
Introduction
The hypothesis proposed by Lothar Collatz is one of the 
key unsolved problems in mathematics, which has at-
tracted interest and remained open for many decades. 
It considers a sequence of operations on a positive in-
teger n. According to the hypothesis, choose any initial 
positive integer n and apply the following rules: if n is 
even, divide it by 2 (n / 2); if n is odd, multiply it by 3 
and add 1 (3n + 1), a new number is obtained. The pro-
cess is repeated for the resulting number, and the hy-
pothesis states that, regardless of the initial choice of 
n, the number 1 is always reached in the end. The solu-
tion to this problem can be a significant contribution 
to the development of mathematical science. Proving 
Collatz’s conjecture as a theorem requires a systematic 
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sequence of natural numbers n and other groups of numbers. The main difference of the proposed approach is the 
introduction of the concept of “potential of an odd number” and “blocks of numbers” related to this odd number. 
The potential of an odd number was a property of numbers that confirmed the hypothesis and was used to call the 
Collatz problem a theorem. The practical significance of the study lies in the possibility of applying new methods 
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and detailed approach to analysing number sequences 
and studying their properties. There is a need to care-
fully consider all variants and develop a mathematical 
logic for its convincing proof, which creates a difficult 
challenge for researchers.

O.V. Zelensky et al. [1] analysed various counterex-
amples of the Collatz hypothesis. The author investi-
gated the aspect of the minimal counterexample and 
presented proofs of several examples. P. Kosobutskyy 
& V. Karkulovskyy [2] conducted a study on the repeti-
tion and structuring of 3n + 1 transformation sequenc-
es as arguments in support of the Collatz conjecture. 
The authors demonstrated that the absence of infinity 
of odd numbers in a subsequence is not an argument 
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Materials and Methods
The study focused on analysing the behaviour of nu-
merical sequences formed using the rules of the Col-
latz hypothesis. The main research methods used 
were mathematical analysis, combinatorics, algebraic 
methods, mathematical induction and formalisation of 
results using mathematical logic. The first stage of the 
study was a detailed analysis of the number sequences 
generated by the 3n + 1 rule. The properties of odd num-
bers and their relationships with even numbers were 
analysed. Their dualistic properties were investigated, 
and their relationships were established in the context 
of the Collatz hypothesis. The mathematical properties 
of sequences of numbers and their influence on the be-
haviour of numbers during iterations were analysed. 
Particular attention was devoted to the study of odd 
numbers, since they, after the 3n  +  1 operation, form 
more complex structures than even numbers, which 
rapidly decrease due to division by 2. The behaviour of 
numbers during iterations was analysed and some reg-
ularities were revealed the rapid decrease of numbers 
and the possibility of long sequences of odd numbers 
before reaching 1. The possibility of studying the struc-
ture of complex sequences to understand the general 
laws of the Collatz hypothesis was also considered.

The method of mathematical induction was used to 
analyse the recursive properties of the Collatz function. 
This analysis determined the diversity of sequence be-
haviour, including fast and slow convergence to 1. The 
base case was established for the number 1, which is 
the endpoint for all possible sequences. Then, an induc-
tive assumption was built to prove that if the hypothe-
sis is true for the number n, it is also true for the num-
ber n  +  1. This formalised the process of proving the 
hypothesis for a wide class of natural numbers.

Combinatorial methods were used to analyse the 
number of steps required to reach 1 depending on the 
initial number n. This was used not only to estimate 
the length of the sequences but also to establish cer-
tain patterns in the frequency of occurrence of certain 
numbers in the sequences. This was used to study the 
cyclic properties of sequences and to predict possible 
ways of developing numbers depending on the initial 
conditions, substantially improving understanding of 
their structure and convergence.

Algebraic methods were used to analyse the struc-
ture of Collatz sequences and their relationship with 
other algebraic objects, such as groups or rings. This 
was used to consider the Collatz sequences as part of 
the general algebraic structure and to determine how 
algebraic properties can affect the behaviour of num-
bers. To further determine the arithmetic properties 
of numbers in Collatz sequences, various results from 
number theory, such as the prime number theorem 
or the prime factorisation theorem, were used. This 
was used to explore the characteristics of numbers in 
sequences and their relationship to the structure of 

against the Collatz conjecture. Instead, this property 
is a universal characteristic of the sequence of trans-
formations for natural numbers using the 3n + 1 algo-
rithm. The study also determined that there is a re-
current relationship between the parameters for the 
sequences of the Collatz transforms of any pair of pos-
itive integers n and 2n.

According to S.V. Kmita [3], the Collatz hypothesis 
naming has a reason – no one has been able to prove it 
so far. Collatz put forward this hypothesis in 1937 (ac-
cording to other sources, in 1928 or 1932), and since 
then, many attempts have been made to verify or re-
fute this statement using purely mathematical proofs. 
However, all those mathematicians have been able to 
achieve is an experimental test of the hypothesis.

P. Kosobutskyy & D. Rebot [4] analysed the Collatz 
conjecture, considering it a binomial problem similar 
to Newton’s problem. They demonstrated that in the 
opposite direction, the Collatz sequence consists of the 
lower bounds of the corresponding cycles, and the last 
element tends to become a multiple of three for odd 
numbers. The researchers also determined that for 
infinite cycles isolated from the main graph with min-
imum amplitudes of 5, 7, and 17, additional conditions 
arise that regulate their lower limits of oscillation.

According to O.  Leshchenko  [5], one of the key 
problems that arise when studying the Collatz hypoth-
esis is the issue of randomness in the behaviour of 
this sequence, which seems to have a randomly given 
nature. In the paper, the author revealed the impor-
tance of this problem for mathematics and considered 
the possibility of its application in the modern world. 
Some key characteristics of the Collatz sequence were 
analysed using the Maple computer algebra system.  
A hypothesis was put forward that as the initial number 
increases, the maximum length of the Collatz sequence 
grows no faster than the logarithmic function, which 
was confirmed by numerical calculations. E. Dyachen-
ko [6] presented a proof of the Collatz conjecture, also 
known as the 3x + 1 problem. The proof was based on 
the number systems of rational bases, their modifica-
tions and the sequence of ordered numerical intervals. 
The latter provided a new way of thinking about inte-
gers. The proof was obtained by dividing the numbers 
into ordered intervals.

Notably, some aspects of Collatz’s conjecture re-
main unexplored, in particular, the possibility of com-
plex cyclic structures when changing the condition, for 
example, 3n + 1 to 3n - 1, or 5n + 1 or 5n - 1, which are not 
reduced to 1, and the consideration of sequence prop-
erties for large numbers. Addressing these questions 
may help to better understand the nature of the Col-
latz hypothesis and its possible applications. The study 
aimed to develop a new approach to the study and anal-
ysis of the Collatz sequence. Using the concept of odd 
number potential and blocks of numbers allows for a 
deeper and more systematic analysis of this sequence.
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primes in more depth. The last stage of the study was 
the formalisation of the results using mathematical 
logic. For this purpose, predicative logic and set theo-
ry were used to carefully structure the proofs and con-
vincingly prove the theorem within the framework of 
formal mathematical systems.

Results
Collatz’s conjecture, also known as the 3n + 1 problem 
or Hayes’ problem, is one of the most famous unsolved 
problems in mathematics. The Collatz conjecture states 
that no matter what initial positive integer is chosen, 
sooner or later the process will end, and the number 1 
will be reached. Despite its simplicity, this problem has 
attracted many scientists because of its unpredictability 
and lack of proof, as the process itself ends in an infinite 
loop: 1, 4, 2, 1, 4... The Collatz hypothesis itself did not at-
tract the attention of the scientific community for a long 
time, until in the 1950s Helmud Hasse (Syracuse Univer-
sity) formulated it as a mathematical game, thus relating 
the problem to numerical sequences. When American 
amateur mathematician Martin Gardner formulated it 
as a mathematical puzzle in 1972, interest in the Collatz 
conjecture grew significantly, and later Stanislav Ulam, 
Hungarian mathematician Pal Erdős, and others tried 
to solve it. With the involvement of powerful comput-
ing resources, the Collatz conjecture was confirmed for 
numbers of order 10 to the 28th power. However, no al-
gorithm was found to prove the correctness of the hy-
pothesis, so the problem is open for proof.

Despite many attempts and tests for different initial 
values of n to disprove the hypothesis, no counterexam-
ples have been found so far. That is, all known tests con-
firm that the Collatz hypothesis is valid [7-9]. Although 
the Collatz Conjecture is very simple to formulate and 
understand, its difficulty lies in the fact that there has 
been no mathematical proof of its validity for any posi-
tive integer n. This situation makes it one of the most fa-
mous open problems in mathematics. Many mathemati-
cians have worked on this problem, and although some 
additional properties of this sequence have been found, 
the problem itself remains unsolved  [10]. Mathemati-
cally, the Collatz conjecture was written as follows (1):

𝑓𝑓𝑓𝑓(𝑛𝑛𝑛𝑛) = �
𝑛𝑛𝑛𝑛
2

, 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑛𝑛𝑛𝑛 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑛𝑛𝑛𝑛
3𝑛𝑛𝑛𝑛 + 1, 𝑖𝑖𝑖𝑖𝑓𝑓𝑓𝑓 𝑛𝑛𝑛𝑛 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

   .                   (1)

Task 1. The analysis of the conditions of Hypothesis 
1 shows the need to identify groups of numbers that 
participate in iterations when fulfilling the conditions 
of the task:

1. Even numbers. It is assumed that all even num-
bers that exist in nature and are used in iterations will 
lead to odd numbers.

2. Odd numbers. It is assumed that odd numbers 
have some specific properties they serve as the begin-
ning of a cycle using the 3n + 1 function.

3. Numbers 3n + 1. These numbers are always even 
(odd number x odd number = odd number).

4. The numbers are 3n; 3n = Neven
 - 1.

This task aims to analyse the conditions of a hy-
pothesis related to the structure of numbers during 
their iteration depending on their evenness or oddness.

The duality of the properties of odd numbers is 
noteworthy: each odd number Nj-odd is the beginning of 
the cycle 3n + 1=Neven

 - Neven/2n = Nj-odd. Analysis of the du-
ality of the properties of odd numbers, it was concluded 
that each odd number serves as the beginning of a cer-
tain cycle that will lead to new odd numbers using the 
3n+1 function. This indicates that the numbers under 
study form a certain structure and sequence that can 
be investigated to obtain additional conclusions about 
their behaviour and properties.

The Collatz problem was considered an interesting 
game, and there is no need for practice in proving the 
hypothesis for scientific, technical and other spheres of 
life, at least not now. However, many examples of purely 
mathematical theories, which have nothing to do with 
practice, becoming an important tool for research and 
calculations, mathematical apparatus of theories in 
other scientific disciplines, show that proving the cor-
rectness (incorrectness) of a hypothesis is necessary, 
and the author offered a version of proving a hypothe-
sis and turning it into a theorem.

The author suggested that there is a certain prop-
erty that characterises the groups of numbers involved 
in the iterations, and this property determines whether 
the hypothesis is true. That is, it was assumed that if the 
groups of numbers involved in the iterations are correctly 
arranged, a hidden property of the numerical sequence of 
natural numbers N that determines the correctness/in-
correctness of the Collatz hypothesis will be evident. The 
correct arrangement is the arrangement that shows the 
entire iteration process until its completion, i.e., until 1 
and the infinite cycle 1, 4, 2, 1, 4... Below is the sequence of 
the author’s proof of the Collatz conjecture as a theorem.

1. Lothar Collatz proposed the task: take any posi-
tive number N from the infinite sequence (2):

1,2,3, … ∞.                                   (2).

If even is returned – divide by 2. If it is odd, multi-
ply by 3 and add 1 to the result. Do the same with the 
resulting number until 1 is the result. After that, an 
endless cycle is evident: 1, 4, 2, 1, 4... This is the Collatz 
hypothesis. No matter what the initial number is, the 
sequence comes to 1 and an infinite cycle.

2. To prove a hypothesis, a certain property in the 
presented infinite sequence of numbers that deter-
mines the correctness or incorrectness of the hypoth-
esis should be determined.

3. The concept of “colour of number” (numbers) 
was introduced. The chosen property of a number, ei-
ther due to its nature or as a result of predefined oper-
ations, as indicated by the assigned colour.
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4. Even and odd number groups were considered. 
These two groups comprise all the numbers considered 
in the Collatz hypothesis (0 was not considered, but later 
it was discovered that it was impossible to do without 0). 
Even numbers are denoted by A and are black, odd num-
bers are denoted by B and are blue. In addition, the lilac C 
numbers, green X numbers, and red J numbers (defined 
below) were considered. There is also a group of num-
bers 3 × B and a group of numbers (3 × B + 1).

5. The properties of these groups (sets) were ana-
lysed, they are infinite sets.

6. The odd numbers B have two properties accord-
ing to the rules of the hypothesis:

a) each number B is the result of dividing an even 
number from the set of even numbers (3) by 2 the ap-
propriate number of times:

Aand = Eand × 2n,                            (3)

where n = 1,2,3, … ∞; i = 1,2,3, … ∞;
b) each number B is the starting point for calculat-

ing an even number using formula (4):

3 × E + 1.                                     (4).

7. Even numbers have the following properties  
according to the rules of the hypothesis:

a.  each number A is a member of one of the sets  
defined by formula (3);

b. some of the numbers A are the result of the calcu-
lation using formula (4). 

8. An infinite sequence of numbers was presented 
in the form of an infinite table (Table 1).

Table 1.  An infinite sequence of even and odd numbers in the context of the Collatz hypothesis

Note: K is the row index that defines the set of odd numbers in each row of the table
Source: compiled by the author

Ki ;n 0 1 2 3 4 5 6 … n

0 1 2 4 8 16 32 64 … 1 × 2n

1 3 6 12 24 48 96 192 … 3 × 2n

2 5 10 20 40 80 160 320 … 5 × 2n

3 7 14 28 56 112 224 448 … 7 × 2n

4 9 18 36 72 144 288 576 … 9 × 2n

5 11 22 44 88 176 352 704 … 11 × 2n

6 13 26 52 104 208 416 832 … 13 × 2n

7 15 30 60 120 240 480 960 … 15 × 2n

… … …
Ki 1 + 2 × Ki (1 + 2 × Ki) × 2n … (1 + 2 × Ki) × 2n

The second left column, starting from the second 
row, contains all odd blue numbers, the column is filled 
in using the formula (5):

Eand = 1 + 2 × Ki ,                              (5)

where i = 1,2,3, … ∞; Ci
 = 1,2,3, … ∞. The leftmost column 

starts from the second row:

i = 1,2,3, … ∞,
Ci

 = 1,2,3, … ∞.

The top row starting from the second column is n:

n = 1,2,3, … ∞.

The lines after the blue numbers are filled with 
black (even) numbers according to the formula (6):

Аn = (1 + 2 × Ki) × 2n,                          (6)

where Ki
 = 0, 1, 2, 3...∞; n = 0, 1, 2, 3…∞.

All combinations of Ki and n have been obtained 
(this means that Table 1 contains all natural numbers 
that exist in nature), i.e. the infinite sequence (2) and 
Table 1 contain the same numbers.

Next, number groups were analysed: 3  ×  В and 
3 × В + 1, 3 × В always odd by definition. Each odd num-
ber in B is the starting point for calculating an even 
number using the formula 3  ×  E  +  1. It was affirmed: 
3 × Ei = A  - 1, where i = 1,2,3, … ∞, it is problematic to 
denote A.

9. The number X is green (7):

Xi
 = Ai

 - 1,                                      (7)

where і = 2, 4, 6….∞.
Later, it was discovered that green numbers that 

are multiples of 3 and the result of division X / 3 are of 
interest. Number C has a lilac colour, lilac numbers are 
always even and odd (8):

Ci = Xi / 3,                                      (8)

where i = 1, 3, 5, 7...∞, if the result of dividing Xi/3 is not 
an integer, it does not turn lilac, such numbers were not 
considered.

Blue, black, green and lilac numbers were placed 
in Table 2. Green numbers not divisible by 3 were not 
highlighted.
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10. Analysis of Table 2. The table shows all the blue 
(odd) numbers that exist in nature (9):

Eand = 1 + 2 × Ki ,                               (9)

where i = 0, 1, 2, 3…∞.
Since it is impossible to avoid 0, formula (5) was 

used, and all odd numbers in nature can certainly be 
placed in Table 1. Table 2 shows all the green numbers 
(10) that exist in nature:

Xi
 = Ai

 - 1,                                   (10)

where Аi
 = 2, 4, 6….∞.

For ease of reference, green numbers not divisible 
by 3 have not been removed from the table, and green 
numbers are odd. Table 2 shows all naturally occurring 
lilac numbers (11):

Yi = Xi / 3,                                    (11)

where і = 1, 3, 5….∞, lilac numbers are odd.
As can be seen from the previous step, for every 

blue number there is a corresponding lilac number of 
equal magnitude, and vice versa – for every lilac num-
ber there is a corresponding blue number of equal 

magnitudes. Notably, the blue and lilac odd numbers 
reflect the duality of the properties of odd numbers 
considered in the hypothesis. Each number B is the re-
sult of dividing an even number from the set of even 
numbers (12) by 2 the appropriate number of times:

Ani = Bix2n,                                (12)

where n = 0, 1, 2, 3….∞; і = 0, 1, 2, 3….∞.
Each number B is the starting point for the calcula-

tion of an even number using the formula (13):

3xB + 1.                                    (13).

11. The concept of a block of odd blue numbers was 
introduced (it is emphasised that it is blue because all li-
lac and green numbers are also odd). An odd blue num-
ber block is an odd blue number and its corresponding 
rows: black even, green, lilac and red numbers (block 1, 
block 3, block 5, etc.).

12. The question was investigated: whether lilac 
and blue numbers can be placed in the same block.

The blue number (14):

Eand = (1 + 2 × Kand), і = 0,1,2,3…∞.           (14).

21
41 83 167 335 671 … (21 × 2n) - 1
42 84 168 336 672 … 21 × 2n

19
25 101 … ((19 × 2n) - 1) / 3

37 75 151 303 607 … (19 × 2n) - 1
38 76 152 304 608 … 19 × 2n

17
11 45 181 … ((17 × 2n) - 1) / 3
33 67 135 271 543 … (17 × 2n) - 1
34 68 136 272 544 … 17 × 2n

15
29 59 119 239 479 … (1 × 2n) - 1
30 60 120 240 480 … 15 × 2n

13
17 5 … ((13 × 2n) - 1) / 3

25 51 103 207 415 … (13 × 2n) - 1
26 52 104 208 416 … 13 × 2n

11
7 29 117 … ((11 × 2n) - 1) / 3
21 43 87 175 351 … (11 × 2n) - 1
22 44 88 176 352 … 11 × 2n

9
17 35 71 143 287 … (9 × 2n) - 1
18 36 72 144 288 … 9 × 2n

7
9 37 … ((7 × 2n) - 1) / 3

13 27 55 111 223 … (7 × 2n) - 1
14 28 56 112 224 … 7 × 2n

5
3 11 53 … ((5 × 2n) - 1) / 3
9 19 39 79 159 … (5 × 2n) - 1
10 20 40 80 160 … 5 × 2n

3
5 11 23 47 95 … (3 × 2n) - 1
6 12 24 48 96 … 3 × 2n

1
1 5 … ((1 × 2n) - 1) / 3

1 3 7 15 31 … (1 × 2n) - 1
2 4 8 16 32 … 1 × 2n

Table 2.  Classification of blue, green and lilac numbers in the context of the Collatz hypothesis

Source: compiled by the author
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Lilac number (15):

Cj
 = (1 + 2 × Kj), j = 0,1,2,3…∞.              (15)

The numbers are equal (16, 17):

Eand = (1 + 2 × Kand) = Cj
 = (1 + 2 × Kj),        (16)

Cj
 = (1 + 2 × Kj)=(((1 + 2 × Ki) × 2n)-1)/3,       (17)

where n = 0, 1, 2, 3…∞. 
There is a unique solution to equation (12): 

Ci = Kj = 0; n = 2. Only one block 1 contains a blue 1 and a 
lilac 1, in all other blocks, it is impossible to place equal 
blue and lilac numbers in the same block.

13. To reflect the relationship between the lilac and 
blue numbers, the concept of block potential was intro-
duced. It will be denoted by the letter J, the colour red. 
The potential of a blue number block is a property of 
a block determined by the duality of the odd numbers 
considered in the hypothesis, namely blue and lilac.

14. The block’s potential is determined by the fol-
lowing rules:

a) the potential of the block is numbered with the 
numbers (18):

J = 1,2,3,4…∞;                             (18)

b) the potential of block J = 1 is that of block 1. This 
is the lowest potential, the block of the smallest blue 
number has the lowest potential;

c) if the potential of the block of blue odd numbers 
in which the lilac number C equals J, then the potential 
of the block of blue odd numbers B = C is equal to (19):

J + 1.                                       (19)

For the lilac number C = 1, rule 15b applies.
15. The question was investigated: whether it is 

possible to determine the potential of the block in all 
blocks. An arbitrary lilac number C in the block J  -  CJ 
was chosen. According to the rules of the hypothesis in 
Table 3, there is a number B equal to CJ, the specified 
number B is in block J + 1, and it is denoted as BJ+1 (20):

EJ
 + 1 = CJ.                                  (20)

Moreover, according to the rules of the hypothesis, 
the block containing CJ also contains the number BJ (21):

EJ
 = CJ

 / 2n,                                 (21)

where n is the number of times to divide CJ by 2.
According to the rules of the hypothesis, a number 

СJ-1 exists in block ВJ-1 such that (22):

EJ
 = CJ - 1.                                   (22)

That is, all blocks have a certain potential.
16. The location of a number in a block with poten-

tial J is denoted by the subscript J. An arbitrary number 
AJ was chosen and placed in a block with potential J. The 
number AJ is divided by 2 the required number of times, 
and the number ВJ is obtained. If the number ВJ was se-
lected the previous stage was skipped. The number ВJ 
has an equal lilac number in the block with the poten-
tial J-1 (23):

EJ
 = CJ - 1,                                   (23)

(CJ - 1 × 3) + 1 = AJ - 1.

The number АJ-1 is divided by 2 the required num-
ber of times, and the number ВJ-1 is obtained the num-
ber ВJ-1 has an equal lilac number in the block with the 
potential J-2 (24):

EJ - 1
 = CJ - 2.                                (24)

The result is a lilac number CJ - (J - 1)
 = CJ = 1 (25):

(CJ
 = 1 × 3) + 1 = AJ

 = 1.                       (25)

The number АJ
 = 1 was divided by 2 the required 

number of times, and the result was (26):

EJ
 = 1 = 1.                                   (26)

17. The hypothesis became a theorem and was 
proven.

Table 3.  Determining the number potential in blocks based on the Collatz hypothesis

2 21
41 83 167 335 671 … (21 × 2n) - 1
42 84 168 336 672 … 21 × 2n

7 19
25 101 … ((19 × 2n) - 1) / 3

37 75 151 303 607 … (19 × 2n) - 1
38 76 152 304 608 … 19 × 2n

4 17
11 45 181 … ((17 × 2n) - 1) / 3
33 67 135 271 543 … (17 × 2n) - 1
34 68 136 272 544 … 17 × 2n

6 15
29 59 119 239 479 … (1 × 2n) - 1
30 60 120 240 480 … 15 × 2n
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The hypothesis became a theorem. The research 
will be continued to determine the practical value of the 
project. Formula (27) is noteworthy:

Ai
 = Bi

 × 2n,                                   (2)

where n = 0, 1, 2, 3, …, ∞; і = 0,1, 2, 3, …, ∞. 
Any integer can be represented in this form, and ab-

breviations are possible for large numbers: instead of 
one large number A, 2 smaller numbers B and n can be 
specified. This can be used to shorten the information 
being transmitted. The proof of the Collatz conjecture 
as a theorem is a key step in the study, as it confirms the 
validity of the conjecture for all natural numbers. Sever-
al methods and strategies were used for this purpose, in-
cluding the recursive properties of the Collatz function 
and the method of mathematical induction. The induc-
tion assumption was introduced, which states that the 
Collatz hypothesis holds for all numbers up to a certain 
n. In other words, if for any number k less than or equal 
to n, the Collatz hypothesis holds, then it holds for n.

It should be noted that the main difference between 
the proposed approach is the introduction of the con-
cept of the potential of an odd number and the block 
of numbers belonging to the specified odd number, the 
potential of an odd number is the property of numbers 
that shows the correctness of the hypothesis and was 
used to call the Collatz problem a theorem. The study 
showed that the Collatz hypothesis is important in un-
derstanding the properties and behaviour of numbers.

Thus, the study determined that the Collatz con-
jecture, also known as the 3x + 1 problem, can be con-
sidered as a theorem with appropriate conditions. The 
study showed that under the given initial conditions, 
the sequence of numbers obtained by the rule of the 

Collatz hypothesis always converges to one number – 1. 
As demonstrated, this theorem is true for all natural 
numbers considered in the study. Additionally, some 
statements and properties related to the Collatz con-
jecture were considered and proved. The study demon-
strated that the sequence of numbers formed following 
the rules of the Collatz hypothesis is always bounded 
from above by the value formed by the corresponding 
formula. It was also found that this sequence has a fi-
nite length for any given initial number. In general, the 
results of the study confirm the Collatz theorem as a 
universal mathematical phenomenon that can be con-
sidered a general property of natural numbers.

Discussion
The study of the Collatz hypothesis is central to scien-
tific research for various reasons. The discussion of this 
conjecture expands the understanding of the nature of 
number sequences and has profound implications for 
various aspects of scientific research. The Collatz con-
jecture is an important object of research in mathemat-
ics. Its consideration opens new horizons for the devel-
opment of number theory, combinatorics, graph theory, 
and other mathematical fields. The author M.  Dane-
si [11] proved that understanding the properties of the 
Collatz sequence opens up new methods and approach-
es for solving various mathematical problems.

Further study of the Collatz hypothesis is impor-
tant in the context of computer science. It leads to the 
development of new algorithms for optimisation, data 
processing, and information encryption. As noted by 
A.  Trocado  et al.  [12], understanding the properties 
of this sequence helps to improve various algorithms 
and methods of computer science, which is important 

3 13
17 5 … ((13 × 2n) - 1) / 3

25 51 103 207 415 … (13 × 2n) - 1
26 52 104 208 416 … 13 × 2n

5 11
7 29 117 … ((11 × 2n) - 1) / 3
21 43 87 175 351 … (11 × 2n) - 1
22 44 88 176 352 … 11 × 2n

7 9
17 35 71 143 287 … (9 × 2n) - 1
18 36 72 144 288 … 9 × 2n

6 7
9 37 … ((7 × 2n) - 1) / 3

13 27 55 111 223 … (7 × 2n) - 1
14 28 56 112 224 … 7 × 2n

2 5
3 13 53 … ((5 × 2n) - 1) / 3
9 19 39 79 159 … (5 × 2n) - 1
10 20 40 80 160 … 5 × 2n

3 3
5 11 23 47 95 … (3 × 2n) - 1
6 12 24 48 96 … 3 × 2n

1 1
1 5 … ((1 × 2n) - 1) / 3

1 3 7 15 31 … (1 × 2n) - 1
2 4 8 16 32 … 1 × 2n

Table 3. Continued

Source: compiled by the author



Cherkasenko

Journal of Osh State University. Mathematics. Physics. Technical Sciences. Vol. 4, No. 1
15

for the development of modern technologies. In addi-
tion, the study of the Collatz conjecture has the poten-
tial to be applied to solve problems in other scientific 
fields, such as cryptography, data theory, optimisation, 
and bioinformatics. C.  Fan & Q.  Ding  [13] stated that 
understanding the properties of numerical sequences 
can help solve complex problems and provide new per-
spectives on solving scientific problems. M.  Rasool & 
S.B. Belhaouari [14] studied the Collatz conjectures and 
used them to solve optimisation and control problems. 
Understanding the structure and properties of numer-
ical sequences can help improve process optimisation 
algorithms and make effective management decisions. 

In their work on the Collatz conjecture and the 
Kurepa left factorial conjecture, N.  Fabiano et  al.  [15] 
addressed the Collatz conjecture by comparing the val-
ue density with Planck blackbody radiation in physics, 
demonstrating a surprising agreement between them. 
The generalisation of the Collatz conjecture to the gen-
eral qN + 1 sequence was also briefly discussed using 
numerical analysis. The authors provided a brief his-
torical overview and proved some properties of the 
Kurepa function in a simple way. The similarity of the 
papers lies in the treatment of the Collatz conjecture as 
a theorem, but N. Fabiano et al. compared it to physical 
phenomena, while this study looks at the Collatz con-
jecture from a more abstract point of view, comparing 
it to mathematical structures and algorithms.

In their work on the central aspect of the Collatz 
conjecture – division by two – C. Koch et al.  [16] ana-
lysed the problem in its original 3𝑣 + 1 form, as well as in 
the general 𝑘𝑣 + 1 version. Based on mathematical rea-
soning and empirical research, the authors derived and 
proved theorems about the occurrence of cycles and 
the completion of sequences. Their thinking is based on 
the binary representation of the Collatz numbers and 
basic operations. Theorem 4.4 presented in this paper 
defines the number of divisions by two that can lead to 
a cycle. The theorem is based on the simple truth that 
a cycle can occur only when the binary growth of a se-
quence is exactly matched with divisions by two. An-
other theorem presented in the paper, Theorem 3.2, de-
fines the maximum number of divisions by two that can 
be performed in a sequence. According to the authors, if 
it could be shown that every initial number eventually 
leads to this maximum, the Collatz problem would be 
solved. The authors are convinced that a deep study of 
the binary mechanics of Collatz sequences will lead to 
this proof. The similarity of the papers lies in the con-
sideration of the Collatz conjecture as a theorem and 
the mathematical analysis of the conjecture itself to 
find out certain regularities of its behaviour. 

In a study on the proof of the Collatz conjecture, 
H. Tadesse [17] employed two main strategies: binary 
representation and decomposition of a natural number 
into many composite functions of even and odd func-
tions. The author reviewed and discussed the Collatz 

conjecture on odd-even numbers in number theory us-
ing them as follows: the sequence created by the finite 
iterations of the Collatz function becomes a definitively 
periodic sequence if any natural number is the initial 
value, proving a conjecture that has been held for 85 
years. The similarity between the works on the proof 
of the Collatz conjecture is that they both use mathe-
matical methods and strategies to analyse and solve 
this problem.

In their study on the clustering of the Collatz hy-
pothesis, J.  Machado et  al.  [18] proposed a clustering 
perspective for the analysis of the Collatz hypothesis. 
The Hailstone sequences were analysed using cluster-
ing methods, namely the computational algorithms 
HC and MDS. HC leads to two-dimensional graphical 
representations such as dendrograms and trees. On 
the other hand, a set of MDS points can be visualised 
using two- or three-dimensional charts. The three-di-
mensional MDS map reveals a complex picture that is 
not easily observed with two-dimensional images. A 
set of six distances was tested in combination with a 
Hamming-like classification. All representations re-
vealed complex patterns, but the Arcosine-Hemming, 
Canberra-Hemming and Clark-Hemming distances on 
the three-dimensional MDS maps produced clearer 
structures. Interpreting the results, however, is not easy 
and future efforts are needed to continue this line of re-
search. The similarity of the works lies in the treatment 
of the Collatz hypothesis as a theorem and the use of 
a clustering perspective in an attempt to discover pat-
terns and structures in the set of numbers that arise 
during the execution of Collatz sequences. Both ap-
proaches are aimed at understanding its properties and 
possible patterns. These studies demonstrate that the 
use of clustering methods can identify complex struc-
tures and patterns in the Collatz hypothesis, which may 
open new avenues for further research in this area.

In a study on the statistical view of the Collatz hy-
pothesis, B.  Gurbaxani  [19] examined the hypothesis 
from the perspective of a statistician/data scientist and 
an engineer. As a statistician or data scientist, the author 
addressed the Collatz sequences as sequences found in 
nature, as a set of time series created by some natural 
process, ignoring for the moment their fully determin-
istic origin. As an engineer, the author attempted to ma-
nipulate the Collatz sequences to determine what makes 
them effective and designed changes to the sequences 
that also do “interesting” things, after the author first de-
fined exactly what is implied by “interesting”. Although 
these analyses do not provide evidence for the Collatz 
hypothesis, they do suggest that the hypothesis is prob-
ably true and it is hoped that analyses of sequences sim-
ilar to Collatz sequences will help to reveal the nature 
of Collatz. This study and the approaches of B. Gurbax-
ani are both aimed at exploring the nature of Collatz 
sequences and their efficient functioning, but they use 
different methods and perspectives to achieve this goal.
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In a study on the Collatz convergence algorithm, 
A.  Rahn et  al.  [20] established a special equivalent of 
modular arithmetic for Collatz sequences based on five 
arithmetic rules that apply to the entire Collatz dynami-
cal system, and for which iterations precisely determine 
the full basis of attraction leading to any odd number. 
The authors then simulated these rules to gain insight 
into their structure geometry and computational prop-
erties and observed that they linearise the convergence 
proof of the complete rows of a binary tree over odd 
numbers in their natural order, a result that, together 
with a complete description of the set of all initial val-
ues of any odd number, has never been achieved before. 
The authors provided two theoretical applications to 
explain why five rules linearise Collatz convergence, 
one specifically depending on the axiom of choice and 
the other on Peano arithmetic. The similarity between 
the study of the treatment of the Collatz conjecture as 
a theorem and the work of A.  Rahn et  al. is that both 
approaches are aimed at understanding and solving the 
problem of convergence of Collatz sequences.

In general, the study of the validity of the Collatz hy-
pothesis has significant potential for the development 
of scientific research, technology and engineering. The 
recognition of this hypothesis as a theorem opens new 
opportunities for mathematical modelling and analy-
sis of complex systems. This will help solve important 
scientific problems in various fields such as physics, bi-
ology, economics, and others. The mathematical model 
underlying the Collatz hypothesis has the potential to 
be used in the mathematical modelling of complex sys-
tems and processes. This can be useful for analysing the 
behaviour of various physical, biological and economic 
systems, as well as for solving important scientific prob-
lems. In physics, the Collatz hypothesis can be used to 
study dynamic systems and processes where a sequence 
of events occurs. In biology, it can be a useful tool for 
studying evolutionary processes and mechanisms of 
organismal development. In economics, the Collatz hy-
pothesis can be used to analyse market processes and 
forecast trends in financial markets. Given the wide 
range of possible applications of the Collatz hypothesis, 
research in this area has great potential to solve com-
plex problems and create new opportunities for the 
development of science and technology in the future.

Conclusions
The study confirmed the high relevance of proving the 
validity of the Collatz hypothesis not only in the context 

of mathematical sciences but also in a wide range of 
applied fields. The main objective of the study was to 
develop an effective and convincing proof of the Collatz 
conjecture as a theorem. This required improving exist-
ing mathematical methods, introducing new concepts 
and using computational methods. It is expected that 
the results of the study will provide mathematicians 
and scientists with the means to better understand 
the structure of the sequence. The main problems of 
the study were the complexity of analysing and un-
derstanding the behaviour of a sequence of numbers 
in the context of the Collatz hypothesis, as well as the 
difficulty of proving its validity. The proposed approach 
with the introduction of the concept of the potential of 
an odd number and the block of numbers belonging to 
the specified odd number was indeed marked by sig-
nificant differences from the classical approach to the 
Collatz hypothesis.

The main innovation was the introduction of these 
new concepts, which were used to determine and ana-
lyse the behaviour of number sequences generated by 
the Collatz function. The odd number potential is an 
indicator that reflects the property of numbers in the 
context of the Collatz hypothesis. This new concept 
was used to study the properties of number sequenc-
es in more detail and find connections between them. 
Blocks of numbers belonging to a given odd number 
also played an important role in analysing and under-
standing the structure of the Collatz conjecture. The 
introduction of these concepts was used to review 
the Collatz conjecture in a new light and consider it 
as a proven theorem. This made the research more 
systematic, in-depth, and opened up new opportuni-
ties for studying and applying this theorem in various 
fields of science and technology. The development of 
algorithms and methods aimed at finding new prop-
erties of numbers in a sequence according to the Col-
latz hypothesis, as well as improving existing meth-
ods for proving its correctness, remains an important  
area of research.
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Коллатц божомолунун тууралыгын далилдөө

Анатолий Черкасенко
Моралдык жана психологиялык камсыздоо боюнча ротанын командиринин орун басары

Украинанын Куралдуу күчтөрүнүн 60-механизацияланган бригадасынын
https://orcid.org/0009-0000-7947-8549

Аннотация. Коллатц божомолунун тууралыгын далилдөө математикадагы көптөгөн чечиле элек 
маселелердин бири болгондуктан актуалдуу изилдөө болуп саналган. Бул ырааттуулуктун касиеттерин 
түшүнүү сандардын теориясы же графтар теориясы сыяктуу математика тармактарына маанилүү таасир 
тийгизген. Изилдөөнүн максаты Коллатц божомолун теорема катары далилдөө болгон. Изилдөөнүн 
методологиясы сандык ырааттарды талдоону, математикалык индукцияны, рекурсивдик, комбинатордук 
ыкмаларды жана компьютердик моделдөөнү камтыган. Изилдөө Коллатц божомолу аркылуу алынган 
ырааттардын касиеттерин, өзгөчө алардын рекурсивдик мүнөзүн талдаган. Изилдөө ар бир так сан 
ырааттын жүрүшүнө таасир эткен уникалдуу “потенциалга” ээ экенин аныктаган. Болжолдун контекстинде 
жуп жана так сандардын өз ара байланышы, ошондой эле бөлүү жана көбөйтүү операцияларынын сандык 
ырааттардын өзгөрүшүнө тийгизген таасири изилденген. Изилдөөнүн жыйынтыктары Коллатц божомолу 
боюнча ырааттарда аларды далилдөөгө ылайыктуу белгилүү структуралар бар экенин көрсөткөн. Изилдөө 
ошондой эле 2ге бөлүү, 3кө көбөйтүү жана 1 кошуу операциялары ырааттын өнүгүшүнө системалуу таасир 
тийгизерин аныктаган. Изилдөөнүн жыйынтыктары сунушталган ыкма ырааттар аркылуу табигый 
сандардын чексиз n катарындагы жана башка сандар топторундагы сандардын туура ордун аныктоого 
жардам бергенин көрсөткөн. Сунушталган ыкманын негизги айырмасы так сандын “потенциалы” жана 
ошол так санга байланышкан “сандар блоктору” түшүнүктөрүнүн киргизилиши болгон. Так сандын 
потенциалы божомолду ырастаган жана Коллатц маселесин теорема катары атоого негиз болгон сандын 
касиети болгон. Изилдөөнүн практикалык мааниси сандык ырааттарды талдоонун жаңы ыкмаларын 
компьютердик илимде, криптографияда жана эсептөө процесстерин оптималдаштырууну талап кылган 
башка тармактарда колдонуу мүмкүнчүлүгүндө болгон

Негизги сөздөр: табигый сандар; так сандын потенциалы; математикалык индукция; ырааттуулукту 
талдоо; ачык маселе
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