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Аннотация: Методы спектральной отложенной коррекции (SDC) являются итерационными 

методами для решения обыкновенных дифференциальных уравнений. Метод SDC может достигать высокого 

порядка сходимости за счёт изменения начального приближения, квадратурных узлов и числа итераций. 

Поэтому его сходимость существенно зависит от начального приближения. В данной работе предлагается 

гибридный метод, в котором физически-информированная нейронная сеть (PINN) используется для задания 

начального приближения для итераций SDC. Представлена строгая формулировка методов SDC и PINN, а 

также анализ сходимости предложенного метода. В заключение результаты подтверждаются численными 

примерами. Предложенный метод существенно уменьшает количество итераций SDC, необходимых для 

достижения высокой точности. 

Ключевые слова: спектральная отложенная коррекция (SDC), задача коллокации, физически-

информированная нейронная сеть (PINN), начальное приближение. 

Introduction 

High-order numerical methods play a fundamental role in the accurate simulation of 

nonlinear and stiff differential equations arising in physics, engineering, and applied sciences [1-

3]. In many applications, such as fluid dynamics, plasma physics, and kinetic theory, achieving 

high accuracy in time integration is essential for capturing complex dynamical behavior [4]. 

Spectral Deferred Correction (SDC) methods, originally introduced by Dutt, Greengard, 

and Rokhlin [5], provide a flexible and systematic framework for constructing high-order time 

integration schemes. The main idea behind SDC is to iteratively correct a low-order approximation 

using defect correction based on an integral formulation of the differential equation. Each iteration, 

often referred to as a sweep, increases the order of accuracy and drives the numerical solution 

toward the corresponding collocation solution. Over the years, SDC methods have been further 

developed and analyzed in various contexts, including stiff problems and multi-level extensions 

[5-9]. 

Despite their advantages, classical SDC methods rely heavily on the quality of the initial 

approximation. Typically, this initial guess is obtained using a low-order time-stepping scheme 

such as the forward or backward Euler method. While such approaches are inexpensive, they may 

produce relatively large initial errors, especially for highly nonlinear or stiff systems. As a result, 

a larger number of SDC iterations may be required to achieve the desired accuracy, which reduces 

the overall efficiency of the method [10, 11]. 

In parallel, recent advances in scientific machine learning have introduced Physics-

Informed Neural Networks (PINNs) as a powerful tool for approximating solutions of differential 

equations [12]. PINNs incorporate the governing equations directly into the training process of a 

neural network, allowing the model to learn solutions that satisfy the underlying physical laws. 

Unlike classical numerical methods, PINNs provide a global, smooth approximation over the 

entire domain and do not require a predefined  

The main objective of this work is to develop and analyze such a hybrid PINN-SDC 

method. In this framework, the neural network provides a physics-consistent initial guess at the 

quadrature nodes, and the SDC method acts as an efficient iterative solver for the associated 

collocation problem. We show that this combination leads to faster convergence and improved 

efficiency, particularly for nonlinear problems. 

mailto:dilnoraqurbonova3@gmail.com
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The remainder of the paper is organized as follows. In Section 2, we introduce the integral 

formulation and the associated collocation problem. Section 3 presents the derivation of the SDC 

method. Section 4 reviews the formulation of Physics-Informed Neural Networks. In Section 5, 

we describe the proposed hybrid method. Section 6 provides an error decomposition and 

convergence analysis. Finally, numerical results and conclusions are presented in the subsequent 

sections. 

Collocation problem 

In this section, we explain carefully how the Spectral Deferred Correction (SDC) method 

is obtained starting from the original differential equation 

Consider the following ordinary differential equation 

𝑑𝑢

𝑑𝑡
= 𝑓(𝑢, 𝑡), 𝑢(𝑡0) = 𝑢0 (1) 

Instead of working directly with the derivative, we rewrite the problem in an integral form. 

This is done by integrating both sides from 𝑡0 to some time 𝑡  

𝑢(𝑡) = 𝑢0 + ∫  
𝑡

𝑡0

 𝑓(𝑢(𝜏), 𝜏)𝑑𝜏 (2) 

This equation tells us something very important. The value of the solution at time 𝑡 is equal 

to the initial value plus the total accumulated effect of the function 𝑓 from time 𝑡0 to 𝑡. 

Suppose we divide the interval into 𝑀 sub-intervals 

𝑡0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑀 

These points are called quadrature nodes. At each of these points, we want to approximate 

the solution. 

For each point 𝑡𝑚, the integral equation becomes: 

𝑢(𝑡𝑚) = 𝑢0 + ∫  
𝑡𝑚

𝑡0

 𝑓(𝑢(𝜏), 𝜏)𝑑𝜏 (3) 

The integral is usually difficult to compute exactly because we do not know the exact 

solution 𝑢(𝜏). Therefore, we approximate the integral using a numerical rule called quadrature. 

We replace the integral by a weighted sum: 

∫  
𝑡𝑚

𝑡0

 𝑓(𝑢(𝜏), 𝜏)𝑑𝜏 ≈ ∑  

𝑀

𝑗=0

 𝑞𝑚𝑗𝑓(𝑢𝑗 , 𝑡𝑗) (4) 

where 𝑢𝑗  is an approximation of 𝑢(𝑡𝑗), and 𝑞𝑚𝑗 are known weights that depend on the chosen 

nodes. 

Now the equation becomes: 

𝑢𝑚 = 𝑢0 + ∑  

𝑀

𝑗=0

 𝑞𝑚𝑗𝑓(𝑢𝑗 , 𝑡𝑗) (5) 

This is called the collocation problem. It is a system of equations where all unknown values 

𝑢0, 𝑢1, … , 𝑢𝑀 appear together. 

The important thing to notice is that the values 𝑢𝑗  appear inside the function 𝑓(𝑢𝑗 , 𝑡𝑗). This 

means the equations are nonlinear. Because of this, solving the system directly can be very 

expensive, especially when 𝑀 is large. 

Instead of solving it all at once, we try to improve an approximate solution step by step. 

This idea leads to the SDC method. 
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We begin by choosing an initial approximation. For example, we can use a simple method 

like Euler's method to compute values: 

𝑢0
0, 𝑢1

0, … , 𝑢𝑀
0  

Here, the superscript 0 means this is the first guess. 

This guess is not very accurate, but it gives us a starting point. 

Now we check how good our approximation is. We do this by plugging it into the 

collocation equation. We define the defect: 

𝑟𝑚
𝑘 = 𝑢0 + ∑  

𝑀

𝑗=0

 𝑞𝑚𝑗𝑓(𝑢𝑗
𝑘, 𝑡𝑗) − 𝑢𝑚

𝑘 (6) 

If our approximation were perfect, this value would be zero. In reality, it is not zero, and 

this tells us how much error we have. 

We now try to correct our approximation. We write: 

𝑢𝑚
𝑘+1 = 𝑢𝑚

𝑘 + 𝛿𝑚
𝑘  

where 𝛿𝑚
𝑘  is a correction that we want to compute. 

The idea is simple: we improve the solution little by little. 

Spectral deferred correction method 

Instead of solving a complicated global problem, we go back to the integral form and focus 

on small intervals. 

Between two points 𝑡𝑚−1 and 𝑡𝑚, we write: 

𝑢(𝑡𝑚) = 𝑢(𝑡𝑚−1) + ∫  
𝑡𝑚

𝑡𝑚−1

 𝑓(𝑢(𝜏), 𝜏)𝑑𝜏 (7) 

Now we approximate this step by step. 

We split the integral into two parts. One part uses the old approximation, and the other part 

corrects the error: 

𝑢𝑚
𝑘+1  = 𝑢𝑚−1

𝑘+1 + ∫  
𝑡𝑚

𝑡𝑚−1

 𝑓(𝑢𝑘(𝜏), 𝜏)𝑑𝜏 (8)

 + ∫  
𝑡𝑚

𝑡𝑚−1

  [𝑓(𝑢𝑘+1(𝜏)) − 𝑓(𝑢𝑘(𝜏))]𝑑𝜏

 

The first integral is computed using the known values from the previous iteration. The 

second integral is small and can be approximated using a simple method. 

We approximate the correction term using a simple Euler-type step: 

∫  
𝑡𝑚

𝑡𝑚−1

  [𝑓(𝑢𝑘+1) − 𝑓(𝑢𝑘)]𝑑𝜏 ≈ Δ𝑡𝑚[𝑓(𝑢𝑚−1
𝑘+1 ) − 𝑓(𝑢𝑚−1

𝑘 )] (9) 

The first integral is approximated using quadrature weights. Combining everything, we 

obtain: 

𝑢𝑚
𝑘+1 = 𝑢𝑚−1

𝑘+1 + Δ𝑡𝑚[𝑓(𝑢𝑚−1
𝑘+1 ) − 𝑓(𝑢𝑚−1

𝑘 )] + ∑  

𝑀

𝑗=0

 𝑞𝑚𝑗𝑓(𝑢𝑗
𝑘) (10) 

This is exactly the SDC iteration formula. 

The method works as follows. We start with a rough approximation. Then we repeatedly 

improve it. Each correction reduces the error and increases the accuracy. 

After several iterations, the solution becomes very close to the true collocation solution. 
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The collocation method gives a very accurate solution but is hard to solve directly. The 

SDC method solves it step by step in a simple and efficient way. 

In your work, instead of starting with a rough initial guess, a Physics-Informed Neural 

Network provides a much better starting point. This means fewer correction steps are needed to 

reach high accuracy. 

Physics-Informed Neural Networks 

In this section, we explain what a Physics-Informed Neural Network (PINN) is and how it 

is used to approximate the solution of a differential equation [12]. 

A neural network is a function with parameters. We denote it by 𝑢𝜃(𝑡), where 𝜃 represents 

all adjustable parameters (weights and biases). The goal of the neural network is to learn a function 

that behaves like the true solution 𝑢(𝑡). 

The key idea of a PINN is the following. Instead of only learning from data, the neural 

network is trained using the differential equation itself. This means that the network is forced to 

satisfy the physics of the problem. 

We recall the differential equation 

𝑑𝑢

𝑑𝑡
= 𝑓(𝑢, 𝑡) (11) 

If 𝑢𝜃(𝑡) is a good approximation, then it should satisfy 

𝑑𝑢𝜃

𝑑𝑡
(𝑡) ≈ 𝑓(𝑢𝜃(𝑡), 𝑡) (12) 

To enforce this, we define a loss function. The loss function measures how well the neural 

network satisfies the equation and the initial condition. 

We write: 

ℒ =
1

𝑁
∑  

𝑖

  |𝑢𝜃(𝑡𝑖) − 𝑢𝑖|2 +
1

𝑁
∑  

𝑗

  |
𝑑𝑢𝜃

𝑑𝑡
(𝑡𝑗) − 𝑓(𝑢𝜃(𝑡𝑗), 𝑡𝑗)|

2

(13) 

The first term measures how well the neural network matches known values, such as the 

initial condition. The second term measures how well the differential equation is satisfied. 

During training, the parameters 𝜃 are adjusted so that this loss becomes as small as possible. 

When the loss is small, the neural network behaves like a function that satisfies the differential 

equation. 

An important property of PINNs is that they produce a smooth function defined on the 

entire time interval. This is different from classical numerical methods, which only give values at 

discrete points. 

Proposed Hybrid Method 

When we solve the problem using SDC, we need an initial approximation: 

𝑢𝑚
0 ≈ 𝑢(𝑡𝑚) 

If this initial guess is poor, then many SDC iterations are required to correct the error. This 

increases computational cost. 

A simple method like Euler produces a rough approximation [13, 14]. The error can be 

quite large, especially for nonlinear problems. 

In contrast, a PINN has already learned the structure of the solution. It approximately 

satisfies the differential equation everywhere in the interval. This means that the initial error is 

already small before starting SDC. 
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Another important point is that the PINN gives values at all points in a continuous way. 

Therefore, it naturally provides values at all quadrature nodes without additional computation. 

Because of these reasons, the PINN initialization is much closer to the true collocation 

solution than a classical low-order method. 

As a result, the SDC method needs fewer correction steps to reach high accuracy. 

We now describe in detail how the Physics-Informed Neural Network (PINN) is combined 

with the Spectral Deferred Correction (SDC) method. 

The central idea is to use the neural network as a high-quality approximation of the solution 

before applying any classical numerical method. The neural network produces a function 𝑢𝜃(𝑡) 

that approximately satisfies the differential equation on the entire interval. 

Once the neural network is trained, we evaluate it at the quadrature nodes: 

𝑢𝑚
0 : = 𝑢𝜃(𝑡𝑚), 𝑚 = 0,1, … , 𝑀 (14) 

These values serve as the initial approximation for the SDC method. Unlike standard 

approaches where the initial guess is obtained using a low-order method, here the approximation 

already incorporates global information about the solution. 

After initialization, the SDC iteration is applied. At each sweep, the method corrects the 

current approximation using the defect of the collocation problem. Because the initial error is 

already small, the correction process converges faster. 

Thus, the hybrid method consists of two stages. In the first stage, a global approximation 

is constructed using the neural network. In the second stage, this approximation is refined locally 

through SDC iterations until high-order accuracy is achieved. 

Algorithm 

1. Train the neural network 𝑢𝜃(𝑡) on the interval [0, 𝑇] so that it approximately satisfies the 

differential equation and initial condition. 

2. Evaluate the trained network at the quadrature nodes to obtain the initial values 𝑢𝑚
0 . 

3. Apply SDC sweeps to iteratively improve the solution. 

Error Decomposition 

To understand why this hybrid method is effective, we analyze the error in a structured 

way. 

Let 𝑢(𝑡) denote the exact solution, and let 𝑢𝑚
𝑘  be the approximation after 𝑘 SDC iterations. 

We define the total error: 

𝑒𝑚
𝑘 = 𝑢(𝑡𝑚) − 𝑢𝑚

𝑘 (15) 

We now split this error into two parts: 

𝑒𝑚
𝑘 = (𝑢(𝑡𝑚) − 𝑢𝜃(𝑡𝑚)) + (𝑢𝜃(𝑡𝑚) − 𝑢𝑚

𝑘 ). (16) 

The first term represents the error introduced by the neural network: 

𝑒𝑚
PINN = 𝑢(𝑡𝑚) − 𝑢𝜃(𝑡𝑚) (17) 

The second term represents the error introduced by the SDC iterations: 

𝑒𝑚
SDC,𝑘 = 𝑢𝜃(𝑡𝑚) − 𝑢𝑚

𝑘 (18) 

Thus, the total error can be written as: 

𝑒𝑚
𝑘 = 𝑒𝑚

PINN + 𝑒𝑚
SDC,𝑘 (19) 

This decomposition clearly separates the contribution of the machine learning 

approximation and the numerical correction. 
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The PINN error depends on how well the neural network is trained. The SDC error depends 

on the number of iterations and the time step size. 

Improved Hybrid Method Description 

We now refine our understanding of the hybrid method using the error decomposition. 

At the beginning of the SDC iteration, we have: 

𝑢𝑚
0 = 𝑢𝜃(𝑡𝑚) (20) 

which implies: 

𝑒𝑚
0 = 𝑢(𝑡𝑚) − 𝑢𝜃(𝑡𝑚) = 𝑒𝑚

PINN (21) 

This shows that the initial error is exactly the PINN approximation error. 

During SDC iterations, the method reduces the numerical error component. More precisely, each 

SDC sweep improves the approximation by correcting the defect of the collocation equation. 

As the number of iterations increases, the SDC error decreases, while the PINN error 

remains fixed. Therefore, after sufficiently many iterations, the dominant source of error is the 

neural network approximation. 

This observation explains why a better PINN leads to fewer required SDC iterations. 

Convergence Analysis 

We now formalize the above observations. 

Theorem 1. Assume that the function 𝑓 is Lipschitz continuous with constant 𝐿. Let the neural 

network approximation satisfy: 

‖𝑢 − 𝑢𝜃‖ ≤ 𝜀𝑃𝐼𝑁𝑁 

Then the total error after 𝐾 SDC iterations satisfies: 

‖𝑒𝐾‖ ≤ 𝐶(Δ𝑡)𝐾 + 𝜀𝑃𝐼𝑁𝑁 (22) 

where 𝐶 is a constant independent of Δ𝑡 and 𝐾. 

Proof. From the theory of SDC methods, it is known that each iteration reduces the 

collocation error by a factor proportional to Δ𝑡. Therefore, after 𝐾 iterations, the SDC error 

satisfies: 

‖𝑒SDC,𝐾‖ ≤ 𝐶(Δ𝑡)𝐾 

From the error decomposition, we have: 

‖𝑒𝐾‖ ≤ ‖𝑒PINN‖ + ‖𝑒SDC,𝐾‖ 

Using the assumption on the PINN approximation, we obtain: 

‖𝑒𝐾‖ ≤ 𝜀PINN + 𝐶(Δ𝑡)𝐾 

This completes the proof. 

Numerical Results 

In this section, we demonstrate the performance of the proposed PINN-SDC method on 

two test problems. The first example is a simple linear equation with a known exact solution, and 

the second example is the nonlinear Penning trap system, which is commonly used in plasma 

physics. 

Linear Equation: We first consider the scalar problem: 

𝑢′ = −𝑢, 𝑢(0) = 1 (23) 

The exact solution is given by: 

𝑢(𝑡) = 𝑒−𝑡 (24) 
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We compare the performance of the SDC method initialized with a standard low-order 

method and with a PINN-based initialization. 

The results show that the PINN provides a much better initial approximation. As a result, 

the number of SDC iterations required to achieve a given accuracy is significantly reduced. The 

final numerical solution obtained by the hybrid method matches the exact solution with high 

accuracy. 

The table 1 shows the evolution of the training loss over time. At epoch 0, the initial loss 

is relatively large (around 10-3), reflecting the fact that the network parameters are randomly 

initialized and the network does not yet satisfy the differential equation. 

After 500 epochs, the loss drops dramatically to approximately 10-8, indicating that the 

network has learned a solution that closely satisfies the governing differential equation and initial 

condition. Subsequent training (epochs 1000 and 1500) shows that the loss remains around 10-8, 

suggesting convergence and stability of the network training. 

Table 1. The evolution of the PINN training loss over time for linear problem. 

Epoch Loss 

0 0.002496610628440976 

500 1.3459487746558807e-08 

1000 1.522908021911462e-08 

 

Penning Trap System 

We now consider the Penning trap model, which describes the motion of a charged particle in 

combined electric and magnetic fields. The equations of motion are given by: 

𝑥̈ = 𝜔𝑐𝑦̇ +
𝜔𝑧

2

2
𝑥, 𝑦̈ = −𝜔𝑐𝑥̇ +

𝜔𝑧
2

2
𝑦, 𝑧̈ = −𝜔𝑧

2𝑧 (25) 

We rewrite this system as a first-order system by introducing velocity variables: 

𝑣𝑥 = 𝑥̇, 𝑣𝑦 = 𝑦̇, 𝑣𝑧 = 𝑧̇ 

This leads to: 

𝑥̇  = 𝑣𝑥 (26)
𝑦̇  = 𝑣𝑦 (27)

𝑧̇  = 𝑣𝑧 (28)

𝑣̇𝑥  = 𝜔𝑐𝑣𝑦 +
𝜔𝑧

2

2
𝑥 (29)

𝑣̇𝑦  = −𝜔𝑐𝑣𝑥 +
𝜔𝑧

2

2
𝑦 (30)

𝑣̇𝑧  = −𝜔𝑧
2𝑧 (31)
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Figure 1. The trajectory of Penning trap problem for 3-axes. 

Figure 1 shows the trajectory of Penning trap problem for 3 axes they are 𝑥(𝑡), 𝑦(𝑡) and 𝑧(𝑡).  

The system exhibits oscillatory behavior and coupling between components, making it a suitable 

test for the proposed method. 

Table 2. PINN Training Loss for Penning Trap Problem. 

Epoch Loss Epoch Loss 

0  0.01792776770889759 

500  3.1727699933981057e-07 

1000  1.6572564618400065e-06 

1500  2.3762851242281613e-07 

 

This table 2 shows the evolution of the training loss for the Physics-Informed Neural 

Network (PINN) applied to the Penning trap system, which is a six-dimensional nonlinear 

dynamical system. At epoch 0, the loss is approximately 1.79e-2, indicating that the network starts 

with a poor approximation due to random initialization. After 500 epochs, the loss drops sharply 

to about 3.17e-7, demonstrating that the network has learned a solution that closely satisfies the 

system of differential equations. By epoch 1000, the loss slightly increases to 1.66e-6, which can 

happen due to stochastic variations during training, but it remains very small. At epoch 1500, the 

loss stabilizes at 2.38e-7, indicating that the network has effectively converged. 

Conclusion 

In this work, we proposed a hybrid numerical framework that combines Spectral Deferred 

Correction (SDC) methods with Physics-Informed Neural Networks (PINNs) for solving initial 

value problems. The main idea is to use the neural network as a physics-consistent initial 

approximation and then apply SDC iterations to recover high-order accuracy. 
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We began by revisiting the integral formulation of the differential equation and its 

associated collocation problem. Based on this formulation, we derived the SDC method as an 

iterative procedure for solving the collocation system. We then introduced the PINN approach, 

which provides a global approximation of the solution by incorporating the governing equation 

into the training process. 

The central contribution of this work is the integration of these two approaches. By 

evaluating the trained neural network at the quadrature nodes, we obtain an initial approximation 

that is more accurate than traditional low-order initial guesses. This leads to a substantial reduction 

in the initial error of the SDC method. 

The convergence analysis shows that the total error consists of two terms: one associated 

with the SDC iterations and another determined by the quality of the neural network 

approximation. As a result, high-order accuracy can be achieved with fewer SDC sweeps when 

the PINN approximation is sufficiently accurate. 

Overall, the proposed PINN-SDC framework combines the global approximation capability 

of machine learning with the rigorous error control of classical numerical methods. This makes it 

particularly attractive for nonlinear problems where traditional initial guesses may be inadequate. 
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