Journal of Osh State University.

VOL. 4, N21 ; : : /

' Mathematics. Physics. Technical Sciences
Journal of Osh State University Journal homepage: https://mpht-oshsu.com/en
UDC517.928 Article’s History:
DOI: 10.52754/16948645_2025_4(1)_41 Received 29.11.2024 Revised 05.02.2025 Accepted 07.03.2025

The influence of small perturbation on phenomenon
of delayed loss of stability

Abhdilaziz Akmatov’
Senior Lecturer
Osh State University
723500, 331 Lenin Str., Osh, Kyrgyz Republic
https://orcid.org/0009-0004-6756-4262

Kylymgul Mamadjanova
Master’'s Student
Osh State University
723500, 331 Lenin Str., Osh, Kyrgyz Republic
https://orcid.org/0009-0009-3525-9438
Arafatkan Baimamatova
Master's Student
Osh State University
723500, 331 Lenin Str., Osh, Kyrgyz Republic
https://orcid.org/0009-0009-2966-4496

Eliza Islamidin kyzy
Master’'s Student
Osh State University
723500, 331 Lenin Str., Osh, Kyrgyz Republic
https://orcid.org/0009-0002-2879-5071

Abstract. The study of solutions to singularly perturbed problems remains relevant, as many mathematical models
in technical and natural sciences are described by such differential equations. Despite existing research, there remains
aneed for a more in-depth analysis and further study of the in-fluence of small perturbations on the phenomenon of
delayed loss of stability. The aim of this study was to examine the influence of a small perturbation on the phenomenon
of delayed loss of stability, as well as to justify the limit transition confirming the convergence of solutions of the
perturbed and unperturbed problems. To achieve this goal, analytical methods were employed, including the
level lines method and methods for selecting descending integration paths, which made it possible to rigorously
substantiate the limit transitions between the perturbed and unper-turbed problems. The study established that in
the absence of a small perturbation, the phenomenon of delayed loss of stability persists regardless of the location of
the zeros of the eigenvalues whether on the real axis or in the complex plane. In the presence of a small perturbation,
the situation changes: if the eigenvalues have zeros on the real axis, the delay phenomenon does not occur. However,
if the zeros are located in the complex plane, the delay is observed only over a limited time interval. In the case where
the eigenvalues have poles, the small perturbation does not affect the presence of the phenomenon persists in all
cases. Thus, the influence of a small perturbation on the delayed loss of stability depends significantly on the nature
of the eigenvalues. It was also substantiated that, under certain conditions on the small perturbation, convergence of
solutions is ensured when transitioning from the perturbed problem to the unperturbed one. The results of the study
provide a justification for the existence and nature of delayed loss of stability in broader functional spaces, which is
important for applied problems in modelling unstable processes
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The influence of small perturbation on phenomenon...

Introduction

The phenomenon of delayed loss of stability plays an
important role in the theory of singularly perturbed
first-order differential equations during changes in sta-
bility conditions. The stable and unstable intervals of
the solution to singularly perturbed first-order differ-
ential equations are determined by the real parts of the
eigenvalues. The identification of the negative interval
of the real part of the eigenvalue integral justifies the
emergence of the phenomenon of delayed loss of sta-
bility. Such a case occurs when the zeros of the eigen-
values lie in the complex plane. When they lie on the
real line, the question arises about the presence of the
extended loss of stability effect and the nature of the
system'’s response to small perturbations. Given the in-
sufficient degree of study of such cases, the presented
research is of high relevance.

When the limit equation has turning points, the
work of A.G. Eliseev [1] studied the construction of an
asymptotic solution of the linear Cauchy problem with
a weak turning point of the limit operator using the Lo-
mov regularisation method. The main singularities of
this problem are presented in explicit form. Estimates
in terms of € are provided, describing the behaviour of
the singularities as € = 0. Asymptotic convergence of
the regularised series has been proven. The obtained
results are illustrated by an example. Small perturba-
tions and the case of stability change are not consid-
ered in this work.

In the work of P. Kaklamanos et al. [2], an auton-
omous singularly perturbed system with two fast and
one slow variable was considered, in which the lineari-
sation of the fast variable subsystems has intersecting
or closely spaced eigenvalues. It has been shown that
such a spectral structure leads to the emergence of the
delayed loss of stability effect, where the system’s tra-
jectory remains near an unstable equilibrium longer
than expected. The authors proposed generalised en-
try-exit relations formulas that allow for a quantitative
description of the nature and duration of this delayed
transition, including the influence of eigenvalue cross-
ings on the geometry of the phase space.

Sometimes, when the zeros of the eigenvalues lie on
therealline, itis possible to determine stable and unsta-
ble intervals, but the integral taken over the eigenvalues
does not allow for the determination of a stable inter-
val. In this case, the point of stability condition change
is chosen as the initial point, which allows for the de-
termination of a stable region for conducting the study:.
A.A. Akmatov et al. [3] noted this case in their work.

S.K. Karimov et al. [4] studied the case when the
zeros of the eigenvalues lie on the real axis and small
perturbations are present. Here, the eigenvalues satisfy
all the conditions for determining stable and unstable
intervals. Moreover, on the complex plane, the lines
passing through the points of stability change divide
the region into four parts. The choice of a descending

integration path connecting the initial and final points
within the solution domain of the problem is accom-
panied by certain difficulties. These difficulties are re-
solved by means of parallel lines, which are well known
in projective geometry. However, in this case, there are
certain nuances that require explanation. Moreover, it
does not fully cover the influence of a small perturba-
tion on the solution of the singular problem.

In the work of A.G. Eliseev [5], based on the regu-
larisation method of S.A. Lomov, an asymptotic solu-
tion of the singularly perturbed Cauchy problem for a
parabolic equation with the presence of a strong turn-
ing point is constructed. The regularisation method
allows obtaining a uniform asymptotic solution of the
problem on the entire real axis. The idea of the work
is based on previously developed methods for solving
the singularly perturbed Cauchy problem in the case
of a simple turning point of the limiting operator with
a natural exponent. However, the case of a singularly
perturbed problem with a small perturbation is not
considered in this work.

It is known that the zeros of eigenvalues located
on the complex plane determine the delay time and the
occurrence of the phenomenon of delayed loss of sta-
bility. A similar effect was also considered in the con-
text of the FitzHugh-Nagumo model, where a delay in
the transition from the steady state to the oscillatory
regime is observed during a slow passage through the
Hopf bifurcation point. As shown in one of the studies
by S.M. Baer et al. [6], the system enters oscillations at a
parameter value significantly exceeding the critical one,
indicating the presence of memory and delay effects
not accounted for in the classical bifurcation analysis.

M.N. Nurmatova [7] studied the case when the ei-
genvalues were complex conjugates, which means that
the zeros of the eigenvalues belong to the complex
plane. One of the features of the study is the change in
the zeros of the eigenvalues, which, in turn, leads to a
change in the delay time. Only the smallest zeros of the
eigenvalues affect the obtained estimate. A small per-
turbation is present, and the eigenvalues are complex
conjugates, which indicates the existence of the phe-
nomenon of delayed loss of stability.

The aim of the study was to investigate the influence
of a small perturbation on the behaviour of the solu-
tions of the problem, as well as to examine its effect on
the phenomenon of delayed loss of stability. An impor-
tant aspect of the work was the justification of the limit-
ing transition, which confirmed the convergence of the
solutions of the perturbed and unperturbed problems.

Materials and Methods
Within the framework of the study, the problem of ana-
lysing the characteristics of solutions to singularly per-
turbed differential equations of the following form was
considered:
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ex'(t, e)=a(t)x(t, €) +€[f(t) +g(¢t x)], (1
x(0, &) =x°(¢), [x°(e)| = O(e), (2)

where 0 <¢ - is a small parameter, g(t, x(¢, €)) - is an an-
alytic function of two variables, t € Tis a finite or infinite
domain. For example, g(¢, x(t, €)) may turn out to be pol-
ynomials in the variable x with analytic coefficients on
the domain T.

Definition. The expression &f(t), where 0 <¢ is a
small parameter, is called a small perturbation.

The unperturbed equation a(t) X(t, 0) = 0 has the
zero solution X(t) = 0. In the course of the study, it is
necessary to prove the limiting equality:

lirrol x(t €)=X(t),as teT. 3)
E—

Let the following conditions be satisfied:

) &f(t) =0 and a(t) = a(t) or a(t) = a(t) +if(t).
1) ef(£) #0 and a(t) = a(t) or a(t) = a(t) +iB(t).

Here a(t) = a(t), defines the stable and unstable
intervals of the eigenvalues, indicating the transition
point from stability to instability. By analysing the real
part of the eigenvalue a(t) = a(t) +if(t) and solving it
as an equation, one can determine the stable and un-
stable intervals, as well as the transition points from
stability to instability.

To analyse the stable interval on the numerical axis,
the method of integration over eigenvalues, previously
determined on stable and unstable intervals, was ap-
plied. This point was one of the main conditions of the
problem solution study. At the next stage, the method
of Lagrange variation was applied to obtain an analyti-
cal representation of the solutions of problems (1) and
(2). This method allowed expressing the solution in an
integral form suitable for subsequent estimation and
theoretical analysis within the framework of the posed
problem. To estimate the solution presented in analyti-
cal form, a descending integration method was chosen.
Accordingly, the level set method [8] or the stationary
phase method [9], or simply an appropriate descending
integration method, were used. Within the framework
of the study of boundary layers, the method [10] relat-
ed to the investigation of transition curves was applied.

The obtained analytical expression was solved us-
ing the method of successive approximations, tradition-
ally applied in the theory of differential equations. The
choice of this method was determined by its ability to
provide the construction of an approximate solution
with the subsequent possibility of obtaining an exact
estimate. Majorant series were used to demonstrate the
convergence of the obtained estimates. This, in turn,
facilitated the process of achieving the corresponding
convergence of the estimates.

At the next stage, it was planned to prove the
uniqueness of the solution by the method of contradic-
tion. However, this step was not carried out within the

framework of the work, as it was reduced to standard
formal procedures. Nevertheless, the structure of the
study was maintained in accordance with the generally
accepted approach.

Results and Discussion

Let condition I be satisfied. However, its fulfillment did
not eliminate the necessity of solving the differential
equation using the Lagrange method, since the prob-
lems defined by equalities (1) and (2) were nonlinear.
Thus, in accordance with the Lagrange method, a ho-
mogeneous approximation was identified, correspond-
ing to the singularly perturbed first-order ordinary dif-
ferential equation given in equality (1). Then:

8%?8) =a(t)x(t, ).

By separating the variables and integrating, the gener-
al solution was obtained: x(t, &) = Cexp é ft:) a(s)ds),
where C - is an arbitrary constant. Now, by varying C,
taking the value C = C(¢t). As a result, the following was
obtained:

x@@=C@aweﬁﬂ@Mﬁ

Substituting the derivative x'(¢, €) and the function x(t, €)
itself into equality (1), performing some transforma-
tions, the following was obtained:

x(t, €) = x°(e)x
X exp Gf; a(s) ds)+ ftto g(t,x(t,€)) exp Gfrt a(s)ds) dr. (4)

The integral problem defined by equality (4) was
solved using the method of successive approxima-
tions. This method simplifies calculations, takes into
account small perturbations, and constructs an as-
ymptotic approximation of the perturbed problem’s
solution to the solution of the corresponding unper-
turbed problem. The successive approximations were
defined as follows:

X,(t, €)=0,
x1(t, &) = x°(e) exp G ftz a(s)ds)
x,(t, &) = x°(e) exp G f; a(s)ds) N
+f ; g, x,(t,€)) exp e f: a(s) ds) dt

x,(t, &) = x°(e) exp G ftto a(s)ds) +
+ i 90 () exp (L f a(s)ds ) dr
(n=0,1,2,.).

The unperturbed equation had the zero solution
X(t) = 0. The initial point belonged to the stable seg-
ment, therefore, according to the stability criterion, was
chosen |x(¢,, €)| = |x°(e)| = O(¢). The study was conduct-
ed in the complex plane. Then:

@
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u(t, t,) =Ref""“a(s)ds,
9(t, t,)=Im|; ™ a(s)ds,

where t,, t, € R. The solutions of problems (1) and (2)
were studied in the domain T={(¢; t,): u(t, t,) <0},
which was defined by the function u(t,, t,). From equal-
ity (4), the following notation was introduced:

A(t, &) = x°(e) exp G ftto a(s)ds)
and I(t, &) = ftto g(t,x(t,€)) exp G th a(s)ds) dr.

In the domain T, the estimate of the absolute value
|A(t, )] = |x°(s) exp G ftz a(s)ds)| = 0(¢), turned out to be
valid. This estimate held due to the absolute value of
the initial problem |[x(t,, €)| = |x,(€)| = O(¢).

The zeros of the function defined by the integral of
the eigenvalues in the complex plane determined the
lines. These lines, in turn, marked the boundaries of
the domains under study in the complex plane, within
which problems (1) and (2) were solved. A boundary
layer was formed in a sufficiently small neighbourhood
of these boundaries. In this layer, the estimates defined
by the function A(t, €) became significant. However,
since the initial point was chosen within a stable inter-
val, taking into account the condition |x°(¢)| = O(¢g), an
estimate could be obtained.

To estimate the function I(t, €), integration paths
were chosen in the domain T. In order for the succes-
sive approximations to remain bounded, it was neces-
sary to satisfy the condition u(t,, t,) - u(tr,, 7,) <0, that
is, the integration paths had to be descending from the
initial point to the final one. As a result, the first approx-
imation was determined by the estimate |A(t, €)|, and
then for all the (¢t;; ¢,) € T following estimate held:

X, (¢ €)| < C5(e), (5)

where Cis an arbitrary constant.

The function I(¢t, €) had values except within the
boundary layers. Therefore, it was necessary to follow a
descending path of integration. For §(¢), the statement
held true e=0(6(¢)), provided that ¢ tended to zero. The
remaining approximations were determined by the es-
timate of the function I(¢, €) in the domain T. A majorant
expression in the form of a series was constructed, cor-
responding to the difference:

XX, (6 ) -x,,4 (8 €)]. (6)

The convergence of successive approximations was
studied. Subsequently, positive constants that did not
play a significant role in the reasoning were denoted by
the same letter C. It is assumed that the following con-
dition was satisfied:

lg(t, x)-g(t, )| <plx-%], (7)

where 0 < - is a certain constant. Then:

-

Xt &) = x,(t,€) = [[g(z, x,(z, €))] exp Gf; a(s)ds) dr.

The absolute value was determined as follows:

u(tl'tz)—u(‘l’p‘rz)) .

lx,(t &) —x, (L, ) < ﬁfllxl(t, )| exp( .
-ldel < peve [ exp (M2 - | < (Co())*.

The corresponding estimate was obtained

|x,(t, €) -x, (¢, €)| < (Cy())* (8)

The following expression then took place:
|x,(t €)-x,.,(t €)= (Cs(e)),(n=1, 2,...).

The proof of the uniqueness of the solution was
carried out similarly to that performed in the work of
L.S. Pontryagin & E.F. Mishchenko [11]. The following
theorem holds true.

Theorem 1. In the domain T, the problem (1), (2)
has a unique solution x(t, €), representable in the form
x(t &)=Y [x,(t €)-x,,(t €)], and on T the estimate
|x,(t €)-x,.,(t €)| = (Cs(e))", (n=1, 2,..) holds, where 0<C
is a constant number.

Let condition II be satisfied. In this case, the choice
of the initial point, the determination of stable and un-
stable intervals, as well as the definition of the domain
T for solving problem (1), (2), were carried out in full
analogy with case I. The problem (1), (2) in this case
was also solved using the Lagrange variation method.
Without repeating the steps carried out in section I,
by incorporating the features of this case, when the
function f(t) was nonzero, the solution could be writ-
ten as follows:

x(t, &) = x%(e) exp G ftz a(s)ds) +
1 pt
+ f;)[f(r) +g(t,x)] exp (;fr a(s)ds) dr. (9)
The problem posed in (9) was again solved using
the method of successive approximations. The succes-
sive approximation was written for the case when the

function f(t) was nonzero. Thus, the following expres-
sion was obtained:

X,(t €)=0,

x,(t, &) = x°(e) exp (i ftz a(s)ds) +
+ f; f(@) exp G f: a(s)ds) dr,
x,(t, &) = x°(e) exp G ftto a(s)ds) +
+ fti, g(t,x,(t,€)) exp G f: a(s)ds) dr,

x,(t, &) = x°(e) exp (i ftto a(s)ds) +
+ ftt; 9T xn_1(7,€)) exp (i f,: a(s)ds) dr,

(n=0,1,2,.).
In this case, since the function f(t), which defines
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the nonhomogeneous part, was nonzero, the integra-
tion path at the first approximation was chosen so that
it decreased from the initial point to the endpoint ¢. As
a result, a value was obtained that represented an in-
finitesimal of a lower order compared to the estimate
given in Theorem 1 and depended on the special points
of the eigenvalues. Thus, in the domain T, the following
estimate was obtained:

|x,(t, €)= Cy(e), (10)
where C is an arbitrary constant. As can be seen, the
estimate y(¢), defined by equation (10), tended to zero
as the small parameter approached zero. However, the
order of this convergence was lower than the order of
the estimate in Theorem 1. This is because in that case,
the first approximation was determined by the function
A(t, €), whereas here it was determined by the func-
tion x(¢, €). Since the solution x(¢, €) included a nonho-
mogeneous part, the special points of the eigenvalues
influenced the order of the solution estimate. For this
reason, the equality e=0(y(¢)) held true as the small pa-
rameter tended to zero.

To prove the convergence of the estimates obtained
through successive approximations, the majorant se-
ries (6) was also used in this case. Accordingly, assum-
ing the fulfillment of the equality condition (7), and
generally taking absolute values, the following estimate
was obtained:

I%,(t €)-x,., (6, ) S (CYE)Y, (n=1, 2,..).

The uniqueness of the solution was proved similar-
ly to Theorem 1. The following theorem holds.

Theorem 2. In the domain T, the problem (1), (2)
had a unique solution x(t, €) representable in the form
x(t, &) = Yp—qlxn(t, €) —x,_1(t,€)], and the esti-
mate |x,(t, €)-x,,(t €)| < (Cy(e))", (n=1, 2,..) was valid
on T, where 0 < Cis a constant number.

The first theorem was studied in the absence of
small perturbations and proved that the phenomenon
of delayed loss of stability occurred independently of
the singular points of the eigenvalues. The second the-
orem proved that this phenomenon took place when
the singular points of the eigenvalues were located in
the complex plane.

In their work, the authors S.F. Iglesias & S. Mirrahi-
mi[12] studied the asymptotic behaviour of solutions of
a Lotka-Volterra type parabolic equation with a period-
ically varying growth coefficient and nonlocal competi-
tion. It has been proven that, at large times, the solution
converges to a unique periodic solution. At small muta-
tions, the solution concentrates in the form of a single
delta function, and the population size changes peri-
odically over time. Moreover, using methods from the
theory of Hamilton-Jacobi equations with constraints, a
detailed asymptotic characterisation of such behaviour

was obtained. For small but nonzero values of muta-
tions, formal approximations of the moments of the
population distribution were proposed, which makes it
possible to describe the dynamics of its evolution more
accurately. The authors also demonstrated how the ob-
tained results can be applied to interpret and predict
biological experiments, confirming the significance of
mathematical modelling in studying the adaptation of
populations in changing environments.

The authors D.A. Tursunov & G.A. Omaralieva [13]
considered the Cauchy problem for a first-order ordi-
nary differential equation with a small parameter at the
derivative and a singularity at the initial point. A suffi-
cient condition was found, the fulfillment of which leads
to the appearance of an intermediate boundary layer in
the singularly perturbed problem described by first-or-
der ordinary differential equations. Using the modified
boundary function method, a complete asymptotic ex-
pansion of the solution in the form of a series in the
Erdélyi sense was constructed. The obtained expansion
was justified, that is, an appropriate estimate was ob-
tained for the remainder term. The study is devoted to
the investigation of the boundary layer structure, for
which necessary estimates were also obtained.

In the work of A.S. Ryabenko [14], a study was con-
ducted on problems of evolutionary differential equa-
tions with a complex parameter. Of special interest
was the behaviour of their solutions for large values
of time, as it demonstrated their evolution. A homoge-
neous ordinary differential equation with a variable
coefficient and a complex parameter was considered,
to the study of which a wide class of problems of evolu-
tionary differential equations could be reduced. Unlike
the considered work, the parameter was complex and
was not associated with the highest derivative, which
affected the structure and behaviour of the solutions of
this differential equation.

In the article by V.I. Uskov [15], the Cauchy prob-
lem for a first-order differential equation in a Banach
space was considered, containing a small parame-
ter at the highest derivative and an operator term of
Fredholm type on the right-hand side. The relevance
of the problem associated with a small parameter
at the highest derivative is due to the need to model
various physical processes, such as the behaviour of
viscous flow, deformations of thin plates and shells,
as well as supersonic flow around blunt bodies. The
existence of a boundary layer has been identified in
the work, which significantly affects the solution even
under small perturbations. The asymptotic expansion
of the solution is constructed using the Vasilieva-Vi-
shik-Lyusternik method in the form of a power series
in the small parameter, and its validity is confirmed
by mathematical justification. The regular part of the
decomposition is formed by means of the equation
decomposition method, which involves a sequential
reduction of the problem’s dimensionality.

.
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K.G. Kozhobekov et al. [16] constructed a uniform
asymptotic expansion of the solution to the first bound-
ary value problem for a singularly perturbed second-or-
der parabolic equation. The Vishik-Lusternik method
is used, as well as the maximum principle and meth-
ods of integrating ordinary differential equations. The
solution is presented as the sum of the outer solution
and several boundary layers that exponentially decay
outside these layers. The remainder term is estimated,
which confirms the asymptotic nature of the expansion.

The authors J. Penalva et al. [17] studied the phe-
nomenon of delay of loss of stability in an autonomous
fast-slow system with a piecewise-linear structure and
a slowly varying parameter. It is shown that when the
eigenvalues of the fast variables cross or approach each
other, a delayed Hopf bifurcation occurs, known as the
“way-in/way-out” effect. The authors presented the
conditions for the occurrence of this phenomenon and
described the so-called entry-exit functions, which de-
pend on the initial conditions and the duration of the
delay. Applied to a neuronal model (elliptic bursting), it
is shown that these mechanisms are robustly realised
even in simple piecewise-linear systems.

In the work by ].T. Zhusubaliyev et al. [18], a study
was conducted on the bifurcation structure related to
the stability of oscillations, bistability, and synchroni-
sation of forced oscillations in a relay system with hys-
teresis. The behaviour of this system was described by
a non-autonomous differential equation with a discon-
tinuous right-hand side. The basic properties of this
equation were considered first. Then, a method for ob-
taining the first return map from this vector field was
presented, and it was shown that, depending on the pa-
rameter values, such a map can be either a diffeomor-
phism of the circle or a map with discontinuities. An
equation has been identified that divides the parameter
plane into regions where the map is either smooth and
invertible or discontinuous. A detailed analytical and
numerical bifurcation analysis has been carried out,
explaining the mechanism of transition between stable
capture regimes, bistable states, and chaotic dynamics.
Moreover, this work allows the system to be considered
as a mathematical model of an oscillatory process de-
scribing the dynamics of transitions between different
operating modes of the relay system.

In their work, S. Karimov & G.M. Anarbaeva [19] in-
vestigated the solution of a singularly perturbed prob-
lem under changing stability conditions, taking into
account critical points that are the endpoints of delay
times. This work addresses unresolved problems relat-
ed to this class of equations. The analysis is carried out
in the irregular case when the singular points are locat-
ed on the boundaries of the domain. The existence of a
solution to the problem under conditions of a bound-
ed domain has been proved. Asymptotic expansions
of solutions have been constructed, which allows for
a deeper understanding of the dynamics of processes

in the considered systems. The analysis of the studied
works allows us to conclude that the eigenvalues are
complex conjugates, and a small perturbation is pres-
ent; that is, the investigations were not conducted in
the absence of a small perturbation.

The work by PV. Kirichenko [20] is devoted to the
development of a regularisation method for singularly
perturbed Cauchy problems in which the spectral sta-
bility conditions of the limiting operator are violated.
The case of a “weak” turning point is considered, in
which the eigenvalues coalesce at the initial moment of
time. The principles of introducing regularising func-
tions, the regularisation algorithm, and its mathemat-
ical justification are presented in detail in the work. An
asymptotic solution of arbitrary order with respect to
the small parameter is constructed, demonstrating the
effectiveness of the method under spectral peculiarities.

Conclusions

Within the framework of the conducted study, the phe-
nomenon of delayed loss of stability in singularly per-
turbed problems was examined under various config-
urations of eigenvalues and in the presence or absence
of a small perturbation. It has been shown that in the
absence of a perturbation, the effect of delayed loss
of stability arises regardless of the nature of the spec-
trum: both when the zeros of the eigenvalues are locat-
ed in the complex plane and on the real axis. A sufficient
condition for the existence of this phenomenon is the
fulfilment of certain spectral requirements that do not
depend on the specific location of the zeros.

Special attention is given to cases where the eigen-
values contain poles. It has been established that the
presence or absence of a small perturbation does not
affect the manifestation of the effect - the determining
factor remains the structure of the spectrum. In con-
trast, in the absence of poles and in the presence of a
small perturbation, the behaviour of the system is deter-
mined not only by the eigenvalues but also by the form
of the perturbation. In particular, if the zeros are locat-
ed on the real axis, the asymptotic closeness of the solu-
tions is preserved only until the loss of stability, which
indicates the dominant role of the perturbation itself.

It has been established that the order of the zeros
of eigenvalues affects the order of the resulting solution
estimates, which is important for constructing a priori
bounds and analysing long-term dynamics. In the case
of purely imaginary values, the time delay is absent, and
the behaviour is determined exclusively by the spectrum.

Thus, the objective of the study has been achieved:
the conditions for the emergence of the effect of de-
layed loss of stability have been characterized, and
their relationship with spectral properties and exter-
nal perturbations has been substantiated. The results
obtained are of interest for the further development
of stability theory in singularly perturbed problems,
especially in more general types of functional spaces.
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A promising direction for future work may involve re-
fining the understanding of the influence of perturba-
tions in the complex plane, taking into account the ge-
ometry of the spectrum and boundary conditions.
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AHHOTaMA. CUHTYJASPABIK KO3rOJrOH MaceJsesJepAuH YeUUMUH U3WJJI66 OYT'YHKY KYH/Ze Jarbl aKTyaJlayy
OOMJ0H Kalyy/Jla, aHTKEHH TEeXHUKAJIBbIK JKaHa TaOUTbIA WJIUMJEp/leTH KONTOreH MaTeMaTHUKaIbIK MOZeJiep
Jan yuyn auddepeHIHanibIK TeHAeMeJlep apKblIyy CYpeTTeJIeT. YUypAarbl H3uIJeesepre KapabacTaH,
KHYMHE KO3TOJIyYHYH TYPYKTYYJIYKTYH >KOTOJIYYCYHYH TapThUIbIILbI KyOyJyIIYHYHA THHIU3reH TaacHpUH
TepPeHUPI3K TaIJI00 KaHa aHJaH apbl U3WJIJI66 3aPbLIJbIThl CAaKTaAyyAa. By M3W/I86HYH MakcaTbl KUYMHE
KO3TOJIYYHYH TYPYKTYYJIYKTYH >KOTOJIYLIYHYH TapTbUIbIMIbl KyOyJayllyHa THHIHM3reH TaaCHpUH HW3UJIJee,
OILIOH/ION 3Jie KO3rOJIFOH JKaHa KO3T0JIGOTOH MaceJieJIEpAUH YeYHM/IEPUHUH JKaKbIHAAIYYCYHYH MpefesiuK
OTYYCYH Heruszee GoJsyn caHajiaT. KodyiaraH MakcaTKa XKETYYy YYYH aHIMTHKAJbIK bIKMaJap KOJILOHYJAY,
aJlap/iblH UYHMH/E JEHI3J1 ChI3BIKTAPhl METOAY KaHa KeMYy4dy HHTETpaJiZioo XKOJJOPYH TaH/I00 bIKMaJsapbl 6ap,
6yJ1 60J1CO KO3TOJ/ITOH >KaHa KO3roj160roH Macesiejlep[iJuH OPTOCyH/arbl IpefiesIANK 6TYYJIepAY TaK Heru3zeere
MYMKYHAYK 6epau. JKyMyliTa KUUMHE KO3TO0JYY KOK G0JITOH/0, TYPYKTYYIYKTYH OTOJYYCYHYH TapThLJIbILIbI
KyOyJIyLy 63/IyK MaaHUJIEPAUH HOJI/I6PY CaH OT'YH/A e KOMILJIEKCTYY TEeTH3/JUKTe )KaluraliKaHblHa KapabacTaH
caKTaJslapbl aHbIKTa1Abl. KnurMHe Ko3rosyy 6ap 60JIroH y4yyp/Za abajl e3repeT: arepJe e3JyK MaaHWJIEp CaH
OTYyH/Ia HeJ/iepre 33 60JICO, TYPYKTYYAYKTYH >KOTOJIYYCYHYH TapThLIbIIbl KyOyayuy 6aiikan6aiT. Bupox,
arep/ie HeJIZIep KOMIUIEKCTYY TETU3/AUKTE KaWrauica, TYPyKTYYIYKTYH OT0JYYCYHYH TapThLIbILIbI KyOy1yIly
Genrusyy 6Up yOaKbIT apajbIlbIH/A aHa CaKTalaT. Irepfie ©3JYK MaaHMJIep IOJIOCTAapra 33 60JIco, KHYMHE
KO3ToJIyy 6y/1 KyOyJyIITYH GOJIyLIYHA TaacUp 3TIEWT KaHa as 6apAblK y4ypja cakTtajaT. OUeHTHI, KHIuHe
KO3T0J1yy TYPYKTYYJIYKTYH »OTOJYUIYHYH TapThUIbIIbLI KYOY/IyLUIYHa TUUTU3TEeH TaaCUPU 63/[YK MaaHUJIepUH
TaGUSTBIHAH OJIYTTYY TYP/Ze K3 KapaH/ibl 60J10py KepyHAy. OIIOH/L0H 3/1e KHUUHE KO3T0J1yy YIYH GeIruayy 6up
IApPTTap aTKapbLITaH y4Yyp/Ja KO3TOJITOH Macese/leH KO3roJ60roH Macesere eTKOH/[ alap/iblH YeYuMAepArH
YKaKbIHJALIYyCy KaMcbl3/alaapbl Herusaeaau. U3uiieeHyH KbIUbIHTBIKTAPbl TYPYKTYYJAYKTYH KOTOJIYIIYHYH
TapTBUIBIIIBIHBIH 6GOJIYLIY >KaHa aHbIH MYHE3YH KeHUpPU OQYHKIMOHAJN/JbIK MeHKUHJUKTep/e Herus/ieere
MYMKYHYYJIYK 6epeT. Bys 60s1co TypyKCy3 mpoleccTepAn Mojiesiieere GalyIaHbIIITYy NPUKJIaAJbIK Macesenep
YUYH €3rede MaaHHre 33 60J10T
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AHHOTAnMA. H3ydyeHWe pelleHUNA CHHTY/ISIPHO BO3MYIIEHHBIX 33/a4 OCTAETCSA aKTyaJbHBIM, MOCKOJIBKY
MHOrMe MaTeMaTH4YecKue MOJleJId B TEXHHUYECKUX W eCTEeCTBEHHbIX HayKaxX OINHCBIBAIOTCS HUMEHHO TaKUMU
auddepeHIIMATBHBIMUA YPaBHEHUSAMU. HecMOTpSl Ha UMeRIHecs UCCIeJ0BAaHUS, COXPaHSIeTCsI He0OX0AUMOCTh
B 6oJiee TJIyOOKOM aHa/IM3€e U JaJibHeHIleM U3yYeHUH BJAUSHUSA MaJoTO BO3MYIIEHUs Ha SIBJIEHUE 3aTATMBAHUS
MOTEPU YCTOMYMBOCTH. LleJibo HacTosA1ero Uccae 0BaHUsA ABJISJIOCh U3yUYEHUE BJHUSHUA MaJIOr0 BO3MYILEHUS Ha
sIBJIEHHE 3aTSTMBAHUS IOTEPU YCTOMYMBOCTH, a TAKXKe 000CHOBaHUE MPeie/IbHOTO0 [Tepexo/1a, IO TBEPXKAAI0LET0
CXOAMMOCTh pelIeHUH BO3MYIIEHHOW M HeBO3MYIIEHHOU 3a7a4. [|Jis JOCTXKEeHHUs MOCTaBJeHHOU IeJiu ObLIH
HCI0JIb30BaHbI aHAJIUTUYECKHE METO/Ibl, BK/II0Yasi MeTO/I IMHUM YPOBHS U METO/bI BbIOOpA YOBIBAIOIIUX My TEH
WHTETPUPOBAHUSA, YTO MO3BOJIUJIO KOPPEKTHO OOOCHOBATh IMpeZie/ibHble IMepexo/bl MeXAYy BO3MYIIEHHOHN
U HEBO3MYLIEHHOW 3aZjayaMU. B paboTe yCTaHOBJIEHO, UTO MPHU OTCYTCTBUU MaJIOTO BO3MYILEHHUS SIBJIEHUE
3aTATUBAHUA MOTEPH YCTONYMBOCTU COXPAHSIETCS HE3aBUCHMO OT pAaCIOJIOXKEHHsI HyJied CO6CTBEHHBIX
3HAaYeHUU KaK Ha BeleCTBEHHOM OCH, TaK U B KOMIJIEKCHOM MJIOCKOCTH. [Ipy Ha/IMuuMK Masioro BO3MYILLEHUS
CUTYyalusi MEHSIETCS: eC/IM COOCTBEHHbIE 3HAYEHHs] UMEIOT HYJIM Ha BEIeCTBEHHOH OCH, IBJIeHHe 3aTSTMBAHUS
He HabJurofaeTcsd. OHAKO, eCJIM HYJIM PACHoJIOKeHbl B KOMILJIEKCHOW IJIOCKOCTH, 3aTATUBAaHUE COXPAHSETCS
JIUIIIb HA OTPAaHUYEHHOM BpEMeHHOM HHTepBaie. B ciydae, Korjja co6CTBeHHbIe 3HAaYE€HHUsI 00/1aIal0T IOJTI0CAMH,
MaJioe BO3MYILIeHHe He BJIUSIET Ha HaJMuhe JAaHHOTO sIBJEHHUSI OHO COXpaHseTcs B JO60M ciaydae. Takum
00pa3oM, BJIMSHHE MaJIOT0 BO3MYyIEHUS Ha 3aTATHMBAHUE MOTEPH YCTOMYMBOCTHU CYIECTBEHHO 3aBUCHUT OT
MPUPOJIbl COOGCTBEHHBIX 3HAYeHUH. TakKe OblJI0O 0OOCHOBAHO, YTO MPU BHIMOJHEHUHU OINpeAeEHHbIX YCI0BUH
Ha MaJjioe BO3MYILeHHe 00eCrneYyrnBaeTCs CXOAMMOCTb pelleHUH NPU Iepexofie OT BO3MYLEHHOW 3aJjayd K
HEeBO3MYIIEHHOU. Pe3ysibTaThl UCCIe0BaHUS TO3BOJISIOT 060CHOBATh CYI[eCTBOBAHHUE U XapaKTep 3aTATMBAHUS
MOTEePHU YCTOMYHUBOCTHU B GoJiee IUPOKUX PYHKIIMOHATBHBIX MPOCTPAHCTBAX, UTO BAXKHO JIJIs1 MPUKJIAAHBIX 33724
MOJeJINPOBAaHHUS HeCTAaOUJIbHBIX MTPOIECCOB

RioueBble ¢/10Ba: Masibli TapaMeTp; Ipe/ebHbIH epexo/; CO6CTBEHHbIE 3HAYEHUS; YCTOMYMBOCTD PELIEeHNH;
WHTerpaJJbHble KpUBbIE
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