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Abstract. In natural aquatic environments, both the diffusion coefficient-characterising the rate of pollutant
dispersion-and the advection coefficient-describing transport due to water flow-exhibit significant spatio-temporal
variability. These variations stem from changes in river geometry, flow velocity, temperature, and seasonal dynamics.
To better capture these complexities, this study presents an enhanced modelling framework that incorporates
spatio-temporally variable diffusion and advection coefficients. These coefficients are further assumed to depend
on both the population density and the concentration of environmental toxicants, enabling a more realistic
representation of contaminant transport processes. This study developed a system of nonlinear partial differential
equations (PDEs) with a free boundary to represent the dynamic aspect of toxic substance dispersion. The model
characterises the interaction between a riverine biological population and a toxicant, accounting for ecological
and hydrodynamic influences. To ensure the regularity of the solution, a priori calculations were established,
including the population density u(x, t), the toxicant concentration v(x, t), the free boundary position s(t), and the
Holder continuity estimates. The global existence and uniqueness of classical solutions are rigorously proven via
the Leray-Schauder fixed-point theorem and energy-based methods. Parameter regimes were identified where the
toxicant could not spread throughout the entire river area, thereby allowing the population to survive in unaffected
areas. Due to the analytical difficulty of the nonlinear free boundary problem, implicit numerical schemes were
used for the simulation. Numerical experiments, implemented in Python with graphical visualisations, validate
the theoretical results and illustrate the interplay between ecological parameters and pollutant dynamics. The
results obtained show how different environmental conditions affect the stability of biological populations and the
spatiotemporal evolution of toxic substance concentrations

Keywords: nonlinear dynamics; pollutant spread; free-boundary problem; numerical simulations; diffusion
coefficient

Introduction
The purpose of this study stems from the increasing im-  to the spatial and temporal variability of advection and
portance of developing accurate mathematical models diffusion processes observed in real hydrosystems. In-
to describe the transport and transformation of pol- corporating variable coefficients, nonlinear reactions,
lutants in flowing water systems, where conventional and free boundary conditions allows for a more realis-
models with constant parameters prove insufficientdue  tic simulation of pollutant dynamics and their influence
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on population behaviour. Such models are crucial for
understanding complex flow-dependent ecological phe-
nomena, including imbalance, population loss, adapta-
tion, and uncertain scenarios like the “drift paradox” -
the persistence of populations under continuous flow.
This approach not only provides a deeper mathematical
understanding of these processes but also contributes
to building a solid theoretical foundation for solving ap-
plied problems in ecological and technical systems.

Researcher Ch. Cosner [1] investigated population
dynamics governed by advection-diffusion equations
with nonlinear reaction terms in heterogeneous media.
The author underscored the challenges of determining
survival thresholds in flow systems with spatially var-
ying diffusion coefficients. However, this model did not
incorporate a free boundary, thereby limiting its capac-
ity to describe the spatial expansion of populations - a
gap that the present study aims to address. W. Peng et
al. [2] proposed a reaction-diffusion-advection model
with spatially variable parameters to explore population
persistence in river-like environments. Although their
model effectively captured spatial heterogeneity, it was
constrained to a fixed spatial domain and did not ac-
count for the dynamic expansion of habitat boundaries.

In a similar vein, K.-Y. Lam & Y. Lou [3] examined
the effects of temporal heterogeneity within period-
ic reaction-diffusion-advection systems. Their study
focused on spreading speeds and pattern formation,
yet it did not consider toxicant influences or incorpo-
rate environmentally driven free boundary dynamics.
C. Fabre et al. [4] studied pollution patterns in Arctic
rivers considering changes in water temperature and
ice cover. Although the geographical context was dif-
ferent, their analytical approach to modelling with var-
iable coefficients is similar to that used in the present
study. Their findings confirmed the importance of con-
sidering seasonal factors, as in the current case, where
temperature and flow were involved in determining the
diffusion and advection coefficients.

D. Tang & P.Zhou [5] demonstrated that the interac-
tion between movement and environmental heteroge-
neity can lead to complex and interesting phenomena
in population dynamics. K. Liu et al. [6] investigated a
two-species Lotka-Volterra competition patch model
along a stream with richer resources downstream. One
species is treated as resident, the other as a mutant.
It identifies conditions under which a mutant species
can successfully invade depending on its dispersal rate
compared to the resident. The study found a unique
evolutionarily stable dispersal strategy for the resi-
dent species under certain conditions. It also explored
the global dynamics of the system, showing that both
competitive exclusion and coexistence are possible. The
method used was also applicable to reaction-diffusion
models, improving on some existing results.

].0. Takhirov & M.I. Boborakhimova [7] developed a
free-boundary model based on the reaction-diffusion-

advection equations to study the interaction between
river populations and toxicants. Their model assumed
constant diffusion (d,, d,) and advection (k,, k,) coef-
ficients, which provided a basis for analysing popula-
tion stability and the spread of toxicants. However, in
natural river systems, these coefficients rarely take on
a constant value. Biological and ecological factors such
as population density, toxicant concentration, and hab-
itat diversity affect the movement of organisms and the
spread of pollutants. For example, high population den-
sity can reduce individual dispersal due to competition
or territorial behaviour, leading to density-dependent
diffusion (d,(u)). Similarly, toxicant concentrations can
modify flow-driven transport, resulting in concentra-
tion-dependent advection k,(v). These nonlinear rela-
tionships reflect complex ecological realities, such as
behavioural adaptations to stress or changes in water
chemistry that affect pollutant mobility.

The proposed model is based on existing frame-
works, such as the constant coefficient model and
chemotaxis models studied by D. Horstmann & M. Win-
Kkler [8]. Unlike chemotaxis models, which focus on cell
movement toward chemical gradients, the developed
model addresses population-toxicant interactions in
a flowing river, incorporating advection to account
for downstream drift. The inclusion of variable coef-
ficients distinguishes this study from J].0. Takhirov &
M.I. Boborakhimova’s original model, allowing for a
more nuanced representation of ecological processes.
For example, while constant diffusion assumes uniform
dispersal, this variable diffusion d, (u) accounts for den-
sity-dependent behaviours observed in fish or inverte-
brate populations.

This study extends the model ].O. Takhirov &
M.I. Boborakhimova [7] by introducing variable coeffi-
cients d,(u), d,(v), k,(u), and k,(v), making the system
more nonlinear and more consistent with biological
realities. Therefore, the present study aimed to fill this
gap by developing a nonlinear free boundary model
with variable diffusion and advection coefficients to
investigate the coupled dynamics of population and
pollutants in riverine systems. This approach not only
reflects the complex interplay between ecological and
environmental processes but also enhances the predic-
tive power of mathematical models in real-world eco-
logical scenarios.

Materials and Methods
This study was devoted to the construction and inves-
tigation of a mathematical model describing the dy-
namics of interaction between a population and a pol-
lutant in a flowing medium. The model accounted for
nonlinear effects, variable diffusion and advection co-
efficients, and a free boundary representing the pop-
ulation’s habitat. The paper included the formulation
of the problem, theoretical analysis of the model, im-
plementation of a numerical method, and discussion
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of the obtained results. Particular attention was paid
to the influence of spatiotemporal parameters on the
stability and spatial distribution of the population in a
polluted environment.

Mathematical Model. A nonlinear free-boundary
model describing the interaction between a popula-
tion with density u(x, t) and a toxicant with concentra-
tion v(x, t) in a river of length L was considered. The
free boundary x=s(t) represented the front of toxicant
spread. The governing equations:

a(Wu,=d,(W)u,-k (W)u,+ula,-bu-cv], 0<x<L,t>0, (1)

b()vzd,(v)v:k,(VIvim(x}b,,; c,v], 0<x<s(t)<L,t>0,(2)

2uv

with boundary conditions:

d,(u(0, £))u,(0, t) -k, (u(0, ))u(0, t)=u, (L, t)=0,t>0, (3)
d,(v(0, £))v,(0, t) - k,(v(0,6))v(0,) =v(s(t),t) = 0, ¢t >0, (4)
initial conditions:

u(x,0)=u,(x)>0,0<x<L,
v(x,0)=v,(x)>0,0<x<s,=5(0), (5)

and the free-boundary condition:

() kp (W(ED)
“h T Geen®,

s'(t) = —uv,(s(t), t)e t>0. (6)
Here, a(u) > a,> 0, b(v) > b,>0 - biocapacity coeffi-
cients, d,(u), d,(v) 2d, > 0 - diffusion coefficients, and
k,(u), k,(v) - advection coefficients, all assumed to be
Holder continuous (C% « € (0, 1)). The function m(x)
represented the exogenous toxicant input, satisfying:

0, So<x<1IL,
my, 0<x<s,,

m(x) = { 7)
where m, > 0. The parameters a,, b, c,, b,, c,, u were
positive constants.

A Prior Estimates. To establish the solvability of
the problem, a priori estimates were derived for u, v,
and s(t).

Bounds on u, v, and s(t).

Lemma 1. Let (u, v, s(t)) be a solution of the system
forte[0, T], T>0. Then:

0<u(x,t)<M,= max {% max|u0(x)|},x €[0,L],t > 0,(8)
1 X

max|m(x)|

0<v(x,t) <M, = max{"c—,maxlvo(x)l},
2 X

x €[0,s(t)],t >0, 9
0<s(t)sM,, t>0, (10)

where M, depends on the model parameters and initial
data.

-

Proof. Using the maximum principle, equation (8)
was analysed. At a maximum point (u,=0, u,, <0, u,=0):

ula, —bju—cv] <0, u<-—.

Considering the initial condition uy(x), u <M, was
obtained. Positivity follows from u,(x) > 0. For v, from
equation (9), at a maximum point:

max|m(x
axm ()|

m(x) —c,v <0, (11)

2

With v,(x), get v< M,. For s(¢), the transformation
was considered:

xkp((ED) e

w(x, t) = v(x,t)e’® 2eEn (12)
The free-boundary condition (12) became:
s'(£) = -uw,(s(t), ©). (13)

Since v (s(¢), t) <0 (by the Hopflemma), and assum-
ing |k,(v)/d,(v)| <C:
s'(8) splv, |0 (14)
Using bounds on |v,| (see Theorem 1), taken s(t) < M,.
Hoélder Norm Estimates.
Theorem 1. Assuming the conditions of Lemma 1

hold, and let v(x, t) be continuous in D with square-inte-
grable derivatives v, v,,.. Then:

lv.(x, )| <M,(M,, b, d,, v,), (x, t) ED, (15)
V(x, )17, < Ms(M,), [V(x, 1) |3, < Ms(Ms).  (16)
Similarly, for u(x, t) in Q:
|u,(x, )] < M;(My, ay, dy, uy), [u(x, )7, < My(M,),
u(x, )3,,< My(My). (17)

Proof. For v, the domain D to 2={(y, 7): 0<y<1,
0 < 7} was transformed using y =x/s(t), T=t. The equa-
tion for w(y, t) =v(x, t) became:

_s'@y _da(w) _k2w)
b(w) (WT 5@ Wy) T T o Wt

+[m(s(t)y) — b,uw — c,w].

Assuming d,(w) 2d,> 0, b(w) 2b,> 0, and Holder
continuity of coefficients, results from 0.A. Ladyzhen-
skaya et al [9] and A. Friedman [10] were applied to
obtain:

lwyl<M,, (W], < M;, [w];

1+a 2+a

<M,

Transforming back, the stated bounds for v were
obtained. For u, the equation in Q was treated similarly
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without domain transformation, yielding the bounds
for u, and Holder norms.

Existence and Uniqueness of the Solution.

Theorem 2. Suppose the conditions of Theorem 1
and Lemma 1 hold, and d,(u), d,(v), k,(u), k,(v), a(u),
b(v) € €% Then there exists a unique solution u(x, t),
v(x, t)€C,,, s(t)EC,, forte[0, T].

Existence.

Proof. The Leray-Schauder principle was aplied.
The Banach space H,,, was defined with norm
|ul,,o+ V|, Foreach (i, v) €H,,,and k€ [0, 1], consider
the linear problems:

+a

1+a

(), =A@ (U)o + K, (3,7, (1)), (% £) €Q,
V) =b) (v )+ K@ 7, (v),), (x, ) ED,

with the original boundary and initial conditions.
The operator F(i, v, k) = (u,, v,) is continuous, com-
pact, and has a trivial solution for k= 0. By the Ler-
ay-Schauder principle, a fixed point exists for k=1 ap-
ply results from O0.A. Ladyzhenskaya et al. [9] and A.
Friedman [10]

Uniqueness.

Proof. Assume two solutions (u,, v, s; (£)) and
(uy vy s, (£)). Define w=u, -u,, z=v,-v,, r(t) =s,(t) - s,(t).
The difference equations yield:

a(uw,=d,(u)w,, -k (u)w,+
+wla,-b,u,-c, v,] + (differenceterms),

b(v))z,=d,(v,)z, - k,(v))z,+
+[-b,u,z-b,v,w-c,z] + (differenceterms).

Using L? energy estimates and Gronwalls inequality,
obtain w=0, z=0, and r(t) =0, implying uniqueness.

Asymptotic Behaviour. Analyse the asymptotic
behaviour of u(x, t), v(x, t), and s(t) as t > to under-
stand long-term dynamics.

Asymptotic Bounds on u(x, t) and v(x, t).

Theorem 3. Let (u, v, s(t)) be the unique global
solution. Then, as t —oo:

0<u(x,t) <M, = max{%,maxluo(x)l}, x €]0,L],
1 X

max|m(x
axim (o)

0<v(x, O)<M, = maX{TmEXWO(xN},XE[O, s(8)].

Proof. From Lemma 1, u<M,, v < M,. For steady-
state u_(x), at a maximum point:

u,la,-bu,-c,v]<0, Uy, < %.
1
Similarly, for v_ (x):
m)?xlm(x)|

m(x)-buv,-c,v,<0, Vgp <

C2

Asymptotic Behaviour of the Free Boundary s(t).
Theorem 4. If |k,(v)/d,(v)| < C and c, is large rela-

tive to m,, then lim,__s(t) =s.,<L.lf m; > c,, then s(¢) - L.
Proof. From (2.6), s'(t) 20. Using

[l (v(E£) .
w(x,t) = v(x, t)e dmen taken:

s'(6)=-pw,(s(1), ).

Forlarge c,, the steady-state equation for v, implies
rapid decay near s, so v,,,(s,,) is finite, and s(t) > s, <L.
If m, > c,, v(x, t) persists, driving s(t) — L.

Biological Interpretation. The boundedness of
u(x, t) suggests population persistence if a, > c,v. Stabi-
lisation of s(t) at s, <L preserves uncontaminated habi-
tats, while s(t) — L threatens the ecosystem. The condi-
tiona, > (Cézﬂ) ensures persistence.

Numerical Simulations and Visualisations.

Numerical Scheme. The spatial domain [0, L]
is discretised with grid size Ax=L/N, and time with
step At. The implicit scheme for u(x, t) by V.I. Naac &
LE. Naac [11]:

n+1 n n+1 n+1 n+1

ny WY ny Yit1 —2%p AU,
a(uM)t—=+=d, () — =1 _
( i ) At 1( i ) Ax2
M1l L L L
ny Yit1 %o n+ n+ n+
=k () =S w T A — bl = vt

Similarly for v(x, t). The free boundary is updated as
A. Miller et al. [12]:

S kp®(ER)
Io” G wEn®

s(t + At) = s(t) — uv,(s(t), t)e At.

Numerical simulations were conducted using a fi-
nite difference method implemented in Python with
NumPy and Matplotlib to validate the theoretical pre-
dictions and visualise the dynamics of u(x, t), v(x, t)
and s(t). The spatial domain [0, L] is discretised with
grid size Ax=L/N, and time with step At. The simula-
tion parameters are: L=1,a,=1,b,=1,¢,=0.5, b,=0.5,
¢,=1,m,=0.5 (Scenario 1) or m,=2 (Scenario 2), u=0.1,
Ax =0.01, At =0.001, N =100. Initial conditions are
u,(x) = 0.5, v,(x) = 0.3e™"?", 5 = 0.3, with coefficients
d,(u)=0.01+0.005u, k,(u)=0.02y, d,(v)=0.01+0.003y,
k,(v)=0.01v, a(u)=1+0.1u, b(v)=1+0.1v. Two scenar-
ios were simulated, and their results are visualised in
Figures 1 and 2.

Results and Discussion

The numerical results for both scenarios are presented
in Figures 1 and 2, each comprising three panels: (a)
population density u(x, t), (b) toxicant concentration
v(x, t), and (c) free boundary s(t), evaluated at t=0, 1, 5.

Scenario 1: Moderate Toxicant Decay (c,=1).

Population Density u(x, t) (Panel a). The popula-
tion density starts from the initial Gaussian profile
u,(x) =0.5¢™ and evolves toward a stable state. By t=5,
u(x, t) stabilises at approximately 0.8, particularly in
the uncontaminated region x > s_ = 0.45. This aligns

@
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with Lemma 1, which predicts u(x, t) <M, = max{a%l,
max,|uy(x)|} = max{1, 0.5} = 1. The stability of u(x, t) in
the region x>s_ indicates that the population persists
in areas free from toxicant influence, consistent with
the condition q; > %™ = O'Sio's = 0.25.

Toxicant Concentration v(x, t) (Panel b). The toxicant
concentration begins from v,(x) = 0.3e*92°and spreads
within the region 0 < x < s(¢), satisfying the boundary
condition v(s(t),t) =0. By t=5, v(x, t) remains bounded,
with a maximum value near x= 0.2, and is confined to
x<s,. This is consistent with Lemma 1, which bounds

max,|m(x)|

V(x,t)<M,= max s ,maxx|v0(x)|} = max{oT's, 0.3} =0.5.
Free Boundary s(t) (Panel c): The free boundary starts
ats,=0.3 and increases over time, stabilising at s, ~0.45
by t=5. This behaviour validates Theorem 5, which
states that for a sufficiently large c, relative to m, (here,
c,/m, = 2), the free boundary converges to s,,<L=1. The
stabilisation of s(t) indicates that the toxicant’s spread
is limited, preserving uncontaminated habitats down-
stream. In Scenario 1, the toxicant decay rate is set to
¢, =1, with an external toxicant input of m, =0.5. The
results are shown in Figure 1.

Population Density u(x,t)
0.8
0.6
=
&
0.4 4 — t=0.0
— t=0.0 \
02— ‘t=2.5
a) 0.0 02 0.4 x 0.6 0.8 1.0
Toxicant Concentration v(x,t)
— t=0.0
0.3 1 —— t=0.0
— t=2.5
0.2 A
>
0.1 4
0.0 A
b) 0.0 0.2 0.4 x 0.6 0.8 1.0
Free Boundary s(t)
0.55 ———
0.50
045
=
w
0.40
0.35
0.30
c) 0 1 2 t 3 4 5

Figure 1. Population density u(x, t), toxicant concentration v(x, t}, and free boundary s(t) for Scenario 1(c,=1)

Note: a) ulx, t)att=0,1,5; b) v(x, t) at t=0, 1, 5; c) s(t) versus t
Source: developed by the authors

The results of Scenario 1 suggest that moderate
toxicant decay allows the population to persist in un-
contaminated regions while restricting the spatial
extent of pollution. Ecologically, this underscores the
importance of natural degradation processes, such as
bioremediation, in mitigating the impact of pollutants
on river ecosystems.

Scenario 2. High Toxicant Input (m, =2).

Population Density u(x, t) (Panel a). Starting from
the same initial condition u,(x) = 0.5e™, the population
density decreases significantly over time. By t=5, u(x, t)
approaches near-zero values in the contaminated re-
gion x < s(t), indicating severe population decline. This
is driven by the high toxicant concentration, which in-
creases the term c,v in equation (8), overpowering the
population’s intrinsic growth rate a,. The near-extinc-
tion of the population in contaminated areas highlights

the detrimental impact of excessive toxicant input. Tox-
icant Concentration v(x, t) (Panel b). The toxicant con-
centration rises sharply due to the high input m, =2. By
t=5, v(x, t) reaches values close to the theoretical bound
M, = max {w,maxxlvo(x) q = max {%, 0.3} = 2, par-
ticularly in the region x <s(t). The increased concentra-
tion reflects the dominance of external input over de-
cay, leading to widespread contamination.

Free Boundary s(t) (Panel c). The free boundary
s(t) grows rapidly from s, = 0.3 and approaches L =1
by t=5. This behaviour is consistent with Theorem 5,
which predicts that for m, > c, (here, m,/c,=2), s(¢) > L.
The rapid expansion of s(t) indicates that the toxicant
spreads across nearly the entire river, leaving little un-
contaminated habitat for the population. In Scenario 2,
the external toxicant input is increased to m, = 2, with
¢,=1. The results are shown in Figure 2.

&b
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Population Density u(x,t) (m1=2)

0.8 - —— t=0.0

— t=0.0
064 =25
> |
0.4 o
0.2
a) 0.0 0.2 0.4 X 0.6 0.8 1.0

Toxicant Concentration v(x,t) (m1=2)
] — =00
—— t=0.0
1.0 — t=2.5
0.5
\
b) 0.0 0.2 0.4 x 0.6 0.8 1.0
Free Boundary s(t) (m1=2)
I —

0.6
0.5
0.4
0.3
c) 0 1 2 t 3 4 5

Figure 2. Population density u(x, t), toxicant concentration v(x, t), and free boundary s(t) for Scenario 2 (m,=2)

Note: a) ulx, t)at t=0,1,5; b) vx, t) at t=0,1,5; c) s(t) versus t

Source: developed by the authors

Scenario 2 illustrates a catastrophic scenario where
high toxicant input leads to widespread contamination
and near-extinction of the population. Ecologically, this
highlights the urgent need for stringent pollution con-
trol measures to prevent ecosystem collapse.

Comparative Analysis of Scenarios.

The two scenarios reveal stark contrasts in the dy-
namics of u(x, t), v(x, t), and s(t), driven by the relative
magnitudes of ¢, and m;:

Free Boundary Dynamics. In Scenario 1, the free
boundary stabilises at s~ 0.45, reflecting a balance
between toxicant input (m, =0.5) and decay (c,=1).
This limited spread preserves uncontaminated re-
gions (x >s_), allowing population persistence. In
Scenario 2, the free boundary approaches L =1, as
the high input (m, =2) overwhelms the decay (c,=1).
This results in near-complete contamination of the
river, eliminating viable habitats. The contrast val-
idates Theorem 5, which predicts s(t) - s, <L for
large c¢,/m, and s(t) - L for large m,/c,. The ratio
¢,/m,;=2 in Scenario 1 supports stabilisation, while
m,/c,=2 in Scenario 2 drives unbounded spread.

Population Dynamics - Scenario 1 shows a stable
population with u(x, t) 0.8 in uncontaminated regions,

. . . . €1y
satisfying the persistence condition a; > ——— = 0.25.
The variable diffusion d,(u) and advection k,(u) con-
tribute to this stability by modulating dispersal in re-
sponse to density. Scenario 2 exhibits a collapse of the
population (u(x, t) # 0) in contaminated regions due to

high v(x, t), which increases the mortality term c,v. This
demonstrates the vulnerability of populations to exces-
sive pollution. The difference underscores the critical
role of toxicant levels in determining population surviv-
al, with Scenario 1 representing a manageable pollution
scenario and Scenario 2 a crisis.

Toxicant Concentration. In Scenario 1, v(x, t) is
bounded by M, =0.5 and confined to x <s,_, reflecting
effective decay. The variable coefficients d,(v) and k,(v)
limit the toxicant’s spread by adjusting diffusion and
advection based on concentration. In Scenario 2, v(x, t)
approaches M, =2, indicating that high input sustains
elevated concentrations across a larger region. The
nonlinear coefficients amplify this effect by increasing
transport at higher concentrations. The comparison
highlights the sensitivity of toxicant dynamics to exter-
nal input, with Scenario 1 demonstrating control and
Scenario 2 loss of control.

The numerical results confirm the theoretical pre-
dictions of Sections 3-5, particularly the dependence of
s(t) on the ratio ¢,/m,. Scenario 1 illustrates a scenario
where natural degradation processes can mitigate pol-
lution, preserving ecological integrity. The stabilisation
of s(t) at s, <L suggests that interventions, such as bi-
oremediation or reduced pollutant discharge, can pro-
tect downstream habitats. Conversely, Scenario 2 serves
as a cautionary tale, showing that unchecked pollution
can lead to ecosystem collapse, with the toxicant en-
gulfing the entire river and decimating the population.

@
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The variable coefficients d,(u), d,(v), k,(u), and
k,(v) enhance the model’s realism by capturing den-
sity-dependent and concentration-driven processes.
For instance, d,(u) =0.01 + 0.005u reduces dispersal in
dense populations, aiding survival in Scenario 1, while
k,(v) =0.01v accelerates toxicant transport in Scenario
2, exacerbating contamination. These nonlinearities
distinguish the model from constant-coefficient frame-
works [7], offering a more nuanced representation of
ecological dynamics.

The results do not directly align with previously hy-
pothesised stationary solutions (u=14, v=2) due to dif-
ferences in parameters and initial conditions. However,
the stabilisation of u(x, t) in Scenario 1 and the bound-
edness of v(x, t) in both scenarios support the model’s
prediction of stable or quasi-stable states under specif-
ic conditions. Future simulations could explore param-
eter regimes that yield such stationary solutions.

Ecologically, the findings emphasise the need for
proactive pollution control. Scenario 1 suggests that
maintaining a high c,/m, ratio through environmental
management can limit toxicant spread, while Scenario
2 underscores the consequences of inaction. These in-
sights align with the practical applications discussed in
Section 6, including pollution control and biodiversity
conservation strategies.

The models ability to predict the behaviour of the
free boundary s(t) provides a quantitative framework
for assessing the spread of pollutants in river systems.
When the toxicant decay rate c, is sufficiently large rel-
ative to the input rate m,, the free boundary stabilises
at s, <L, indicating that the pollutant does not contam-
inate the entire river length. This result suggests that
natural processes, such as dilution or chemical degra-
dation, can limit the spatial extent of pollution, preserv-
ing uncontaminated habitats downstream. Conversely,
when m, > c,, the toxicant spreads to the entire river
(s(t) = L), posing a severe threat to the ecosystem. These
findings underscore the importance of controlling pol-
lutant inputs to prevent widespread ecological damage.

The boundedness of the population density u(x, t)
(Lemma 1) highlights conditions for population persis-
tence. Specifically, the condition a; > % ensures that
the population can survive despite toxicant exposure.
This threshold provides a critical ecological insight:
the intrinsic growth rate of the population (a,) must
be sufficiently high to counter the combined effects of
toxicant-induced mortality (c,v) and competition (b,u).
Biologically, this suggests that species with high repro-
ductive rates or adaptive behaviours (e.g., reduced dis-
persal in polluted areas, modelled by d,(u)) are more
likely to persist in contaminated environments.

The variable coefficients d,(u), d,(v), k,(u), and k,(v)
reflect complex ecological interactions. For instance, the
density-dependent diffusion d,(u) captures behavioural
adaptations, such as reduced movement in crowd-
ed populations, which can enhance local survival by

minimising exposure to polluted areas. Similarly, the
concentration-dependent advection k,(v) models how
high toxicant levels alter flow dynamics, potentially
accelerating pollutant spread in heavily contaminated
zones. These nonlinearities make the model more ap-
plicable to real-world scenarios, where environmental
and biological factors are rarely constant.

This study investigated the combined effect of
movement and spatial distribution of resources based
on a Lotka-Volterra-type competitive-diffusion-advec-
tion system. For comparison, it was assumed that the
total amount of resources was the same for both popu-
lations, but one of them existed under conditions of ho-
mogeneous spatial distribution of resources, while the
other existed under conditions of heterogeneous distri-
bution. The main results showed that competition be-
tween homogeneous and heterogeneous distributions
is complex: in some cases, one population completely
displaced the other (exclusion effect), while in others,
both populations achieved coexistence. The relation-
ship between the results and the speed of population
movement, and the spatial nature of resource distribu-
tion, proved to be decisive.

Compared to E.F. Keller & L.A. Segel [13] type mod-
els, which often exhibit blow-up phenomena under cer-
tain conditions, this model ensures bounded solutions
through the nonlinear structure and free-boundary
condition. This stability is critical for ecological applica-
tions, as it reflects the physical reality that populations
and toxicant concentrations cannot grow indefinitely.
The free-boundary approach also provides a unique
advantage over fixed-domain models, as it explicitly
tracks the spatial extent of pollution, offering insights
into the protection of downstream ecosystems.

The study by F. Lin et al. [14] revealed the influence
of seasonal variability of flow parameters on pollutant
transport in rivers by considering spatiotemporal dif-
fusion coefficients. Unlike the present model, which
also considers population density, the researchers lim-
ited themselves to hydrodynamic parameters. However,
their finding that variable coefficients significantly im-
prove the accuracy of the simulations is fully consist-
ent with the results presented here. This confirms that
taking into consideration the dynamic characteristics
of the environment is crucial when modelling toxicant
transport in natural water bodies.

In the paper by A. Miiller et al. [12], a numerical
scheme based on an adaptive grid was used to simulate
pollution taking into consideration a moving boundary.
The researchers showed that the use of flexible numeri-
cal approaches ensures robustness to calculations with
high gradients of toxicant concentration. Their numer-
ical results visualised the propagation front similar to
those observed in the current model. The main differ-
ence was the absence of a biological component, but the
general methodology was comparable, indicating high
reproducibility of such approaches in different models.
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Q. Chen et al. [15] investigated the effect of popula-
tion density on water quality in models of urbanised river
systems. Although their model did not include a moving
boundary, the researchers showed that high population
density is correlated with an increase in pollutant con-
centrations. This supports the hypothesis of the present
study on the interdependence between environmental
factors and diffusion and advection characteristics. In
addition, their empirical data confirm the theoretical
assumptions underlying the presented model. L. Naiza-
bayeva et al. [16] presented a three-dimensional model
for simulating pollutant diffusion in the atmosphere. The
model was based on the advection-diffusion equation,
incorporating pollution sources and the decay process-
es of substances. A numerical solution was implemented
using the finite difference method on a three-dimension-
al computational grid. The model accounts for the spatial
distribution of pollutant concentrations, and the effects
of wind and atmospheric diffusion. Key parameters in-
cluded the diffusion coefficient, wind speed components,
intensity of pollutant sources, and the decay rate of sub-
stances. Special emphasis was placed on the vertical
distribution of pollutants, allowing for more accurate
representation of atmospheric processes. The proposed
model can be used to predict pollutant dispersion, assess
the impact of various sources on air quality, and develop
effective strategies for reducing air pollution in urban
and industrial regions.

The study by E.N. Aksan et al. [17] focused on the
application of the finite element method to aquatic pol-
lution problems with a moving boundary. Their con-
clusions about the influence of advection parameters
on the boundary velocity of the pollution front are in
agreement with the results of the current model. How-
ever, their study lacked a biological component, limiting
the possibilities of analysing the interaction with the
population. Nevertheless, their numerical conclusions
provide an opportunity to confirm the importance of
including boundary dynamics in such problems.

Pesticide pollution in rivers and their compartments
has increased due to industrial discharge and excessive
agricultural use. These residues contaminate water, sed-
iments, and aquatic organisms, posing serious health
risks to humans. Organochlorine pesticides such as DDT,
HCH, endosulfan, etc., are the most commonly found.
The study by A.K.Chopra et al. [18] outlined the classi-
fication and toxicity of pesticides, discussed alternative
solutions, and emphasised raising public awareness
about the issue. In their paper, ]. Chung & 0. Kwon [19]
investigated two-species competition-diffusion systems
with different intrinsic growth rates, carrying capacities,
and dispersal strategies (random and Fokker-Planck dif-
fusion). A general criterion for the global dynamics was
established, along with conditions for coexistence and
stability. The results highlighted the significant impact of
heterogeneous competition strengths and dispersal be-
haviours on ecosystem stability.

W. Chen & Ya. Chen [20] considered the Lotka-
Volterra competition model with cross-diffusion un-
der homogeneous Dirichlet boundary conditions was
considered, where cross-diffusion represents mu-
tual avoidance between two species due to competi-
tion. Using the method of upper and lower solutions,
sufficient conditions for the existence of positive
solutions were established when the cross-diffusion
coefficients are sufficiently small. Additionally, condi-
tions for the nonexistence of positive solutions were
also investigated.

Conclusions

This study presented a mathematical model for pol-
lutant transport in a river environment, incorporating
spatio-temporally variable diffusion and advection co-
efficients. The model also accounted for the ecological in-
teraction between a biological population and toxicants,
emphasising how population density influences, and is
influenced by, the concentration of harmful substanc-
es. The graph depicting toxicant concentration v(x, t)
illustrated the temporal evolution of the contaminant
distribution. Initially, at £ =0, the toxicant was sharply
localised within a confined region. As time progresses
to t = 2.5, the concentration profile became smoother
and more diffuse, indicating the effect of dynamic diffu-
sion and advection processes.

The presence of a sharp gradient at the initial time
transitioning into a smooth concentration curve con-
firms the model’s ability to simulate the natural spread
of pollutants with a free boundary. This reflects the
physical phenomenon whereby contaminants gradual-
ly invade previously unaffected regions due to variable
transport properties. The results demonstrate that the
use of space- and time-dependent coefficients leads to
more realistic simulation of environmental processes,
offering better insight into the spread behaviour of tox-
icants under fluctuating ecological conditions. Impor-
tantly, the simulations revealed that the contaminant
does not necessarily spread throughout the entire river
domain. This outcome supports the theoretical finding
that population persistence is possible in uncontami-
nated zones, which is a significant ecological implica-
tion. Therefore, incorporating such models into envi-
ronmental monitoring and pollution control strategies
can improve predictions and guide more effective man-
agement decisions.

This study proposed a mathematical model to ana-
lyse the effect of environmental toxicants on population
dynamics over time. The figure illustrates the temporal
evolution of population density u(x, t). Initially, at t = 0,
the population density remained relatively low and de-
clined further in regions where toxicant concentrations
are higher. However, by t= 2.5, the population had sig-
nificantly increased and reached a more stable distri-
bution, suggesting recovery in areas where pollutant
levels have decreased or become negligible.
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The results confirm that the presence of toxicants
directly affects the spatial distribution of the popu-
lation. In particular, the observed population growth
in regions where toxicant concentration diminished
aligns with the model’s coupled reaction-diffusion-ad-
vection mechanisms. This behaviour demonstrates the
model’s ability to accurately capture the complex eco-
logical interactions between contamination and species
dynamics. It also highlights the potential for population
recovery when environmental conditions improve.
Thus, the findings indicate that under favourable eco-
logical conditions-such as pollutant reduction or opti-
mised flow parameters-the population can recover and

of the toxicant distinguishes this model from prior
frameworks, allowing for a more accurate simulation
of pollutant spread and retreat. While earlier works
often focused on irreversible population decline under
contamination, the current simulations demonstrate
conditions under which population persistence and re-
growth are possible once toxicant levels subside. Future
research could extend this model by incorporating mul-
ti-species interactions to explore how different trophic
levels respond to pollution gradients. Additionally, cou-
pling the model with empirical field data would enable
calibration and validation in real-world river systems,
enhancing its predictive capabilities.

exhibit stable growth. This reinforces the practical rel-
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AHHOTANUsA. TaGUTbIH Cyy YeiipesiepyH/ie 6y/Iroo4y 3aTTap/blH Tapaayy blJIJaM/IbITbIH MyHe3/1ereH Juddy3us
K03)PULIMEHTH MeHEeH CYyHYH arbiMbl apKbLIyy TaUIbUIBIIIBIH YarbUIABIPraH afBeKLUUs KodpPuiueHTH
YOH, MEMKMH/MKTHK >KaHa YOaKbITTBIK ©3repMeJyy/IYKKe 33. Bys e3repyysiep JapblisiHbIH TeOMeTpPUSIChIHbIH,
arbIM bUIZAM/BITBIHBIH, TEMIIEPATYPAHbIH KaHa Ce30H/YK JMHAMHUKaHbIH 63TOpYLIY MeHeH IlapTTajraH. byn
TaTaaAbIKTap/Abl TOJNYK 3CKe aayy Y4YYH, 6y usuianeene nuddysus xkaHa afBeKUHsa Ko3QPUIHeHTTEPUHUH
MeNKUHUKTHUK-YOAaKbITTBIK ©3repMeJIepyH KaMTbIFaH 6PKYH/JOTYJ/TeH MOJENJAUK TY3yM CYHyLITaJaraH. byn
k03pPULIHEeHTTEP NOMYASLUSAHBIH >KbIIITHIIbIHA XaHA 4eUpeziery yynayy 3aTTapAblH KOHIlEHTpalUsCbIHA
’Kapallla e3repeT Jell 6O0J/DKOJJOHTOH, Oy 6yJaroody 3aTTap/blH TallbLIbII NPOLECCTEPUH peasjyypaak
YarbUIAbIpyyra MYMKYH/AYK 6epeT. By Makasia/ia yy/1yy 3aTTap/blH TapaJiblLIbIH YarbLIbIPTaH 3pKUH YeK apalyy
TyyHAy Auddepenunanapik TeHgeMenepaus (PDE) TaTtaan cuctemackl uinTedn YblkKaH. MoJesb fapbis/iarb
OGUOJIOTUSIJIBIK TONYJSIMs MEHEH TOKCMKAHTTBIH 63 apa apaKeTHH 3KOJIOTHSJIBIK »KaHa TH/IPOJAUHAMUKAJbIK
daxTopsIopAy 3CKe aslyy MEHEH CYPOTTOUT. YeunM/IUH peryaspAyyayryH KaMcbl3 KbUIYY YYYH NOMYJ/ISALUSHBIH
KBIIITBITBIH U(X, t), TOKCUKaHTTbIH KOHIIEHTPALUACHIH V(X, t) )KaHa 3pKUH Y€K apaHblH abasiblH S(t) KaMThIraH
alpyuoOpAYK 3CENTeesIop KUPTU3WJeT, OLOHAON 3jie ['énbjep TyTalITbIrbl 60I0OHYA 6aasooJop >KYprysyJier.
Kinaccukanblk 4yedynMepAuH I/106aafyy 6ap 3KeHJAUTH »aHa Kaiarbi3fbirbl Jlepe-lllayaep/iuH KbIMMBbLICHI3
YEKHUT >KOHYH/ery TeopeMachl KaHa dHEePTUSAra Herusze/reH bIKMaJjap apKbLIyy KaTyy JajuijieHeT. AHpbIM
napaMeTpAUK pexuMm/iep/ie TOKCMKAHT JapbIssHbIH 6ap/iblK assHTbIHA Tapal aj6acThIrbl aHBIKTAJ/bI, OY/ 63
Ke3eruH/ie NMonyJ/sinusra »abblpkabarad aiMaKTap/a >kalan KaJayyra MyYMKYH/JAYK 6epZiy. JpKHH 4YeK apalyy
TaTaas] TYIOHTY/IraH Tyypa 3MecC MaceJleHU aHaJUMTHUKaJbIK KaKTaH W3UJIJ[66 KbIMbIH/bIIbIHA GalIaHBIITYY
aHbIKTa/6araH (HesABHBIM) CaHABIK CXeMasap KoJAOHyaAy. Python TuiuHJe WiKe albIpbLIraH CaHJBIK
3KCIIepUMEHTTeEp KaHa rpadyKablK BU3yaTu3alysIap TeOPHUSJIbIK XKbIHBIHTBIKTAP/Ab] bIpACcTall, 3KOJIOTUSIJIBIK
napaMeTpJiep MeHeH Oy/roody 3aTTap/blH JAUHAMHMKACBIHBIH 63 apa apaKeTHH 4YarbLIAbIPAbl. AJIbIHTAH
HaThIXKaJ1ap ap TYpAYY YeMpeJsyK apTTapAblH 610JI0TUSAIBIK NONY/IALUAIApAbIH TYPYKTYY/IYTYHA )KaHa YYJIyy
3aTTap/blH MEHKHUH/IUK-YOAKbITTBIK 3BOJIIOLMSChIHA KaH/alya TaacCUp 3TEPHUH KOpPCOTOT

Herusru ce3aep: tataajn JUHAMHUKA; Oy/lroody 3aTTap/blH Tapasblllibl; 3pKUH 4YeK apa MaceJsecd; CaHAbIK
Mogenzes; nupdysua koapduuueHTU
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AHHOTANMsA. B ecTecTBeHHbIX BOAHBIX Cpefiax Kak KoadpduiueHT nuddysuu, xapaKTepU3YIOIIUNA CKOPOCTh
paccerBaHHUs 3arpsI3HSAIIIMX BeIleCTB, Tak M KO3QQOULMEHT aJiBeKIMH, OMUCHIBAKOILUA IepeHoC 3a CyYeT
MOTOKA BOJBI, JeMOHCTPUPYIOT 3HAYUTEJIbHYI0 MPOCTPAHCTBEHHO-BPEMEHHYI0 U3MEHYMBOCTb. JTU U3MEHeHUs
06yc/I0BIeHbI U3MEHEHUSIMU B '€OMETPUH PEKH, CKOPOCTH TeUYeHHs], TeMIIepaType U Ce30HHON JuHaMuKe. YToObI
Jlydllle OXBAaTHUTb 3TU CJIOXKHOCTH, B 3TOM HCC/Ie[OBAaHUM MpeJCTaBJeHa YCOBeplIeHCTBOBAaHHAasA MoO/ieJibHas
CTPYKTypa, KOTOpas BKJIIOYAeT IPOCTPAHCTBEHHO-BpeMeHHble IepeMeHHble KoadduiueHTol Auddysuu
Y aaBekuuu. [Ipeanosaranoce, 4To 3TH KO3PQOUUMEHTHI 3aBUCAT KaK OT IJIOTHOCTH HOMYJSLMWH, TaK U OT
KOHLIEHTPAIlMM TOKCUKAHTOB OKpY»Kalolllel cpeJibl, YTO M03BOJISET 60Jiee peaJMCTUYHO NPeCTaBUTh MPOLECChI
nepeHoca 3arpsi3HSAI0IIUX BelleCTB. B 3ToH cTaThe paspabaThiBasiach HEJIMHEHHAs CHCTeMa YpaBHEHUH B YaCTHBIX
npousBoAHbiXx (PDE) co cBoGOAHOUW rpaHUlled [ NpejCcTaBjeHUs AUHAMHYECKOTO acCleKTa pacceruBaHUs
TOKCUYHBIX BelllecTB. Mojie/ib XapakTepu3yeT B3aWMOJENCTBHE MeX/Jy PeYHOHW OGHOJIOTHYecKOM HomyJsnuei
M TOKCUKaHTOM, YYUTBIBAsA 9KOJOIMYeCKHe W UAPOJAUHAMUYecKUe BAUAHUSA. /i obecrieueHUs: peryasipHOCTH
pellleHUs] YCTaHAB/IMBAIOTCS alpUOPHbIE BBIYMC/IEHUS, BKJIOYasl JIOTHOCTb NMOMYJSALUU U(X, t), KOHLEHTPALHIO
TOKCHUKaHTa V(X, t) 1 oJiokeHHe CBO6OJHOM IpaHUIbI S(t), a TaKKe OLleHKH HelpepbIBHOCTH [esibsiepa. [106aibHOE
CylLleCTBOBaHWE U €JMHCTBEHHOCTb KJIACCHYECKUX pelleHUM CTPOro JoKas3aHbl C MOMOILbI0 TeopeMbl Jlepe-
[llayiepa 0 HEMOABIKHON TOYKe M METO/I0B, OCHOBAaHHBIX Ha 3HEPI'UH. BblIM BbISIBJIEHbl PEXXUMbI TapaMeTPOB,
IIPU KOTOPBIX TOKCUKAHT He MOT PaclpoCTPAaHUTLCA 0 BCEH IJIOIAAU PeKH, TEM CaMbIM N03BOJIAA NOMYNIALUU
BBDKUBATD B HE3aTPOHYTHIX 00J1aCTAX. M3-32 aHATUTUUECKOH CJI0XKHOCTH HEJTMHEHHOH 33/1a4¥l CBOGOAHOM IPAHUIIbI
JUIS MOJIeJINPOBaHMA UCI0JIb30BaJINCh HesIBHbIE YUCJIeHHbIe cXeMbl. YHC/IeHHble 9KCIIepUMEHTDI, pea/lu30BaHHbIE
Ha Python c¢ rpaduyeckumu BusyasnsanusaMy, NOATBEPXKJAIOT TeOpeTHYEeCKHEe Pe3yJbTaTbl U WJIHOCTPUPYIOT
B3aUMO/IEMICTBHE MEX/y 3KOJIOTMYeCKHMMH NapaMeTpaMHu U JUHAMHUKOM 3arpsA3HAKIMX BellecTB. [losyyeHHBIE
pe3y/bTaThl I0KAa3bIBAIOT, KaK Pa3/IMYHbIe YCI0BUS OKPY»Kalolel cpe/ibl BJAUSIOT HAa YCTOMYHMBOCTb GM0JI0OTMY€ECKUX
MONYJIALIMA U NPOCTPAaHCTBEHHO-BPEMEHHYIO 3BOJIIOLMIO0 KOHLIEHTPALlMH TOKCUYHBIX BEL|eCTB

KioueBble CJ10BA: HeJMHeHHas JMHAMUKA; paclpoCTpaHeHHe 3arpsi3HSAIOLMX BellleCTB; 3a/ja4ya Co CBOOOAHON
rpaHuUllel; YMCJIeHHOe MoJieINpOBaHue; KoappuuneHT AudPy3uu
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