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Abstract. The existence and uniqueness of the solution to the boundary value problem for a third-order mixed-
type equation with variable coefficients in the lower terms is proven, with conditions for the gluing of the function
itself and its first- and second-order derivatives on the line y = 0, where the type of equation changes when a
second-order mixed parabolic-hyperbolic operator is applied to a first-order linear differential operator with
constant coefficients. By reducing the order of the equation, the problem was reduced to the Tricomi problem for a
second-order mixed parabolic-hyperbolic equation with continuous conditions for the function itself and its first-
order derivative with respect to y on the line of change of the equation type. By the method of elimination of the
system of equations obtained from the parabolic and hyperbolic parts of the domains, the solvability of the problem
was reduced to the solvability of the Fredholm integral equation of the second kind. A sufficient condition for the
solvability of the integral equation was obtained through estimates of the kernel of the equation. The solution of
the problem was split into two problems in the regions under consideration: in the parabolic part of the region, the
first boundary value problem for the heat conduction equation was solved using the Green's function method, and
in the hyperbolic part of the region, bounded by the characteristics of the equation and the line y =0, the solution
of the problem using the Riemann function construction method was determined as the solution of the Cauchy
problem. By applying a curvilinear integral, the solution to the problem in the areas under consideration was
found. The necessity of the requirement of continuity of the function itself and its first two derivatives with respect
to y on the line of change of the equation type was justified. Sufficient conditions for the unique classical solvability
of the boundary value problem were established. The obtained conditions for the solvability of the boundary value
problem provided a theoretical basis for the development of numerical methods for solving applied problems in
aerohydrodynamics, geophysics, and engineering thermodynamics
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Introduction
Mathematical modeling of a number of applied prob- equations, since in practice, the measurement of cer-
lems in fluid mechanics, physics, and mathematical tain characteristics of the desired function and its de-
biology has led to the formulation and investigation of  rivatives is possible only in averaged or integral form.
the solvability of boundary value problems with nonlo- The formulation of well-posed boundary value
cal and integral conditions for third-order mixed-type problems for partial differential equations and their
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investigation are urgent tasks of the modern theory of
partial differential equations. Despite the wide appli-
cation of mixed-type equations in problems of gas dy-
namics, hydrodynamics, and other applied disciplines,
boundary value problems for third-order mixed-type
equations with two independent variables remain
insufficiently studied, which necessitates further re-
search in this direction.

K. Belakroum [1] studied a nonlocal boundary value
problem for third-order partial differential equations in
Hilbert space with a self-adjoint positively defined op-
erator, in which stability estimates for the solution of
two nonlocal problems for third-order partial differen-
tial equations were obtained.

In the works of R.R. Ashurov & Yu.E. Fayziev [2], the
uniqueness and existence of the solution of the inverse
problem of determining the order of the fractional de-
rivative with respect to time in an inhomogeneous sub-
diffusion equation with an arbitrary elliptic differential
operator with constant coefficients in an n-dimensional
torus was proved. Using the classical Fourier method,
it was proved that the value of the solution at a fixed
moment in time, based on observational data, uniquely
reconstructs the order of the fractional derivative.

Zh.A. Balkizov [3] investigated a boundary value
problem with shift for a third-order inhomogeneous
parabolic-hyperbolic equation with a wave operator
in the hyperbolic region, when a linear combination of
the values of the desired function on two independent
characteristics and on the line of type change is given
as a boundary condition. Necessary and sufficient con-
ditions for the existence and uniqueness of a regular
solution to the problem were found.

N.K. Ochilova & T.K. Yuldashev [4] investigated the
existence and uniqueness of the solution of a nonlocal
boundary value problem for a degenerate differential
equation of mixed type. A parabolic-hyperbolic equa-
tion with a Gerasimov-Caputo fractional derivative was
considered. The uniqueness of the solution was proved
by the method of energy integrals using some prop-
erties of hypergeometric functions and integro-differ-
ential operators of fractional order. The existence of a
solution is proved by the method of integral equations.

The solvability in anisotropic Sobolev spaces of non-
local boundary value problems for third-order pseu-
doparabolic equations was studied by A.l. Kozhanov
& G.I. Tarasova [5]. A feature of the problems studied
is that they impose a condition on the spatial variable
that combines the generalised Samarskii-lonkin con-
dition and an integral type condition. The purpose of
the work was to prove the existence and uniqueness of
regular solutions to the problems studied - solutions
having all generalised Sobolev derivatives included in
the corresponding equation.

In the work of D.K. Durdieva & Sh.B. Merajova [6], an
inverse problem related to finding an unknown right-
hand side was studied for a mixed parabolic-hyperbolic

equation with a Bessel operator. Based on the meth-
od of separation of variables, the problem is reduced
to solving ordinary differential equations with respect
to the coefficients of the expansion into Bessel-Fourier
series of unknown functions in terms of orthonormal
Bessel functions of the first kind of zero order. A criteri-
on for the uniqueness and existence of a solution to the
posed problem was established.

In the work of S.N. Sidorov [7], an initial-boundary
value problem was investigated for an inhomogeneous
mixed parabolic-hyperbolic equation of three variables
with a degenerating parabolic part in a rectangular
parallelepiped. A criterion for the uniqueness of the
solution was established. The solution was construct-
ed as a sum of an orthogonal series. The stability of the
solution with respect to the boundary function and the
right-hand side of the equation was established.

In the work of R.Kh. Makaova [8], a theorem on
the existence and uniqueness of a regular solution to a
mixed boundary value problem for a third-order hyper-
bolic equation with order degeneration inside the do-
main was proved. In the positive part of the domain, the
considered equation coincided with the Aller equation,
which is a third-order hyperbolic equation. And in the
negative part of the domain, it coincided with a degen-
erate hyperbolic equation of the first kind. The unique-
ness of the solution of the studied problem was proved
by the Tricomi method.

In the work of D.K. Durdiev [9], direct and inverse
problems for a model mixed parabolic-hyperbolic equa-
tion were considered. In the direct problem, an analog of
the Tricomi problem for this equation with a characteris-
tic line of type change was considered. The unknown in
the inverse problem is the variable coefficient at the lower
term of the parabolic equation. For its determination with
respect to the solution defined in the parabolic part of the
domain, an integral overdetermination condition is giv-
en. Local theorems on the unique solvability of the posed
problems in the sense of a classical solution are proved.

The purpose of this work was to formulate and
investigate new well-posed boundary value problems
for third-order equations, when a mixed parabolic-hy-
perbolic operator is applied to a first-order differential
operator of a certain form. The questions of where and
what mandatory boundary conditions should be set for
a well-posed problem, the number of gluing conditions
on the line of change of the equation type, and what
methods should be used to solve the problem were un-
known beforehand, so they were determined during
the study of the problem.

Materials and Methods
Let ™™ means the class of functions having all con-
tinuous derivatives 0™*/dx"dy*(r=0,1,.., n; s=0,1,..., m).
In this work, a boundary value problem is considered
where a mixed parabolic-hyperbolic operator is applied
to a linear first-order differential operator.

i
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Problem Statement. In the domain D, limit-
ed by line segments AC: x+y =0, CB: x-y=1, BB x=1,
B,A,:y=h, B/A: x=0(,h>0), the equation is considered:

L,L,u=0, 1
22
ﬁ——+cl(x ¥),y >0,
L= 92
ﬁ——+az(x Y)as +b 2(6,¥) 5 +cz(x ¥),y <0,
ou | du
L, = ox ' oy’

where a,(x, y), b,(x,y), ¢,(x,¥), c,(x, y) - given functions
satisfying the following smoothness conditions:

¢,(x,y)€C(D)), V(x,¥)ED: ¢,(x,y) <0,

a,(%,Y), 4,(%,5), a,,(%, ),
b,(x,), by (x,¥), b, (x,9),c,(x, Y) EC(D,).  (2)

LetD,=Dn(y>0), D,=DnN(y<0). The characteris-
tic equation for equation (1) in the domain D, has the
form -(dy)? + (dy)*dx=0. Consequently, the line y = const
is a 2-fold characteristic, x-y = const a single character-
istic of equation (1) in the domain D,. The characteris-
tic equation for equation (1) in the domain D, has the
form -(dy)? + (dy)*dx + dy(dx)? - (dx)* = 0, which can be
written as (dx + dy)(dx - dy)? = 0. Consequently, the line
x-y=const is a 2-fold characteristic, and x+y = const a
single characteristic of equation (1) in the domain D,.
Thus, equation (1) in the domain D, belongs to the hy-
perbolic type, and in the domain D, - also hyperbolic
type. This fact means that equation (1) is a mixed-type
equation in the domain D, since when crossing the lines
y =0 the characteristics of equation (1) differ, which
affects the well-posedness of the problem. This pa-
per considers the formulation and investigation of the
well-posedness of the following problem.

Problem 1. It is required to determine the function
u(x, y) with the following properties:

1) u(x,y) € C(D)NC* (D) N[C** (D)W C*(D,)];
2) u(x, y) is a solution of equation (1) in the domain

D\ (y=0);

3) u(x, y) satisfies the following boundary conditions:

u(0,y)=¢,0), ullLy)=¢,(»), 0sy<h, (3)
u(0,)=¢,0), u(Ly)=¢,(v), 0sy<h, (4)
- =0k < - (5)

where ¢,(y)(i=1,4), ¥(x) - given smooth functions, n -
inner normal, and:

@;(y) € C?[0,h](i = 1,2),9;(y) € C'[0,h]
G =34),9@ ec*|ol] (6)

—G>

@5(0)-9}(0) =-V21(0). (7)

From the statement of Problem 1, the following glu-
ing conditions follow:

u(x,—0) = u(x, +0) = 7(x),u, (x,—0) =
= uy(x, +0)=v(x)0<x <1,

Uyy (X, —0) = Uy, (x, +0) = pu(x),0<x <1, (8)

where 7(x), v(x), u(x) - currently unknown functions.

By the method of reducing the order of equations,
Problem 1 is reduced to an analogue of the Tricomi
problem for a mixed parabolic-hyperbolic equation
with continuous gluing conditions with the line of
change of type y=0 in the following way. The solution
to Problem 1 was considered separately in each of the
domains. D, and D,. Equation (1) in the domain D, is
written as a system of equations:

7] 7]
oy =@y, (xy) €D,

9%v, aul

oz oy T c1(x,y)v; =0,(x,y) €Dy, 9)

and in the domain D, - in the form of:

9 a
Byl _u =v,(x,y),(x,y) € Dy,
2
vaz‘z a 2+ a,(x, Y) Y T (e avz

+C2(x:3’)vz - 0' (x,y) € D2' (10)
From the gluing condition (8) on the line y =0 the equal-
ities follow: v,(x, + 0) = T'(x) - v(x), v,(x,-0) = T'(x) - v(x).
Therefore, according to the first two conditions (8),
the equality holds: v,(x, -0) = v,(x, +0). By differen-
tiating the first equation of system (9) with respect
to y the equality is obtained: af’_a” Py _ = o),
Then at y =0 taking into account the glumg condltlon
(8) the equality follows: & ”(";0) "2”(“0) ‘9”1(“0)
which can be written as: ""+’;+°) v (x) — #(x) Slmllarly,
from the first equation of system (10), the equality is
obtained: M =v'(x) - u(x). Consequently, according
to the second and third conditions of (8), the equali-
ty holds: 21822 — 22220 Thys, for functions v,(x, )
and v,(x, y) the following gluing conditions hold
on the line y=0:

avl(x +0) dvy(x,—0)

oy

v, (x,40) =, (x,—-0) = v,(x), = u; (x),(11)
where v,(x) and u,(x) - currently unknown functions.
The functions v,(x) and u,(x) are related to the func-
tions t(x), v(x) and u(x) as follows:

v () = 7' () = v(x), () =v () —px) . (12)
Thus, the equations
Mt Gy =0,(y) €Dy, (13)

dx?
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0%v
% —2 + ay(x, y) +bz(x y)

+Cz(x:3’)vz - 0' (x'y) € DZ,

62v2
0x?
(14)

are related by the conjugation conditions (11). There-
fore, to determine the functions v,(x, y) and v,(x, y) the
following auxiliary problem was considered.

Problem 2. It is required to determine the function
v,(x,y) € C(El) n 0(51) NC*(Dy) and v,(x, y) € C(Ez) n
N C'(D,) N C*(D,), satisfying the following conditions:

1) v,(x, y) is a solution of equation (13) in the do-
main. D,, v,(x, ) is a solution of equation (14) in the
domain D,;

2) v,(x,y) satisfies the boundary conditions:

v,(0,0)=a ), v,(Ly)=¢,(v), 0<sy<l,  (15)
3) v,(x y) satisfies the boundary condition
v,(x x)=j(x), 0 sx<, (16)

4) v,(x,y) and uv,(x, y) satisfy the gluing conditions
(11), where ¢,(0) = 9,0) - 97), ,00) = 0, 07) - P30),
P(x) = V29 (x).

To solve Problem 2, it is first necessary to find the
functions v,(x) and p,(x). To determine these functions,
relationships obtained from both domains are required
D,, as well as from the domain D,. To obtain a relation-
ship from the domain D, between v,(x) and y,(x) a lim-
iting transition from the equation is used (13) aty—+0,
and to obtain the second relationship between v, (x) and
U,(x). The general representation of the solution to the
Cauchy problem for equation (14), presented through
Riemann functions, is used [10].

Results and Discussion
First, Problem 2 was considered. To solve Problem 2, it
is necessary to obtain relationships derived from both
regions D,, and also from the domain D,.

Obtaining a relationship from the domain D,.
When tending towards y to +0 from equation (13), a
relationship between the functions follows. v,(x) and
U,(x), from equation (13), a relationship between the
functions follows. D,:

Vi) +c,(x, 0)v,(x) -1, (x)=0,0<x<1. a7
From the boundary conditions (15), the following con-
ditions are obtained:

v,(0)=¢,(0), v,(D) = ,(0). (18)
If introduce the notation:
v,(x)=®,(0) +,£ [©,(0)- @, (0)] +v,(x), (19)

where v,(x) - a new unknown function, then from (17)
the relation is obtained:

vy (X)) +c,(x, 0) v,(x) =, (x) + D,(x), 0<x<l,  (20)
where ®,(x) = -¢,(x, 0){¢,(0) + Ii [¢,(0) - ¢,(0)]}.

The boundary conditions are then of the form:
v,(0)=0,v,()) =0. (21

The following lemma holds.

Lemma 1. If the conditions are met: Vx € [0, []:
¢,(x, 0)=0, (22) then the homogeneous problem (20)-
(21) has only a trivial solution.

Proof. After multiplying the homogeneous equa-
tion v;(x) +¢,(x, 0) v,(x) =0 at v,(x) and of integrating
the obtained relation from 0 to I taking into account the
homogeneous conditions (21) the equality holds:

1 n
J.?Vz () [v2 (x) +c,(x, 0) v,(x)]dx =
= Jo{- V(12 + ¢, (x, 0) [v,(x)]2}dx = 0.
Itisobviousthatifthe conditionismet(22),thenVx€[O0,/]:
v,(x) =0. Lemma 1 is proved. Solution of the inhomo-

geneous equation (20), satisfying the homogeneous
boundary conditions (21), has the form:

V,(x) = D, (x) + [oG(x, &) 11,()dE, 0<x<],

where ®,(x) = [,G(x, &) ®,(x)dx, G(x, &) - Green'’s func-
tion. Then equality (19) will be written as:

(22)

v,(0) = D(x) + [,G(x, &) 1, (), 0x<, (23)
where @(x) = ,(0) +3 [,(0) - ,(0)] + @,(x). Equality
(23) represents the relationship between functions
v,(x) and u,(x) obtained from the domain D,.

Obtaining a relationship from the domain D,.
For the hyperbolic equation (14) in the domain D,. The
Cauchy problem with conditions is considered:

U,(x, 0)=v,(x), v,,(x, 0) =, (x), 0<x<], (24)

the solution of which is presented in the form:

1
U, (%, y) =5 [R(x,y; x+y, 0) vi(x +y) + R(x, y; X -, 0) x

X

xv,(x-Y)|+5 LJR,,(X 3§ 0)+by(£ 0) R(x,y; & 0)]v, ()
xdg-3 [ R06 3 € 0) uy(§)d, (25)

where R(x, y; & n) - Riemann function [11]. This func-
tion is defined as the solution to the Goursat problem
for the equation:

Ry-R,, - (a;R);- (bR, + c,R=0, (26)

satisfying the conditions:

L R(x,y;§,x+y—¢§) =
= exp {_Eff [ay(t,x +y—1t) + by(t,x +y — t)] dt},(27)

&
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R(x,y;§,{—x+y)=
—exp{ fs [a,(t,t —x +y) — by(t, t—x+y)]dt}(28)
R(x,y; x,y)=1. (29)

After using condition (16), equality (28) is written as:

R(x, —x; 2x, 0)v, (2x) = 2 (x) — R(x, —x; 0,0)v; (0) —
i} Ozx[Rn (x, —x;&,0) + by(&, 0)R(x, —x; &, 0)| v, (§)dé +
x 1
+I, RO E O (g0 x <5 (30)
Obviously, that Vx € [0,—1]: 0<2x<I Taking into account

that v,(0) = $(0), then from (30), upon substitution
2x=z and then z at x the relation is obtained:

R (g,—g;x,O) v (x) =
= —Jy [Ry (5.-%:6,0) + b, (&, OR (£,-%;£,0) |
xvy () + [T R (2, -2;6,0) iy (§)dg +
+2¢ (f) _R(E:_E;f,O)Iﬁ(O). (31)

Lemma 2. Vx € [0, [] the inequality holds:

(-

Proof. Let & = x - y. Then equality (28% will
take the form R(x,y;x -3y, 0)—exp{1fx_y aZ(t(i;f:iy) t}
If y =-x, then this equality will bé ‘writtén as
R(x,—x;2x,0) = exp {2 fxzx[a2 (t,t — 2x) — —b,(t,t — 2x)] dt} .When
replacing 2x to z, then z to x, the following relati-
on holds r (E - x, 0) = expg [elay(t,t —x) — by(t, t — x)] dty .
From this equallty, the va 1d1ty of inequality (32) fol-
lows. Lemma 2 is proved.

If take into account inequality (32) from Lemma 2,
then it follows from (31) that the relation between
functions v,(x) and u,(x), obtained from the domain D,,
is presented as:

v () = [ P (x, &) vy (O)dE +
+ [ Py (%, &) 1y (O)dE + 1y (),

;%,0) > 0. (32)

(33)

[~n(G-5:£0)+b2 . OR(G-5£0)]

where P, (x,&) =— R(f,—f;x,o)
P(wy) =R(3.-%:£0) _ [#B)-rGS00)p]
Ggee) M7 G

After inverting the Volterra part of equation (33),
the relation is obtained:

v, (x) = 1K, (%, &) p, (OdE+ ¥, (),

where K, (x, ) =P,(x, §)+LG(X t) P,(t &)dt, ¥, (x) =y, (x) +
+[1G(x, ) ¥, (O)dt, G(x, &) - resolvent of the kernel P, (x, &).
Equality (34) represents the relationship between the
functions v,(x) and p,(x), obtained from the domain D,.

-

(34)

Reduction of the problem to an integral equation.
After eliminating v,(x) From equations (23) and (34),
the following relationship is obtained:

Iy Ky (6, ©) i (9)dE = [ 6(x, )y (§)dE + W, (x) (35)

where ¥,(x) = @(x) - ¥,(x). After differentiating equa-
tion (35), the following equation is obtained:
Ky G )y () + [ K0, €) pu (§)d€ =
1 .
= Jy G (6, py (§)dE + W5 (x).
This is Vx € [0, []: K,(x, x) = P,(x, x) =1, then equation
(36) is written as:
() = [T (0, )] (§)dl§ +
I .
+Jy G (6, O (§)dS + ¥ (x).

(36)

(37)

After inverting the Volterra part of equation (37), a
Fredholm integral equation of the second kind is ob-
tained:

u,(X) = W) + [iK(x, &) u,(§)dE,

where K(x, &) = G,(x, &) + [,R,(x, t) G (t, &dt, ¥(x) =
= Yi(x) + [iR,(x, £) Wi(t)dt, and R,(x, t) - resolvent of
the kernel -K, (x, ). Let ||K||C(Q]— max |K(x, &)|, where
Q={(x,€):0=sx<,0<sé<} I

(38)

1Kl gy <1 (39)
then the integral equation (38) has a unique solu-
tion [12]. The solution of equation (38) can be repre-
sented as:
/

#,(x) = P(x) + [ (R(x, §) P(8)d8, (40)
where R(x, £) - resolvent of the kernel K(x, £). Then from
(23) is also determined v, (x):

v, (¥) = D00 + [ G, OW(E)dE +

I 1

+ [y G(x,§1)dé ) R(, )W (§)dS. (41)
Then the function v,(x, y), presented by formula
(25), is fully determined, since the functions v,(x)
and u,(x) are determined by formulas (40) and (41),
respectively.

Solution of the problem in the domain D,. In the
domain D,. The following problem is considered.

Problem 3. Find in the domain D, the solution of
equation (13), satisfying the conditions:

v,(0,Y)=@ (), v,(Ly) =3, 00),
O<sys<Luv,(x 0)=v,(x),0=x<],

where v,(x) determined by the formula (41), and
v1(0)=,(0), v,(1) = ¢,(0)

Journal of Osh State University. Mathematics. Physics. Technical Sciences. Vol. 4, No. 1
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By the Green’s function method, the solution of
Problem 3 is reduced to solving a Volterra integral
equation of the second kind:

v,(6,0) =0, (0 y) + [y NG y; & ) v,(& n)dé, (42)

where (x, y; & 1) =-¢,(&, n) G(x, y; & n), Glx, 3 & n)=
= o ST exp [~ ] —exp [- X220 — Green'’s func-
tion [13], and v(x, ) = RGEGS 35 0, 1) @(n)dn -
-1,6€0%, ; 1, m) @,(mdn + [,G(x, y; & 0) v,(£)dé - known
function. Since the kernel N(x, y; &, ) has a weak singular-
ity, therefore equation (42) has a unique solution, conse-
quently Problem 3 is uniquely solvable in the domain D,.
Problem 4. Find the solution to the equation in the
domain

a
2+ = 1y, (x,y), (%) €Dy,

(43)
satisfying conditions (3).

For solving Problem 4, a curvilinear integral of the
second kind was used. On the plane éOn the domain
D, is divided into two regions: D, = D,, U D,,, where
D,y ={(§n): 0<&<l, §<n<l}, D1, ={(§n): 0<§<l, 0<n<g}.
In the domain D,, an arbitrary point is chosen M, (x, y)
and a straight line is drawn n = &-x +y through this
point, which is parallel to the bisector 1 = ¢ of the first
coordinate angle. This line intersects the y-axis at point
N,(0, y-x). Further, on the segment N,M, a curvilinear
integral of the second kind is applied to equation (43):

FTue@ & = x + ) +u, (6, € — x +y)]dE =
= [Fv,(&,& — x + y)d.

This is u (&, &-x+y)+u, (& &-x+y) =(% u(§ &-x+y), then
after integrating the left side of the equality, taking into
account the first boundary condition (3), the following
relation holds:
u(x,y) = 9,(y-2) + [;0,(&, £ x+)dE, (xy) €D, .

Similarly, in the domain D ,={(& n): 0<é<[,0<n<¢}
an arbitrary point is considered M,(x, y) and a line
n=&-x+y, parallel to the bisector n=¢, which intersects
the line £=1at the point N, (], [-x+y). Next, a curvilinear
integral of the 2" kind from the equation is calculated
(43) on the segment M,N,:

fxl[ug(f,f —xl+ y)+u,(§&—x +y)] dé =
= [ u(EE—x+y)ds.

Hence, as in the previous case, the solution to Prob-
lem 1, satisfying the second boundary condition (3), is
determined as follows:

u(x,y) = @, (I-x+y) - [[v, (& &-x+y)d§, (x,y) €D,

Thus, the solution to Problem 2 is presented as:

ux,y) =
y—-x) +f0xv1(f,f —x+y)dé, (x,y) € Dy,

921 =X +) = [10,(6,€ = x + y) d§, (x,) € Dy,. (44)

It should be noted that the solution to problem 4 in the
field of D, may have a discontinuity of the first kind on
the line y = x. If compliance with the agreement condi-
tion is required

@,(D=p,(0) + [, (& OAE,

then u(x, y) € C(D,) from (44). The trace of the function
is defined on the segment AB:

(45)

1
T(x) =@, (I-x) - [, (& &-x)dE 0= x<L. (46)
Solving problems in the field of D,. In the domain
D, considering the following problem.
Problem 5. Find in the domain D, equation solution

ou ou

—+—=1,(x,¥),(x,y) €Dy,

ox ay (47)

satisfying the condition u(x, 0)=7(x), 0sx<l

Let M,(x, y). An arbitrary point of the region D,.
Through the point M,(x, y) the direct line is being built
n=¢&-x+y, which is parallel to the line CB: x-y=1. This
line intersects the x-axis at the point N,(x-y, 0). On the
line M,;N,={(x,y): x<&<x-y,n=&-x+y}. The line integral
of the second kind is applied to equation (47):

[P Tu€ &-x+y) +u, (& E-x+y)|dE= [, (& &-x+y)dE. (48)

Copsidering that u/$, §-x+y) +u(§ §-x+y)=

= a—u({, &-x+y), from equality (48), the solution to prob-

lem 5 is determined, representable in the form:
u(x,y) =t(x-y)- [ v,(& £-x+y)dé, (x,y) €D, (49)

Hence, the following theorem holds.

Theorem 1. Let the conditions be met (5), (6), (29),
(32) and (45). Then the solution to Problem 1 exists and
is unique. If condition (45) is not met, then the solution
to Problem 1 in the domain D, suffers discontinuities of
the first kind on the line y =x. Therefore, condition (45)
provides a sufficient condition for the continuity of the
desired solution along the line y=x.

Example 1. Let Vy € [0, h]: $,(/) = ¢,() - 9}(/) =0,
$.00) = 9,07) - 93(v) = 0, $(x) =-V2p(x) = 0. Therefore,
vx€e[0,1]: 9,0)=0}00), 0,0) =0 (), VXE[0,2]: Yy(x) =O.
Then problem 2 has a trivial solution, thatis V(x,y) €D;:
v,(% ) =0,V (x,y) €D,: v,(x,y) =0. From formula (44),
the solution of Problem 1 is determined in the form:

(y—x),0<x<y,0<y<h,
u(x,y)={<p1y y,0=y

(pz(l—x+y),y<xsl,OSySh.(SO)

Itis obvious that if ¢, (0) = @, (), then u(x, y) € C(D,). It fol-

lows from (50) that 7(x) = ¢,(I-x). Solution of Problem 1
in the domain D, is represented by the formula (49):

@
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u(x,y)=t(x-y)=@,(l-x+y), (x,y) €D,

Thus, the existence and uniqueness of the solution
to Problem 1 for a third-order equation have been prov-
en, where a mixed parabolic-hyperbolic second-order
operator is applied to a first-order linear differential
operator. Various formulations of boundary value prob-
lems for a third-order equation with two independent
variables were considered in the work of B.I. Islomov &
0.Kh. Abdullaev [13], where the unique solvability of a
nonlocal problem with an integral gluing condition for
a third-order equation with a parabolic-hyperbolic op-
erator was proven.

This operator includes the Caputo fractional deriva-
tive and a nonlinear term involving the trace of the solu-
tion u(x, 0). Unlike this work, the equation under consid-
eration is a third-order equation in which a first-order
differential operator with coefficients a, b, and c acts on
a second-order parabolic-hyperbolic operator.

AN. Mironov [14] considered the third-order equa-
tion with a dominant partial derivative (Bianchi equa-
tions), providingthe formulation ofthe Darboux problem
and the definition of the Riemann-Hadamard function.
Relying on the possibility of representing the Riemann
function explicitly for one class of third-order Bianchi
equations equivalent by function, sufficient conditions
on the coefficients of the Bianchi equation were pro-
posed to ensure the construction of the Riemann-Ha-
damard function in terms of hypergeometric functions.

In the work by Zh.A. Balkizov et al. [15], a bound-
ary value problem with displacement was studied for
a nonhomogeneous third-order parabolic-hyperbolic
type equation, where one of the boundary conditions is
given as a linear combination of the values of the sought
function on independent characteristics. The work es-
tablished necessary and sufficient conditions for the
existence and uniqueness of a regular solution to the
problem. It was shown that if the necessary conditions
on the given functions found in the work are violated,
the corresponding homogeneous problem has infinite-
ly many linearly independent solutions, and the set of
solutions to the corresponding nonhomogeneous prob-
lem may exist only under additional requirements on
the given functions.

In the work of R.Kh. Makaova [16], a mixed bound-
ary value problem was studied for a nonhomogeneous
third-order hyperbolic-type Aller equation. Using the
method of separation of variables, the theorem on exis-
tence and uniqueness of a regular solution was proven.
A representation of the Green’s function was obtained.
The explicit form of the regular solution to the problem
under study was written out.

AN. Mironov & A.P. Volkov [17] proved the exis-
tence and uniqueness of the solution to a boundary
value problem with conditions on one of the charac-
teristics and on a free line for a system of hyperbolic
equations with multiple characteristics. An analogue of

—GS

the Riemann-Hadamard method was developed for the
stated problem, and the definition of the Riemann-Ha-
damard matrix was given. The solution to the problem
was constructed in terms of the introduced Riemann-
Hadamard matrix.

AK. Urinov & K.S. Khalilov [18] formulated and
studied a nonclassical problem with an integral con-
dition for a third-order parabolic-hyperbolic equation.
The unique solvability of the posed problem was prov-
en using the method of integral equations. Moreover,
the posed problem was equivalently reduced to a prob-
lem for a second-order parabolic-hyperbolic equation
with an unknown right-hand side. In the study of this
latter problem, formulas for solving the Cauchy prob-
lem for a hyperbolic equation with a singular coeffi-
cient and a spectral parameter, as well as solutions of
the first boundary value problem for the parabolic Fou-
rier equation, were used.

In the article by O0.Kh. Abdullaev & TK. Yulda-
shev [19], the existence and uniqueness of solutions to
inverse problems with a nonlinear gluing condition for a
loaded parabolic-hyperbolic type equation were investi-
gated. The problem was reduced to the study of a nonlin-
ear Fredholm integral equation of the second kind. The
theorem on existence and uniqueness of the solution
was proved by the method of successive approximations.

0.M. Dzhokhadze et al. [20] studied a mixed problem
with Dirichlet and Poincaré boundary conditions for a
second-order hyperbolic equation and systems. In the
linear case, an explicit representation of the solution was
given, and questions of uniqueness and solvability of the
posed problem were also investigated depending on the
nature of the nonlinearities present in the system.

The work of A. Matchanova [21] is devoted to the solu-
tion of a local problem for a third-order parabolic-hyper-
bolic equation with a Caputo fractional derivative. The
considered problem includes the third boundary condi-
tion in the parabolic domain and a continuity condition
on the line y=0. The existence of the solution was prov-
en using the theory of Volterra-type integral equations.

A.l. Kozhanov & G.R. Ashurova [22] investigated the
well-posedness of inverse problems of determining,
together with the solution, a degenerate differential
equation with multiple characteristics and an unknown
coefficient defining the external influence (free term).
The nature of degeneracy in the studied equation, as
well as the form of the unknown coefficient, are deter-
mined by the time variable. For the studied problems,
theorems on the existence and uniqueness of regular
solutions having all generalised derivatives according
to S.L. Sobolev entering the equation are proven.

M.G. Beshtokov [23] considered initial-boundary
value problems for a fractional-order moisture transfer
equation with a nonlocal linear source and variable co-
efficients. Assuming the existence of a regular solution
for each of the considered first and third initial-bound-
ary value problems, an a priori estimate in differential
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form was obtained. Estimates in difference form and
convergence of the solution of each difference problem
were obtained. Numerical calculations illustrating the
obtained theoretical results were performed.

Yu.P. Apakov & A.A. Sopuev [24] proved the exis-
tence of a unique solution for nonlocal conjugation
problems in a rectangular domain for a third-order
partial differential equation, when for y> 0 the charac-
teristic equation has three multiple roots, and for y <0 it
has one simple and two multiple roots. Using the Green
function and the method of integral equations, the solu-
tion of the problems is equivalently reduced to the solu-
tion of a boundary value problem for the trace of the
sought function at y =0, and then to the solution of a
Fredholm integral equation of the second kind, the solv-
ability of which is proved by the method of successive
approximations. The solution of the problem for y >0
is constructed by the Green function method, and for
y <0 - by reducing the problem to a two-dimensional
Volterra integral equation of the second kind.

It should be noted that the cited works considered
various formulations of boundary value problems for a
third-order equation with two independent variables. In
the presentwork, one of the variants of the boundary val-
ue problem formulation for a third-order equation was
studied, where a mixed parabolic-hyperbolic second-or-
der operator with a line of type change is involved y=0,
is applied to a first-order linear differential operator.

Conclusions
The unique solvability of the main problem 1 for equa-
tion (1) is proved when the mixed parabolic-hyperbolic
operator is applied on the left to a first-order differential
operator. In solving problem 1, the method of reducing
the order of the equation was used, as a result of which
this problem is reduced to problem 2 (an analogue of
the Tricomi problem) for a second-order mixed par-

of the solution to problem 2, when the equation in the
domain D, belongs to the parabolic type, and in the
domain D, - of hyperbolic type. A key point in solving
Problem 2 was finding the trace of the sought function
and its derivative on the line y = 0. Next, the solution of
problem 2 was decomposed into solutions of the first
boundary value problem for equation (13) in the do-
main D;, and in the domain D, - to the solution of the
Cauchy problem for the hyperbolic type equation (14).
Then, problems 4 and 5 were considered. The peculi-
arity of the solution to problem 4 was that on the line
y=x the domain D,. The sought solution undergoes a
first kind discontinuity. Therefore, it is additionally re-
quired to satisfy the continuity condition of the sought
solution along the line y =x, as a result, the continuity
of the function u(x, y), as the solution of problem 4 in
the domain D, is provided. When the coefficients at the
lower-order terms of the equation are absent, the con-
tinuity of the solution is ensured by the fulfillment of
the compatibility condition: ¢,(0) = ¢,(]). Thus, the set
goal in solving the main problem 1 has been achieved.
The indicated research method is also applicable if the
gluing conditions have first-kind discontinuities on the
line of type change.

It should also be noted that there is a need to study,
in the direction of this research topic, the case when the
line of change of the type of the equation is a line x=0
since in this case, unlike in the present study, this line
is not a characteristic of either the parabolic or the hy-
perbolic equation.
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Y4YyH4YYy TapTUOTEry apajiall TANTETH 63repMeJiyy
K03¢PULHEeHTTEepPH Gap TEHAEMeE YYYH YeK apasiblK Macesiesep
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AHHOTANUA. ToMeHKY MyueJ/iepy e3repMmesyy koapduipeHTTEp 60r0OH YYYHUY TAaPTUIITErW apajall TUIITErHd
TeHJeMe Y4yH OYHKUUSHBIH ©3YHYH >KaHa aHbIH OUMPUHYM KaHA 3KHMHYM TApTUNTErH TYYHAyJapbl YYYH
TeH/J|IeMEeHUH TYPY 63repe TypraH y =0 cbI3bIrbIH/IA }KaObILIITHIPYY MAPTTAapbl OPYH aJraH YYypAarel 4eK apaJiblk
MacCeJIeHMH 4Ye4YHMMHWHHH 6ap SKEeHAHWTH KaHa »KaJIrbI3AbITbl OAaJWUJIJEHIE€H. ByJI MaceJsie 3KMHYU TapTUIITEru
apaJia napaboJiablK-runep6osasablK ornepaTop GUPUHYM TAPTUIITETH TYPAKTYy KO3QPUIMEHTTYY ChI3BIKTYY
nuddepeHnanAbIK ONepaTopro KOJJOHYJIraH y4dyypAa Kapasar. TeHJeMeHUH TapTUOUH TOMOHJOTYY KOJIY
MeHEeH Kapaslblll )KaTKaH Macese QYHKIUAHbIH 63YH >KaHa aHbIH OMPHUHYU TapTUIITETH TYYH/YCYH TeHJeMeHUH
TYpy e3repe TypraH y = 0 CbI3bITbIH/A >KaObILITBIPYy LIapTTapbl MeHeH 3KWHYM TapTUITErd apaJsiaul
napaboJiabIK-TUIIEPOOJIAIBIK TEHAeMe YUyH TpUKOMH MacesiecHe KeJTHpuaeT. 06/1acTTapAblH MapaboJiaabiK
’KaHa TUIepbosialiblK GOJIYKTOPYHOH aJIbIHTaH TeHJeMeJiep CHUCTEMAchblH KOKY bIKMAachl MEHEH MaceJIeHUH
YEeYUWJIMIINU 3KHWHYU Typaery CDpearom:mayH HHTEerpajablKk TeHAEeMEeCHUHUH 4Ye4YHJIYY4YJYTYHO KeJITUPUJIET.
I/IHTeraJI,E[bIK TEeHAeMEeHHWH Ye4YUJIMIIU YIYH XEeTHUIITYY IapT TeHAEeMEeHHWH AAPOCYH 6aaJioo APKbLJIYY aJIBIHAT.
MacesieHH Yeuyyy Kapasiblll )KaTKaH aliMaKTap/a 3KU MaceJiere 66/yHOT: aUMaKTbIH napa6oJiajiblK 6eJYTYH/e
KbUIYYJIYK TeHAEeMeCH Y4YH 6I/IpI/IH‘-II/I YeK apaJibIK MaceJie FpI/IH d)yHKLU/IHCbI bIKMaCbl ME€HEH 4bITapbl/IaT, aJl
OMU TEHAEMEHHWH MYHO631664Y CbI3bIKTAaphbl KaHa ) = 0 chI3BIrBI MEHEH YeKTeJITeH aMMaKTa I‘I/Il'IepGOJIaJII)IK
TeHJeMe y4yH PuMaH/bIH QYHKLHUSACBIH Kypyy bIKMacbl MEHeH MaceseHH 4edyy Kouium macesiecMH 4edyyre
aJIbIIl KeJIMHET. HﬁpH CbI3BIKTYY UHTErpasi/ibl KOJIJOHYY MEHEH KapaJibIll )XaTKaH aﬁMaKTapAaI‘bI MacCeJIEeHUH
yeyuMHU TabbliraH. TeHJeMeHUH TYpPYHYH ¥ =0 63repyy ChI3bITbIH/a QYHKIMSHBIH 63YHYH KaHa aHbIH OUPUHYH
’KaHa 3KMHYM TApPTUITErW TYYHAYJAPbIHBIH Y3TYJTYKCY3AYTYH Tasall KbLIyy 3apblLIYbLIbITBl HETU3JEJITeH.
Yek apaJiblK MaceJeCUHUH KJIAaCCUKaJIbIK YeYMMHUHUH >Kallallbl YYYH KeTHULITYY WapTTap Tabblirad. KpaeBas
MacCeJIEeHWH Ye4YUJIMII IMapTTapbl a3poruApoJJHHaMHUKa, reod)mmca KaHa MHXEHEePpAUK KbUIYYJIYK TE€XHUKAChI
TapMarbIHAArbl KOJIZIOHMOJIYK Macesiesiepiu CaHAbIK bIKMaJiap MEHEH Y€4YYHYH T€OPHUAJIbIK HETU3UH TY36T

Hermsru ce310p: YeyHMAWH >Kallallbl; YEeYUMAWH JKaITBI3ALITH;; [pUHAMH OQYHKUUACH; PuMaH/bIH
YHKIUSACH; MHTETPAIABIK TEHAEME; TAPTUOUH TOMOH/IOTYY METOAY
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AHHOTANMA. /loka3blBaeTcsl CyLIeCTBOBAaHHE U €MHCTBEHHOCTb pelleHHs] KpaeBOM 3a/laud [l ypaBHEHUs
CMEeIIaHHOI0 THUIA TPeThEro IMopsi/ika C epeMeHHbIMU K03dPUIMeHTaM{ NMPY MJIAJIIINX YJeHax C YCIOBUSIMU
CKJIeMBaHUA caMOM QYHKLHUU U €€ MPOU3BOJHBIX NEPBOTO M BTOPOro MOPSJKOB HA JIMHUM Y = 0 U3MeHeHus
THUIIAa ypaBHEHMUs, KOIJla CMellaHHbIA MapaboJio-runep6oMiyeckuil ornepaTop BTOPOro Mopsi/ika NpUMeHsIeTCs K
JIMHeltHOMY auddepeHNabHOMY ONepaTopy MepBOro Mnopsi/ika ¢ MOCTOSTHHBIMU KoadduimenTamu. MeTosomM
MOHWKEHM NOPs/IKa YpaBHEHHs 33/ladya CBOAUIIACH K 3a/iaye TPpUKOMU /11 ypaBHEHHUs CMeIlaHHOro napabosio-
runep6oM4ecKoro TUIA BTOPOro MOpPsiiKa C HeNpPepbIBHBIMU YCJAOBUSMH CKJIEHMBAHUSA caMOM QYyHKIUHU U eé
MIPOU3BOJHOM NepBOro MopsiZika 1o y Ha JUHUU W3MEHEeHUs THUIA ypaBHeHUsS. MeToJ0OM UCK/IIOUYEHUs] CUCTEMBI
ypaBHEHUH, MOJyYeHHbIX W3 MapabOJMYecKON U TUIEPOOJUYeCKOM 4YacTh 06JsacTed, pa3peluMOCThb 33Jadyu
CBOJIMJIaCh K Pa3pelIMMOCTH WHTEerpajbHOro ypaBHeHUs Ppexrosbma BTOporo poza. IlosydeHo focTtaToyHoe
yCJIOBHE pa3peliMMOCTH HHTErpa/ibHOTO YpaBHEHHUsI uepe3 OLlEHKU fJpa ypaBHeHUs. Perienue 3azauu
pacLenJIsI0Cch Ha /IBe 33/1a4H B pacCMaTpPHUBaeMbIX 06JIaCTSAX: B 1apabo/IMyecKoi YacTH 06/1aCTH MeTO0M QYHKLIUU
['prHa pelasiack nmepBas KpaeBas 3a/iaya [iJisl YpaBHEHHUsl TeIJIONPOBOJHOCTH, a B IMIEPOOIHMYECKON 4YacTH
06J1aCTH, OrpaHUYeHHasl XapaKTepUCTUKAaMU ypaBHEHUs U JIMHUeEH y = 0, pellleHUe 3a/ja4l METO/IOM IIOCTPOEHUS
¢dyHkuuy PuMaHa onpe/iesisiiach Kak peteHue 3a1a4u Koy, [lpuMeHeHeM KpHBOJIMHEMHOT 0 MHTeTpaJia HaljeHo
pellleHHe 33/]a4y B pacCMaTpUBaeMbIX 06J1acTsaxX. 060CHOBbIBa/IACh HEOOXOAUMOCTb TPe6OBAaHNS HETPEPBIBHOCTU
caMoi QYHKIIMU U eé MepBbIX ABYX NPOU3BOJHBIX 110 y HAa JIMHUU U3MeHEHHUs THUIA ypaBHEHMs. YCTaHOBJIEHBI
JlOCTAaTO4YHbIe YCI0BUSA /I OJJHO3HAYHOM KJIACCUYECKOM pas3pellMMOCTHU KpaeBoW 3aadi. [losrydeHHble yCa0BUs
pa3peminMoCTH KpaeBOM 3a/laud 00ecreyuid TEeOPeTHUYECKYH OCHOBY JJs pa3pabOTKH YHCIEHHBIX METO/0B
pelleHUs IPUKJIAJHBIX 33/ja4 B a3pOTHU/IPOIMHAMUKE, TeoQU3HKe U UHKEHEPHOHU TENJIOTEXHUKE

KaoueBbie ciioBa: CyleCTBOBaHue, eJUHCTBEHHOCTDb; CI)YHKLU/IH FpI/IHa; CIJYHKLU/IH PumaHa; HHTEerpajibHOe
yYpaBHE€HHE; MeTOJ NIOHWXEHUSA MOPpAAKA
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