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Abstract. The inverse problems of determining the right-hand side of the Schrodinger and the sub-diffusion
equations with the fractional derivative is considered. In the problem 1, the time-dependent source identification

problem for the Schrédinger equation , in a Hilbert space H is investigated. To solve this inverse problem, we take
the additional condition B[U(-,t)] =/ (t) with an arbitrary bounded linear functional B . In the problem 2, we

consider the subdiffusion equation with a fractional derivative of order p € (0,1], and take the abstract operator as
the elliptic part. The right-hand side of the equation has the form g (t) f , where g(t) is a given function and the
inverse problem of determining element f is considered. The condition u(t,) =y is taken as the over-

determination condition, where t; is some interior point of the considering domain and { is a given element.

Obtained results are new even for classical diffusion equations. Existence and uniqueness theorems for the solutions
to the problems under consideration are proved.
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Annomayun. Paccmompenvi obpamuvie 3adauu onpedenenust npagoil wacmu ypaenenus [llpeouncepa u
ypasHenusi cyooup@ysuu ¢ OpobHoU npousgooHou. B 3adaue 1 uccnedyemcs HecmayuouwapHas 3adayd

udenmugurayuu ucmounuxa ons ypasnenus Ilpéounzepa , 6 2unvbepmosom npocmpancmse H . [ina pewenus smoii
0Opamuoll 3a0auu 603bMeM OONOIHUMENbHOE YCL08Ue B[U (', t)] = l//(t) C NPOU3BONLHBIM 02PAHUYEHHBIM TUHEUIHbIM

dyuxyuonanom B . B 3a0aue 2 mui paccmampusaem ypasuenue cy6oupdysuu ¢ opobuoii npouseoonoi nopaoxa
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0nsl Kaaccuveckux ypaswenuti ouggyzuu. Jlokazanvi meopemvl Cywecmeosanus U eOUHCMEEHHOCMU peuleHull
paccmampusaemvix 3a0au.
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Introduction
The fractional integration of order o <0 of the function h(t) defined on [0,0) has the
form (see, [1]):
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oL ¢ (&)
Jeh(t) = o) ! (t—§)‘”1d§’ t>0,

provided the right-hand side exists. Here I'(c) is Euler's gamma function. Using this definition
one can define the Caputo fractional derivative of order p,

L d
D7h(t) =37 -h(t).

If we first integrate and then differentiate, then we get the Riemann-Liouville derivative.

Let H be a separable Hilbert space. Let A:H — H be an arbitrary unbounded positive
selfadjoint operator in H .

Let z be an arbitrary real number. We introduce the power of operator A, acting in H
according to the rule

Ah=3 2hy,.
k=1
Obviously, the domain of definition of this operator has the form
D(A)={heH : 3 2% |h, F<oc}.
k=1
For elements h e D(A") we introduce the norm:
=>4 Ih =l AhP
k=1
and together with this norm D(A") turns into a Hilbert space.

Problem 1. Let p €(0,1) be a fixed number. Consider the following Cauchy problem

iD u(t)+ Au(t) = p(t)g+ f(t), 0<t<T,

u(0)=e,

where a part of the source function p(t) isascalar function, f(t) e C(H) and ¢,q € H are known

elements of H .

To solve this time-dependent source identification problem one needs an extra condition.
Following the papers of A. Ashyralyev et al. [2] we consider the additional condition in a rather
general form:

(1.1

Blut)]=w(t), 0<t<T, 1.2)
where B:H — R is a given bounded linear functional, and y (t) is the given scalar function. We
call the Cauchy problem (1.1) together with additional condition (1.2) the inverse problem.

Problem 2. Let o €(0,1] be a fixed number. Consider the Cauchy problem

{Dfu(t)+ Au(t)=g(t)f, 0<t<T,

(1.3)
u (0) = Q.
Here @, f € H are known elements of H and a part of the source function g(t) is a scalar
function.
To solve the inverse problem of determining the right-hand side of the equation, we use the
following additional condition:
ut,) =vw, (1.4)
where t, is a given fixed point of the segment (0,T].



Main results for the Problem 1
Theorem 1. Let Bq=0, ¢ e H and D/y(t) e C[0,T]. Further, let € <(0,1) be any fixed
number and qe D(A™) and f(t) eC([0,T];D(A")). Then the inverse problem has a unique
solution {u(t), p(t)}.
Theorem 2. Let assumptions of Theorem 1 be satisfied and let ¢ € D(A). Then the solution
to the inverst problem obeys the stability estimate

| Dfu ”c(H) +| Au ”c(H) + p ”c[o,T]S Cp,q,B,<,[|| ol +lly ”c[o,T] +I(;2ta§?r( | f(t) ||<]'

where C is a constant, depending only on p,q, B and .

£.,9,B ¢
Similar results hold for the Riemann-Liouville fractional derivative.
Main results for the Problem 2

Lemma 1. Let p=1, g(t)eC'[0,T] and g(t,) = 0. Then there exists a number k, such
that, starting from the number k >k, the following estimates hold:

o gb,, (1)< &,

where
ty
bk,l (to) = _[e%ksg (to - S)dS
0

and constants C, and C, >0 depend on k, and t,.
Lemma 2. Let p<(0,1), g(t) eC'[0,T] and g(0) = 0. Then there exist numbers m, >0

and k, such that, for all t, <m, and k >k, , the following estimates hold:
C C
ZO b, (G) < Zl

where
ty
b, ,(to) = [ 9(t, —5)s"'E, , (-4,5")ds
0

and constants C, and C, >0 depend on m, and Kk, .

Let N=K, UK, ,
that: if b, (t,) =0, k € K, otherwise, if b, (t,)=0, then ke K, .

Theorem 3. Let p€(0,1], pe H, w € D(A) . Moreover let function g(t) e C[0,T] and
g(t) =0, te[0,T]. Then there exists a unique solution of the inverse problem (1.3)-(1.4).

Theorem 3 proves the existence and uniqueness of a solution to the inverse problem (1.3)-
(1.4) under condition g(t) €C[0,T] and g(t)=0, t<[0,T], i.e., g(t) does not change sign.
Article [3], Example 3.1, shows the non-uniqueness result if g(t) changes its sign. It is proved
that if function g(t) does not change sign, then the solution of the inverse problem is unique.

where N is the set of all natural numbers. K ~and K, , are sets such

Naturally, questions arise: if g(t) changes sign, is uniqueness always violated? What can be said
about the existence of a solution? How many solutions can there be?

It should be emphasized that the answers to these questions were not known even for the
classical diffusion equation (i.e. p=1).



Lemmas 1 and 2 proved above allow us to answer these questions. Let us formulate the
corresponding result.
Theorem 4. Let ¢ € H, w € D(A) . Further, we will assume that for o =1 the conditions

of Lemma 1 are satisfied, and for p <(0,1), the conditions of Lemma 2 are satisfied and t, is
sufficiently small. If set K, isempty,i.e. b, (t,) # 0, forall k, then there exists a unique solution
of the inverse problem (1.3)-(1.4). If set K,  is not empty, then for the existence of a solution to

the inverse problem, it is necessary and sufficient that the following conditions
l//k = ¢)k Ep (_lkto)! k € Ko’pa (31)
be satisfied. In this case, the solution to the problem (1.3)-(1.4) exists, but is not unique.

Remark. For conditions (3.1) to be satisfied, it suffices that the following orthogonality
conditions hold:

o= (V) =0y, =(v,v,)=0,k e KO,p'
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