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Abstract. This paper investigates the solution of a singularly perturbed system of differential equations with
an arbitrary degree of accuracy in a particularly critical case. The Cauchy initial value problem is considered for a
singularly perturbed system of four nonlinear ordinary differential equations in the case of a stability change. The
matrix of the nonlinear system possesses complex conjugate multiple eigenvalues. The problem is studied for a system
of fourth-order nonlinear singularly perturbed equations in which the eigenvalues governing the stability change in
an unbounded domain of the complex plane have zeros only at infinitely distant points. The proximity of the solutions
of the perturbed and unperturbed problems is proved, and a corresponding estimate is derived.
Keywords: Singularly perturbed system of differential equations, Cauchy problem, solution, eigenvalues of a
matrix, asymptotic, critical case, uniform approximations.
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AnHotammusi. B jaHHON pabore Wucclemyercs pemieHHE CHHTYJSIPHO BO3MYIIEHHOH CHCTEMBI
T QepeHInaTbHBIX YPaBHEHUH C TPOU3BOJIGHOW CTENEHBI0 TOYHOCTH B 0CO00 KPUTHYSCKOM CIIydae.
PaccmarpuBaercs 3amaua Komm it CHHTYISIPHO BO3MYIIEHHOW CHCTEMBI YeTHIPEX HEJIMHEHHBIX OOBIKHOBEHHBIX
T QepeHInaTbHBIX YpaBHEHHH B Clydae CMEHBI YCTOWYMBOCTH. MaTpHlla HEIHHEHHON CHUCTeMBI oO0Jajaer
KOMILUICKCHO-CONPSDKEHHBIMUA ~ KPaTHRIMH  COOCTBEHHBIMH 3HadeHWsAMHU. lccnemyercs 3amada Al  CHUCTEMBI
HEJTMHEWHBIX CHHTYJSPHO BO3MYIIEHHBIX YpaBHCHHWH YETBEPTOTO TOPSAKA, B KOTOPOH COOCTBEHHBIC 3HAYCHUSI,
OTIPENIeISAIONIIE CMEHY YCTOHYNBOCTH, 00OpaIIaroTCs B HyJb TOIBKO B OECKOHEYHO YAaIEHHBIX TOUYKAaX KOMIUIEKCHON
TIOCKOCTH. JlokazaHa OJIM30CTh pEHmICHWH BO3MYIIEHHOW M HEBO3MYIIEHHOH 3a7ad, a TakXke TOJIydeHa
COOTBETCTBYIOIAS OIICHKA.
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KaroueBnie cioBa: CHHrYyJIsIpHO BO3MyIIEHHas cucteMa auddepeHInanbHbIX ypaBHeHHH, 3aqada Ko,
penieHne, cOOCTBEHHbIE 3HAUCHNS MATPHUIIBI, ACHMIITOTHKA, KPUTHYECKHH CITydai, paBHOMEPHbIEC TPHONIKEHHS.

Introduction
The following problem is considered:
ex(t,e) = D(t)x(t, &) + &f (t,x(¢,¢€)), (D
x(to &) = x°(8), lIx°(a)]l = 0(e), 2)
where
ftx(t,€)) = colon(f1(t,x(t,€)), f2(t, x(t, €)), f3(t, x(t, €)), fa(t, x(2, €)))
Is a known quantity, and D(t) is a given matrix of size 4 X 4.
Assume that the following conditions are satisfied:
1. For all t € H,, the matrix D(t) has eigenvalues A (t), k = 1,2,3,4, and admits a Jordan
normal form (D(t) € ®(Hy)).
2. f(t,x) € ®(A(t,x)), where A(t,x) = {to € Ho, ||x|| < § — const}does not depend on
g, and ||f(t,x) — f(t,X)|| < M||x — X||, where M is a positive constant independent of the
point.
3. A(t) € ®(Ho)and 21(t) = A3(8), A1(t) = A2(¢), 43(t) = Aa(D).
The functions Re A,(t) and u(t4, t2) in the domain H, satisfy the following conditions:
4. Re 1, < 0 onthe strip

t € Hyy = {t € Hy: tg < t1 < ay, -0 < t; < 400},
ReAi(ap + i-0) = 0 ontheline p = {t € Hyo: t; = ay, —0 < t; < +0o0},
Re A; > 0 on the strip
t € Hop, = {t € Hy: ap < t1 < Ty, -0 < t; < +oo}.

5. Forallt € Ho: Im A4(t) > 0.
6. u(ty,t;) = 0onthelines t; = tpandt; = Ty, —00 < t; < 400,

The objective is to find the asymptotic of the solution to problem (1), (2) under the above
conditions.

Materials and Methods

Problem (1), (2) is reduced to an integral equation, and the method of successive
approximations is applied to derive the estimates.

Starting from the second approximation, the paths of integration are chosen from the
domain H,. The integration paths consist of arcs of smooth curves or piecewise smooth curves.

To estimate the successive approximations, lemma 4 [1] is employed:

On the line P we will consider the equations

Cc,1—C C1T,—-C
u(ty,t,) = at, + b where g = =2 p = 222l (3)
2—to1 T—to1

The main lemmaz: If level lines y (¢ t,)=c(c, <c <c,)completely cover line P and an
arbitrary point (¢, t,) line P belongs to a single line-level {C},ami,(t) =0, then equations (6) in the
line P defines valued continuously differentiable function t, = o(t, ) With the region of existing off
(t, <t, <T,) and the curve segment k), defined by this function, connects points (t, 0),(T,0), and
at this u,t, pt,) is decreasing on [t,,,T, ]

The main lemma was proved with an original method. Another proof is available in our
papers.

Let C; = a(¢e),C; = 2a(¢), then the domain covered by the curves K is denoted by
KO C Ho.
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LetC, = —4§,C, = —26,where 0 < § < 1;then the corresponding domain is denoted
by Ko = H,.

Let C; = —&P,C, = —2&P,where 0 < p < 1. In this case the domain is denoted by
H, c H,.

Let K=A4ANK,where A = {(t,t2): to < t1 < to1,t, = 0}. The estimate of x(¢, €)
is carried out for points of the domain K. Here the integration path [ depends on which set the
points (t4, t2) belong to.

Selection of Integration Paths.

Let the curve for which (t4,t;) € K, consistofl = u 3., I, where [, is the line segment
connecting the point (t,, 0) with the point (tq4,0); [ is the arc of a curve connecting the point
(to1,0) with the point (ti,t;) = ¢(t1));and l3is the line segment connecting the point
(t4, t3) with the point (¢4, t;). Note that if (t1,t2) € Ko, then on the curve K for any t, there exists
a unique point (t1,t;) = @(t1)).

Estimates of the First Approximations.
We construct the first approximation satisfying the initial condition as follows:

XY (t,£)=x"(&)exp _%jﬂi(s)ds} +:J0 fl(r, x©) (t,g))expEjﬂl(s)ds}dr,

X (t,6)=x" (¢)exp _lj}tz (s)ds_ + .[[ f,(r X (te)) +gx1“) (t,s)}expEiﬁz (s)ds}dr,

1
L€ 1%

X (te)= X\ (¢)exp _%j@(s)ds_ +j f3(r, x0 (t,g))expEjﬂg(s)ds}dr

(1t 1T ¢t t
K (t.6)=X0 () oxp| 21 2,(s)ds |+ [f4(r,x(°)(t,5))+ﬂxgl)(t,g)}eprMA(s)ds}dr.
_810 | I & Er

For (t1,t;) € K the following estimate is obtained:
XMt e)] = 0(e7P),
where
xD(te) = colon(xil) (t, ), xél) (¢, €), xgl) (¢, ¢), xil)(t, £)).

If (t,t2) € K, thenl; = Uj_, L, where [, is the line segment connecting the point (¢, 0)
with the point (to + ¥1(g),0); I, is the arc of the curve (C) connecting the point (to, + ¥1(¢), 0)
with the point (t;, t;) = ¢@(t1,€)); and L3 is the line segment connecting the point (t4,t;) with
the point (t4, t3).

For all ¢ € HC the estimate ||x™(¢,€)|| < ce holds, and for all t € H, the estimate
lx®(t,&)|| < ce* P holds.

Estimates of the Remaining Approximations.

The successive approximations x™(t, £) with the initial condition are defined as follows:
t

x™(t, ) = E(t, to, &) x°(e) + f E(t,T,¢) f(r,x"V(r,8) dr ,

to
where

1 (¢ 1 (¢
E(t, to, ) = exp <Ef D(s)ds), E(t,T,e) = exp <E J D(s) ds).

0

The scalar form of the system.
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1 t
xgn)(t, g) = xg(s)expg Az(s)ds+f T, xzn 1)(1:, e))|exp— f/lz(s)ds)

)

% ( )
<exp f /13(s)ds)> dr,

(o3 [ 1coa0)

to

2 ( )
xén)(t, g) =x39 (8)exp% tA3 (s)ds + f fs (T, =D, ))
( )

1 t
xM(t, ) = xff(e)exp; /14(s)ds+f fo (1, x87P(, € exp - /14(s)ds)

to
Validity of the Estimates forn = 2.
Forall t € H,
12 )l < ce?,
and forall t € Hy:
12 &)l < M(ce™™)2.
The remaining approximations are estimated by applying the method of mathematical
induction forall t € H,.:
1, o)l < ce™,
and forall t € Hy:
X &)l < (ce™ )™
Theorem 1. Suppose that conditions 1-6 are satisfied. Then for problem (1), (2) there
exists a unique solution admitting the representation

[ee]

x(t,€) = z (L e) .
n=1

For t € H, the estimate ||£(™ (¢, £)|| < ce” holds, and for t € H,, the estimate

@& )| < (cetP)n,
holds, where ¢ > 0 is a constant independent of t and «.

Conclusion
As a result of this work, uniform approximations were constructed for the solution of a

singularly perturbed system of differential equations in the especially critical case when the
eigenvalues do not have zeros on the considered domain.
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