterogeneity within period-
ic reaction-diffusion-advection systems. Their study
focused on spreading speeds and pattern formation,
yet it did not consider toxicant influences or incorpo-
rate environmentally driven free boundary dynamics.
C. Fabre et al. [4] studied pollution patterns in Arctic
rivers considering changes in water temperature and
ice cover. Although the geographical context was dif-
ferent, their analytical approach to modelling with var-
iable coefficients is similar to that used in the present
study. Their findings confirmed the importance of con-
sidering seasonal factors, as in the current case, where
temperature and flow were involved in determining the
diffusion and advection coefficients.

D. Tang & P.Zhou [5] demonstrated that the interac-
tion between movement and environmental heteroge-
neity can lead to complex and interesting phenomena
in population dynamics. K. Liu et al. [6] investigated a
two-species Lotka-Volterra competition patch model
along a stream with richer resources downstream. One
species is treated as resident, the other as a mutant.
It identifies conditions under which a mutant species
can successfully invade depending on its dispersal rate
compared to the resident. The study found a unique
evolutionarily stable dispersal strategy for the resi-
dent species under certain conditions. It also explored
the global dynamics of the system, showing that both
competitive exclusion and coexistence are possible. The
method used was also applicable to reaction-diffusion
models, improving on some existing results.

].0. Takhirov & M.I. Boborakhimova [7] developed a
free-boundary model based on the reaction-diffusion-

advection equations to study the interaction between
river populations and toxicants. Their model assumed
constant diffusion (d,, d,) and advection (k,, k,) coef-
ficients, which provided a basis for analysing popula-
tion stability and the spread of toxicants. However, in
natural river systems, these coefficients rarely take on
a constant value. Biological and ecological factors such
as population density, toxicant concentration, and hab-
itat diversity affect the movement of organisms and the
spread of pollutants. For example, high population den-
sity can reduce individual dispersal due to competition
or territorial behaviour, leading to density-dependent
diffusion (d,(u)). Similarly, toxicant concentrations can
modify flow-driven transport, resulting in concentra-
tion-dependent advection k,(v). These nonlinear rela-
tionships reflect complex ecological realities, such as
behavioural adaptations to stress or changes in water
chemistry that affect pollutant mobility.

The proposed model is based on existing frame-
works, such as the constant coefficient model and
chemotaxis models studied by D. Horstmann & M. Win-
Kkler [8]. Unlike chemotaxis models, which focus on cell
movement toward chemical gradients, the developed
model addresses population-toxicant interactions in
a flowing river, incorporating advection to account
for downstream drift. The inclusion of variable coef-
ficients distinguishes this study from J].0. Takhirov &
M.I. Boborakhimova’s original model, allowing for a
more nuanced representation of ecological processes.
For example, while constant diffusion assumes uniform
dispersal, this variable diffusion d, (u) accounts for den-
sity-dependent behaviours observed in fish or inverte-
brate populations.

This study extends the model ].O. Takhirov &
M.I. Boborakhimova [7] by introducing variable coeffi-
cients d,(u), d,(v), k,(u), and k,(v), making the system
more nonlinear and more consistent with biological
realities. Therefore, the present study aimed to fill this
gap by developing a nonlinear free boundary model
with variable diffusion and advection coefficients to
investigate the coupled dynamics of population and
pollutants in riverine systems. This approach not only
reflects the complex interplay between ecological and
environmental processes but also enhances the predic-
tive power of mathematical models in real-world eco-
logical scenarios.

Materials and Methods
This study was devoted to the construction and inves-
tigation of a mathematical model describing the dy-
namics of interaction between a population and a pol-
lutant in a flowing medium. The model accounted for
nonlinear effects, variable diffusion and advection co-
efficients, and a free boundary representing the pop-
ulation’s habitat. The paper included the formulation
of the problem, theoretical analysis of the model, im-
plementation of a numerical method, and discussion
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of the obtained results. Particular attention was paid
to the influence of spatiotemporal parameters on the
stability and spatial distribution of the population in a
polluted environment.

Mathematical Model. A nonlinear free-boundary
model describing the interaction between a popula-
tion with density u(x, t) and a toxicant with concentra-
tion v(x, t) in a river of length L was considered. The
free boundary x=s(t) represented the front of toxicant
spread. The governing equations:

a(Wu,=d,(W)u,-k (Wu,+ula,-bu-cv], 0<x<L,t>0, (1)

b(W)vzd,(v)vzk,(V)vim(x}b,,; c,v], 0<x<s(t)<L,t>0, (2)

2uv

with boundary conditions:

d,(u(0, £))u,(0, t) -k, (u(0, ))u(0, t)=u, (L, t)=0,t>0, (3)
d,(v(0, £))v,(0, t) - k,(v(0,6))v(0,) =v(s(t),t) = 0,t >0, (4)
initial conditions:

u(x,0)=u,(x)>0,0<x<L,
v(x,0)=v,(x)>0,0<x<s,=5(0), (5)

and the free-boundary condition:

() kp (W(ED)
“h T Geen®,

s'(t) = —uv,(s(t), t)e t>0. (6)
Here, a(u) > a,> 0, b(v) > b,>0 - biocapacity coeffi-
cients, d,(u), d,(v) 2d, > 0 - diffusion coefficients, and
k,(u), k,(v) - advection coefficients, all assumed to be
Holder continuous (C% « € (0, 1)). The function m(x)
represented the exogenous toxicant input, satisfying:

0, So<x<1IL,
my, 0<x<s,,

m(x) = { 7)
where m, > 0. The parameters a,, b, c,, b,, c,, u were
positive constants.

A Prior Estimates. To establish the solvability of
the problem, a priori estimates were derived for u, v,
and s(t).

Bounds on u, v, and s(t).

Lemma 1. Let (u, v, s(t)) be a solution of the system
forte[0, T], T>0. Then:

0<u(x,t)<M,= max {% max|u0(x)|},x €[0,L],t > 0,(8)
1 X

max|m(x)|

0<v(x,t) <M, = max{"c—,maxlvo(x)l},
2 X

x €[0,s(t)],t >0, 9
0<s(t)sM,, t>0, (10)

where M, depends on the model parameters and initial
data.

-

Proof. Using the maximum principle, equation (8)
was analysed. At a maximum point (u,=0, u,, <0, u,=0):

ula, —bju—cv] <0, u<s-—.

Considering the initial condition uy(x), u< M, was
obtained. Positivity follows from u,(x) > 0. For v, from
equation (9), at a maximum point:

max|m(x
axm ()|

m(x) —c,v <0, (11)

2

With v (x), get v< M,. For s(¢), the transformation
was considered:

xkp((ED) e

w(x, t) = v(x,t)e’® 2eEn (12)
The free-boundary condition (12) became:
s' () =-pw,(s(t), t). (13)

Since v (s(¢), t) <0 (by the Hopflemma), and assum-
ing |k,(v)/d,(v)| <C:
s'(8) splv, |0 (14)
Using bounds on |v,| (see Theorem 1), taken s(t) < M,.
Hoélder Norm Estimates.
Theorem 1. Assuming the conditions of Lemma 1

hold, and let v(x, t) be continuous in D with square-inte-
grable derivatives v, v,.. Then:

lv.(x, )| <M,(M,, b, d,, v,), (x, t) ED, (15)
V(x, )17, < M(M,), [V(x, 1) |3, < Ms(Ms).  (16)
Similarly, for u(x, t) in Q:
|u,(x, )] < M;(My, ay, dy, uy), [u(x, D)7, < My(M,),
u(x, 1)3,,< My(My). (17)

Proof. For v, the domain D to 2={(y, 7): 0<y<1,
0 < 7} was transformed using y =x/s(t), T=t. The equa-
tion for w(y, t) =v(x, t) became:

_s'@y _da(w) _k2w)
b(w) (WT 5@ Wy) T T o Wt

+[m(s(t)y) — b,uw — c,w].

Assuming d,(w) 2d,> 0, b(w) 2b,> 0, and Holder
continuity of coefficients, results from 0.A. Ladyzhen-
skaya et al [9] and A. Friedman [10] were applied to
obtain:

lwyl<M,, W], < M;, [w];

1+a 2+a

<M,

Transforming back, the stated bounds for v were
obtained. For u, the equation in Q was treated similarly
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without domain transformation, yielding the bounds
for u, and Holder norms.

Existence and Uniqueness of the Solution.

Theorem 2. Suppose the conditions of Theorem 1
and Lemma 1 hold, and d,(u), d,(v), k,(u), k,(v), a(u),
b(v) € €% Then there exists a unique solution u(x, t),
v(x, t)€C,,, s(t)EC,, forte[0, T].

Existence.

Proof. The Leray-Schauder principle was aplied.
The Banach space H,,, was defined with norm
|ul,,.+ V|, Foreach (z, v) €H,,,and k€ [0, 1], consider
the linear problems:

+a

1+a

()= (@) (W) + K, (3,7, (1)), (% £) EQ,
V) =b) (v )+ KA 7, (v),), (x, ) ED,

with the original boundary and initial conditions.
The operator F(i, v, k) = (u,, v,) is continuous, com-
pact, and has a trivial solution for k= 0. By the Ler-
ay-Schauder principle, a fixed point exists for k=1 ap-
ply results from O0.A. Ladyzhenskaya et al. [9] and A.
Friedman [10]

Uniqueness.

Proof. Assume two solutions (u,, v, s; (£)) and
(uy vy s, (£)). Define w=u, -u,, z=v,-v,, r(t) =s,(t) - s,(t).
The difference equations yield:

a(uw,=d,(u)w,, -k (u)w,+
+wla,-b,u,-c, v,] + (differenceterms),

b(v))z,=d,(v,)z, - k,(v))z,+
+[-b,u,z-b,v,w-c,z] + (differenceterms).

Using L? energy estimates and Gronwalls inequality,
obtain w=0, z=0, and r(t) =0, implying uniqueness.

Asymptotic Behaviour. Analyse the asymptotic
behaviour of u(x, t), v(x, t), and s(t) as t > to under-
stand long-term dynamics.

Asymptotic Bounds on u(x, t) and v(x, t).

Theorem 3. Let (u, v, s(t)) be the unique global
solution. Then, as t —oo:

0<u(x,t) <M, = max{%,maxluo(x)l}, x €]0,L],
1 X

max|m(x
axim (o)

0<v(x, O)<M, = maX{TmEXWO(xN},XE[O, s(8)].

Proof. From Lemma 1, u<M,, v < M,. For steady-
state u_(x), at a maximum point:

u,la,-bu,-c,v]<0, Uy, < %.
1
Similarly, for v_(x):
m)?xlm(x)|

m(x)-b,uv,,-c,v,<0, Vgp <

C2

Asymptotic Behaviour of the Free Boundary s(t).
Theorem 4. If |k,(v)/d,(v)| < C and c, is large rela-

tive to m,, then lim,__s(t) =s.,<L.lf m; > c,, then s(¢) - L.
Proof. From (2.6), s'(t) 20. Using

[l (v(E£) .
w(x,t) = v(x, t)e dmen taken:

s'(6)=-pw,(s(1), ).

Forlarge c,, the steady-state equation for v, implies
rapid decay near s, so v,,,(s,,) is finite, and s(t) > s, <L.
If m, > c,, v(x, t) persists, driving s(t) — L.

Biological Interpretation. The boundedness of
u(x, t) suggests population persistence if a, > c,v. Stabi-
lisation of s(t) at s, <L preserves uncontaminated habi-
tats, while s(t) — L threatens the ecosystem. The condi-
tiona, > (Cézﬂ) ensures persistence.

Numerical Simulations and Visualisations.

Numerical Scheme. The spatial domain [0, L]
is discretised with grid size Ax=L/N, and time with
step At. The implicit scheme for u(x, t) by V.I. Naac &
LE. Naac [11]:

n+1 n n+1 n+1 n+1

ny WY ny Yit1 —2%p AU,
a(uM)t—=+=d, () — =1 _
( i ) At 1( i ) Ax2
M1l L L L
ny Yit1 %o n+ n+ n+
=k () =S w T A — bl = vt

Similarly for v(x, t). The free boundary is updated as
A. Miller et al. [12]:

S kp®(ER)
Io” G wEn®

s(t + At) = s(t) — uv,(s(t), t)e At.

Numerical simulations were conducted using a fi-
nite difference method implemented in Python with
NumPy and Matplotlib to validate the theoretical pre-
dictions and visualise the dynamics of u(x, t), v(x, t)
and s(t). The spatial domain [0, L] is discretised with
grid size Ax=L/N, and time with step At. The simula-
tion parameters are: L=1,a,=1,b,=1,¢,=0.5, b,=0.5,
¢,=1,m,=0.5 (Scenario 1) or m,=2 (Scenario 2), u=0.1,
Ax =0.01, At =0.001, N =100. Initial conditions are
u,(x) = 0.5, v, (x) = 0.3e™"?", 5 = 0.3, with coefficients
d,(u)=0.01+0.005u, k,(u)=0.02y, d,(v)=0.01+0.003y,
k,(v)=0.01v, a(u)=1+0.1u, b(v)=1+0.1v. Two scenar-
ios were simulated, and their results are visualised in
Figures 1 and 2.

Results and Discussion

The numerical results for both scenarios are presented
in Figures 1 and 2, each comprising three panels: (a)
population density u(x, t), (b) toxicant concentration
v(x, t), and (c) free boundary s(t), evaluated at t=0, 1, 5.

Scenario 1: Moderate Toxicant Decay (c,=1).

Population Density u(x, t) (Panel a). The popula-
tion density starts from the initial Gaussian profile
u,(x) =0.5¢™ and evolves toward a stable state. By t=5,
u(x, t) stabilises at approximately 0.8, particularly in
the uncontaminated region x > s_ = 0.45. This aligns

@
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with Lemma 1, which predicts u(x, t) <M, = max{a%l,
max,|uy(x)|} = max{1, 0.5} = 1. The stability of u(x, t) in
the region x>s_ indicates that the population persists
in areas free from toxicant influence, consistent with
the condition q; > %™ = O'Sio's = 0.25.

Toxicant Concentration v(x, t) (Panel b). The toxicant
concentration begins from v,(x) = 0.3e*92°and spreads
within the region 0 < x < s(¢), satisfying the boundary
condition v(s(t),t) =0. By t=5, v(x, t) remains bounded,
with a maximum value near x= 0.2, and is confined to
x<s,. This is consistent with Lemma 1, which bounds

max,|m(x)|

V(x,t)<M,= max s ,maxx|v0(x)|} = max{oT's, 0.3} =0.5.
Free Boundary s(t) (Panel c): The free boundary starts
ats,=0.3 and increases over time, stabilising at s, ~0.45
by t=5. This behaviour validates Theorem 5, which
states that for a sufficiently large c, relative to m, (here,
c¢,/m, = 2), the free boundary converges to s,,<L=1. The
stabilisation of s(t) indicates that the toxicant’s spread
is limited, preserving uncontaminated habitats down-
stream. In Scenario 1, the toxicant decay rate is set to
¢, =1, with an external toxicant input of m, =0.5. The
results are shown in Figure 1.

Population Density u(x,t)
0.8
0.6
=
&
0.4 4 — t=0.0
— t=0.0 \
02— ‘t=2.5
a) 0.0 02 0.4 x 0.6 0.8 1.0
Toxicant Concentration v(x,t)
— t=0.0
0.3 1 —— t=0.0
— t=2.5
0.2 A
>
0.1 4
0.0 A
b) 0.0 0.2 0.4 x 0.6 0.8 1.0
Free Boundary s(t)
0.55 ———
0.50
045
=
w
0.40
0.35
0.30
c) 0 1 2 t 3 4 5

Figure 1. Population density u(x, t), toxicant concentration v(x, t}, and free boundary s(t) for Scenario 1(c,=1)

Note: a) ulx, t)at t=0,1,5; b) v(x, t) at t=0, 1, 5; c) s(t) versus t
Source: developed by the authors

The results of Scenario 1 suggest that moderate
toxicant decay allows the population to persist in un-
contaminated regions while restricting the spatial
extent of pollution. Ecologically, this underscores the
importance of natural degradation processes, such as
bioremediation, in mitigating the impact of pollutants
on river ecosystems.

Scenario 2. High Toxicant Input (m, =2).

Population Density u(x, t) (Panel a). Starting from
the same initial condition u,(x) = 0.5e™, the population
density decreases significantly over time. By t=5, u(x, t)
approaches near-zero values in the contaminated re-
gion x < s(t), indicating severe population decline. This
is driven by the high toxicant concentration, which in-
creases the term c,v in equation (8), overpowering the
population’s intrinsic growth rate a,. The near-extinc-
tion of the population in contaminated areas highlights

the detrimental impact of excessive toxicant input. Tox-
icant Concentration v(x, t) (Panel b). The toxicant con-
centration rises sharply due to the high input m, =2. By
t=5, v(x, t) reaches values close to the theoretical bound
M, = max {w,maxxlvo(x) q = max {%, 0.3} = 2, par-
ticularly in the region x<s(t). The increased concentra-
tion reflects the dominance of external input over de-
cay, leading to widespread contamination.

Free Boundary s(t) (Panel c). The free boundary
s(t) grows rapidly from s, = 0.3 and approaches L =1
by t=5. This behaviour is consistent with Theorem 5,
which predicts that for m, > c, (here, m,/c,=2), s(¢) > L.
The rapid expansion of s(t) indicates that the toxicant
spreads across nearly the entire river, leaving little un-
contaminated habitat for the population. In Scenario 2,
the external toxicant input is increased to m, = 2, with
¢,=1. The results are shown in Figure 2.

&b

Journal of Osh State University. Mathematics.

Physics. Technical Sciences. Vol. 4, No. 1



Boborakhimova & Pardaeva

Population Density u(x,t) (m1=2)

0.8 - —— t=0.0
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Toxicant Concentration v(x,t) (m1=2)
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Figure 2. Population density u(x, t), toxicant concentration v(x, t), and free boundary s(t) for Scenario 2 (m,=2)

Note: a) ulx, t)at t=0,1,5; b) vx, t) at t=0,1,5; c) s(t) versus t

Source: developed by the authors

Scenario 2 illustrates a catastrophic scenario where
high toxicant input leads to widespread contamination
and near-extinction of the population. Ecologically, this
highlights the urgent need for stringent pollution con-
trol measures to prevent ecosystem collapse.

Comparative Analysis of Scenarios.

The two scenarios reveal stark contrasts in the dy-
namics of u(x, t), v(x, t), and s(t), driven by the relative
magnitudes of ¢, and m;:

Free Boundary Dynamics. In Scenario 1, the free
boundary stabilises at s, = 0.45, reflecting a balance
between toxicant input (m, =0.5) and decay (c,=1).
This limited spread preserves uncontaminated re-
gions (x >s_), allowing population persistence. In
Scenario 2, the free boundary approaches L =1, as
the high input (m, =2) overwhelms the decay (c,=1).
This results in near-complete contamination of the
river, eliminating viable habitats. The contrast val-
idates Theorem 5, which predicts s(t) - s, <L for
large c¢,/m, and s(t) - L for large m,/c,. The ratio
¢,/m,;=2 in Scenario 1 supports stabilisation, while
m,/c,=2 in Scenario 2 drives unbounded spread.

Population Dynamics - Scenario 1 shows a stable
population with u(x, t) 0.8 in uncontaminated regions,

. . . . €1y
satisfying the persistence condition a; > —— = 0.25.
The variable diffusion d,(u) and advection k,(u) con-
tribute to this stability by modulating dispersal in re-
sponse to density. Scenario 2 exhibits a collapse of the
population (u(x, t) # 0) in contaminated regions due to

high v(x, t), which increases the mortality term c,v. This
demonstrates the vulnerability of populations to exces-
sive pollution. The difference underscores the critical
role of toxicant levels in determining population surviv-
al, with Scenario 1 representing a manageable pollution
scenario and Scenario 2 a crisis.

Toxicant Concentration. In Scenario 1, v(x, t) is
bounded by M, =0.5 and confined to x <s,_, reflecting
effective decay. The variable coefficients d,(v) and k,(v)
limit the toxicant’s spread by adjusting diffusion and
advection based on concentration. In Scenario 2, v(x, t)
approaches M, = 2, indicating that high input sustains
elevated concentrations across a larger region. The
nonlinear coefficients amplify this effect by increasing
transport at higher concentrations. The comparison
highlights the sensitivity of toxicant dynamics to exter-
nal input, with Scenario 1 demonstrating control and
Scenario 2 loss of control.

The numerical results confirm the theoretical pre-
dictions of Sections 3-5, particularly the dependence of
s(t) on the ratio ¢,/m,. Scenario 1 illustrates a scenario
where natural degradation processes can mitigate pol-
lution, preserving ecological integrity. The stabilisation
of s(t) at s, <L suggests that interventions, such as bi-
oremediation or reduced pollutant discharge, can pro-
tect downstream habitats. Conversely, Scenario 2 serves
as a cautionary tale, showing that unchecked pollution
can lead to ecosystem collapse, with the toxicant en-
gulfing the entire river and decimating the population.

@

Journal of Osh State University. Mathematics. Physics. Technical Sciences. Vol. 4, No. 1



A nonlinear free-boundary model with variable diffusion ...

The variable coefficients d,(u), d,(v), k,(u), and
k,(v) enhance the model’s realism by capturing den-
sity-dependent and concentration-driven processes.
For instance, d,(u) =0.01 + 0.005u reduces dispersal in
dense populations, aiding survival in Scenario 1, while
k,(v) =0.01v accelerates toxicant transport in Scenario
2, exacerbating contamination. These nonlinearities
distinguish the model from constant-coefficient frame-
works [7], offering a more nuanced representation of
ecological dynamics.

The results do not directly align with previously hy-
pothesised stationary solutions (u=14, v=2) due to dif-
ferences in parameters and initial conditions. However,
the stabilisation of u(x, t) in Scenario 1 and the bound-
edness of v(x, t) in both scenarios support the model’s
prediction of stable or quasi-stable states under specif-
ic conditions. Future simulations could explore param-
eter regimes that yield such stationary solutions.

Ecologically, the findings emphasise the need for
proactive pollution control. Scenario 1 suggests that
maintaining a high c,/m, ratio through environmental
management can limit toxicant spread, while Scenario
2 underscores the consequences of inaction. These in-
sights align with the practical applications discussed in
Section 6, including pollution control and biodiversity
conservation strategies.

The models ability to predict the behaviour of the
free boundary s(t) provides a quantitative framework
for assessing the spread of pollutants in river systems.
When the toxicant decay rate c, is sufficiently large rel-
ative to the input rate m,, the free boundary stabilises
at s, <L, indicating that the pollutant does not contam-
inate the entire river length. This result suggests that
natural processes, such as dilution or chemical degra-
dation, can limit the spatial extent of pollution, preserv-
ing uncontaminated habitats downstream. Conversely,
when m, > c,, the toxicant spreads to the entire river
(s(t) = L), posing a severe threat to the ecosystem. These
findings underscore the importance of controlling pol-
lutant inputs to prevent widespread ecological damage.

The boundedness of the population density u(x, t)
(Lemma 1) highlights conditions for population persis-
tence. Specifically, the condition a; > % ensures that
the population can survive despite toxicant exposure.
This threshold provides a critical ecological insight:
the intrinsic growth rate of the population (a,) must
be sufficiently high to counter the combined effects of
toxicant-induced mortality (c,v) and competition (b,u).
Biologically, this suggests that species with high repro-
ductive rates or adaptive behaviours (e.g., reduced dis-
persal in polluted areas, modelled by d,(u)) are more
likely to persist in contaminated environments.

The variable coefficients d,(u), d,(v), k,(u), and k,(v)
reflect complex ecological interactions. For instance, the
density-dependent diffusion d,(u) captures behavioural
adaptations, such as reduced movement in crowd-
ed populations, which can enhance local survival by

minimising exposure to polluted areas. Similarly, the
concentration-dependent advection k,(v) models how
high toxicant levels alter flow dynamics, potentially
accelerating pollutant spread in heavily contaminated
zones. These nonlinearities make the model more ap-
plicable to real-world scenarios, where environmental
and biological factors are rarely constant.

This study investigated the combined effect of
movement and spatial distribution of resources based
on a Lotka-Volterra-type competitive-diffusion-advec-
tion system. For comparison, it was assumed that the
total amount of resources was the same for both popu-
lations, but one of them existed under conditions of ho-
mogeneous spatial distribution of resources, while the
other existed under conditions of heterogeneous distri-
bution. The main results showed that competition be-
tween homogeneous and heterogeneous distributions
is complex: in some cases, one population completely
displaced the other (exclusion effect), while in others,
both populations achieved coexistence. The relation-
ship between the results and the speed of population
movement, and the spatial nature of resource distribu-
tion, proved to be decisive.

Compared to E.F. Keller & L.A. Segel [13] type mod-
els, which often exhibit blow-up phenomena under cer-
tain conditions, this model ensures bounded solutions
through the nonlinear structure and free-boundary
condition. This stability is critical for ecological applica-
tions, as it reflects the physical reality that populations
and toxicant concentrations cannot grow indefinitely.
The free-boundary approach also provides a unique
advantage over fixed-domain models, as it explicitly
tracks the spatial extent of pollution, offering insights
into the protection of downstream ecosystems.

The study by F. Lin et al. [14] revealed the influence
of seasonal variability of flow parameters on pollutant
transport in rivers by considering spatiotemporal dif-
fusion coefficients. Unlike the present model, which
also considers population density, the researchers lim-
ited themselves to hydrodynamic parameters. However,
their finding that variable coefficients significantly im-
prove the accuracy of the simulations is fully consist-
ent with the results presented here. This confirms that
taking into consideration the dynamic characteristics
of the environment is crucial when modelling toxicant
transport in natural water bodies.

In the paper by A. Miiller et al. [12], a numerical
scheme based on an adaptive grid was used to simulate
pollution taking into consideration a moving boundary.
The researchers showed that the use of flexible numeri-
cal approaches ensures robustness to calculations with
high gradients of toxicant concentration. Their numer-
ical results visualised the propagation front similar to
those observed in the current model. The main differ-
ence was the absence of a biological component, but the
general methodology was comparable, indicating high
reproducibility of such approaches in different models.

- o
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Q. Chen et al. [15] investigated the effect of popula-
tion density on water quality in models of urbanised river
systems. Although their model did not include a moving
boundary, the researchers showed that high population
density is correlated with an increase in pollutant con-
centrations. This supports the hypothesis of the present
study on the interdependence between environmental
factors and diffusion and advection characteristics. In
addition, their empirical data confirm the theoretical
assumptions underlying the presented model. L. Naiza-
bayeva et al. [16] presented a three-dimensional model
for simulating pollutant diffusion in the atmosphere. The
model was based on the advection-diffusion equation,
incorporating pollution sources and the decay process-
es of substances. A numerical solution was implemented
using the finite difference method on a three-dimension-
al computational grid. The model accounts for the spatial
distribution of pollutant concentrations, and the effects
of wind and atmospheric diffusion. Key parameters in-
cluded the diffusion coefficient, wind speed components,
intensity of pollutant sources, and the decay rate of sub-
stances. Special emphasis was placed on the vertical
distribution of pollutants, allowing for more accurate
representation of atmospheric processes. The proposed
model can be used to predict pollutant dispersion, assess
the impact of various sources on air quality, and develop
effective strategies for reducing air pollution in urban
and industrial regions.

The study by E.N. Aksan et al. [17] focused on the
application of the finite element method to aquatic pol-
lution problems with a moving boundary. Their con-
clusions about the influence of advection parameters
on the boundary velocity of the pollution front are in
agreement with the results of the current model. How-
ever, their study lacked a biological component, limiting
the possibilities of analysing the interaction with the
population. Nevertheless, their numerical conclusions
provide an opportunity to confirm the importance of
including boundary dynamics in such problems.

Pesticide pollution in rivers and their compartments
has increased due to industrial discharge and excessive
agricultural use. These residues contaminate water, sed-
iments, and aquatic organisms, posing serious health
risks to humans. Organochlorine pesticides such as DDT,
HCH, endosulfan, etc., are the most commonly found.
The study by A.K.Chopra et al. [18] outlined the classi-
fication and toxicity of pesticides, discussed alternative
solutions, and emphasised raising public awareness
about the issue. In their paper, ]. Chung & 0. Kwon [19]
investigated two-species competition-diffusion systems
with different intrinsic growth rates, carrying capacities,
and dispersal strategies (random and Fokker-Planck dif-
fusion). A general criterion for the global dynamics was
established, along with conditions for coexistence and
stability. The results highlighted the significant impact of
heterogeneous competition strengths and dispersal be-
haviours on ecosystem stability.

W. Chen & Ya. Chen [20] considered the Lotka-
Volterra competition model with cross-diffusion un-
der homogeneous Dirichlet boundary conditions was
considered, where cross-diffusion represents mu-
tual avoidance between two species due to competi-
tion. Using the method of upper and lower solutions,
sufficient conditions for the existence of positive
solutions were established when the cross-diffusion
coefficients are sufficiently small. Additionally, condi-
tions for the nonexistence of positive solutions were
also investigated.

Conclusions

This study presented a mathematical model for pol-
lutant transport in a river environment, incorporating
spatio-temporally variable diffusion and advection co-
efficients. The model also accounted for the ecological in-
teraction between a biological population and toxicants,
emphasising how population density influences, and is
influenced by, the concentration of harmful substanc-
es. The graph depicting toxicant concentration v(x, t)
illustrated the temporal evolution of the contaminant
distribution. Initially, at ¢ =0, the toxicant was sharply
localised within a confined region. As time progresses
to t = 2.5, the concentration profile became smoother
and more diffuse, indicating the effect of dynamic diffu-
sion and advection processes.

The presence of a sharp gradient at the initial time
transitioning into a smooth concentration curve con-
firms the model’s ability to simulate the natural spread
of pollutants with a free boundary. This reflects the
physical phenomenon whereby contaminants gradual-
ly invade previously unaffected regions due to variable
transport properties. The results demonstrate that the
use of space- and time-dependent coefficients leads to
more realistic simulation of environmental processes,
offering better insight into the spread behaviour of tox-
icants under fluctuating ecological conditions. Impor-
tantly, the simulations revealed that the contaminant
does not necessarily spread throughout the entire river
domain. This outcome supports the theoretical finding
that population persistence is possible in uncontami-
nated zones, which is a significant ecological implica-
tion. Therefore, incorporating such models into envi-
ronmental monitoring and pollution control strategies
can improve predictions and guide more effective man-
agement decisions.

This study proposed a mathematical model to ana-
lyse the effect of environmental toxicants on population
dynamics over time. The figure illustrates the temporal
evolution of population density u(x, t). Initially, at t = 0,
the population density remained relatively low and de-
clined further in regions where toxicant concentrations
are higher. However, by t= 2.5, the population had sig-
nificantly increased and reached a more stable distri-
bution, suggesting recovery in areas where pollutant
levels have decreased or become negligible.
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The results confirm that the presence of toxicants
directly affects the spatial distribution of the popu-
lation. In particular, the observed population growth
in regions where toxicant concentration diminished
aligns with the model’s coupled reaction-diffusion-ad-
vection mechanisms. This behaviour demonstrates the
model’s ability to accurately capture the complex eco-
logical interactions between contamination and species
dynamics. It also highlights the potential for population
recovery when environmental conditions improve.
Thus, the findings indicate that under favourable eco-
logical conditions-such as pollutant reduction or opti-
mised flow parameters-the population can recover and

of the toxicant distinguishes this model from prior
frameworks, allowing for a more accurate simulation
of pollutant spread and retreat. While earlier works
often focused on irreversible population decline under
contamination, the current simulations demonstrate
conditions under which population persistence and re-
growth are possible once toxicant levels subside. Future
research could extend this model by incorporating mul-
ti-species interactions to explore how different trophic
levels respond to pollution gradients. Additionally, cou-
pling the model with empirical field data would enable
calibration and validation in real-world river systems,
enhancing its predictive capabilities.

exhibit stable growth. This reinforces the practical rel-

evance of the model for environmental monitoring and Acknowledgements
for designing effective pollution control and ecosystem  None.
restoration strategies.
Unlike static-coefficient models that oversimpli- Funding
fy environmental dynamics, this approach reflects the  None.
realistic variability in river geometry, flow velocity,
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tion of a free boundary to represent the moving front  None.
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AHHOTANUsA. TabUTbIH Cyy YeiipesiepyH/ie 6y/Irooyy 3aTTap/blH Tapaayy blJIJaM/IbITbIH MyHe3/1ereH U dy3us
k03pPULIMEHTH MeHEeH CYyHYH arblMbl apKbLIyy TalIbUIBIILIBIH YarbUIABIPraH afBeKLus Kod3pPuiueHTH
YOH, MEMKUH/JMKTHK >KaHa YOaKbITTBIK ©3repMeJyy/IYKKe 33. Bys1 esrepyysiep JlapblisiHbIH TeOMeTpPUSIChIHbIH,
arbIM bUIZAM/BITBIHBIH, TEMIIEPATYPAHbIH XaHa Ce30H/YK JIMHAMHKAHbIH 63TOPYLIY MeHeH IapTTajraH. byn
TaTaaAbIKTap/Abl TOJNYK 3CKe aayy Y4YYH, 6y usuianeene nuddysus xkaHa afBeKUUsa Ko3pPUIMeHTTEPUHUH
MeNKUH/UKTUK-YOAaKbITTBIK ©3r6pMeJIepyH KaMTbIFaH 6PKYH/JOTYJ/TeH MOJENJAUK Ty3yM CyHyLITaJaraH. byn
k03pPULIMEeHTTEP NOMYASLUSAHBIH JKbIIITHIIbIHA KaHA 4eWpeziery yyayy 3aTTapAblH KOHIlEHTPalUsCbIHA
’Kapalla e3repeT Jell 6OJ/DKOJJOHTOH, 6y 6yJaroody 3aTTap/blH TallbLIbIN NPOLECCTEPUH peasfyypaak
YareUIZbIpyyra MYMKYH/AYK 6epeT. By Makasia/ia yyJ1yy 3aTTap/blH TapaJiblLIbIH YarbLIbIPTaH 3pKHH YeK apalyy
TyyHAy auddepenunanapik TeHgeMenepaud (PDE) TaTtaan cuctemackl uinTeadn YyblkKaH. Mojesb fapbis/jarbt
OGUOJIOTUSIJIBIK TOMYJSIMS MEHEH TOKCMKAHTTBIH 63 apa apaKeTHH 3KOJIOTHSJIBIK »KaHa TU/IPOJAUHAMUKAJIbIK
daxTopsIOpAYy 3CKe aslyy MeHEH CYPOTTOUT. YeunM/AUH peryaspAyyayryH KaMcbl3 KbUIYY YYYH NOMYJ/ISALUSHBIH
KBIIITBITBIH U(X, t), TOKCUKaHTTbIH KOHIIEHTPALUACHIH V(X, t) )KaHa 3pKUH Y€K apaHblH abasiblH S(t) KaMThIraH
alpyuoOpAYK 3CENTeesop KUPTU3WJeT, OLIOHAON 3jie ['énbjAep TyTalITbIrbl 60I0OHYA 6aasooJop >KYpPrysyJier.
Kinaccukanblk yedynMepAuH I7106afyy 6ap 3KeHJAUTH »aHa Kaiarbi3fbirbl Jlepe-lllaygep/inH KbIMMBbLICHI3
YEKHUT >KOHYH/ery TeopeMachl KaHa dHEePTUsAra Herusze/reH bIKMaJjap apKbLIyy KaTyy JajuijieHeT. AUpbIM
napaMeTpAuK pexuM/iep/ie TOKCUKAHT JapbIssHbIH 6ap/ibIK assHTbIHA Tapal aj0acThIrbl aHBIKTAJ/bI, Oy 63
Ke3eruH/ie NMonyJ/sinusra »abblpkabarad aiMaKTap/a >kallal KaJayyra MyMKYH/JAYK 6epZiyd. JpKHH 4YeK apalyy
TaTaas TYIOHTY/IraH Tyypa 3MecC MaceJleHU aHaJUMTHUKAJbIK KaKTaH W3WJIJ[66 KbIMbIH/bIIbIHA GalIaHBIITYY
aHbIKTa/0araH (HesABHBIN) CaHABIK CXeMasap KoJAOoHyAAy. Python TuiuHJe uinKe albIpbLIraH CaHJbIK
3KCIIepUMEHTTep 2KaHa rpadyKasblK BU3yaTU3al{sIap TEOPHUSJIbIK XKbIHBIHTBIKTAP/Ab! bIpACTall, 3KOJOTUsJIBIK
napaMeTpJiep MeHeH Oy/roody 3aTTap/blH JAUHAMHMKACBIHbIH ©3 apa apaKeTHH 4YarbLIAbIPAbl. AJIbIHTaH
HaThIXKaJIap ap TYpAYY 4eMpeJyK apTTapAblH 610JIOTUAIBIK NONYIALUAIApAbIH TYPYKTYY/IYTYHA )KaHa YYJIyy
3aTTap/blH MEHKUH/IUK-YOAKbITTBIK 3BOJIIOLUSChIHA KaHalya TaacCUp 3TEPHUH KOPCOTOT

Herusru ce3aep: tataajn UHAMUKA; OY/Iroody 3aTTap/blH Tapasblllibl; 3pKUH 4YeK apa MaceJsecd; CaHAbIK
Mozenzes; iudpodysua koappuuueHTU

@

Journal of Osh State University. Mathematics. Physics. Technical Sciences. Vol. 4, No. 1


https://orcid.org/0009-0001-3446-7624
https://orcid.org/0009-0008-7317-1229
http://dx.doi.org/10.20944/preprints202410.2551.v1
https://doiserbia.nb.rs/Article.aspx?ID=0354-98361700268A
https://doi.org/10.1007/s10661-010-1433-4
https://doi.org/10.1155/2018/7879598
https://doi.org/10.1155/2013/624352

A nonlinear free-boundary model with variable diffusion ...

HenvHelHast Moae/ib CO CBOOOAHOM rpaHULie
C nepeMeHHbIMM KO3¢Ppuumentamu AudpPpy3uu u agBeKuu
AJI1 AMHAMUKHY NONYJISIMH U 3arpsi3HUTe/Ied B peKax

Maxoy6a booopaxumMoBa
KaHampaTt gr3nKo-MaTeMaTUUecKmx HayK, HayuHblid COTPYLHUK
WNHcTuTyT MaTteMaTukmn um. B.M. PomaHoBckoro Akagemmn Hayk Pecnybnmku YabekncraH
100174, yn. YHuBepcuteTckas, 9, r. TawkeHT, Pecnybnuka Y3bekumcTtaH
https://orcid.org/0009-0001-3446-7624

Opsurya [lapgaesa
HayuHbIi COTpYAHMUK
NHcTuTyT MaTemMaTukm nM. B.M. PomaHoBckoro Akagemum Hayk Pecnybnukm VabekumctaH
100174, yn. YHuBepcuteTckas, 9, r. TawkeHT, Pecnybnumka VabekumctaH
https://orcid.org/0009-0008-7317-1229

AHHOTAMsA. B ecTecTBeHHbIX BOAHBIX Cpeflax Kak KoadpduiueHT nuddysuu, xapaKTepU3YIOIIUNA CKOPOCTh
paccerBaHHUs 3arpsI3HSAIIMX BeIIEeCTB, Tak M KO3QQOULMEHT aJiBeKIMH, OMUCHIBAKOILUA IepeHoC 3a CyYeT
MOTOKA BOJBI, JeMOHCTPUPYIOT 3HAYUTEJIbHYI0 MPOCTPAHCTBEHHO-BPEMEHHYI0 U3MEHYMBOCTb. JTU U3MEHeHUs
06yc/10B/IeHbI U3MEHEHUSIMU B F€OMETPHUH PEKH, CKOPOCTH TeUYeHHs], TeMIIlepaType U Ce30HHON JuHaMuKe. YToObI
Jlydllle OXBAaTHUTb 3TU CJIOXKHOCTH, B 3TOM HCC/Ie[OBAaHUM MpeJCTaBJeHa YCOBeplIeHCTBOBaHHAsA MoO/eJibHas
CTPYKTYypa, KOTOpas BKJIOYAeT IPOCTPAHCTBEHHO-BpeMeHHble TIepeMeHHble KoadduiueHTol auddysuu
¥ aaBekuuu. [Ipeanosaranoce, 4To 3TH KO3POUUMEHTHI 3aBUCAT KaK OT IJIOTHOCTH MHOMYJSALMH, TaK U OT
KOHLIEHTPAIlMH TOKCUKAHTOB OKpY»Kalolllel CpeJibl, YTO M03BOJISET 60Jiee peaJMCTUYHO NPeCTaBUTh MPOLEeCChI
MepeHoca 3arpsi3HSAI0IIMX BelleCTB. B 3ToH cTaThe pa3pabaThiBasach HEJIMHEHHAs CHCTeMa ypaBHEHUH B YaCTHBIX
npousBoAHbIX (PDE) co cBOoGOAHOUW TrpaHUlled [Jisi NpejCTaBjeHUs AUHAMHYECKOTO acleKTa pacceruBaHUs
TOKCUYHBIX BellecTB. MoJie/ib xapakTepu3yeT B3aUMOJENCTBHE MeX/Jy PeYHOHW OGHUOJIOTHYecKOM mHomyJsinuei
M TOKCUKaHTOM, YYUTBIBAsA KOJOTMYEeCKHEe W FHAPOAUHAMUYecKUe BAUAHUSA. [y obecrieueHUs] peryasipHOCTH
pellleHUs] YCTaHaB/JIMBAIOTCS alPUOPHbIE BBIYMCIEHUS, BKJIIOYasl JIOTHOCTb MOMYJSALUU U(X, t), KOHLEHTPALHUIO
TOKCHUKaHTa V(X, t) 1 osioxkeHHe CBOGOJHOM rpaHUIbI S(t), a TaKKe OLleHKH HelpepbIBHOCTH [esibsiepa. [106aibHOE
CylL1leCTBOBaHWE U €JMHCTBEHHOCTb KJIACCHYECKUX pelleHUM CTPOro JoKa3aHbl C MOMOILbI0 TeopeMbl Jlepe-
[llayepa 0 HEMOJBUKHOM TOYKE U METO/0B, OCHOBAaHHBIX Ha 3HEPIUH. BbLIM BBISIBJIEHBI PEXUMBI TapaMeTpPOB,
IPU KOTOPBIX TOKCUKAHT He MOT PacnpoCTPAaHUTLCA 0 BCEH IJIOIIAAU PeKH, TEM CaMbIM N103BOJIASA NOMYNAALUU
BBDKUBATD B HE3aTPOHYTHIX 00J1aCTAX. M3-32 aHATUTUYECKOH CJIOKHOCTH HEJTMHEHHOH 33/1a4¥l CBOGOAHOM IPAHUITbI
JUISl MOJIeJINPOBaHMA UCI0JIb30BaJNCh HesIBHbIE YUCJIeHHbIe cXeMbl. Y C/IeHHble 9KCIIepUMEHTDI, pea/lu30BaHHbIE
Ha Python c rpaduyeckumu Bu3yasnzalnusaMu, NOATBEPXKJAIOT TeOpeTHYEeCKHEe Pe3yJbTaTbl U WJIHOCTPUPYIOT
B3aUMO/IEMICTBHE MEX/y 3KOJIOTMYeCKHMMM NapaMeTpaMM U JJUHAMHUKOM 3arpA3HAKIMX BellecTB. [losyyeHHbIE
pe3y/IbTaThl I0Ka3bIBAIOT, KaK pa3/IMuHbIe YCI0BUS OKPYKalOLEN Cpe/ibl BJUSIOT HA YCTOMYNBOCTb 6M0I0TMYeCKUX
MNONYJIALIMA U NPOCTPAHCTBEHHO-BPEMEHHYIO 3BOJIIOLMIO0 KOHLIEHTPALMH TOKCUYHBIX BEL|eCTB

KiroueBble CJ10Ba: HeJlMHeHHas JJMHAMUKA; paclpoCTpaHeHMe 3arps3HSAIOLMX BellleCTB; 3a/ja4ya Co CBOOOAHON
rpaHuUllel; YMCJeHHOEe MoJieINpOBaHue; KoappuuneHT AudPpy3uu
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Abstract. The aim of the study was to develop a mathematical model for improving the energy efficiency of
residential buildings through the seasonal use of solar heating. A method for the theoretical calculation of energy-

efficient houses was proposed, taking into account the geometric parameters of windows and the design features
of the window roof. The conditions for the optimal placement of windows for effective capture of solar radiation
during the heating season were identified. The study paid particular attention to the climatic characteristics of
Kyrgyzstan, such as the duration of the heating season, the level of solar radiation and the potential for reducing the
consumption of traditional energy sources. A climate analysis of the cities of Osh and Bishkek showed that even on
the shortest winter days, it is possible to obtain a significant amount of solar energy, sufficient for partial or complete
heating of premises. A mathematical model of heat loss has been developed, taking into account the temperature
difference between the indoor and outdoor environments, as well as the heat transfer coefficient of the building
envelope. This allows for an assessment of the duration of effective use of solar energy for heating. Key design
parameters have been formalised, including the angle of incidence of sunlight, the length of the roof overhang, the
height of the window and the geometry of the facade. Formulas for calculating the length and height of the canopy,
taking into account seasonal changes in the position of the sun, have also been proposed. The article presents a
roof and window layout that provides protection from overheating in summer and maximum solar energy inflow
in winter. The study confirms that well-designed solar heating systems can significantly reduce the load on central
heating and increase the efficiency of renewable energy use. The presented methods are applicable in the design of
modern energy-efficient buildings, especially in regions with mountainous terrain and a long heating season. Thus,
this study is of great importance for the practical implementation of solar heating systems capable of ensuring the
sustainable and efficient use of solar energy, taking into account local climatic characteristics

Keywords: renewable energy sources; thermal efficiency; architectural solutions; thermal insulation of buildings;
climatic characteristics; optimisation of building elements; seasonal adaptation of structures

Introduction
Heating residential buildings is a pressing issue, as reduce consumption. One way to solve this problem is
the constant rise in the cost of coal and other tradi- to expand the use of solar energy, including its appli-
tional energy sources, as well as the environmental cation in heating systems. Solar energy is a renewable
problems associated with their use, require ways to  resource that can significantly reduce dependence on
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centralised energy sources and reduce the load on heat-
ing infrastructure. Given the climatic characteristics of
Kyrgyzstan and the potential for using solar heating in
mountainousareas, research in this field isimportant for
improving the energy efficiency of residential buildings.

When using solar energy in passive heating sys-
tems, it is necessary to study the location of windows,
which is an important element of a residential building.
Analysing the impact of the geometric parameters of
windows and roofs on solar energy capture, as well as
developing mathematical models to optimise these pa-
rameters, will help create effective solutions that can be
applied in real-world conditions, especially in regions
such as Osh and Bishkek.

In their study, scientists R.A. Akparaliev et al. [1]
analysed the climatic conditions of Kyrgyzstan in de-
tail, creating a resource map that includes geographical
coordinates, administrative divisions, as well as solar
radiation parameters and surface inclination angles.
Their work made it possible to take into account the
characteristics of the local climate when designing so-
lar heating systems, but issues of seasonal adaptation of
structures and integration of geometric characteristics
of buildings remained insufficiently addressed. Accord-
ing to reports from international energy organisations,
heating buildings accounts for 20% to 30% of total fi-
nal energy consumption, and in countries with cold cli-
mates, this figure can reach 40% or more [2]. The book
by N.R. Avezova et al. [3] examined the energy efficiency
of residential buildings with an emphasis on the use of
the Trombe wall passive solar system. However, the au-
thors do not conduct a detailed analysis of architectural
solutions in a broader context, such as building shape,
orientation, planning features, and other parameters
that affect energy consumption reduction.

The study by S.I. Khamraev [4] noted the impor-
tance of improving the energy efficiency of residential
heating systems through the use of renewable energy
sources, in particular solar energy. The author pro-
posed a combined heating scheme that allows up to
70% of the heat load to be covered during the winter
period through the effective use of solar collectors. The
work was based on experimental research conducted in
real conditions in the south of Uzbekistan, in the city of
Karshi, from November 2020 to February 2021, which
gives the results practical reliability and relevance. The
proposed system takes into account the climatic char-
acteristics of the region, which is characterised by high
levels of solar radiation and a continental climate, and
demonstrates the technical feasibility of solar heating
in domestic conditions.

However, despite the high practical value of the
study, the work lacks an in-depth analysis of architec-
tural solutions for buildings, such as orientation, ther-
mal insulation, insolation, building envelope materi-
als, etc., which have a significant impact on reducing

the overall heat load. Failure to take these factors into
account narrows the overall systemic assessment of
energy efficiency and limits the adaptability of the pro-
posed model to a wider range of architectural contexts.

Sh. Wang et al. [5] noted that energy-active hous-
es provide significant savings in energy costs by us-
ing solar energy for heating and lighting. The authors
emphasised that such houses contribute to reducing
the carbon footprint, as they do not depend on fossil
fuels, and reduce dependence on external electricity
supplies, providing greater autonomy. The Sunny In-
side project, presented at the Solar Decathlon China
2013 competition [5], developed and analysed key
design elements such as an eco-friendly atrium, shad-
ing systems, natural ventilation, a heat storage system
and thermal insulation. However, the project does not
take into account the specific climatic conditions of
Kyrgyzstan, which limits its applicability in this re-
gion. This article proposes an adaptation of the Sunny
Inside design elements to take into account the climat-
ic characteristics of Kyrgyzstan, which is an important
step towards improving the energy efficiency of resi-
dential buildings in the country.

Given that previous studies and implemented pro-
jects in the field of solar heating did not fully take into
account the specific features of the region and the ar-
chitectural parameters of buildings, this study set out
to develop a mathematical model that would improve
the energy efficiency of residential buildings through
the rational seasonal use of solar energy. The proposed
theoretical approach is based on adapting existing
technologies to the specific conditions of Kyrgyzstan
and includes taking into account the geometry of the
glazing, the design features of the roof and other factors
affecting heat loss.

Materials and Methods
This study examined the optimisation of structural el-
ements of glazing and roofing for more efficient use
of solar energy throughout the year. A mathematical
approach based on geometric and climatic parame-
ters was used as a basis, allowing for a quantitative
assessment of insolation through window openings.
To refine the insolation parameters under clear sky
conditions, this study used a simplified model of di-
rect and diffuse solar radiation proposed by R.E. Bird
& R.L. Hulstrom [6]. This model made it possible
to quantitatively assess the amount of solar energy
reaching horizontal and vertical surfaces at different
times of the year, taking into account the sun’s alti-
tude, atmospheric transparency, and climatic condi-
tions in the region. This approach made it possible to
analyse light transmission and the formation of con-
ditions conducive to improving the thermal efficiency
of building envelopes in different seasons. Key fac-
tors were taken into account: the angle of incidence

-

Journal of Osh State University. Mathematics. Physics. Technical Sciences. Vol. 4, No. 1



Matisakov & Zhumakadyr

of sunlight, the geometry of the building, the size of
the windows, the angle of the canopy and the dura-
tion of solar radiation [7]. One of the most important
parameters of solar radiation is the angle of incidence
of sunlight on the surface, which determines the pro-
portion of direct solar radiation passing through the
windows of an energy-efficient house [8]. During the
heating season, sunlight may not fall directly into the
window, encountering obstacles such as trees, rocks
or hills that temporarily block direct solar radiation.

Determining the optimal angle of incidence of sun-
light is the initial stage of design. This angle changes
throughout the year and is determined by the ratio of
the sun’s height above the horizon to the distance from
the Earth to the Sun. Formally, the angle of incidence 6,
is expressed as [9]:

0,=arcsin( }11: ), (1)

where h, - height the sun above the horizon, I, - the
distance from the Sun to the Earth. Let the height of
the window be h. In order for the sun’s rays to hit the
window in winter, the horizontal projection of the rays
must cross the upper edge of the window. In summer,
the roof must be long enough to cover the upper part of
the window and prevent overheating. The length of the
roof L is calculated using the formula:

L=h-tg(6), @)

where L is the length of the visor blocking sunlight. The
distance from the upper edge of the window to the low-
er edge of the roof (h,) depends on the length of the vi-
sor and the angle of incidence of the rays:

h,=L-sin(0). (3)

These formulas made it possible to calculate the op-
timal sizes and angles for windows and roofs, ensur-
ing efficient use of solar energy in different seasons.
For climate analysis, data on the duration of the heat-
ing season and total solar radiation were used, ob-
tained using specialised Delphi 7.0 software. The Py-
thon programming language was used to implement
the mathematical model and perform numerical cal-
culations, including modelling indoor temperature
dynamics and constructing graphs, which ensured
flexibility and accuracy of calculations and allowed for
the automation of the results visualisation process.
The indoor heat exchange model was described by a
differential equation:

G =-k(e-t), @

where t is the indoor temperature at time 7, ¢, is the
outdoor air temperature, and k is the heat transfer

coefficient of the walls. The solution to the equation
with initial conditions t=0, t=¢, is:

tr)=t+(t,-t) €™ (5)

This made it possible to model the temperature
dynamics inside the room in the absence of additional
heating, taking into account heat loss through the walls.

Results and Discussion

Ordinary window glass transmits about 3-4% of ul-
tra-shortwave radiation (280-315 nm) and almost
completely blocks harmful ultraviolet radiation in the
range of 100-280 nm. At the same time, it transmits up
to 75% of less dangerous ultraviolet radiation (315-
400 nm), which not only contributes to the accumula-
tion of heat in the room, but also has an antiseptic ef-
fect, destroying harmful microbes [10].

Since windows are key elements through which so-
lar heat enters energy-efficient buildings, an important
stage in the design process is determining their optimal
location [11]. The main principle here is the rational
use of sunlight, taking into account seasonal changes
in the position of the sun on the horizon [12]. Accord-
ingly, the height of window openings and the structural
placement of the roof must be adapted to maximise the
intake of solar energy during the heating season - au-
tumn, winter and spring [13].

For the effective use of solar radiation, it is neces-
sary to take into account the dynamics of the angle of
incidence of sunlight in different seasons. At the begin-
ning of the heating season, the angle of incidence is be-
tween 27° and 40°, and in the winter months, the sun’s
rays are almost parallel to the horizon, which makes
south-facing windows particularly effective for natural
heating of rooms. However, during the transition peri-
ods before the start of the heating season, there may
be an excessive amount of solar radiation, which can
lead to overheating of interior spaces. This requires
careful design of architectural elements, in particular
the placement of windows, overhangs and canopies, as
described by T. Muneer et al. [14].

Calculations obtained using a simplified model of
direct and diffuse solar radiation were used to deter-
mine the rational geometry of windows and canopies,
aimed at limiting solar overheating in summer and
maximising heat gain in winter. For example, if the
width of the window is 1.5 m and the height is 1.7 m,
the optimal length of the canopy should be about 1.4 m,
and the distance from the upper edge of the window to
the lower plane of the canopy should be about 1.06 m.
With these parameters, summer sunlight will be com-
pletely blocked, preventing overheating, while in win-
ter, solar radiation will freely enter the room, providing
natural heating. To visualise the geometric layout of the
windows and roof, the authors developed the diagram
shown in Figure 1.
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Figure 1. Scheme of the optimal arrangement of the roof and windows of the building
Notes: 0-windows oriented towards the sun; K - roof optimised for the heating season; C - building walls

Source: developed by the authors

As a result of the modelling, a geometric diagram
of the optimal location of windows and the roof of the
building was developed (Fig. 1), taking into account
the seasonal characteristics of solar radiation. Based
on this diagram, an analysis of insolation for the sum-
mer and winter periods was carried out. In summer
(Fig. 1a), the roof is designed to shade the windows and
prevent overheating of the rooms, while in winter (Fig.
1b), the design allows maximum use of solar heat for
natural heating of the interior spaces. This approach
ensures effective management of solar energy through-
out the year and helps to reduce energy costs for air
conditioning and heating.
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This method is particularly relevant for mountain-
ous regions such as Kyrgyzstan, where the long heating
season and high solar energy potential create favour-
able conditions for improving the energy efficiency of
residential buildings and reducing the consumption of
traditional energy sources. In such conditions, it is par-
ticularly important to accurately assess the duration of
the heating period and the characteristics of solar ra-
diation, which allows for the optimisation of heating
system design using passive and active solar technolo-
gies. Figure 2 shows the dynamics of the duration of the
heating season (in days) in the city of Bishkek over the
last 15 years.
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Figure 2. Duration of the heating season (days] in Bishkek

Source: compiled by the authors based on [15]

The analysis shows that the duration of the heating
season in Bishkek ranges from 138 to 183 days, with
an average of about 158 days. Such significant seasonal
fluctuations directly affect the choice and configuration
of heating systems, as well as the calculation of thermal
insulation and solar collector parameters. The duration

—en

of the heating season in other large cities of Kyrgyzstan,
such as Osh, is close to that of Bishkek, as confirmed
by a comparative analysis of data for several years [15].
This indicates the need to develop universal solutions
that are adaptable to local conditions and take into ac-
count regional climate and terrain specifics.
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To gain a more complete understanding of the re-
gion’s solar potential, an assessment of daylight hours
and total solar radiation was carried out using special-
ised software. For example, the shortest day of the heat-
ing season - 22 December - in the city of Osh lasts only
6 hours and 10 minutes, with total solar radiation of
about 388.73 W-h/m? (Fig. 3). These data highlight the
need to integrate seasonal changes in sunlight into en-
ergy consumption models and the design of energy-ef-
ficient heating systems.
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Figure 3. Forecast of total solar radiation for 22
December - the shortest day of the heating season (Osh)
Source: developed by the authors using Delphi 7.0

According to calculations, even on the shortest
winter day, a significant amount of solar energy enters
through a 4 m* window - approximately 9,573.24 W-h.
This highlights the potential of solar energy as an im-
portant source of heat for energy-efficient buildings in
cold climates. Using a mathematical model that takes
into account an outside temperature of -5 °C and no ad-
ditional heating, the dynamics of indoor temperature
changes were simulated (Fig. 4).
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Figure 4. Temperature dynamics
in a room without heating
Source: the authors’ own calculations using Python

As can be seen from the results, a comfortable in-
door temperature can be maintained for approximately
5 hours thanks to accumulated solar heat. After that, the
temperature begins to gradually decrease, indicating the
need to connect additional heating systems to maintain

comfortable conditions. At the same time, the indoor
temperature does not drop to the outdoor level (below 0
°C) for 15 hours, which significantly extends the time pe-
riod during which energy costs for heating are reduced.
Considering that the average time until sunrise in winter
is about 16 hours, the use of solar energy in combination
with properly designed architectural elements (windows,
canopies, etc.) can reduce the consumption of tradition-
al energy sources for heating by approximately 40%.

These results are consistent with preliminary cal-
culations of insolation, modelling of the angles of in-
cidence of sunlight and analysis of the duration of the
heating season, which confirms the complexity and in-
tegrity of the proposed approach. Taken together, this
demonstrates the high effectiveness of the proposed
model for improving the energy efficiency of buildings
in mountainous regions with long heating seasons, such
as Kyrgyzstan. It should be noted that the proposed ap-
proach is consistent in a number of cases with the re-
search of other scientists in the field of energy-efficient
building design. For example, in an article on solar ar-
chitecture, authors L. Zhong et al. [16] emphasised the
importance of correct window orientation and the use
of solar energy for heating in winter.

Nevertheless, there are a number of differences be-
tween the proposed model and other approaches. For
example, the article considers a specific geographical
area - Kyrgyzstan - and takes into account the natural
features of this region, such as the duration of the heat-
ing season and the level of solar radiation. The research
by K. Mehta et al. [17] specifically takes into account
the climatic characteristics and conditions of different
regions, which is particularly important as climate sig-
nificantly affects the efficiency of solar heating systems.
At the same time, many studies conducted in other
countries focus on their own climatic conditions, which
can lead to differences in the results of calculations. For
example, studies conducted in regions with higher lev-
els of solar radiation often use increased values of solar
radiation and climatic parameters in their calculations,
which leads to differences in recommendations for the
design of solar heating systems. As noted by W. Mo et
al. [18], climatic conditions, especially the level of solar
radiation, significantly affect the design and efficiency
of passive solar systems, requiring the adaptation of
technical solutions to a specific region.

However, despite these differences, the conclusions
of this article are conceptually very close to the results
of other studies proposing the use of mathematical
models to optimise solar architectures. In particular,
the International Energy Agency (IEA) report [2] con-
sidered the use of energy for heating in conditions of
short daylight hours, including the shortest days of the
year. The document emphasises that the amount of so-
lar energy available in the winter months depends sig-
nificantly on geographical location and local climatic
conditions. This is confirmed by the calculations made
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in the article, where on 22 December, the shortest day
of the heating season, 388.73 W-h/m? of solar energy
is available. Other studies, for example, those conduct-
ed in the United Kingdom and Scandinavian countries,
note that the results may vary significantly due to lower
levels of solar radiation associated with longer winters
and a low angle of incidence of sunlight. As pointed out
by R. Renaldi & D. Friedrich [19] and M. Herrando & C.N.
Markides [20], climatic conditions significantly affect
the efficiency of solar heating systems and require de-
sign solutions to be adapted to low levels of insolation.

A. Olgyay & V. Olgyay [21] used a method for calcu-
lating solar insolation, which facilitated their adaptation
to different types of buildings and climatic conditions.
This is particularly relevant for architects and designers
who need to consider not only the geographical orienta-
tion of the building but also seasonal changes in the an-
gle of incidence of sunlight. In particular, the equations
proposed by the authors allow determining the optimal
parameters of architectural elements: the length of the
canopy blocking direct solar radiation in summer and
the height of the glazing ensuring the penetration of
sunlight in winter. Such calculations serve as a practical
guide for the design of energy-efficient buildings.

At the same time, there are several aspects that
could be further explored. For example, the influence of
different types of window glass on the efficiency of solar
heating could be considered. The article mentions that
glass transmits up to 75% of ultraviolet radiation in the
315-400 nm range, but does not consider other materi-
als that could increase the efficiency of solar radiation.
Thus, in a classic work by B.Y.H. Liu & R.C. Jordan [22],
empirical relationships were proposed for calculating
scattered solar radiation on a horizontal surface based
on total radiation data. These relationships allow de-
termining both instantaneous and average daily values
of scattered radiation for various weather conditions,
including clear and cloudy days, and are widely used in
modelling solar heat exchange in buildings.

The proposed model is useful for practical appli-
cation, especially in countries with variable climates,
such as Kyrgyzstan. It provides clear recommenda-
tions for the design of roofs and windows for optimal
use of solar energy, which can significantly improve the
energy efficiency of buildings and reduce the need for
artificial heating. The work confirms the importance
of competent solar architecture design, which is sup-
ported by other studies, and opens up prospects for the

application of such methods in real conditions, includ-
ing their adaptation to specific climatic conditions.

Conclusions
Even on the shortest winter days, the amount of solar ra-
diation can provide a significant amount of solar energy,
sufficient to heat rooms through windows. This allows for
a significant reduction in dependence on traditional en-
ergy sources such as coal and gas. To assess the efficiency
of solar energy use in heating, it is important to consider
heat transfer through the walls of the building and the
temperature difference between the interior and exterior
environments. Mathematical modelling of these process-
es allows for accurate calculation of the time required for
solar energy to provide the necessary heating for a room.

The results confirmed that even on the shortest
winter days, a significant amount of solar energy can be
obtained through correctly oriented and well-designed
windows. The heat loss model made it possible to esti-
mate the duration of effective solar energy use and its
impact on the internal temperature of rooms. The study
showed that competent design of solar heating systems
(taking into account the angle of the roof, the orienta-
tion of the windows and the length of the eaves) can
significantly reduce heat loss and reduce the load on
traditional energy sources. This is particularly relevant
for regions with long heating seasons and high solar in-
solation, such as Kyrgyzstan.

Thus, the results of the study confirm the impor-
tance of using solar heating to improve the energy
efficiency of residential buildings in Kyrgyzstan. The
theoretical and computational approaches developed
provide a solid foundation for the further development
and implementation of solar technologies in archi-
tectural design in the region. The use of solar energy
in heating systems is a promising and effective way to
solve energy shortages and environmental problems,
especially in Kyrgyzstan with its natural characteristics
and long heating seasons.
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AHHOTANMA. U3U/1/166HYH MaKCcaThl KYH 9HEPTUsIChIH CE30HAYK KOJII0HYY apKbLJIYy TYpPaK )kakl UMapaTTapbIHbIH
sHeprus 3G PeKTUBAYYIYTYH )KOTOPYJIaTYYHYH MaTeMaTUKa/IbIK MOJeJIMH UILITEN YbIryy 60JroH. Tepesesiep/ivH
reoOMeTpUAJIBIK TNapaMeTpJepHUH >KaHa Tepe3e 4YaTbIPbIHbIH KOHCTPYKLUAJIBIK ©3reYeJIYKTOPYH 3CKe alyy
MeHeH 3Heprus-aKTUB/AYY YHJIepAy A0J600pJo0 YUYH TEOPHUSJIBbIK 3CENTO6 MeToAy CyHywTaaat. KbIbITYy
Me3TWJIMHAE KYH pajuanusicblH 3PPeKTUBJYYy KapMOO YUYYH Tepe3esepyd ONTUMAIAYY >KaWTalITbIpyy
IIapTTapbl aHbIKTAJAraH. U3ungee e Kelproi3acTaHiblH KIMMATTBIK 63r6U6JIYKTOPYHe ©3reue KeHYJ O6ypyJiraH,
MU CaJIbl, )KbIIBITYY ME3THJIMHUH Y3aKThITbl, KYH pa/iMaliMsICbIHbIH JEH'33/IM )KaHa CaITTYy 3HEPTus Oy/IaKTapblH
KEepEeKTOBOHY KbICKapTyy NoTeHHasbl. Ol )kaHa bulliKek maap/iapblHbIH KAUMATThIK aHAJIM3H1 KbIIITBIH 3H KbICKA
KYH/ZIOPYH/Ie /A »Kalaap/bl KapbIM-KapThlal e TOJIYK MbUIBITYY Y4IYH KETUIITYY KYH 3HEpPrUsiChIH alyyra
60JI00pYH KOpceTTy. MYKM aHa ThILIKbl Y6MPOHYH OPTOCYH/JArbl TeMIlepaTypaHblH alblpMachlH, OLIOH/0H
3Jle Kypuamn TypraH KOHCTPYKLHUSJIAP/bIH XbUIYYJYK 6TKOPYMAYYJIYK KO3GQUIIMEHTHH 3CKe aJiraH »KbLIYYIyK
JKOTOTYYCYHYH MaTeMaTUKaJIbIK MO/Ie/TH UIITEJUI YbIKKaH. ByJI )KbIJIBITYY YU4YH KYH 9HEPIrHUsICbIH HAThIMKaNyy
nai/lasiaHyy y3aKThITbIH 06aajlooro MyMKYHJYK OepeT. /lu3alH/AbIH HETU3TH NapaMeTpJiepy, aHblH HYHH/[e
KYH/JYH Tyuyy 6yp4y, 4aTbIpAbIH alllKaH Y3YH/AYTYy, T€pe3eHUH OWUUKTUIU >kaHa ¢dacaj/blH TeoMeTpHUsACHI
pacMuil TypZie 6ekuTuiareH. KyHZyH ababIHbIH Ce30H/YK 63TOPYLIYH 3CKe alyy MeHEH YaTbIp/bIH Y3yHAYTYH
»KaHa OUMMKTUTHH 3CenTee Y4yH GopMyJiaiap fa CyHyuITaarad. Makasia/ia ®alKbICbIH bICHII KETYYZ6H KOPTOOHY
’)KaHa KbILBIH/A KYH 3HEPTrUsACbIH MaKCUMaJllyy TUHYYCYH KaMCbI3 KbLJITaH 4aTbIpJlap/bl KaHa Tepesesepau
JKaUrallThIpyyHYH CXeMachl KeJTHpuJreH. Usuiziee »kakiibl Z01600PJOHIOH KYH >KbUIBITYY CHCTeMaJapbl
60pOOPJIOIITYPYJITaH KbUIBITyyra GOJITOH KYKTY OJIyTTYY TYPA® a3alThbIll, SHEPTHUSHBbIH Kakpa Kapaayydy
OyJIaKTapbIHbIH HATBIMKAJMYYJyTyH >KOropyJaTa ajJapblH TacTbIKTAWT. CyHylITajsraH bIKMasiap 3aMaHG6ar
3HEpPrusiHbl YHOM/Ie04Yy MMapaTTap/bl J0J600pJI00/0, 63reUe TOOJIYy alkMaKTap/a »KaHa KbIJIBITYY Me3TUJIU
y3aK 60JIrOH aliMakTapZa KoJJoHy/aaT. OLIeHTHI, Oy U3U//e6 >KePrUJUKTYY KJMMATTbIK 63TreueJIYKTepAy
3CKe aJlyy MeHEeH KYH 3HeprUACbIH TYPYKTYY KaHa HaTbliKa/lyy Nai/jaJlaHyyHy KaMCbI3 KblJla ajla TypraH KyH
JKBUJIBITYY CUCTEeMaJIapblH MPAaKTUKaJIbIK MIIKe allbIPyy YYYH YOH MaaHuUre 33
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yeyuM/ep; UMapaTTapAbl >KbUIYYJYKTAaH KOProo; KJUMATTBIK ©3Te4yesyKTep; Kypyayll 3JeMeHTTepHH
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AHHOTaNUsA. llesb uccienoBaHus 3akJ/4aiach B pa3paboTKe MaTeMaTHYeCKONH MOJesNH JJs MOBbILIEHUs
3HeproadpGeKTUBHOCTH KHUJIbIX 3/[aHUH 32 CYET CE30HHOI'0 UCII0JIb30BaHUS COJIHEYHOT0 oToMIeHus. [IpesiioxKeHO
MeTOAMKY TeOpeTHUYeCKOro pacdyeTa K NPOEeKTUPOBAHUIO IHEPrOaKTHUBHBIX JJOMOB C YYETOM reoMeTpHUYeCKUX
IapamMeTpoOB OKOH U KOHCTPYKTHUBHBIX OCOOEHHOCTEH OKOHHOM KpBIIIU. BBISIBJIEHBI YCI0BUS ONTHUMAJIbHOIO
pa3MelieHUss OKOH sl 3G(PEeKTHBHOTO YJIAaBJIMBAHHUS COJIHEYHOrO W3Jy4eHHs B TedeHHe OTONHUTEJbHOIO
ce3oHa. Oco60e BHMMaHUE B MCC/IeJOBAaHUH yJieJIeHO KIMMaTHIeCKUM 0c06eHHOCTSM KbIprbl3cTaHa, TaKUM Kak
JUINTEJIbHOCTb OTOIUTEJNBbHOTO Ce30Ha, YPOBEHb COJTHEYHOUM paJiualiiy U MOTEHIMAJ CHWKEeHUSI NOoTpebIeH s
TpaJHULMOHHBIX 3HeproHocuTeseld. KnmmMaTtudeckui anaans ropogos Om v BulliKek nokasaJ, 4To Jake B caMble
KOpPOTKHE 3MMHHE JHH BO3MOXXHO IOJIyYeHHEe 3HAYMTEJbHOr0 06béMa COJIHEYHOM 3HEPruH, JOCTATOYHOIO
JJI1 YaCTUYHOTO WJIM TOJIHOTO 0o6orpeBa MmoMelleHWH. PazpaboTaHa MaTeMaTHYecKasi MO/JeJib TEIJIONOTEPb,
YYUTBHIBAIOIIAS PA3HOCTb TeMIlepaTyp MeXAy BHYTPEHHeH M Hapy>XHOW cpesiod, a Takxe KoadduiueHT
TeIJIonepesjauv OrpaXkJanLiuX KOHCTPYKIMHA. DTO MO3BOJIMJIO OLEHUTb MPOJO/KUTENBHOCTh 3QPEKTHBHOTO
WCIIOJIb30BAHUSI COJIHEYHOW 3HEpruu /JJig OTOoIIeHHs. Bpuim ¢opManns3oBaHbl KiOUeBble MapaMeTphbl
MPOEKTUPOBAaHMUS, BKJIIOYAs yroJl NaZleHusl COJIHEYHBIX Jydel, IJIMHY CBeca KPbILIH, BbICOTY OKHA U FeOMeTPpUI0
¢dacaza. Taxkxke npesiokeHbl OpMyJIbl [ pacyéTa JJUHBI U BBICOTHI KO3bIPbKA C Y4€TOM CE30HHBIX U3MEHEHUH
MOJIOXKEHHUS COJIHLA. B cTaThe mpejcTaB/eHa cxeMa pa3MellleHusl KPbIIl U OKOH, o6ecredyrBarollasi 3alUTy oT
reperpesa JIeTOM M MaKCUMaJIbHbIM NMPUTOK COJIHEYHOU 3Hepruu 3uMou. HMcciesoBaHue NOATBEPXKIAET, YTO
rpaMOTHO CIPOEKTUPOBAaHHbIE COJIHEYHble CUCTE€Mbl OTOIIEHUS] MOTYT 3HAYMTEJbHO CHHU3UTb Harpys3Ky Ha
LleHTpaJIbHOe TeIJOCHabXeHHe U MOBBICUTb 3$EKTUBHOCTb HCIOIb30BaHUSI BO30GHOBJISIEMbIX UCTOUHUKOB
sHeprud. [IpesicTaBieHHble METOAUKY IPUMEHNUMBI ITPY TPOEKTUPOBAHNU COBPEMEHHBIX 3HEProadpHeKTUBHBIX
3/laHUH, 0COGEHHO B PeruoHax € FOpHbIM pesibedpOoM U AJIUTENTbHBIM OTONUTENbHBIM CE30HOM. TakKUM 06pa3oM,
JlaHHOe HCC/e/loBaHUe HMeeT 0o0Jibllloe 3HAyeHWe [Jisi MPaKTUYeCKOW peasu3aldd CUCTEM COJTHEYHOTO
OTOIJIEHHS, CIOCOOHBIX 06ECIeYUTh YCTONYNBOE U 3¢ PEKTHBHOE UCII0/Ib30BaHUE COJTHEUHOU S9HEPTUH C yYETOM
MEeCTHBIX KJIUMaTUYeCKUX 0COBeHHOCTEN
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Abstract. With the increasing interestin the use of renewable energy sources, in particular solar collectors, improving
their energy efficiency has become particularly important. One of the key factors affecting the overall performance
of such installations is heat losses through structural components. However, in practice, there is a lack of universal
methods that allow for accurate assessment of these losses for collectors of different types. This determines the need
to develop a flexible approach applicable to installations of different designs, which determines the relevance of this
study. The aim of the study was to develop a method for calculating heat losses in elements of solar water heating
collectors and to establish factors that directly affect its efficiency and performance. In these studies, computational
and analytical research methods and thermodynamic analysis methods were used, and on their basis detailed
information on heat losses in the collector elements was obtained. Based on the results of the conducted research, it
was established that the main factors influencing the values of heat losses and the efficiency of double-circuit water
heating collectors are the solar radiation density, the temperature of the environment and the working water. The
obtained results make it possible to calculate the heat losses value through the construction elements of the collector.
It was found that the greatest heat losses were observed from the collector's face covering. A heat balance equation
was derived, and a thermal diagram of the solar water heating system was presented. Theoretically, changes in the
heat transfer coefficient depending on ambient temperature and wind speed were investigated. The results obtained
in the course of the study have scientific significance for further development and improvement of solar water-heating
collector designs. In particular, the identified dependence of heat losses on the structural features of the collector’s
front side enables researchers and engineers to focus on its optimisation in order to reduce convective losses. This
creates a foundation for the development of more effective engineering solutions in the design of such systems and
can be used in the modelling, calculation, and testing of new solar collector designs

Keywords: solar radiation; heattransfer coefficient; heat exchange; heatbalance; heat-absorbing surface; convection;
radiation

Suggested Citation:
Sultanov S, Kenzhaev I, Tursunbaev Zh, Ryskulov I. Design of heat losses calculation method in elements of double-circuit solar
water heating collectors. ] Osh State Univ Math Phys Tech Sci. 2025;4(1):70-80. DOI: 10.52754/16948645_2025_4(1)_70

*Corresponding author

Copyright © The Author(s). This is an open access article distributed under the terms of the
= Creative Commons Attribution License 4.0 (https://creativecommons.org/licenses/by/4.0/)


https://orcid.org/0000-0003-4330-025X
https://orcid.org/0000-0002-8094-2553
https://orcid.org/0009-0006-8465-7879
https://orcid.org/0000-0002-5680-7554
https://creativecommons.org/licenses/by/4.0/
https://mpht-oshsu.com/en

Sultanov et al.

Introduction

The development and construction of power plants
based on renewable energy sources is an important
engineering task. Solar radiation is characterised by
abundant resources, environmental friendliness, and
availability, making it one of the most promising forms
of renewable energy. Therefore, solar energy installa-
tions attract considerable interest. Considering this, the
study of thermal characteristics of solar water heating
collectors (SWC) and ways to improve their efficiency is
significantly important.

The interest in solar water heating systems (SW)
is growing due to their environmental friendliness
and the possibility of saving energy costs. In a review
by M.R. Al-Mamun et al. [1], modern SWC designs are
analysed in detail, including flat and evacuated tube
collectors, as well as the use of nanofluids to enhance
heat transfer. The authors note the effectiveness of na-
nofluids (for example, MWCNT and Al,03) in increasing
efficiency by 28-35%, but point out the lack of models
for double circuits, which emphasises the need to de-
velop adaptive methods for calculating heat losses. In
the study by A. Bouhdjar et al. [2], an improved method
for calculating the total heat loss coefficient in flat-plate
collectors is proposed, considering materials tempera-
ture dependence and thermal resistance. The authors
presented an analytical model and experimentally con-
firmed its effectiveness for metal absorbers. However,
the model is not adapted to complex geometries, such
as tubular or double-loop structures, which requires
further expansion.

The work of B.E. Khayriddinov et al. [3] was de-
voted to mathematical modelling of heat accumula-
tion processes in double-loop flat solar water heat-
ing systems taking into account the stratification of
the coolant. The authors developed an experimental
module and compared the results of numerical mod-
elling with practical observations, which made it pos-
sible to establish a relationship between the param-
eters of the heat exchanger (including the coil in the
storage tank) and the efficiency of heat transfer. In
the study particular attention is paid to the creation
of a mathematical model of thermal accumulation us-
ing a system of equations implemented in a software
environment. The data obtained demonstrated a high
degree of agreement between theoretical and exper-
imental results; however, the study is limited to sta-
tionary operating conditions and does not cover the
influence of external climatic factors. R. Roy [4] fo-
cused on non-stationary thermal analysis of absorb-
ers under conditions of changing solar radiation. The
model developed in their study takes into account the
thermal inertia of the material and allows predicting
the point in time at which heat loss exceeds the use-
ful heat flow. Despite its high theoretical accuracy, the
work does not cover the influence of external factors

such as wind and humidity, which limits its practi-
cal application in real installations. In the work of
A.R. Kalair et al. [5], a numerical simulation of solar
water heating systems was performed using various
types of collectors, including flat, vacuum and para-
bolic concentrators. The authors showed that vacuum
tube collectors have the highest seasonal efficiency,
providing up to 50% coverage of hot water needs un-
der favourable climatic conditions. The importance of
selecting a collector design considers regional inso-
lation and the thermal properties of the heat carrier
is emphasised. N. Temirbaeva et al. [6] analysed the
potential of solar energy in Kyrgyzstan and showed
that the insolation level in the republic averages 6.4-
6.7 kW h/m? per day, with more than 2,800 sunny
hours per year. This makes solar energy particularly
promising for autonomous and hybrid solutions. De-
spite the significant resource, the authors note the
lack of effective engineering methods for calculating
the performance of solar thermal systems taking into
account local climatic conditions. ]. Beringer’s bache-
lor’s thesis [7], completed at HAW Hamburg, contains
an analysis of solar thermosyphon systems in rural
areas of Kyrgyzstan. The author records high heat
losses at night and insufficient insulation of pipelines,
proposing to strengthen thermal protection and in-
troduce bimetallic absorbers. The work is important
from the point of view of regional applicability, but
requires quantitative verification of the proposals.

In light of the above, the research and development
of solar hot water supply systems using dual-circuit so-
lar collectors represents a highly relevant and promis-
ing area of study. The aim of this work was to develop
and validate a method for calculating the thermal pa-
rameters of a solar water heating system with a dou-
ble-circuit collector, and to identify the factors that di-
rectly influence its efficiency and performance.

Materials and Methods

Heat exchange processes in solar water heating col-
lectors (SWC) occur continuously, beginning from the
moment when solar radiation reaches the surface of
the collector, then converts into thermal energy and
further heating of the coolant. These losses occur dur-
ing the heat transfer process and directly affect the
productivity and technical and economic indicators of
the entire system.

The methodological basis of this study was the ap-
proaches developed in classical works by J.A. Duffy &
W.A. Beckman [8], as well as R.R. Avezov [9], aimed
at calculating heat losses in the SWC. In addition, the
work relies on a series of earlier studies [10-11], in
which the analysis of thermal characteristics was
based on the assumption that incoming solar radi-
ation is converted into useful heat spent on heating

-
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the intermediate coolant (water), while the remain-
ing part is accumulated in the structural elements and
subsequently lost into the environment.

A distinctive feature of the heat loss calculation
method proposed in this paper is its adaptation to the
custom design of a double-circuit solar water heating
collector, developed by the authors and protected un-
der patent KR No. 1706 [12]. The system differs from
standard models in several structural and operational
characteristics, which necessitated an individualised
approach to modelling heat exchange processes.

To enable a more accurate assessment of heat
losses, a thermal diagram was utilised, reflecting en-
ergy flows and the interaction of components within
the system. The theoretical foundation for the analysis
was a heat balance model, modified to account for the
specific structural features of the studied installation.
This approach enables more precise localisation of
zones with the highest thermal losses and facilitates
optimisation of the design for improved energy effi-
ciency. The heat balance equation for solar water heat-
ing collectors during energy distribution is formulat-
ed as follows:

E=Q,+Q,+Q, (1)

where @, - useful energy expended to heat the con-
sumed water in the solar collector; Q, - energy accumu-
lated in the main elements of solar collectors; Q,, - heat
losses from solar collector elements to the environment
(through the top, sides and bottom). The efficiency of
solar collectors is defined as:

Q,

_ Qa+Qtp

=3 @)

Consideration should be given to the heat accu-
mulated in the components of solar collectors (Q,)
during the initial phase of system operation, or when
significant fluctuations in solar radiation intensity oc-
cur throughout the day. However, when analysing the
thermal performance of solar collectors at a specific
moment in time, this component may be considered
negligible. In such cases, the efficiency of the solar col-
lectors can be expressed using the following equation:

Q E-Q Q
n=r=—Pf=1--" 3)

The density of total solar radiation supplied to the
surface of the water heating collector is determined as:

E=E FTA. 4)

For double-glazing:
E=E FT?4, (5)
szg(tn- tk)' (6)

Q,=FkAt, (7)

where E, - the density of total solar radiation falling
on the surface of a solar collector; F - area of the so-
lar collector’s beam-receiving surface; T - light trans-
mittance coefficient of glass coating; A - heat absorp-
tion coefficient of the heat-receiving surface; k - heat
absorption coefficient of the heat-receiving surface;
At - the difference between the indoor and outdoor
air temperatures. The density of total solar radiation
passing through single or double-layer upper glazing
and reaching the heat-absorbing surface of a solar wa-
ter heating collector, at:

E,=0+850 W/m?
F,=0.47m? F,=0.4m?
T=0.95; A=0.95

is within E=0+342W/m?2
Heat losses from solar water heating collectors are
generally defined as:

Qtp = Qa + Qb + Qc’ (8)

where Q, - heat losses from the upper part of solar
water heating collectors (from the glass cover side);
Q, - heat losses from the sides of solar water heating
collectors; @, - heat losses from the bottom of solar wa-
ter heating collectors.

To calculate heat losses in the structural elements
of a solar water heating collector, heat balance equa-
tions were used, previously issued in the form of pat-
ents Patent No. 5284 [13], No. 5930 [14], Patent KR
No. 1605 [15]. These equations are applicable to all
types of installations created according to a similar
scheme and examine the combined effects of heat trans-
fer, energy storage and losses. Heat losses in the system
were determined based on the following expression, re-
flecting the overall energy balance of the collector:

Qtsza+Qb+chAt(kaFa+kab+kch)' (9)

where k, + k, + k., - heat transfer coefficients respec-
tively through the top, sides and bottom of solar water
heating collectors; F,+ F, + F. - areas of the above-men-
tioned parts of solar water heating collectors.

To visualise heat exchange processes in the col-
lector design, a thermal diagram developed by the au-
thors was used, reflecting the interaction of the instal-
lation components, energy transfer and the direction
of heat loss. Figure 1 shows the specified thermal dia-
gram of a solar water heating collector with an inter-
mediate water coolant. According to the given model,
heat losses to the environment occur from the surface
of all structural elements mainly due to convection
and radiation.
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Figure 1. Thermal diagram of a solar water heating collector with an intermediate water coolant
Note: |, II, Il - heat losses respectively through the bottom, upper part and side surfaces of the solar water heating collectors;
a,, Q,, q,-respectively heat flows transferred by thermal conductivity, convection and radiation; £, - density of incident solar
radiation; @, - heat accumulated by the solar water heating collector; g,, - useful heat

Source: created by authors

The heat transfer coefficient through the upper
part of solar water heating collectors is determined by
the formula:

1 1\t
ko = (k1+k% + k2+k21) ! (10)
where k, - coefficient of convective heat transfer be-
tween glass coatings in a solar water heating collector;
k! - coefficient of radiant heat transfer between glass
coatings; k, - coefficient of convective heat exchange
between the top glass covering and the environment;

k; - coefficient of heat transfer by radiation from a glass
covering to the sky. In turn k, is determined by formula:

k=< =1-0.0018(T — 10),
k1o

0.31
where ky, = 1.14—5— - empirical formula for determin-
ing the coefficient of convective heat exchange between
the glass coatings of a solar water heating collector, in
the case where the temperature difference between the
outer and inner surfaces of the solar water heating col-

lector is~ 10 °C, which is an acceptable value. Then:

(11)

o
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.3
ky = [1-0.0018(T,, —10)] x 1.14 25

e (12)
where [ - distance between glass coverings; T,, - aver-
age temperature of the outer part of the heat-absorbing
surface and the average inner surface of the outer glass
covering; AT - temperature difference between the av-
erage outer part of the heat-absorbing surface and the
inner surface of the outer glass covering.

In this case, the inner glass coating is in direct con-
tact with the polyethylene film of the container, and it
can be considered that both of them simultaneously per-
form the function of the heat-absorbing surface. The co-
efficient of heat transfer by radiation from the heat-ab-
sorbing surface to the outer glass coating, located at a
distance of 30 mm, is determined by the expression:

)l = 2+ Ty YT3+T2)
1 — 1 1 D)

(13)
where o - is the Stefan-Boltzmann constant; Tp - tem-
perature of the heat-absorbing surface of the solar wa-
ter-heating collector; Tg - temperature of the inner sur-
face of the outer glass covering; is the emissivity of the
heat-absorbing polyethylene film; €, - emissivity of the
glass covering of the solar water-heating collector.

The convective heat transfer coefficient from the
surface of the solar water heating collector to the sur-
rounding environment depends on the air velocity (V)
and is determined by the following equation:

k,=5.7+3.8V, (14)

The coefficient of heat transfer by radiation from
the outer glass surface of a solar water heating collector
to the sky is determined by the expression:

ky=e,0(T,+T)(T+TH, (15)
where T, - ambient temperature; T,=T,- 6 - radiation
temperature of the sky.

In this case, all parameter values are known ex-
cept for the temperature of the outer surface of the
inner glass coating (7,), for which the iteration meth-
od was used. First, the temperature value was accept-
ed and the heat transfer coefficient value was deter-
mined at the top of the solar water heating collector.

To determine the temperature value of the inner sur-
face of the outer glass coating, the following formula
was used:

ka(Tp—To)
T, =T, ——2+-
9 p kq+ki

(16)

In this case, the T, temperature values are deter-
mined for the following values of the solar water heat-
ing collector parameters: [=0.03m; T,,=58°C; AT=44"C;
T,=80°C; £,=0.95;¢,=0.88; T,=35°C; T,=29°C.

Results and Discussion

Using formulas (12)-(15), the numerical values of the
coefficients k,, k%, k,, k, were determined. Substituting
the values of the named coefficients into formula (10)
and carrying out the corresponding calculations, it was
established that the values of the heat transfer coeffi-
cient from the bottom, side and top parts of the solar
water heating collector at wind speed V,=0+ 6 m/sec
are k,=1.286+2.865W/(m?deg).

For the side and bottom parts of the solar water
heating collector, the heat transfer coefficient values
are the same and are determined by the expression:

1 1
ky =k, = ———+——
b =K =% 55 i
L4 2
A e

(17)

where 6,and A, - are the thickness and thermal conduc-
tivity coefficient of the polyethylene film, respectively;
6, and A, - are the same for thermal insulation; 6. and
A, - are the same for the cinder concrete wall of the so-
lar water heating collector housing p=1,500 kg/m?.

By substituting the numerical values of the param-
eters included in equations (17) and the calculations
performed, the numerical values of the heat transfer
coefficient k, through the sides and bottom of the so-
lar water heating collector housing were determined,
which amounted to k, =k ,=0.82 + 2.14 W/(m?deg).

The results of the calculations performed using for-
mulas (10) and (17) are presented in Table 1. The cal-
culations were performed for different temperatures
of the heated water, taking into account the change in
wind speed. The numerical values of the heat transfer
coefficients from the bottom, side and upper parts of
the solar water heating collector were determined.

Table 1. Heat transfer coefficients depending on wind speed
and working water temperature k,, k,, k, W/[(m?deg)

No Temperature of working Wind speed, m/sec
) water in SWH, °C 0 1 2 3 4 5 6
40 1.286 1413 1476 1513 1.538 1.555 1.569
1For the top of the 50 1.647 1.860 1.970 2.040 2.084 2116 2141
solar water heating 60 1.830 2100 2.242 2.328 2.387 2.430 2.463
collectors 70 1950 2260 2.426 2527 2.600 2650 2687
80 2.045 2.385 2.570 2.685 2.764 2.820 2.865

>
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Table 1. Continued

No Temperature of working Wind speed, m/sec
) water in SWH, °C 0 1 2 3 4 5 6
40 0.82 0.88 0.98 119 1.31 143 158
2. For bottom and 50 0.96 1.05 115 1.26 1.38 150 1.63
sides solar water 60 110 119 1.31 143 1.68 175 1.94
heating collectors 70 1.22 1.31 1.45 1.62 1.76 1.90 2.06
80 1.31 144 158 174 1.80 197 214

Source: created by authors

Analysis of the heat transfer coefficient values at
the bottom, sides, and top of the solar water heating
collector, as presented in Table 1, indicates that an in-
crease in ambient wind speed leads to a corresponding
rise in these coefficients. It is also noteworthy that high-
er temperatures of the working water result in a more
pronounced increase in heat transfer coefficient values.

By substituting the obtained coefficients corre-
sponding to different water temperatures into equation

(9), the heat losses through the structural components
of the solar water heating collectors were calculated.
Table 2 presents the results of these calculations, show-
ing total heat losses as a function of air velocity and
working water temperature.

It was found that for a solar water heating collector
with an area of F,=0.47 m? F,+F,=0.531 m? total heat
losses according to the calculations were within the
range: Q,,=9.4+189.5 W [12].

Table 2. Heat losses from the bottom, sides and top of solar water heating collectors depending
on wind speed and working water temperature 4,, G,, 4, W

. Temperature of working Wind speed, m/sec
Main elements of the collector water in SWH, °C 0 1 ? 3 4 5 B
40 3.4 3.6 37 3.8 3.8 3.8 3.8
50 12.3 13.3 13.9 14.4 14.8 15.0 15.2
1. For the top of solar water 60 241 | 264 | 278 | 286 | 292 | 303 | 306
heating collectors, @,
70 32.6 35.8 376 38.4 39.2 40.0 41.0
80 40.8 446 49.4 521 53.6 551 56.0
40 0.6 0.7 0.7 0.8 0.8 0.8 0.8
2. For side parts of solar water 50 18 19 2.0 2 2.2 2.3 24
heatinz collectors, G, 60 32 34 35 36 37 38 38
70 5.4 6.8 76 8.2 8.5 8.7 8.9
80 6.8 8.4 10.2 1.8 124 13.2 14.0
40 5.4 6.1 6.4 6.5 6.7 6.8 6.9
3. For the bottom of solar water 50 22.2 25.8 284 28.9 298 801 32.2
Heating collector housings, 60 39.7 473 511 53.3 54.9 55.2 57.4
¢ 70 62.0 74.6 80.6 83.4 86.2 88.6 89.8
80 878 104.7 110.8 114.4 116.8 118.2 119.5

Source: created by authors

Based on the results presented in Tables 1 and 2,
it can be concluded that the heat transfer coefficient
at the bottom, sides, and top of the solar water heating
collector depends on both the working water tempera-
ture and wind speed. Specifically, as these parameters
increase, the heat transfer coefficients of the collec-
tor’s protective components also rise. These findings
confirm that the heat exchange between the collector
and the surrounding environment becomes more pro-
nounced with higher water temperatures and varying
external conditions.

The maximum heat transfer coefficient for the up-
per part of the collector using an intermediate water
coolant was calculated as 2.865 W/(m?deg), while the
corresponding values for the bottom and side sections
were 2.14 W/(m?deg). The resulting maximum heat
losses were as follows: 119.5 W from the upper part

with a surface area of 0.47 m?; 14 W from the side walls
with an area of 0.101 m?; and 56 W from the bottom
with an area of 0.43 m?.

For the given collector geometry and operating
conditions - maximum solar radiation intensity, work-
ing water temperature in the polyethylene container,
and wind speed - the total heat loss was estimated at
189.5 W. The results also showed that as the intensity
of total solar radiation increased, the temperature of
the working fluid rose accordingly. This, in turn, led to
a greater temperature difference between the fluid and
ambient air, thereby increasing heat losses from the
collector’s structural elements.

Given that heat losses depend on both the work-
ing water temperature and the solar radiation inten-
sity, the efficiency of the solar water heating collector
was calculated using equations (3) and (4). During the

o
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experiments, the maximum solar radiation intensity
measured on the collector surface reached 860 W/m?.
Based on the obtained efficiency values, graphical de-
pendencies were constructed to illustrate efficiency as
a function of solar radiation intensity and ambient tem-
perature at an air speed of 3 m/s (Fig. 2).

Efficiency, SWH

100 200 300 400 500 600 700 800
Total solar radiation density, W/m?

Figure 2. Dependence of the efficiency value
of a solar water heating collector with
an intermediate water coolant on the density
of the total solar radiation and the ambient temperature
Source: compiled by the authors

It is evident from Figure 2 that as the density of
total solar radiation increases, the efficiency decreas-
es depending on the ambient temperature. This sug-
gests that with an increase in the temperature of the
working fluid in the solar water heating collector, heat
losses increase correspondingly, leading to a decrease
in overall efficiency.

The data obtained from the calculations enable a
more detailed assessment of heat transfer and heat loss
characteristics in the design of double-circuit solar wa-
ter heating collectors (SWC) with an intermediate water
coolant. Analysis of the results revealed that increases
in working fluid temperature and wind speed lead to
higher heat transfer coefficients, thereby resulting in
greater heat losses through the collector body. The up-
per and lower sections of the collector were most sensi-
tive to external factors, whereas the side walls demon-
strated greater stability. This highlights the necessity
for improved thermal insulation in specific zones of
the SWC during the design stage. Furthermore, calcu-
lations of the efficiency coefficient (EC) showed that an
increase in solar radiation intensity is accompanied by
a decrease in collector efficiency, due to increased heat
losses at higher fluid temperatures.

Comparison with other studies supports the reli-
ability of these findings. For example, in the work by
Sh.I. Klychev et al. [16], the heat losses of a three-layer
underground cylindrical heat accumulator used in so-
lar installations were examined. The authors demon-
strated that the efficiency of heat storage is significant-
ly influenced by the thermal properties of each layer,
the foundation depth, and system operating time. The

greatest losses occurred through the lower layer in con-
tact with the ground, while the internal layer ensured
more stable heat retention. The developed model en-
abled the calculation of temperature distribution over
time and space, which is vital for optimising long-term
solar heating systems.

The data obtained are particularly relevant for re-
gions with high solar radiation, such as Kyrgyzstan.
According to E. Dyikanov [17], the average annual sun-
shine duration in the country is 2,800-3,000 hours, and
the solar radiation level reaches 6.5 kWh/m? per day,
making the application of solar water heating systems
highly promising. Given that hot water supply in the
public sector accounts for up to 20% of total energy
consumption, enhancing the efficiency of SWCs - by
reducing heat losses and optimising design - can sig-
nificantly contribute to energy conservation and lower
operational costs.

The calculation results were compared with data
from several previously published studies. In the work
by W. Beckman et al. [18], a classical methodology for
estimating heat losses in solar collectors was proposed,
based on heat balance equations with differential anal-
ysis of heat transfer through transparent covers, side
walls, and the collector base. According to their findings,
at an average water temperature of 60°C, heat losses
through glazing reached approximately 30-33 W/m?,
and total losses under intense solar radiation amounted
to 90-100 W. In the present study, a similar method was
adapted for a dual-circuit system with an intermediate
coolant, allowing for additional losses associated with
material thermal inertia and temperature stratification
to be considered. Under these conditions, maximum
losses from the upper part of the collector reached 119.5
W, exceeding the values in W. Beckman et al. model,
which can be attributed to the complexity of the design
and the presence of an additional heat exchange circuit.

In the study by D.M. Rakhimov [19], optimisation
conditions for a single-circuit solar installation with in-
tensive water heating were analysed. It was shown that
as the coolant temperature exceeded 70°C, heat losses
rose sharply, reaching 140-150 W in cases of insuffi-
cient insulation. The observed patterns align well with
those of the present study, which similarly established
the influence of working fluid temperature and wind
speed on heat transfer coefficient growth and subse-
quent heat loss. The key difference lies in the system
configuration: Rakhimov examined a direct heating set-
up, whereas this study focuses on a two-circuit scheme,
which ensures more stable temperatures due to the in-
termediate fluid.

In the work of T.T. Omorov & D.M. Rakhimov [20], a
low-inertia solar installation was developed that could
reach steady-state conditions within 10-12 minutes at
a solar radiation intensity of 850 W/m? Their calcula-
tions indicated a system efficiency of 62%, with mini-
mal heat losses due to the absence of thermal storage

-
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components. In contrast, the present study employed
a solar water heating collector with an intermediate
coolant, which required more than 20 minutes to reach
thermal equilibrium. This is attributed to the need to
heat both the intermediate fluid and the massive struc-
tural elements, resulting in increased thermal inertia
and slower system response to external fluctuations.

The mathematical model proposed by ].J. Tursun-
baev et al. [21] described a solar installation operating
on natural circulation via the siphon effect. The model
incorporated parameters such as gravitational pressure
and hydrodynamic resistance, achieving high energy
efficiency with minimal power consumption. Maximum
losses from the upper section of the unit were approxi-
mately 95 W at a water temperature of 75°C. Unlike the
present study, that model did not involve forced circu-
lation or account for stratification and thermal storage,
both of which are key components of the current sys-
tem. Consequently, the energy stability and application
range of Tursunbaev’s model are limited to specific
non-pumped conditions, whereas the collector exam-
ined here demonstrated consistent performance across
a broader range of loads and environmental conditions.

In a review by F. Eze et al. [22], modern solar wa-
ter heating technologies were evaluated with a focus
on design parameters influencing heat loss and cost
efficiency. Key factors included the type of glazing, in-
sulation thickness and properties, and overall system
geometry. The authors concluded that employing dou-
ble glazing and polyurethane insulation could reduce
heat loss to 18-20% of total heat flux. These conclu-
sions are corroborated by the present study, where the
highest heat losses were recorded at the upper (119.5
W) and lower (56 W) parts of the installation, which
utilised multilayer materials with varying thermal
conductivities. The alignment of results underscores
the significance of structural insulation in enhancing
solar collector efficiency.

Conclusions
In this study, a method was developed to determine
heat losses through the structural components of dou-

losses within the system, significantly simplifying the
modelling of heat flows and the assessment of collec-
tor efficiency. Based on this model, heat transfer coef-
ficients were calculated for the upper, side, and bottom
parts of the structure at various temperatures of the
working fluid and wind speeds.

The conducted investigations revealed that in dou-
ble-circuit installations, the intermediate water cool-
ant is heated first and subsequently transfers thermal
energy to the consumed water, thus providing greater
thermal inertia compared to conventional single-cir-
cuit collectors. Convective heat exchange between the
coolant and the heat exchanger determines the rate of
heat transfer and is a key factor in the overall efficien-
cy of the system.

The calculations established that the greatest heat
losses occurred through the collector’s front cover, with
values 2 to 2.5 times higher than those from the bottom
and 8 to 9 times higher than those from the side walls.
The maximum heat transfer coefficients were found to
be 2.865 W/(m?deg) for the upper part and 2.14 W/
(m2deg) for the side and bottom parts. Analysis of the
dependence of these coefficients on fluid temperature
and wind speed demonstrated a natural increase in
losses as these parameters rise.

Thus, the proposed methodology and thermal
model enable a comprehensive evaluation of the ther-
mal performance of double-circuit solar water heaters
and identify key strategies for minimising heat loss.
Future research should focus on experimental valida-
tion of the methodology, the development of advanced
thermal insulation materials, and the adaptation of
the model to varying climatic conditions to enhance
system energy efficiency.
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AHHOTANUA. JHePTUAHBIH Kalipa apaJyydy 6yJakTapblH, aTal akTKaH/a, KYH KOJLJIEKTOPJIOPYH NaiaiaHyyra
KbI3bII'YYHYH XOT'OpyJ/IallIbIHbIH IAPTBIH/AA aJIapAbIH 3HEePreTUKaJIbIK H&Tblﬁ)KHHYYJIYFYH XKoropyJsatyy MUJIJeTH
©3reue MaaHMTe 33 60/1yyAa. MbIH/Iall OpHOTMOJIOP/YH XKaJII bl UIITEIINHE TaaCUpP 3TYY4YY Heru3ru GpakTopIopAyH
OUPH KOHCTPYKUUSJIBIK 3JIEMEHTTEP apKbLIYY KbUIYYJIYKTY »KOrOTyy 60JIyn caHasiaT. bupok ui »y3yHzae ap
KaHJal TUITErd KOJUIEKTOPJIOP YYYH OYJI XKOTOTyysiapra Tak 6aa 6epyyre MyMKYHAYK GepreH YHUBEPCAUIAYY
MeTOAJO0D >KeTUIICHU3. By ap KaHAal KOHCTPYKLHMALArbl OPHOTYyy/apra KOJJOHYJNyy4y HUHWKeMJYY BIKMaHbI
WLITEN YbITYYHY TaJjall KblJIaT, OyJ U3WJIJO6HYH aKTYyaJJyyJyTyH aHbIKTAaWT. U3u1Zi@eeHyH MakcaTbl KYH Cyy
KBLJIBITYY KOJIJIEKTOPJIOPYHYH 3JIeMEHTTEPUHAETH XKbIIYYIYK )KOTOTYYJIapbIH 3CENTO6 METOL0JIOTUACBIH UIITEIl
YBITYY KaHa aHbIH 3QPEKTUBAYYIYTYHO KaHa HATbIMKAIYYJAyTYHA TY3[@H-TY3 Taacup 3TYy4y GakTopJopay
AHBIKTOO GOJITOH. U3UJIZI©6JI6D 3CENTON KaHa aHAJIUTHUKAJIbIK U3UJIJ166 bIKMaJIapblH KaHa TepPMOJHHAMHUKaJIbIK
TaJI00 bIKMaJIapbIH KOJIJJOHI'OH; aJlap/ibIH HETU3HUH/Ie KOJUVIEKTOPAYK 3JIeMEeHTTePAery )KblIYYJIYK K0T 0TyyJ1apbl
00IOHYa TOJIYK MaaJsbIMaT ajblHraH. U3uizieesepAyH HaTblikKajJapbl G60IOHYA, XKBUIYYIYK KOTOTYY/IapbIHbIH
MaaHUJIEpUHE KaHa KOII KOHTYPJYY CYY KbUIBITYY KOJIJIEKTOPJOPYHYH 3$(eKTUBAYYIAYTYHO Taacup 3TYydy
Herusru GaxkToOpJIOp KYH paJiMallUsChIHbIH ThIThI3/IbIIb], alJlaHA-Y6MPeHYH TeMIlepaTypachkl KaHa KyMyLIdy
CYyHYH 3KEeHJIUT'M aHbIKTaJIraH. AJIbIHIaH HaTbIMkKaJap KOJUIEKTOPAYH CTPYKTYpPaJIbIK 3J1eMeHTTepU apKblLIyy
YKBLIYYJIYK KOTOTYYJIapbIHbIH MaaHUJIEPUH aHBIKTOOI'0 MYMKYH/YK 6epeT. XKbITyyJIYKTYH 3H YOH KOT0TYyJIapbl
KOJIJIEKTOPAYH 6eT KanTa/JblHAaH GalKaJsiaapbl aHbIKTaJAraH. JKbUIyyJyK OaslaHChIHBIH TeHJeMecHd TY3YJYII,
CYyHY KBUIBITYY Y4YH KYH KOJIJIEKTOPJIOPYHYH >KbUIYYJIYK AUarpaMMachl KeJTUpPW/TreH. AlJiaHa-4eMpeHYH
TeMIlepaTypachlHa »KaHa LaMasl/iblH bUIJAM/bIIbIHA Kapallla XbUIYYJIyK 6epyy K03GUIIMEHTHHUH 63Tepyycy
TEOPHUAJBIK KaKTaH H3W/IJeHTeH. V3nifileeHyH KypyllyH/ie aJbIHTaH HaTbIMKajap CyyHYy KbLIBITYy4y KyH
KOJIJIEKTOPJIOPYHYH KOHCTPYKLMANAPBIH MBIH/IaH apbl UIUTEI YBITYY KaHA epKYHAETYY yYYH UWIMMUN MaaHUTe
33. Atan alTKaH/a, XKbUIYYJIYK KOTOTYY/JIapbIHbIH KOJIJIEKTOPAYH OGETUHUH CTPYKTYpPaJIbIK 63re4eJlYKTOPYHOH
K63 KapaH/bLIbII'bl KOHBEKTUB/MK »KOIOTYyJap/bl a3alTyy YYYH aHbl ONTHMa/JAIIThIPyyra KeHysa Oypyyra
MYMKYHAYK 6epeT. Bys MbIH/[all ycTaHOBKa/IapAbl 101600 PJI00/10 KbIiJIa HAThIMKAIYy HHXXEeHEPAUK YeUuM/IepAr
HLITEMN YbITYY YIYH HETU3 TY36T KaHa KYH KOJIJIEKTOPJIOPYHYH KaHbl KOHCTPYKLUSIJIAPbIH MO/IEJ1/166, 3CENTo8JI0P
»KaHa CbIHOO0JIOP0 KOJILOHYJIYLITY MYMKYH

Herusrm ce3aop: KyH pafnanusachl; XbUIYYIyK Oepyy Ko3dpuIUeHTH; KbUIYYIYK aaMallyy; KbLIYYIyK
GasIaHChI; XKbIYYJIYK KaObLI ayydy 6eTH; KOHBEKIUs; paiualius
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AHHOTAIUS. B yc/i0BUSAX yBeMYeHUsI HHTEPeCa K HUCI0Ib30BaHUI0 BO30OHOBIISIEMbIX UCTOYHHUKOB 3HEPTHY, B
YAaCTHOCTH COJIHEYHBIX KOJIJIEKTOPOB, 0CO6EHHO Ba)KHOM CTAaHOBUTCS 3a/laya MOBBILIEHUS UX SHEpPreTU4YecKon
a¢dexTrBHOCTH. OTHUM K3 K/II0UEBBIX GAKTOPOB, BJUSIOLIUX HA OGIIYI0 MTPOU3BOJUTENbHOCTb TAKHX YCTAHOBOK,
SIBJISIIOTCS TEIJIOBbIE MIOTEPH Yepe3 KOHCTPYKTHUBHbIE 3ieMeHThl. O/{HAaKO Ha IPAKTUKE CYIeCTBYET HeI0CTATOK
YHHUBEpPCaJbHBIX METO MUK, TO3BOJISIOIHUX TOYHO OLIEHUBATh 3TH IOTEPH [ KOJJIEKTOPOB Pa3/IMYHBIX TUIIOB. ITO
00ycJ1aB/IMBaeTHEO6X0JUMOCTbPa3paboTKU TUOKOT00AX0/1a, TPHUMEHMMOTI0KYCTaHOBKAM Pa3HOM KOHCTPYKIUY,
YTO U onpeiesfeT aKTya/bHOCTb HACTOsALLEro uccaefoBaHus. Llesiblo NpoBeJleHHOTO HCCleJOBaHUA sBJIAIACh
pa3paboTka MeTO/JUKH pacyeTa TEeIJIOBBIX IOTEPb B 3J1eMEHTAaX COJTHEYHBIX BOJOHAIPEBATEIbHBIX KOJIJIEKTOPOB
M ycTaHOBJIeHHEe (GaKTOPOB, HENOCPEJCTBEHHO BJMAKLMX Ha ero 3$pQPeKTUBHOCTb U NMPOU3BOJUTEIBHOCTh
paboThl. B mccienoBaHUSAX MCNOJIb30BAIUCh pacyeTHO-aHAJIUTUYECKHE METO/bl MCCJeJLO0BAaHHUS U METO/bI
TEPMOJMHAMUYECKOT0 aHa/M3a Ha WX OCHOBeE IOJydeHa MoJpoOHass MHPoOpMalus O TEIJIOBBIX MOTEpPSX B
3JleMeHTax KoJuIeKTopa. B pe3ysibTaTe npoBeIE HHBIX UCCJI€I0BAaHUM YCTAHOBJIEHO, YTO OCHOBHBIMU (paKTOpaMHy,
BJMSIOIIMMY Ha 3HAYEHUs TEMJIOBBIX NOTEPb M Ha KO3QQULMEHT MO0JIe3HOTO JeHUCTBUS JBYXKOHTYPHBIX
BOJJOHArpeBaTebHbIX KOJIJIEKTOPOB ABJSIOTCS IJIOTHOCTD COJITHEYHOTO U3JIyYEHUs], TEMITepaTyPhbl OKPYyKaroIeH
cpenbl U pabouyeir BoAbl. [losiydeHbI pe3ysbTaThbl, MO3BOJISOLIME ONpeAe/sTh 3HAYEHUs TElJIOBBIX NMOTEPh
yepe3 KOHCTPYKTHUBHbIE 3JIeMEeHTbI KOJIJIEKTOpa. [Ipy 3TOM yCTaHOBJIEHO, YTO HAUOOJIbIINE TENJIOBbIE TIOTEPH
Hab6J/II0Ja/INCh CO CTOPOHBI JIMLEBOIO MOKPbITUA KoJleKTopa. CocTaB/eHO ypaBHeHHe TeIJIoBoro 6asiaHca
M IpUBeJieHa TeIJoBasi CXeMa COJIHEYHBbIX KOJIJIEKTOPOB JJI HarpeBa Bo/bl. TeopeTHYeCKU HCCJIe0OBaHbI
n3MeHeHUs KoadPuipeHTa Tenaonepesayv B 3aBUCUMOCTH OT TeMIIepaTypbl OKPY>KaloLeld cpesibl U CKOPOCTH
BeTpa. [losiydeHHbIe B X0/ie UCC/IeI0BaHUS PE3yJIbTAaThl IPEJCTABJSIOT HAYYHY0 3HAYMMOCTD JJIs JaJIbHEeHIIHX
pa3paboTOK U COBEPIIEHCTBOBAHUS KOHCTPYKI[MH COJTHEYHBIX BOZOHArPEBATEIbHBIX KOJUIEKTOPOB. B yacTHOCTH,
BbISIBJIEHHAs 3aBUCUMOCTD TEIJIOBBIX I0TEPb OT KOHCTPYKTHUBHBIX 0COOEHHOCTEH JIMIIEBOK CTOPOHBI KOJIIEKTOPA
MO3BOJISIET COCPEZOTOYUTh BHUMaHHe Ha €€ ONTUMH3ALMWHU C LeJbI0 CHUKEHHUS] KOHBEKTHBHBIX MOTEpPb. JTO
CO3/1aéT OCHOBY /1151 pa3paboTku 60Jiee 3¢ PeKTHBHBIX HHKEHEPHBIX peLlIeHUH NPU MPOEKTUPOBAHNUH MOJJ06HBIX
YCTAaHOBOK ¥ MOXET GbITh UCIOJb30BAaHO IPU MOJETUPOBAHUH, PacY€TaxX U MCIBITAHUAX HOBBIX KOHCTPYKLUN
COJIHEUHBIX KOJIJIEKTOPOB

KaoueBbie ¢/10Ba: coyHevyHasl paguanus; Ko3oPUIMEHT Temonepeadd; TEMJI00OMeH; TEMJIOBOU 6GaJlaHC;
TEMJI0BOCIPUHUMAIOIAst TOBEPXHOCTDb; KOHBEKIUST; U3Jy4eHUsT
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