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Abstract. Boundary value problems for higher-order equations of mixed and mixed-composite types play a
significant role in the mathematical modelling of phenomena related to heat propagation, wave processes, and
the motion of weakly viscous media. The relevance of this research stems from the need for rigorous analysis
of such problems, particularly in the presence of type-change lines and complex boundary conditions. The aim
of the study was to formulate and comprehensively investigate a boundary value problem for a fourth-order
equation of composite and hyperbolic types in a domain divided into three subdomains with differing equation
structures. The problem was reduced to three auxiliary subproblems posed in the corresponding subdomains.
On the lines where the type of equation changes, conjugation conditions were imposed, involving the unknown
function and its derivatives up to the second order. The investigation employed classical methods from the theory
of boundary value problems, techniques for order reduction, and approaches from the theory of mixed-composite
type equations. Each auxiliary problem was reduced to standard formulations - namely, Dirichlet, Goursat, and
Darboux problems. On the type-change lines, second-order differential equations were obtained, for which
boundary value problems were solved using explicitly constructed Green’s functions. The hyperbolic subproblems
were reduced to Volterra and Fredholm integral equations of the second kind, and sufficient conditions for their
unique solvability were derived via kernel estimates. As a result, explicit analytical expressions for the solutions
in each subdomain were obtained. The results can be applied to the analysis of processes in inhomogeneous
media and to the development of numerical models in mathematical physics problems

Keywords: boundary value problems; Dirichlet problem; Darboux-type problem; Green’s function; matching
conditions; boundary conditions; Volterra and Fredholm equations

Introduction

Boundary value problems for mixed and mixed-com-
pound differential equations of the third and fourth
orders arise in the description of various physical pro-
cesses, including low-viscosity fluid flows and temper-
ature distribution in complex media. Particularly chal-
lenging are conjugation problems, in which the values
of the sought function and its derivatives are specified
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on lines of variation of the equation type. Such prob-
lems typically have a complex structure and require the
development of special approaches for their analysis.
Research in this area contributes to a deeper under-
standing of the properties of solutions and allows the
formation of a theoretical basis for application in ap-
plied problems of mathematical physics.
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In the work of M. Mamajonov & H.M. Shermato-
va [1], boundary value problems for parabolic-hy-
perbolic equations with three lines of variation of the
equation type in a triangular domain are studied. By
constructing a solution, the existence and uniqueness
theorem for the investigated problem is proved. K. Ab-
dumutalip uulu [2] investigated the boundary value
problem for a fourth-order partial differential equation
with variable coefficients, containing the product of a
mixed parabolic-hyperbolic operator and a string oscil-
lation differential operator with discontinuous bond-
ing conditions in a pentagon on a plane. The existence
and uniqueness of the solution to the boundary value
problem were proven. The solvability of this problem
was reduced to solving a Fredholm integral equation of
the second kind with respect to the trace of the deriva-
tive function along the line of variation of the equation.
The solution to the first boundary value problem was
obtained using the method of successive approxima-
tions and Green’s functions. As a result, the solution to
the problem was implemented by solving the Goursat
problem and the first boundary value problem for the
string vibration equation.

D. Amanov & O. Kilichov [3] studied boundary val-
ue problems for a fourth-order mixed-type equation
in a rectangular domain and proved the existence and
uniqueness of the solution to this problem. The prob-
lem under consideration differed from previously stud-
ied problems in that conjugation conditions were used
instead of boundary conditions. In this case, there is no
restriction on the size of the domain boundary for the
solubility of the problem. If the conjugation condition is
rejected, then a condition must be specified.

The boundary value problem with displacement for
a third-order parabolic-hyperbolic type equation with
a wave operator in the domain of hyperbolicity, when a
linear combination of the values of the sought function
on two independent characteristics and on the line of
change is given as the boundary condition, was stud-
ied by Zh.A. Balkizov [4]. The necessary and sufficient
conditions for the solvability of the problem are found.

In the work of R.R. Ashurov & M.V. Murzambeto-
va [5], the boundary value problem for a mixed-type
equation with a positive formally adjoint high-order el-
liptic operator is considered. In proving the theorem on
the existence and uniqueness of the classical solution
to the problem, where the positivity of the elliptic oper-
ator is essential. An example of a mixed-type equation
with a non-negative elliptic operator is given, showing
that the solution to the corresponding problem is not
unique. The results of the work were obtained using the
Fourier method.

Yu.P. Apakov & A.A. Sopuev [6] proved the existence
of a unique solution for non-local conjugation problems
in a rectangular domain for a third-order partial differ-
ential equation, where, for y >0 the characteristic equa-
tion has three multiple roots, and for y <0 it has one

-

simple root and two multiple roots. Using the Green’s
function and the method of integral equations, the
solution of the problems is equivalently reduced to the
solution of the boundary value problem for the trace
of the sought function at y=0, and then to the solution
of the Fredholm integral equation of the second kind,
the solvability of which is proved by the method of suc-
cessive approximations. The solution of the problem at
y >0 is constructed using Green'’s function method, and
aty <0 - by reducing the problem to a two-dimensional
Volterra integral equation of the second kind.

Author I.A. Rudakov [7] considered the problem for
the beam vibration equation, which is a fourth-order
equation. The existence of an infinite number of peri-
odic solutions of a quasi-linear equation was proven
if the nonlinear term is a homogeneous odd function
with power growth. The main result of the work was
a theorem on the existence of a countable number of
solutions to the problem. The equation considered in
this work was a mathematical model of the vibrations
of wires and beams.

In the work of B.Yu. Irgashev [8], a Cauchy-type
problem for a high-order equation with a fractional de-
rivative in the sense of Hilfer is considered. The exis-
tence and uniqueness theorems for the solution of the
problem in the class of bounded functions constructed
using automodel solutions are proved. EM. Muminov
& S.Ya. Karimov [9] investigated a mixed problem for a
third-order composite equation in the multidimension-
al case. Using methods of generalised function theory,
the necessary a priori estimates for the approximate
solution of the problem were obtained, and the exis-
tence and uniqueness of a regular solution to the prob-
lem were proven. It should be noted that in the main
part of the equation there were time derivatives of the
Laplace operator.

From the above analysis, the formulation and study
of correct problems for fourth-order composite and hy-
perbolic equations requires further research. The main
objective of the work was to justify the correctness of
the new formulation of the problem for fourth-order
composite and hyperbolic equations when there are
two lines of change of type in the considered domain,
which are characteristics. When studying the problem,
the necessity of the given conditions and gluing condi-
tions, as well as the agreement of the given functions,
was determined.

Materials and Methods
Problem statement. Let D - be the domain bounded by
thelinesx=0,x=-I,x=1,y=0,y=h,y=-h,,D=D,UD,UD,,
D, ={x20,y20}, D,={x=20,y=<0}, D,={x<0, y>0},
(L 1, h, h,>0). In the domain D, the following equations
were considered:
92 a d 9%u  9%u
G tamtby+o (E+5i+m) =0

(xy)€D, (1)
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a*u a3u a3u 8%u 9%u
0x2dy2

a%u Ju ou
+ b3§+ Claﬁ-czg"l'dlu = 0,(X,J’)ED2. (2)

a*u a3u a3u a%u
% ta;— +ta, b,— +

ax® axroy T P12
+hy o, 2 e, 24 d, = 0,(0y) €D, (3)
9xdy ax dy T 3
Whe_re ak(x, ) bi(X, ), Ck(X, ) dj(XP ), pxy) (k=14
i=1,5;j=1,2) - given real functions.

Equation (1) is the simplest representative of the
canonical form of a composite equation with double
characteristics y = const and simple complex charac-
teristics. Equations (2) and (3) are representatives of
the canonical form of hyperbolic equations, since all
their characteristics are real and multiple: x = const,
y=const - double for equation (2); y = const - triple for
equations (3).

Problem 1. Find a function u(x, y) € C(D) N C* (D) N
n [C*(D,) U C*3(D,) U C***(D,) U C***(D,)], satisfying
equations (1)-(3) in domains D,, D, and D, respectively,
and boundary conditions:

u(l, y)=¢,(v), ulx, h)=19,(x),0=<x<l, (4)
uo(Ly)=@,(V)u,,(x, h)=1,(x),0<y<h,inD,,  (5)
u(0,y) =x,), u,(0,y) = x,v),-h; <y <0, (6)
u(x,-h)=@(x),0<x<l,in D,, 7)

u(x, 0) =x(x),-, <x<0, (8)

uC-,y)=9,0), u,(-1,¥)=9,0),0<sy<h,in D,, (9)

where ¢,(v), ,(x), x,(v), 9,(0), (x), x(x) (i=1.2) - given
material functions, where these functions and coeffi-
cients of equations (1)-(3) satisfy the following condi-
tions of smoothness and compatibility:
a,beCc*(D,);c,peC(D,); a,c,d, € C(BZ),
alxxy' a2xyy‘ blxx' bey’ b3yy' Clx' CZy € C(Dl )'
ak’ bk’ Ck’ a3xxx‘ a4xxy’ b3xx’ b4xy’ C3xx’ C4xy € C(D3)'[k = 12)’
clx,y) €C(D,), d,€C(D,), d,€C(D,),
», (V) €C[0, h], ,(¥) €C'[0, h], ¥,(x) €C?[0, 1],

,(x) €C[0, 1], x,(v) € C*[-h,, 0],

X.(y) EC'[-h,, 0], (x) € C°[0, 1], x(x) € C*[-1,, 0], g, (¥),
9.0V €C*[0, h]; ¥, (1) = @, (h), ¥, (1) = @, (h), 9(0) =x,(-hy),
¢'(0)=x,(-h)), x(1,)=9,(0), 9;,(0) =g,(-1,),

x(0)=x,(0), x' (0)=x,(0). (11)
From problem 1, it follows that the conditions

of conjugacy are satisfied on the lines y=0 and x=0,
respectively:

(10)

u(x, +0)=u(x, -0)=1,(x), u (x, +0)=u (x,-0) =
=v, (%), u, (x, +0)=u, (x, -0) =, (x), 0sx<],

U(+0,y) = u(-O,y) = TZ(Y)' UX(+0,y) = ux('o'.y) =
=V,(0), Uy (+0,y) = u, (-0,y) =, (¥), 0y <h, (12)

where Tl(X), V1(X)' ,ul(x), TZU/)' Vz[)/)' ,uz(y) - unknown
functions, subject to the following matching conditions:

7,(0)=x,(0) =x(0), 7, (D = ,(0), 7{() =
=¢,(0), 1, (D =3(0), v, (D) = 9;(0), 7,(0) =x(0),

(M) =1,(0), v,(0) =x'(0), 1,(0) =x"(0),
15 (h) =1, (0),v,(h) =5 (0).

After determining the functions 7,(x), v,(x), u,(x),
7,(¥), v,(»), u,(v) problem 1 is split into the following
independent auxiliary problems.

Problem 2. Find a function u(x, y) € C*(D,) N [C**)
(D,) U C**3(D,)] satisfying equation (1) in domain D,,
boundary conditions (4), (5) and conditions:

u(x, +0)=1,(x), u(+0,y)=1,(y), 0=sx<[, 0sy<h. (13)

Problem 3. Find a function u(x, y) € C'(D,) N C*** (D,),
satisfying equation (2) in domain D,, boundary condi-
tions (6), (7), and the condition:

u(x,-0)=1,(x), 0=sx<IL (14)

Problem 4. Find a function u(x, y) € C'(D,) N C**!
(D), satisfying equation (3) in domain D,, boundary
conditions (8), (9) and the condition:

u(-0,y)=r1,(y),0<sy<h. (15)

When solving the above problems, it is first nec-
essary to obtain the equations on the line of change
of types between individual unknown functions (12)
in the corresponding areas, and then analyse them. It
should be noted that the formulated tasks are solved
mainly by methods of Green’s and Riemann’s functions,
the theory of Volterra and Fredholm integral equations,
as well as the principle of compressive mappings.

Results and Discussion
Equation derived from domain D,. In the notation:

0%u

dx2

2
+5E+pu=2(xy),(6y) €D, (16)

Equations (1) for the function z(x, y) can be rewrit-
ten as:
0’z 0z 0

+aZ b L iez=0, (x,y)e D,

17
ox0y  Ox Oy (17)

@
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where z(x, y) - a new unknown function. For this equa-
tion, consider the Goursat problem: find a solution to
equation (17) in the domain D, that satisfies the con-
ditions:

z(x, ) =f,(x), z(LY)=£,(»), 0=sx<,0<sy<h,

where f(x), f,(y) - unknown functions, where
fi(D) =£,(h). The solution to problems (17) and (18) is
given by formula [10]:

(18)

z(x,y) = RO, by, )1 (x) + RUy; ¢, ) 2 (v) —
—RWh;x, WD) + [, Bt h) Rt h;x,y) —
—ZR(t B x,Y)f,(Odt +
+ fyh (A(l, tR(ty, 1%, y) —aith(z, tx,y) ) x
x f(t)dty,

where R(t, ¢;; x, y) - Riemann function. Furthermore,
substituting (19) into the right-hand side of (16) for
y=h and x=1, also taking into account boundary con-
ditions (4), (5) for determining the function f,(x), f,(y)
the following is obtained:

S =9 () +,(x) +p, (),

(19)

L) =000+ ) +po, (). (20)
Thus, the function z(x, y) is determined, i.e.:
92 92
#+#+pu = zo(x, ), (21)

where z(x, y) =z, - a known function. Passing to the
limit in (21) as y =+ 0 and x -+ 0 and taking into ac-
count (12), the following equations are derived from
domain D;:

/() + 1,00 +pT, () =2,(x, 0), 0x<], (22)

L) +1,0)+p1,(0) =2,(0,5), 0sy<h.  (23)

For equations (22) and (23) respectively, the fol-
lowing problems are solved:

1.7,(0)=x,(0), 7,(0) = 9,(0). (24)
2.7,(0) =x(0), 7,(h) =, (0). (25)

If equations (22) and (23) are represented as:
T(x) =2,(x, 0)- pr, (x) - 1,(x), (26)
) =2,(0,9)-pr,0) - 1,00, 27)

then problems (26), (24) and (27), (25) will respective-
ly be equivalent to the integral equations [11]:

7,00=JiG,(x ) p(s, 0) 7,(s)ds +a, (x),  (28)

7,0) =06, 5) (0, )T, ()ds+ a, (7),
a,(x)= 2,0+ (9,0) - 1,(0))+
+Gy(0,5) (24(5,0) = 1)) s,

(29)

where

() = x(0) + 3 (:(0) — x(0)) +
+ 1 Gy (7,5)(20(0,5) — pp(5))ds,

Xsh) 0<x<s
l ) — )

G, (x,8) = s(x=1)

- Green’s function,
,S<x <,

@,05y<s,

s—h) - Green'’s function.
h

G,(y,s) = <v<h
’S—y— )

Equations (28) and (29) are Fredholm integral
equations of the second kind. Let:

l- max |pG;l <1, h- max |pG,| <1,
l 0<y,s<h

0=<x,s<

(30)

then equations (28) and (29) have unique solu-
tions [12]:

1,(0) = (1) + [ Ry (%, ay(s)ds,  (31)

,0) = () + f; R, )ay(s)ds,  (32)

respectively, where R,(x, s) and R,(y, s) — are the resol-
vent kernels of equations (28) and (29).

Equation derived from domain D,. In the next
stage, Problem 3 was considered. Due to the formulation
of Problem 3 and the introduced notations (12), Gour-
sat’s problem for equation (2) with conditions (6) and
u(x, -0)=1,(x), u,(x, -0) =v,(x) is solved by formula [12]:

u(x,y) = A:(6y) () =9, (¥, 0, )x.(y) —
— B Ce, yim) - 22 () — € (e, y; m)xa ()] +
+ 90, y; € 0)vy (§) — D, (x,y; )7, (8) +
+a;(§,09(x,y;§,0)v; (§) — E; (x, 7;:§)71(§) + b3 (§,0) X
xI(x,y;§,0)v,(§) — Fi(e,y; )t (D)dg,  (33)
where, 9(x, y; & n) - the Riemann function for equation

(2). Using condition (7) from (33), the equations for the
functions 7, and v, obtained from domain D,, follow.

Jo @0, —hy; £,00v) (£) — Dy (x, —hy; )T/ (€) +
+a,(£,0)9(x, —hy;§,0)v(§) —
—E; (x, —hy; E)11(8) + by (€, 0)x
x 9(x, —hy; &, 0)vy (§) — Fy(x, —hy; 5)71(5))" (34)
xd¢ = T(x).

—&>
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Carrying out integration by parts in (34), taking
into account the property of the Riemann function
9(x,y; €,1n) [13] and the compatibility conditions (11),
the following is obtained:

Dy (x, —hy; x)7, (%) — 9¢(x, —hy; x, 0)vy () —
—Lmu@n@@+fm@@w®@=ﬂm@m

where Hy(x,§) = Dyge(x, —hy; §) —
_E1§(x: —hy;8) + Fi(x,—hy; §),
Hy(x, &) = a1:(§,0)9(x,—hy;§,0) +
+a2 (6' 0)195(3(, _hl; f! 0) - 79{'{ (X, _hl; {) 0) -
—b3(¢,0)9(x, —hy;§,0),

H(x) = T(x) +9(x, —hy;0,0)x,(0) —
— 0 (%, —hy;0,0),(0) — Dy (x, —hy1; 0) x,(0) +
+D1§(x, —hy;0)x1(0) + a,(0,0)x
x9(x, —hy;0,0) 1 (0) — E; (x, —hy; 0)x1(0).

On the other hand, taking into account problem 3
and aiming y —- 0, equation (2) can be reduced to the
form:

ui (x) + ay (x, vy (x) + ay(x, 0)us (x) + by (x,0)7y (x) +
+b,(x, 0)v; (x) + bs(x, 0y (x) + ¢; (x,0)71 (x) +

+c,(x, 0)v, (x) + dy(x,0)T,(x) = 0. (36)

Integrating this equation and using the aforemen-
tioned compatibility conditions, it is possible to obtain:
21511 () + v, (x) + by () +
F [ @0 Om© + a0 Om @ +
0
+q3(x,§)11(§))dE = f(x),
where

q:1(x,§) = a,(§,0) — (x = §)(a,(§, 0) — b3(§, 0)),

qZ(x' E) = bZ(E' 0) - ZGI(E, 0) + (X - E)X
x(a1¢¢(£,0) — by (,0) + ¢, (¢, 0)),

q3(x' E) = CI(E' 0) - ZbI(E' 0) + (X - E)X
x(b1(§,0) = 1(£,0) + d, (£, 0)),

f &) =7{(0) + a,(0,0)71(0) + b,(0,0)7, (0) —
—b1,(0,0)t(0) + (v"(0) + a,(0,0)7{ (0) +
+a,(0,0)v{(0) — a;£(0,0)71(0) + b,(0,0)71(0) +
+b,(0,0)v,(0) + ¢;(0,0)v, (0))x.

(37)

Excluding 7,(x) from (31) and (37), the following
equation holds for the functions v,(x) and u, (x):

v () = [T Hy(x, &) vy ()dé +

+ fy Ha(x, ) iy (§)dE + p(x), (38)

where
H (x f) — HZ(xvf)
3V - 195(x,—h1;x,0)'
1
Ha ) = 5 (Dyg e, —hys Ry (x, §) —

— J§ Hi(, §)R10(61,§)d8),
p(x) = _195(x,—h1;x,0) )
(H() = Dy (6, —hy; )y, (x) + [ Hy (©)ay; (§)dE).

Equation (38) with respect to the function v,(¢) is
a Volterra integral equation of the second kind, and its
solution can be represented by the formula:

v, (x) = py(0) + i Ky (6, &) w (©)dE,  (39)

where
Ky (x,§) = =H3(x,$) — foxR11(x'f1)H3(f1'f)df1'

p1(0) = =p(0) = J; Ru (6, )p(§)dE ;
R,,(x, &) - the resolvent kernel of H,(x, §).

Next, substituting 7,(x) from (31) and v,(x) from
(39), into equation (34) yields the equation:

u () + [ a1 Ce, Oy (£)dE +

@ Om©dE = &), O

where

KZ (x! f) =a (x, O)Kl (x, 'f) + bl(xi O)Rlo (x! f) +
+ fox Ki(§1,6)q2(x, §)dé, + fox q3(x,§1)Ry1(§1,§)dS,,
B (%) = f(0) = [ (@6 Op1 () + q1.(x, E)ar1 (§))dé.

Now, by solving the Volterra part of equation (40),
it can be reduced to a Fredholm integral equation
of the second kind:

() + f Ko Opy (§)dE = b, (),

where K(x,§) = 41 (x,§) + J; R(x,€1)q1 (§1,)déy,
®,(x) = @, (x) + [ R(x, )@y (§)dS, —R(x, §)the re-
solvent kernel of q,(x, ). Let

I-N()<1,

where V() =,213% |K(x,§)|. Then equation (41)
has a unique solution. Thus, by defining the func-
tion u,(x) as the solution to equation (41) and sub-
stituting its value into (31) and (39), the functions
7,(x) and v,(x) can be found respectively, and there-
by the solution to Problem 3. The solution to Prob-
lem 3 in domain D, can be represented as (33).

Equation derived from domain D,. Next, the der-
ivation of the formula for solving Problem 4 is carried
out. The solution to equation (3), satisfying the bound-
ary conditions:

(41)

(42)

Y
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u(x,0) = x(x),u(=0,y) = 72 (y),
Uy (=0,¥) = v, (¥),
uxx(_O: J’) = U2 (y):

is given by the formula [13]:
uCx,y) = F(x,y) + f; 9Cx, y;0,m) s, () + a5 (0,m)x
x 906, 3 0,Mi () — Fy (e, y;my () — Fy(x, v m)x
v, () + F3Ce,y; iz (n) + F (e, yi mTo (), (43)

where J(x, y; & n) - Riemann function Xfor equa-
tion (3), and F(x, y) = 9(x, i x, 0) x(x) - [yF5(x, ; &)
x(&)dé& F(x, y; n)(k=1,5) - well-defined functions,
which are expressed through the coefficients of equa-
tion (3) and Riemann functions 9(x, y; &, n). Based on
formula (43), boundary conditions (9) are reduced to
a system of equations:

(=1, 0, (y) — F (=L, y, y)v,(y) +

+F3 (=1, y, y)1.(v) + fg](kn(y;n)llz(n) +
tho MV (M) + ka3 (v, MT(M))dn = Pi(y), (44)

9, (=11, y; 0,0, (y) — Fi (=L, v, y)vo, (v) +
+F3 (=1, y, YT (0) + foy(km(y'n)llz(n) +
+hso (v, MV, (1) + k3s(v, mT2(M) )dn = P, (¥), (45)

where k,, (y,n) = -9, (-L,y;0,n) + a;(0,n)I(-1,y;0.n),
ka2 (v,m) = Fiy (=L, y,m) = R (=L, y,m),
kys(im) = F (=1, ) — F3n(_l1' ),
k31 (v,m) = =0y (=11, ¥; 0,1m) + a3 (0,9, (11, ¥; 0,m),
ks, (y,m) = me(—ll'y,n) - anx(_lpy' ),
k33 (y,n) = Fa (=l y,m) — anx(—ll.y.n).
P,(y)=g,0)-F(-1,, y) + F5(-1,, y, 0) 7,(0) +9(-1,, y; 0,0)
xX"(0)-F,(-1,, y, 0)x' (0),

P,)=9,0) -x,(-1, y) +9,(-1,, ; 0,0) X"(0) -F, (-1, y, 0) x
xx'(0)-F3,(-1,, y, 0)x(0).

A= [PCLy:0n) = F(=h,y.)
Ux(=1,y; 0,m) = Fie (=11, y,y)

Equations (44) and (45) with respect to the func-
tions v,(y) and p,(y) represent a system of Volterra in-
tegral equations of the second kind. The solution of the
system (44), (45) due to condition (46) is represented
by formula [11]:

Let #0. (46)

v,00) =, (1,0)) + oM, (v, s)m, (1, (s))ds,
1) = my(,(0) + foM, (, $)m, (,(s))ds,

(47)
(48)

where M,, M, - elements of the matrix resolvent of the
matrix kernel; m,, m, - are well-defined functions ex-
pressed in terms of the functions t,(y). After substitut-
ing the value of the function 7,(y) from (32) into the
right-hand side of (48), it reduces to a Fredholm inte-
gral equation of the second kind:

—ap

1,00 = JoM(, y(s)ds +m(y), (49)
where M(y, s), m(y) - well-defined functions that are ex-
pressed through the elements of the matrix 4 and the
data of problem 1 in domains D, and D, If the condition:

h-M(h) <1, (50)
where M(h) = Ogr;ggth (,5)l, then equation (49) has a
unique solution [12]. By determining u,(y) from (49)
and substituting its value into (32) t,(y) is found. After
this v,(y), is determined from (47), thus providing the
solution to Problem 4. The solution to Problem 4 in do-
main D, is defined by formula (43).

Solution to problem 1 in domain D,. After de-
termining the functions 7,(x) and 7,(y) the solution of
problem 1 in the domain D, is determined as the solu-
tion of problem 2. In section 2, it is shown that after
reducing the order, equation (1) with the solution of the
Goursat’s problem gives equation (21). Consequently,
the solution to problem 2 is equivalent to the solution to
the Dirichlet problem for equation (21) with boundary
conditions (4) and u(x, 0) =7, (x), u(0,y) =7,(¥), (0sx<],
0<y<h).If equation (21) be rewritten as:

o’u Ou
+—5=z,(x,y) = p(x, y)u,

i 51
o’ oy’ GU

then, using Green’s function, Dirichlet’s problem can be
equivalently reduced to an integral equation

u(x,y) = [ d€ [oG(x,y; & m) p(& m) u(€ e +Q(x,y), (52)

where
4Rt oo Do 1 .
GO0y Em) = Z T B i in ()
- sin g}mya sin (E E) - sin (mn) — Green'’s function
of the Dirichlet 2prot)lem in the domain D, [13] for the

2
equation 3% + g_ylzl =0

Q) = [ Gy (6, y: €, 07, () d€ —
— [, Gy G, 3 &, 1 (§) dE + [ G (x,y; 0,m)7, () d —
- foh Ge(x,y;L,m) X @ (n)dn — fol dé =
% [ G (x, y; €20 (6,m) d.

Let, pEMG(x,y;E,m)|<1.

[-h- max (53)
0<x,&<l,
0<y,n<h

Then equation (52) has a unique solution, which

can be represented as:

ux,y) = fy d€ [ Lo y; € m) Q(E,mydn + Q(x, y),

where L(x,y; & 1) - the resolvent of the kernel equation (52).

The following theorem holds: if conditions (10),
(30), (42), (46), (50) and (53) are satisfied, then the
solution to problem 1 exists and is unique.
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Thus, the existence and uniqueness of the solution
to problem 1, a fourth-order equation with two lines of
change of type within the considered domain, has been
proven. The following works are devoted to a system-
atic study of various formulations of boundary value
problems for third-, fourth- and higher-order equations
in domains with certain geometric configurations.

In the work of A.G. Khodjaniyazov [14], the bound-
ary value problem for a fourth-order equation with a
spectral parameter, the elliptic part of which is of the
fourth order; is investigated. The author managed to find
conditions for the spectral parameter that guarantee
both the existence and uniqueness of the solution to the
problem under consideration. Y.P. Apakov & S.M. Mama-
jonov [15] considered the boundary value problem for
a fourth-order parabolic-hyperbolic equation in a pen-
tagonal domain with two characteristic lines of change
of type. The existence and uniqueness of the solution
are proved. It is noted that the sought function satisfies
anumber of boundary conditions and gluing conditions.

In the study by A.A. Klyachin & 1.Yu. Verevkin [16],
one approach to constructing continuously differentia-
ble piecewise quadratic functions on a triangular mesh
is presented, based on smoothing a piecewise linear
function in the vicinity of the edges and nodes of the
triangulation. The developed method does not require
solving systems of linear algebraic equations as in the
construction of splines. This circumstance allows this
class of functions to be applied for the approximate solu-
tion of boundary value problems of 4" order equations.

The author V.V. Karachik [17] presented a rep-
resentation of the solution to the Dirichlet problem for
a homogeneous polyharmonic equation in a unit ball
through the solutions to the Dirichlet problems for the
Laplace equation. It should be noted that for a compos-
ite equation of high order, the elliptic part may be a pol-
yharmonic equation.

In their work, scientists A.K. Urinov & M.S. Azi-
zov [18] formulated and investigated an initial-bound-
ary value problem for a high-order even equation that
degenerates at the boundary of the domain. Using the
Green’s function method and Fourier series theory,
they proved the existence, uniqueness, and stabili-
ty of the solution to the problem under investigation.

The article by A.K. Urinov & D.A. Usmonov [19] is
devoted to the study of a non-local initial-boundary
value problem for a single fourth-order mixed-type
equation in a rectangular domain. The method of sepa-
ration of variables was applied, and a spectral problem
for an ordinary differential equation was obtained. The
Green’s function of the latter problem is constructed,
which reduces it to a Fredholm integral equation of
the second kind with a symmetric kernel, from which
the existence of eigenvalues and a system of eigenfunc-
tions of the spectral problem follows. An estimate for
the solution of the problem is obtained, from which its
continuous dependence on the given functions follows.

Zh.A. Balkizov [20] investigated three local bound-
ary value problems for a third-order hyperbolic model
equation, the solutions of which are written in explicit
form. Using methods of mixed-type equation theory,
the existence and uniqueness of the corresponding
problems are proved. The formulas found for repre-
senting the solutions to the problems can be applied
when solving various problems similar to those stud-
ied in the work.

The author K.S. Goziev [21] focused on proving the
existence and uniqueness of the solution to the bound-
ary value problem for a fourth-order mixed-type equa-
tion considered in a limited domain of the plane. To es-
tablish the uniqueness of the solution, the method of
energy integrals was applied - a classical approach that
allows one to evaluate the behaviour of solutions and
eliminate ambiguity. The proof of the existence of the
solution was reduced to an equivalent formulation in
the form of a Fredholm integral equation of the second
kind. This transition allows the use of powerful tools
from functional analysis and integral equation theory
to study the problem at hand. The results obtained ex-
pand the understanding of boundary value problems
for high-order equations with composite structure and
open up prospects for their practical application in var-
ious areas of mathematical physics.

A.B. Bekiev & E.E. Eshmuratov [22] conducted a
study of the initial-boundary value problem for a de-
generate fourth-order equation considered in a rec-
tangular domain. The work focused on constructing
a solution in the form of a Bessel function expansion,
which allowed the solution to be presented in analyti-
cal form. The authors analysed in detail the dependence
of the convergence of the obtained series on the ini-
tial functions, identifying the conditions under which
the solution is guaranteed to converge to the desired
function. In addition, the uniqueness of the solution is
proven based on its representation as a series, as well
as thanks to the completeness properties of the system
of well-defined functions used in the methodology. This
work expands the class of equations for which analyti-
cal solutions can be found and confirms the applicabili-
ty of functional analysis methods and special functions
to complex problems in mathematical physics.

In the work of 0.Kh. Abdullaev & A.A. Matchano-
va [23], boundary value problems for a mixed third-or-
der parabolic-hyperbolic differential equation with a
fractional Gerasimov-Caputo operator were studied.
The necessary classes of given functions ensuring the
unique solvability of the posed boundary value problems
were determined. The existence and uniqueness of the
solution to the boundary value problem were proved.

N. Mironov [24] presented the formulation of Dar-
boux’s problem and the definition of the Riemann-Had-
amard function for a third-order equation with a domi-
nating partial derivative (Bianchi’s equation). Based on
the possibility of representing the Riemann function in
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an explicit form for a class of equations equivalent to
the third-order Bianchi equation, sufficient conditions
for the coefficients of the Bianchi equation were pro-
posed. These conditions ensure the construction of
the Riemann-Hadamard function in terms of hyperge-
ometric functions.

Conclusions

The article proves the existence and uniqueness of
problem 1 for fourth-order composite and hyperbolic
equations in a domain with two lines of type change.
Using methods from the theory of mixed-composite
equations, the main problem 1 is reduced to three
independent auxiliary problems. At the same time,
according to the formulation of problem 1, as a con-
sequence, on the line of change of equation types, con-
jugation conditions arise in which the values of the
sought function and its derivatives are specified. Using
the method of order reduction, Green’s and Riemann
functions, as well as integral equations, the auxiliary
problems in the corresponding subdomains of the
considered domain are solved.

Particular attention was paid to the solution of prob-
lem 1 to the equations obtained on the line of change of
equation types. These equations are expressed in the

The results of the work can be generalised to the
case of similar high-order equations with correspond-
ing boundary conditions and the condition of gluing on
the line of change of equation types, as well as in areas
with curved boundaries. The course of the research and
the results obtained can be used to develop the theo-
ry of boundary value problems for non-classical equa-
tions of mathematical physics, including mixed and
mixed-composite equations, as well as when the line of
change of types is not a characteristic.

In the future, itis necessary to study the problem with
anormal derivative in that part of the domain where the
equation is of the corresponding type. This problem can
be equivalently reduced to a singular integral equation
and a formula for calculating the problem index can be
derived. In addition, when solving the aforementioned
problems, sufficient conditions for unique solvability can
be derived in explicit form, i.e., conditions ensuring the
correctness of the problem under study.
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TeHJeMe YYYH 3KH TYP 63repyYy ChI3bII'bl MEHEH CONPSKEeHHE Maceiecu
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AH”HOTaNMA. YKoropky gapaxazarsl apaJall »aHa apajall-KypaMAyy TUIITEr TeHAeMesep YUyH YeK UapTTyy
MaceJsiesiep KbUIYYAYKTYH, TOJKYHJAp/JblH Tapasbllibl ’KaHa a3 WJIEIIKeK 4YeHpesiepAyH KbIMMbLIbI MEHEH
GallJlaHBILIKAH KyOy/aylITapAbl MaTeMaTHKaJblK MOJI€/N/I66HYH MaaHWJYYy acleKTHUCHUH Ty3eT. M3uijieeHyH
AKTYaJIAYYJIyTy TeHJeMEeHUH TYPY 63repreH ChI3bIKTApP KaHa TaTaasl YeK WapTTap 60JrOH MapTTap/a MbIH/AH
MaceJiesiepay TaK aHaJU3J66HYH 3apbl/IYblJIBITBI MEHEH HEeru3aeseT. WimTuH MakcaThbl - TEeHAEeMEeHUWH TY3YJayly
ap TYpZAYY 60JITOH Y4 o/106/1acKa 66JIYHI'OH 06/1aCTTa TOPTYHYY Japaxkajarbl KypaMayy KaHa TUIep6oJIMKaTbIK
TUITETH TEHJEeMe YUYH YeK LApPTTyy MaceseHHU GOPMYJIMPOBKAJIOO KaHa ap TapanTyy usuazee 6osny. Macesne
THellesyy nogobacTapAars! yu KollyMua IojMacesiere KeJTUPU/IUIIL, 6yJ1 yuypJa TeHJEeMEeHUH TYPY ©3repreH
CBI3BIKTAp/a 3KWHYU Jlapakara 4YeHHMHKU TYYHAY/Ap apKbLIyy Gepu/reH U3zeere THUHHUII GOJITOH QyHKIUSA
Y4YH CONpshKeHHe MapTTapbl KUPrusuagu. Usuinjieesie yek mapTTyy Macesesep TeOPUACBIHBIH KJIaCCUKaJbIK
bIKMaJiapbl, TEHAEMEHHH JapaXaCblH TOMOH/JAOTYY bIKMACHI, OLHOHAOﬁ 3Jie apaJsialll-KypamMayy THITErnu
TeHJleMeJsIep TeOPHUsIChIHBIH bIKMasapbl KOJIZOHY/ITaH. Ap 6Up KollyMya MaceJse CTaHJApPTThIK ¢popmasapra —
Jupuxie, 'ypca »aHa Jlap6y MacesiejieprHe KeJTHPUITeH. Typy ©3repreH ChI3bIKTap/a 3KWHYM Japakajarbl
nuddepeHnan bk TeHAeMeJsep aJblHIaH aHa ajap y4yH Tak Kypy/araH ['puH ¢yHKUMsAIApb! apKbLIYy YeK
IapTTyy MaceJsiejiep YeuyusareH. [unepbosimkaabik noamacesenep Bosbreppa xaHa @peArosbM HHTerpaJblk
TeH/leMeJIePUHUH 3KMHYY TYPYH6 pelyKIHAIaHbII, alap/blH 63re4e YeYrJIyy LIapThl KaTaphl si/[po10pAy 6aanoo
HerusuH/e KeTULITYY WapTTap ajablHraH. HaTelikasa ap 6Up mo06/1acT YYYH YeYUM/IUH TaK aHaJUTHKaJIbIK
dopMystanapsl anbIHABL AJIBIHIAH XKbIUBIHTBIKTAP FeTepOreHJUK Yol peiep/ery NpoueccTepim TaaL00/10 XKaHa
MaTeMaTHKaJbIK GU3MKa MaceJieJlepUH/ie CaH/IbIK MOJeJiepAr Kypyy/Aa KoJJOHYIYLY MYMKYH

Herusru ce3aep: yek wapttyy Macesesep; upuxie macesnecy; [Jap6y Tunreru Macese; ['puH QyHKIHUACHI;
comnpsiKeHHWe MapTTaphl; Yek mapTrap; BosbTeppa xxaHa @peArosibM TeH/leMelepu
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AHHOTanusA. KpaeBble 3aJayd /sl ypaBHEHUH CMELIAaHHOTO M CMELIAaHHO-COCTABHOT'O THIIOB BbICOKOIO
MopsJiKa UTPaloT BaXHYIO0 POJIb B MaTeMaTU4YeCKOM MOJleJIMPOBaHUH ABJIEHUH, CBA3aHHBIX C paclpoCTpaHeHHeM
TeIlJa, BOJIH U JIBU>KeHHeM CJab0BA3KUX cpeJi. AKTya/llbHOCTb UCC/Ie[,0BaHUs 00yCJI0BJIeHa He0O6X0AHUMOCTbIO
CTPOTOr0 aHaJ/M3a TAaKUX 33/lay, OCOGEHHO B YCJIOBHUAX HaJW4YMs JIMHUNA CMEHbl THUNA YPAaBHEHMS U CJIOKHBIX
rpaHUYHBIX yca0BUH. llesiblo paboThl 66110 GOpMyIHpPOBaHKE U BCECTOPOHHEE HCC/Ie/JOBaHHE KPaeBOU 3a/iauu
JUIsl ypaBHEHUs] 4eTBEPTOro MOpsJKa COCTABHOTO W TUNepboJIMYecKOro TUIOB B 06JIACTH, pas/ieIéEHHON Ha
TPHU MOJA006JAaCTH C Pa3JUYHON CTPYKTYpPOH ypaBHeHHH. 3asiaya Oblja MpUBesieHa K TPEM BCIIOMOTaTeJbHBIM
0/133/1a4aM B COOTBETCTBYIOIUX M0061ACTSX, IPU 3TOM Ha JIMHUAX U3MEeHEHUs THIA ypaBHEHUU BBOJUJINCh
yCJOBUS COMNpPSDKEHUS, BbIpaKeHHble Yepe3 HCKOMYH QYHKLIHUI0O U €€ NMPOU3BOJAHBIE [0 BTOPOTO MOpsjKa.
HWcrosib30BanuCh KjaacCMYeCcKue MeTOJAbl TEOPUU KpaeBbIX 3a/ay, NPUEM IMOHMKEHHUS NOopAJKa YpaBHEHMH,
a TaKXXe MeTO/ibl TEOPUH YpaBHEHMH CMellaHHO-COCTaBHOro Tuma. Kaxkzgas BcroMmoraTesibHas 3ajada Oblia
CBeJleHa K CTaHZapTHBIM NOCTaHOBKaM — 3aZa4aM /Jlupuxie, ['ypca u [lap6y. Ha 1MHUAX CMEHBI TUIA T0Jy4Y€eHbI
JuddepeHnasbHble ypaBHEHUS BTOPOIo MOPSA/IKA, [JIs KOTOPBIX pelleHbl KpaeBble 3a/ja4M C UCI0JIb30BaHUEM
SIBHO TIOCTpOeHHbIX ¢yHKIuNA [puna. umep6Gosnyeckre mnoj3ajayd peAyLHUPOBAHbl K HHTErpajbHbIM
ypaBHeHUAM BosbTeppa u @pesrosbMa BTOPOTo poJia, U MOJyYeHBI JOCTATOUYHbIE YCI0BUS UX OJJHO3HAYHOH
paspeluMOoCTH Yyepes3 OLeHKH fA/iep. B pe3ysbraTe nosydeHsl ABHble aHAJIUTUYECKHE BbIPaXKEHUS pellleHUN B
KaXkZ,0¥ 1moo6.1acTy. Pe3ysbTaThl MOTYT O6bITh NPMMEHEHBI /IJIs1 aHA/IM3a IPOLeCCOB B HEOJAHOPOHBIX CpeiaxX U
[IPY TOCTPOEHUH YHCJIEHHBIX MO/lesIel B 3a/la4ax MaTeMaTU4ecKor pU3nKu

KiioueBblie ¢/10Ba: kpaeBble 33/ja4y; 3aa4a JupuxJe; 3aa4a Tumna Jlapoy; ¢yHknus ['puHa; ycioBus
COIJIacOBaHUsl; KpaeBble yCJI0BUs; ypaBHeHUs BosbTeppa u @pearosbma
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