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Abstract. This paper investigates periodic solutions of a nonlinear system of fractional functional integro-
differential equations involving the Gerasimov--Caputo fractional operator, a product of two nonlinear functions, and
maxima-type nonlinearities with variable deviations. The considered model combines hereditary effects, nonlocal
interactions, and extremal functional dependencies, which substantially complicate the qualitative analysis of the
system. The original periodic boundary-value problem is transformed into an equivalent system of nonlinear
functional-integral equations. Explicit estimates for the associated nonlinear operators are obtained, and a constructive
iterative procedure based on the method of successive approximations is developed. Sufficient conditions
guaranteeing existence and uniqueness of periodic solutions are established by combining the contraction mapping
principle with detailed operator estimates in an appropriate Banach space. Furthermore, the periodic solvability
problem is reduced to the investigation of zeros of an associated nonlinear vector field. Using homotopy arguments
and topological index techniques, sufficient conditions for the existence of periodic solutions are derived. The obtained
results provide a constructive framework for the analysis of nonlinear fractional systems with memory, delays,
maxima, and nonlocal interactions.

Key words: Periodic solutions, system of functional integro-differential equations, product of two nonlinear
functions, function involving variable deviations under the maximum.

NEPHOJNYECKHUE PEIIEHUS CUCTEMBI ® YHKIIMOHAJIBHBIX HTHTET PO-
JTU®OEPEHIIMAJIBHBIX YPABHEHUI C MIPOU3BEJIEHUEM JIBYX
HEJIMHEWHBIX ®YHKIIUN U ®YHKIIUENA C TEPEMEHHBIMU
OTKJIOHEHUSIMHU IO MAKCUMYMAMH

Typceyn K. IOaaamesn

25


mailto:tursun.k.yuldashev@gmail.com
mailto:jartykova@oshsu.kg
https://orcid.org/0009-0005-6513-9366
mailto:fayziyev.a@inbox.ru

Bectuuk Oml'Y. MaremaTuka. ®@usuka. Texnuka. Nel(8) 2026

00KMOp u3z.-mam. HAYK, npogeccop, 2na8Hbll HAYUHbIU COMPYOHUK, TawKeHmcKul
20Cy0apcmeenHvlil mpancnopmuslil yrusepcumem, yi. Temuptiyavuunap, 1, 100167, Tawxenm,
Vabexucman, Hncmumym mamemamuxu um. B.U. Pomanosckozo Akademuu nayx
Vsbexucmana, Tawxenm, Y36exucman,; E-mail: tursun.k.yuldashev@gmail.com,
https://orcid.org/0000-0002-9346-5362

AKbuiabi3 A. ApThIKOBa
Kanouoam pu3z.-mam. Hayk, ooyenm OuicKuil 20Cy0apCmeenHbulll YHusepcumen, yiuyd

Jenuna, 331, Ow, Kvipevizcman, Dnexkmponnas nouma: jartykova@oshsu.kg,
https://orcid.org/0009-0005-6513-9366

daiizues Azus K.
doxkmopanm, TawkenmcKuil 20Cy0apCcmeeH bl MPAHCHOPMHBII YHUGEPCUMen, Yauyd
Temupuiynouunap, 1, Tawkenm, Y30exucman, Inekmponnas nouma: fayziev.a@inbox.ru,

https://orcid.org/0000-0001-6798-3265

AHHoOTanusi. B nanHOH paboTe HMccienyroTcsl MEepHOJUMYECKAe PEIICHUS] HEIMHEHHOH CHCTEMBI IPOOHBIX
(DyHKIIMOHATIBHBIX HHTErpo-IuddepeHnanbHbIX ypaBHEHHH, BKIIOUYAIOmEed ApoOHBINH omeparop ['epacmmoBa—
KamyTo, mpousBeneHne ABYyX HEIMHEHHBIX (YHKIHMH WM HEIMHEHHOCTH THIAa MAaKCHMYMOB C IIE€PEMEHHBIMHU
OTKIOHEHWsIMH. PaccmarpuBaeMass Mopmenb codyeraeT B cebe HaciueICTBEHHbIE 3()(EKTHI, HEIOKaIbHbIC
B3aUMO/ICHCTBUS ¥ HKCTPEMANIbHBIE (h)YHKIIMOHAIBHBIC 3aBUCHMOCTH, YTO CYHIECTBEHHO YCIIOXKHIET KauyeCTBEHHBIN
aHanu3 cucTeMbl. McxonHas mepuoAudeckas KpaeBas 3ajada IpeoOpazyeTcd B OKBHBAJCHTHYIO CHCTEMY
HEJIHUHEHHBIX (I)yHKI_[I/IOHaJ'IbHO-I/IHTeraJ'II:-HI)IX ypaBHeHHﬁ. HOJ’Iy‘IeHbI SABHBIC OLCHKU [JI1 COOTBCTCTBYIOLIUX
HEJIMHEHHBIX OIEepaToOpoB M pa3paboTaHa KOHCTPYKTHBHAs WTEpAlMOHHAs MpOIEeAypa, OCHOBaHHAs Ha METOJE
OCJICA0BATCIIbHBIX HpH6J’IH)KCHHI>i. JIOCTaTO‘-IHI)Ie ycCioBUA, TAapaHTUPYIOIHUC CYHICCTBOBAHUE U CAWHCTBECHHOCTH
MEePUOTUUECKUX PEIICHUH, YCTaHOBIICHBI ITyTeM 00bEMHEHNUS IPUHIIUIIA CKUMAIOIIHUX OTOOpaXeHUH ¢ MOPOOHBIMU
OLICHKAMHU OIEPaTOPOB B COOTBETCTBYIOIIEM OaHaXOBOM IpocTpaHcTBe. Kpome Toro, mepuonudeckas 3amada
Pa3pemnMOoCTH CBOJUTCS K UCCIIEI0BAaHNIO HYJIEH COOTBETCTBYIOIIETO HETMHEHHOTO BEKTOPHOTO 110J1sl. C IOMOIIbI0
TOMOTOIMYECKUX AapTyMEHTOB M TOMNOJIOTHYECKHX HWHIEKCHBIX METOJOB BBIBEJICHBI JOCTATOYHBIC YCIIOBHS
CYIIECTBOBAHUS NMEPUOIMIECKUX pereHuid. [lomydeHHble pe3ynbTaThl 00eceYnBalOT KOHCTPYKTUBHYIO OCHOBY JUTS
aHaIM3a HEJIMHEHHBIX JPOOHBIX CHCTEM C IIaMATBIO, 3aJEp)KKaMHM, MAaKCUMyMaMH M HEJOKaJIbHBIMH
B3aUMO/ICHCTBUSIMU.

KaroueBnle cioBa: Ilepuomuueckue perieHus, cucteMa (QpyHKIIMOHAJIBHBIX HHTErpo-AuddepeHnatbHpIx
YpaBHEHHI, POU3BENICHHUE JIBYX HEIMHEWHBIX (YHKIMHA, (YHKIMS, colepiaiias NepeMeHHbIe OTKIOHEHHS MO
MAaKCUMYMOM.

Introduction

Differential and integro-differential equations have become one of the principal
mathematical tools for describing dynamical systems with memory, hereditary properties,
anomalous transport phenomena, and nonlocal interactions. During the last decades, such
equations have found numerous applications in viscoelasticity, control theory, continuum
mechanics, biology, signal processing, heat transfer, and many other branches of modern science
and engineering. In addition, in the theory of differential equations, one of the main directions is
functional-differential equations (Artykova et al., 2026; Gladilina and Ignatyev, 2004; Mamanov
and et al., 2026).
A particularly important role in the qualitative theory of dynamical systems is played by periodic
solutions. Periodic regimes describe recurrent processes, oscillatory behavior, and stable long-term
patterns that arise naturally in both natural and engineered systems. Consequently, the study of
periodic solutions remains one of the central directions in the theory of differential and integro-
differential equations, see, for example: (Bai and Yang, 2007; Chen and et al., 2007; Hu and Han,
2009; Li and et al., 2015; Ma and et al., 2012).

In the theory of fractional order differential equations, the main place is given not only to
theoretical development, but also to practical application in various fields of science and practice,
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see, for example: (Area and et al., 2015; Delbosco and Rodino, 1996; Handbook of Fractional
Calculus with Applications 2019; Hilfer, 2000; Hussain and et al., 2020; Kaufmann and Mboumi,
2007; Kilbas and et al., 2006; Kosmakova and et all., 2026; Samko and et al., 1993; Sun and et al.,
2019). At the same time, many practical models involve not only memory effects represented by
fractional operators but also functional dependencies containing maxima of the unknown function
over variable intervals. Such maxima-type nonlinearities appear in control systems with threshold
mechanisms, biological models with delayed responses, optimization problems, and engineering
systems with extremal feedback. The simultaneous presence of fractional memory effects and
maxima considerably increases the analytical complexity of the problem.

An additional difficulty arises when nonlinear integral interactions are represented by

products of nonlinear functions. In this case, the resulting equations combine several distinct
sources of nonlinearity: fractional memory, integral dependence, variable deviations, and extremal
operators. The interaction of these mechanisms leads to mathematical models whose qualitative
properties remain insufficiently understood.
Motivated by these considerations, the present paper studies a periodic boundary-value problem
for a nonlinear system of fractional functional integro-differential equations involving the
Gerasimov-Caputo operator, maxima-type nonlinearities, and a product of two nonlinear
functions. The considered model includes various types of deviating arguments and therefore
unifies several important classes of functional differential equations. Related problems of finding
periodic solutions to integer-order nonlinear functional differential equations are considered in
(Yuldashev, 2022a; Yuldashev, 2022b; Yuldashev and Abduvahobov, 2023; Yuldashev and
Sulaimonov, 2022).

The main idea of the paper consists in reducing the original periodic boundary-value problem
to an equivalent system of nonlinear functional-integral equations. This reduction makes it
possible to construct a convergent iterative process and to apply fixed-point techniques. Existence
and uniqueness of periodic solutions are established by means of the contraction mapping
principle. Furthermore, the periodic solvability problem is connected with the investigation of
zeros of an associated nonlinear vector field. By combining homotopy arguments with topological
index methods, additional sufficient conditions for the existence of periodic solutions are obtained.

The developed approach provides a constructive analytical framework for studying
nonlinear periodic processes in fractional systems with memory, maxima, and nonlocal
interactions.

1. Problem statement
In this paper on the interval [0,T] we consider the questions of existence and constructive
methods of calculating of the periodic solutions of the system of nonlinear ordinary first order
integro-differential equations with maxima

c Dot x(1) = q(t, x(1) +
t S
+j g(s,x(s))f[s,x(s), j K(s.0, max{x(r)|reP(0)})d0]ds, 1)
0 —0

where

1 j X'(s) ds

Fd-a)q (t—s)”
is the Gerasimov-Caputo fractional differential operator,

¢ Dgtx(®) = lo “X(t) = , te(0,T)
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t
1EX(t) = ﬁ [t-s)“ x(s)ds, 0<a<1
0

is Riemann-Liouville integral operator, « is order of fractional differential operator, T'(c) is
Gamma function.

x e X, X isthe closed bounded domain in the space R", 0 X is its border, g e C([0,T]x X,R")
f eC([0,T]xX xR",R"), functions a9, f are T -periodic,
Pt) =[A4 1), L)), A4@®)eC[0,T], i=12

1).
2).
3).
4),
5).
6).
7.
8).
9).

According to the deviation functions are possible following cases:
—oo< A4 (t) < A, (t) <0 (initial argument case);
—o0< 4(t) < A (t) <t (initial-delay argument case);
—o< 4 (1) <0, 0< A, (t) <t (initial-delay argument case);
—o< A4 ) <t <A () <T (initial-delay-advancing argument case);
—o00< 4 (t) <t < A, (t) <o (initial-delay-advancing-final argument case);
0< 4 (t) < Ap(t) <t (delay argument case);
0<A4t)<t<A(t)<T (delay-advancing argument case);
t<A4(t) <A (t) <T (advancing argument case);

0< A (t) <T < A (t) <o (advancing-final argument case);

10). —o< A4 (t) <T < A, (t) <o (initial-advancing-final argument case);

11). t< A (t) < 4, (t) <o (advancing-final argument case).

We consider the case 5. Other cases will be study similarly. The choice of the initial

conditions for equation (1) depends from the nature of the deviations. In the case of 5 we will study
the equation (1) with the following conditions

X©) =ax(t), te (00,
X() =@, (1), tell ), )
x(0) = x(T),

where (ol(t)eC((—oo,O],Rn), (oz(t)eC([I',oo),Rn), j|K(t,s,x)|ds<oo.

By C ([O,T], R”) denoted the Banach space, which consists of continuous vector functions

X(t), defined on the segment [0,T], with values in R" and with the norm

n
2
[¥leg - \/Zmaé of

By the BD([O,T], R”) we denote the Banach space of continuous functions on the interval

[0,T] with the norm

| x(®) ”BD[O,T] =[x ”C[O,T] +h-[x'(t) ”C[O,T] , 0<h=const.
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Formulation of problem. To find the T -periodic function x(t) € BD([O,T], R”), which
forall t [0, T] satisfies the system of integro-differential equations (1) and the periodic condition
in (2) and goes through x, at t=0.

2. Reduction to functional-integral equation

Let the function x(t) e BD([O,T], R”) is a solution of the periodic boundary value problem

(1), (2). Using the definition of the operator, we integrate of the equation (1) on the given interval

(0.1)

12eDE (x(1) = 1E1ETX (1) = 13X(t) = Ix(s)ds:x(t)—x(O), 3
0
t
i (tX0) = s Je-9 n(sxe)es @

Appling the formulas (3) and (4) to the last fractional integro-differential equation, we obtain
x(t) = x(0)+—j(t s)“{q(s X) + j 9(8,x) f (6, x, y)d@]ds (5)
where

t
g(t,x) = g(t,x(t), q(t,x)=q(t, x(t)), f(t,x,y)—f{t,x(t),jK(t,s,max{x(r)|reP(s)})ds}.

The quantity x(0) in the equation (5) is unknown. To find it we use the periodic condition
(2). So, from (5) we have

X(T) = x(0)+—j(r 5)* 1[q(s x)+jg(e x) (6, , y)d&]ds
Hence, taking the condition (2) into account, we obtain:
T s
j T —s)“llq(s, x)+jg(9, x) f (0, %, y)dH]ds -0,
0 0

Consequently, the differential equation (1) one can write as
¢ Dot x(®) =q(t, x(1)) +

t S
+Ig(s,x(s))f {s,x(s), _f K(s,@, max {x(r)|r P(H)})d@}ds_
0 —00
1 T a-1
= [Ty a(s x(9)ds -
0

T s 0
_% ! T -s5)%? ! 9(0,x(9)) f (a, x(e),_j K (6.5, max{x(z)[r € P(g)})ngdes. (6)

Then by integration of the equation (6), we obtain the following system of equations:
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X(t) =X +— j (t=9)"*[a(s, X(s))+

+

O

g(H,x(e))fLH,x(H), j K(a,g,max{x(r)rep(g)})dg]de—

—00

1] L 0
< [T -0 a@x@)do-< [T -0 [ 9(5.x(6))x
0 0 0

¢
x f [g, x(c), I K(g,é‘, max{x(r)|r € P(é)})df}dgd@}d& (7)
Lemma 1. For the equation (7) is true the following estimate
| %) —xo | <T“M(M +TMgM ¢ ) (8)
COTI™ " gl+a)(a)' 1 gt )

where
Mg =] a(t.x®) g7 Mo =l 9EXO) o772 M =] T (X0, YO) |01y

Proof. We rewrite the equation (7) as

t
X(0) =% = ﬁ;[(t —5)%q(s, x(s))ds +
1 ¢ o gaf 0
+@j(t—s) 1J'g(6’,X(6’))f(0,x(0),_LK(@,g,max{x(r)heP(g)})ngd@ds—

_?m j (t- s)a-ldsj T -0)*q(6, x(e))de——— j (t- s)“‘ldsj(T 0)** x

x j 9(5,x()) f [g, X(s) j K (5.¢max{x(z)|r e P(f)})df]dgde.
0 —o0

Hence, implies that there is true the following estimate
[ X(®©) =% ooy < @®[ [ a(t.x®) [+T] o (t.x®) || £ (t.x®, y®)][ ], 9)

where
1 ) 1 1] - )
a(t) =@_([(t—s) (l+s)ds—m1—__([(t—s) ds_([(T —0)* 1+ 6)do.

We calculate the integrals:

s=tz
s=0=z=0=
s=t=z=1

1
j t* 11— 2)% Lztdz = t*1B(2, ),
0

A= j(t 5)%sds =
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t-s=z=ds=-dz|
A = I(t 5)* s =|s=0=z =t :—jz“‘ldz:
s=t=1z=0 t
Similarly, we obtain that

o

T T
Ag = j (T —s)* Lsds =T*"B(2, @), A, = j (T —s)*lds=—,
0 0

t T
_[i_e1f 1 _poet _ _(tT)” M) 1
A;»—g(t 5) g(T 0)°1+0)d0ds = Ay Ay + A) = (T r(2+a)+aj'

Then we have the following estimate
t* M) 1
t)=—— -—— = +— |-
*O=Fa )[Al ] r( )T FA= r(a)[ r2+a) a}
aTa-1
1T T I'(x) +l <T@ T+(0+a) .
INa) o 2+a) «a a(l+ o))
It is easy to check that from (9) follows (8). Lemma 1 is proved.
Remark. T -periodic solution Xou (1) =y/(t) of the system (1) with initial value function

@ (t) on the initial set (—o0,0] is defined by the initial value function ¢ (t), which is periodical

continuation of the solution w(t) into initial set (—o0,0]. T -periodic solution Xy () =W (t) Of the

system (1) with final value function ¢, (t) on the final set [T, ) is defined by the final value
function ¢, (t), which is periodical continuation of the solution (t) into final set [T, ) .

Lemma 2. For the difference of two functions with maxima there holds the following
estimate

H max {x(r)|z € P(t)} —~max{y(z)|r € P(t)} ”C[O,T] <

0
<[ X0 YO legor; +h| = [(xO-y(®)]

C[0,T]

where P(t) =[4(t), 4 (1)),

h=max{ sup | A4 () [+ sup PAOLE sup |gol(t)|+ sup | g (t) |}

—oo<t<T T<t<o
3. Main results
Theorem 1. Assume that for all t [0, T] are fulfilled the following conditions:

L | a(t.x®)|<Mq <o, [|g(txt))|<Mgy <o, | f(t,x(),y1))||<M; <oo;
2. [a(t.xy)-a(t. %) [<Lfx—x|;

3. |g(tx)—g(tx)| <Lyl % —x |

4]t )= F(txy2) [ L[ =% [+ =Yz [ ]

5. | K(ts,%)—K(t,5,%) | < Ly(s)] % — X2 || O<sup _[ L, (s)ds < oo;

—00
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T+(1+)

— (M
a(l+a) ()

6. The radius of the inscribed ball in X is greater than T“ q +TMgM f );

7. p= o <1 where 5 =max{L; +T(MgLg+M;Ly);MoMgLs},

o T+(0+a)
lemaX{T m, 0} MO—SUDJL4(S)dS<oo

If the system (1) has a solution for all t<[0,T], then thls solution can be founded by the
system of nonlinear functional- integral equations

X(t, %) = I (t;X) = xo+—j<t 5)*q(s, X(s, xo»ds+—j(t ) 1jg (6.X(0, %))
xf{@,x(@,xo), j K(e,g,max{x(f,x0)|reP(g)})ngdeds—

_?m J (t— s)“—ldsj(r 0)*Lq(6, x(6, xo))de—?mj(t s)“—ldsj (T -6)*x

¢
ng(g, X(5, %)) f {g, X(5:%o), j K(g,f, max {X(z, o) |z P(é)})déJdgd& (10)
0 o

Proof. The theorem we proof by the method of successive approximations, defining
iteration process as

Xt X0) =X0r Xmu1(t, %) =J(t;Xp), M=0,1,23,... (11)
We will show that the right-hand side of the system of equations (10) as an operator maps a ball
with radius T¢ T+(+a)

—(Mq+TMng) into itself and is a contraction operator. So,
a(l+a)l(a)

according to the lemma 1, from (11) we have
o« T+1+a)

| Xmaa (8 X0) =% ”C[O,T] < W(Mq +TMgM ) (12)

By integration of the system of integral equations (10) we obtain
t
' _ 1 a-1 a-1
K 0%0) =5 ! (@L-9)a(s, XS, Xo))d3+— j A-s) j 9(6, %n(6,%0))x
0
x| 0,%:(0,%), j K (0,5,max {x(z,%) | € P(5)}) dg |dods
—o j - s)“—ldsj (T =) (6, X (6, %9))d6 -

TF()

‘?ﬁf‘l s)a—ldsja 6)” 1j JERNEENE

32



Bectuuk Oml'Y. MaremaTuka. ®@usuka. Texnuka. Nel(8) 2026

S
<F| 6 Xm(s %), [ K (6:&max{xm (7, X0)|7 € P(£)})dE |dsdo, (13)
From (13) we get
| X2t %0) o7y < /() (Mg +TMgMy ), (14)
where
R T u "
a(t):@_([(l—s) 1(1+s)ds—ﬁ?_[(l ) 1olsj(T 0)* 11+ 6)de.

We calculate the integrals:

t t 3
(04
0 0

t t
B, = j(l— s)*Lsds = — j (1-9)*(1—s)-1]ds =
0

1-(1-t)** 10"
a+l o

= —j (1—s)%ds +j(1— )% lds =—

1-(+a)A-)* +al-t)*H
- a(l+a) '

Similarly, we obtain that

1 ()

TO(
rR+a)’ ’

T T
By = j (T -5)*sds =T*"B(2, ) = T** = j (T -s)*ds=-—
0 a

t T
Bs = [ (@-9)* s [ (T - 0)* *(1+6)d0 = By(Bs + By) =
0 0

_ _H\@
_pal-@0(7 D@ 1)
a I2+a) «a
Then we have the following estimate

1 1, 1 [1-@-9% 1-+a)@-H%+a@-)**|
a(t)—ﬂ[BlJrBZ]_%?E%_F(a)[ a * a(l+a)
T - (T I'(cx) +1js%1
I'() a I'2+a) o
where
@™t
a(l+a)l ()
a(') = 2+—a, T =1,
a(l+a)l (@)
1-@1-t)“ +1—(1+ a)(1-t)* To1
ol (a) a(l+a) ' '
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We consider a difference x4 (t, Xg) — Xy (t, Xg), Where the functions X,,4(t,%;) and
X (t, Xo) are defined from the approximations of system of equations (11). By the conditions of
the theorem and lemma 2, from (11) we have

[ X2 (6 %0) = X (8 %0) o 7y <

r(a)j(t ) H(L+T(MgLs + M Lp))| (5, %)~ Xm1(5, %) |+
ML j Ls(6)| max {x(z, Xo) |7 € P(0)} ~max {xyy 1 (7, X9) |7 € P(6) } |+

.
+%£ Ly +T (MgLs +M ¢ Lo))[ [ Xn(6: X0) — %16, %) | +Mg ng Ly (&)

—00

x| max{ X (7, ¥o) |7 € P(E)} —max {1 (7. %) | € P(&)] Hdg}de} ds <

<af(t) [( Li+T(MyLs +My Lz))” Xm (t, %) — X (t, Xo) ”C[O,T] +

cra T +l+a)

+MoMLg m-1(t, Xo) ”C[O,T]}_ a(l+a) ()

X0 [II X (t%0) = Xm-a (6 %0) oo 77+ [ ¥ (6 %0) = X1 (¢, Xo) ||C[O’T]] (15)

where
t
2o =max{Ly +T(MgLg+ M Lp); MgMgLs}, Mo =sup [ Ly(s)ds <co.
t —

Similarly, by the assumptions of the theorem 1, from (13) we have
[ X2 (8 %6) =X (&%) o 77 <

< a(’)ZO |:|| Xm (t’ XO) - Xm—l(t’ XO) ”C[O,T] +h ” X;n (t! XO) - XFn—l(t’ XO) ||C[0,T]j|' (16)
Denoting y; = max{T“% } from (15) and (16), we obtain
all+a
” Xm+l(t! XO) —Xm (t' XO) ”BD[O,T] < p” Xm (t' XO) - Xm—l(t' XO) ”BD[O,T] ) (17)

where p= yon.
According to the last condition of the theorem 1, p <1. Since
[ X (6 %0) =X (t: %0) lappo 7 < Xm (8 %0) = X1t %0) [ gy 77

from the estimate (17) we deduce that the operator on right-hand side of (11) is contracting. From
the estimates (12), (14) and (15), (16) implies that there exists a unique fixed point
X(t, Xy) € BD[O, T]. The theorem 1 is proved.

From the estimate (17) it is easy to obtain that for x,,X; € X holds
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< [ %%
| X(t, %g) = X(t, %) ||BD[0,T]S 1-p
Now we will show the existence of periodic solutions of the system of impulsive integro-
differential equations (1). We introduce designationS'

(Xo)_?ﬂj (t- s)“—ldsj (T -0)“ 146, %, (6, %))d6+

1 1 t a- a—
_,_?(_J‘(t—s) 1ds£(|’—9) 1£g(g,xoo(g,xo))><

<
xf (g,xw(g,xo), [ K(s8max{x,(z, x)|r e P(cf)})dc,?}dgd@, (18)

—00

Am<xo>=%(i j(t s)“—ldsj (T =0)* (0, %n (6, %))d0 +

11 t a-! a—
+?(_I(t_s) 1ds-([(T—(9) 1£g(§,xm(§1xo))x

¢
x 1 (g, Xn(5 %) | K (5, max{xn(z, )| € P(§)})d§Jdgd9, (19)

where X(t, %) = lim X, (t,Xy) =X, (t, %) is solution of the nonlinear system (10). Therefore,
m—o0

X, (t, %) is the solution of the system of impulsive integro-differential equations (1) for A(xy) =0
going through x, at t=0. Consequently, the questions of existence of solution of the system of

impulsive integro-differential equations (1) we reduce to the questions of existence of zeros of
function A(X,y) and we solve this problem finding zeros of the function A, (X,)-

Theorem 2. Assume that
1. All conditions of the theorem 1 are fulfilled;

2. There is a natural number m such that the function A,,(Xy) has an isolated singular point xS
that A, (xg) =0 and index of isolated singular point xg IS nonzero;

3. There is a closed convex region X, < X, containing a single singular point such that on the its

border 0 X, is fulfilled estimate
pm+1
inf | AL(X)||Z(Mg+TM M . 20
[ An00]> (Mg +TMgM ) (20)

Then the system of impulsive integro-differential equations (1) has a periodic solution for
all t<[0,T] that x(0) € X,.

Proof. By definition, index of isolated singular point xg of continuous mapping A, (Xg) is

equal to the characteristic of vector field, generated by mapping A, (Xy) on the sufficiently small
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sphere S" with the center in xg. Since in X, there is no another singular point, which will be

differenced from xg and X, is homeomorphic to the unit ball E", then characteristic of vector

field A, (Xy) onthe sphere S" is equal to the characteristic of this vector field on 0 X,. The fields
Am(Xg) and A(Xg) are homotopic on 0 X. Let us consider families of everywhere continuous
on 0 X vector fields

V (0, %) =Am (%) + a(A(X) —An (X)),
which connect the fields

V(0,%) =An (%), V(LX) =A%)
We note that there is true the estimate
m+1

||A(x0)—Am(xO)||s(Mq+TMng)f (21)

Therefore, the vector field V (o, X;) does not vanish anywhere on 0 X, . Indeed, from
(20) and (21) implies that
[V (20} [ =] Am(%0) | =] Ax0) = A (%0) | > 0. (22)
The fields A, (%) and A(Xy) are homotopic on 0 X and the rotations of the fields homotopic on
the compact are equal. Hence, taking into account (22), we conclude that the rotation of the field
A(Xg) onthe 0 X, is equal to the index of the singular point x, of the field A, (%) and nonzero.
Consequently, the vector field A(xy) on the X, has a singular point xy, for which A(xy) =0.
Therefore, the system of impulsive integro-differential equations (1) has a periodic solution for all
t [0,T] that x(0) € X,. In addition, we note that for x,,X, € X from (18) and (19) we have

TZH( (@) +1j(Mq+TMng),

| Alx) ”BD[O,T] <

al(@)\ T'R+a) «
3 | Xo —Xo |
[400) =200} lgopory <~

Theorem 2 is proved.
Conclusion

In this paper, a periodic boundary-value problem for a nonlinear system of fractional
functional integro-differential equations with maxima and variable deviations has been
investigated. The considered system combines several analytically challenging features
simultaneously: fractional memory effects generated by the Gerasimov--Caputo operator,
nonlinear integral interactions, products of nonlinear functions, and extremal functional
dependencies.

By transforming the original problem into an equivalent system of nonlinear functional-
integral equations, a constructive analytical framework for studying periodic solutions has been
developed. Explicit estimates for the associated nonlinear operators were derived, which allowed
the application of the method of successive approximations and the contraction mapping principle.
As a result, sufficient conditions guaranteeing existence and uniqueness of periodic solutions were
obtained.

A further contribution of the paper is the reduction of the periodic solvability problem to the
investigation of zeros of a nonlinear vector field generated by the associated integral equations.
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The application of homotopy methods and topological index theory made it possible to establish
additional existence criteria for periodic solutions.

The obtained results extend existing solvability theories for fractional functional integro-

differential equations and provide effective tools for the analysis of nonlinear systems with
memory and extremal feedback mechanisms. The proposed methods can be further developed for
broader classes of fractional systems, including impulsive equations, systems with nonlocal
boundary conditions, distributed parameter models, and equations defined in infinite-dimensional
functional spaces.

10.

11.

12.

13.

14.

References

Area, |., Batarfi, H., Losada, J., Nieto, J.J., Shammakh, W.M., Torres, A. (2015). On a
fractional order Ebola epidemic model. Advances in Differerence Equations, Vol. 278.
Artykova, Zh.A., Abduvakhobov, T.A., Shukurova, M.D. (2026). Nonlinear fractional-
differential-integral equation with product of two nonlinear functions, degeneration and
maxima. J. Osh University ’Differential Equations”, Vol. 1, Nel, pp. 53-66.

Bai, Ch., Yang, D. (2007). Existence of solutions for second-order nonlinear impulsive
differential equations with periodic boundary value conditions. Boundary Value Problems
(Hindawi Publishing Corporation) Vol. 2007, Ne41589, pp. 1-13.

Chen, J., Tisdell, Ch. C., Yuan R. (2007). On the solvability of periodic boundary value
problems with impulse. J. of Math. Anal. and Appl. Vol. 331, pp. 902-912.

Delbosco, D., Rodino, L. (1996). Existence and uniqueness for a nonlinear fractional
differential equation. J. Math. Anal. Appl. Vol. 204, pp. 609-625.

Gladilina, R.1., Ignatyev, A.O. (2004). On the stability of periodic impulsive systems. Math.
Notes Vol. 76, Nel, pp. 41-47.

Handbook of Fractional Calculus with Applications (2019). Vols. 1-8. Tenreiro Machado J.A.
(ed.). Berlin, Boston, Walter de Gruyter GmbH.

Hilfer, H. (2000). Applications of fractional calculus in physics, World Scientific, Singapore.
Hussain, A., Baleanu, D., Adeel, M. (2020). Existence of solution and stability for the
fractional order novel coronavirus (nCoV-2019) model. Advances in Differerence Equations,
Vol. 384.

Hu, Z., Han, M. (2009). Periodic solutions and bifurcations of first order periodic impulsive
differential equations. International Journal of Bifurcation and Chaos, Vol. 19, Ne8, pp. 2515-
2530.

Kaufmann, E.R., Mboumi, E. (2007). Positive solutions of a boundary value problem for a
nonlinear fractional differential equation. Electron. J. Qual. Theory Differ. Equ., Vol. 2007,
Ne3, pp. 1-11.

Kilbas, A.A., Srivastava, H.M., Trujillo, J.J. (2006). Theory and applications of fractional
differential equations. North-Holland Mathematics Studies Vol. 204. Elsevier Science B. V.,
Amsterdam.

Kosmakova, M.T., Yuldashev, T.K., Sagdullaeva, M.U. (2026). Inverse problem for a
nonlinear pseudiparabolic differential equation with final condition and Gerasimov—Caputo
operator. Journal of Osh University Differential Equations”, Vol. 1, Nel, pp. 1-14.

Li, X., Bohner, M., Wang, Ch.-K. (2015). Impulsive differential equations: Periodic solutions
and applications. Automatica, Vol. 52, pp. 173-178.

37



15.

16.

17.

18.

19.

20.

21.

22.

23.

Bectuuk Oml'Y. MaremaTuka. ®@usuka. Texnuka. Nel(8) 2026

Ma, R., Yang, B., Wang, Z. (2012). Bifurcation of positive periodic solutions of first-order
impulsive differential equations. Boundary Value Problems, Vol. 2012, Ne83, pp. 1-16.
Mamanov, M.K., Khasanov, G.A., Madatova, Z.A. (2026). Optimal control problem for an
impulsive systems of functional-differential equations with a nonlinear function under the sign
of a first-order differential. J. Osh University "Differential Equations”, VVol. 1, Nel, pp. 67-77.
Samko, S.G., Kilbas, A.A., Marichev, O.1. (1993). Fractional integrals and derivatives. Theory
and applications. Gordon and Breach, Yverdon.

Sun, H, Chang, A., Zhang, Y., Chen, W. (2019). A review on variable-order fractional
differential equations: mathematical foundations, physical models, numerical methods and
applications. Fractional Calculus and Applied Analysis, Vol. 22, Nel, pp. 27-59.

Yuldashev, T.K. (2022). Periodic solutions for an impulsive system of nonlinear differential
equations with maxima. Nanosystems: Physics, Chem., Math., Vol. 13, Ne2, pp. 135-141.
https://doi.org/10.17586/2220-8054-2022-13-2-135-141

Yuldashev, T.K. (2022). Periodic solutions for an impulsive system of integro-differential
equations with maxima. Vest. Sam. Gos. Tekhn. University. Ser.: Phyz.-Math. Science, Vol.
26, Ne2, pp. 368-379. https://doi.org/10.14498/vsgtul917

Yuldashev, T.K., Abduvahobov, T.A. (2023). Periodic solutions for an impulsive system of
fractional order integro-differential equations with maxima. Lobachevskii J. Mathematics,
Vol. 44, Ne10, pp. 4401-44009. https://doi.org/10.1134/S1995080223100451

Yuldashev, T.K., Sulaimonov, F.U. (2022). Periodic solutions of second order impulsive
system for an integro-differential equations with maxima. Lobachevskii J. Mathematics, Vol.
43, Nel2, 3674-3685. https://doi.org/10.1134/51995080222150306

38


https://doi.org/10.1134/S1995080223100451
https://doi.org/10.1134/S1995080222150306

	PERIODIC SOLUTIONS FOR A SYSTEM OF FUNCTIONAL INTEGRO-DIFFERENTIAL EQUATIONS WITH PRODUCT OF TWO NONLINEAR FUNCTIONS AND WITH A FUNCTION INVOLVING VARIABLE DEVIATIONS UNDER THE MAXIMUM

