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Abstract. In this paper, it is considered a third order nonlinear Fredholm integro-differential equations with
initial value conditions and real parameters. A nonlinear functional-integral equations is derived. Theorem on a
uniqueness and existence of the solution of the problem is proved for regular values of parameters. The method of
compressing mapping in the space of continuous functions is applied. Continuous dependence on parameters of the
solution of initial value problem is studied.
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Annomauyusn: B Oannoii pabome paccmampugaemcs HeiuHeunoe unmezpo-oughpepenyuanvrioe ypaghenue
@Dpedeonbma mpemvpe2o NOPSIOKA ¢ HAYATLHLIMU VCI0GUIMU U OelCmEUmenbHblMUu napamempamu. Bvisooumcs
Henunelinoe  QYHKYUOHATbHO-UHMeSPAIbHOe ypasHeHue. [lokazvieaemcs meopema O eOUHCMBEHHOCHU U
CYWeCmBo8aHUU peuleHis 3a0ayu npu pe2yisapHblX 3HAYeHusx napamempos. IIpumensemcs Memoo CoHcUMaiouux
omoobpadicenutll 6 NPOCMPAHCMee HeNnPepuleHbIX GyHKYUIl. M3yuaemcs HenpepbléHdsl 3a8UCUMOCHTb O NAPAMEMPOS
peuteHUss HaYaarbHOU 3a0aiu.

Knwuesvle cnosa: Hauanvnas 3adaua, unmezcpo-oughpepenyuanvioe ypasHenue mpemve20 HOpSOKd,
OOHO3HAYHAS  PA3PEUUMOCTTb,  OeliCMBUMENbHbIe NAPAMEMmpPbl, pe2yisipHble  3HAYEHUsl, 3A6UCUMOCMb  OM
napamempos.

Formulation of the problem statement

Integro-differential equations are studied in the works of many mathematics (see, for
examples [1-25]). Integro-differential equations with degenerate kernel are studied in the works
[26-36].

In this paper we consider the solvability of the initial value problem for a third order
integro-differential equation with two real parameter and degenerate kernel. So, we consider the
following Fredholm integro-differential equation

X"(t) + AX(t) = v]‘ K(t,s)x(s)ds+ F|t, }G(S) x(s)ds |,
0 0 (1)
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where K(t,s):zp:ai(t)ﬁi(s), O<a(t), B(s)eC[0,T], «(t) and S.(S) are linear

independent, F(t,x) e C([0,T]xR), 0<G(t)eC[0,T], T is given positive number,
0 < A is positive finite parameter, v is nonzero real parameter.
In solving partial integro-differential equation (1), we use the following conditions
X(0) =@, X' (0)=¢,, X"(0)=¢,. )
Problem statement. To find a function X(t) € C[0,T], which satisfies integro-

differential equation (1) and conditions (2).
Nonlinear integral equations
We use the following denotations

f(t) =vzp:ai (t)z, + F(t,),

©)
.
7, = [ B(s)x(s)ds.
0 (4)
Then the equation (1) takes the form
X"(t) + A x(t) = T (1). (5)

The characteristic equation o>+ A1=0 for the homogeneous equation
X"(t) + A x(t) =0 has the roots

o, =-32, O s —[%iﬁiJ%.

2
So, the general solution of the homogeneous equation can be presented as
X(t) = Aixl(t) + Azxz (t) + A3X3 (t)’ (6)

where A, (k=1,2,3) are yet arbitrary coefficients, which will be determined later,

x(t)=e V", x,(t)= e2 cos\/—\/_t X, (t) e2 sm\/—\/_t

Taking (6) into account, we search a particular solution of the equation (5) as

R(t) = A ()X, (1) + A, ()%, (t) + A (t) X (t). ®)

(7)

In (8) we supposed that Ak(t) are unknown functions. To find these functions we
consider the following system of algebraic-differential equations

A (1) + Ay (D)%, (1) + Ay (1) X,(1) =0,
A [Ox (1) + A (0 (1) + Ay (1) (1) =0,
AOX() + A (0% (1) + Ay (1) x35(1) = T (D).

We solve the system as functional-algebraic equations by the Cramer rule and found:
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1 ¢ 1
AD=5 j ol .

__ 1
A== 4606+ 1O ] f)as, o
1 t
AD= ! [ V3%,(5)%,(8) =, (8)%,(5) |  (s)ds, “

where 2c= \/Z . Substituting (9)-(11) into (8) and taking into account (7), we obtain a particular
solution of the equation (5) as

X(t,ﬁ)z%jQ(t,s,i)f(s)ds, 12)

where
cxn&z):%{eyﬂta_zeza)gn[%?%16—4)+%}}

The presentation (12) is a particular solution of the equation (1). So, the general solution
of the equation (5) can be presented as:

t
X(0) = By (1) + By () + By (8) + == [ Q(t,5, D) f ().
S
(13)
To find the unknown (arbitrary) coefficients B, (K =1,2,3), we use the boundary
conditions (2). Then from the presentation (13) we obtain

Bx ety -ty p L
X 3X1¢1 60X1(p2 1202)(1(03’

2 1 1
B,X, = 5 X0, + g X0, — E X0,

B.Xx, = —1 X, +—1 X,
o 2\/§C 2 4\/_02 s
Hence, we have that

B.X, + B,X, + ByX, = X +32X2 @, +

+—x1+x2+\/§x3(p +x1—x2+\/§x3(p.
6¢c ? 12¢2 ’

(14)
Substituting (14) into (13) and taking into account (3), we obtain
X(t,A)=P(t,1)+
1 p t T
+——=v) 7| Q(t,s,4);(s)ds + | Q(t,s, A1) F| s, G(@)x(@,i)d&}ds :
7] fowse[s] b
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where

1
P(t, 4 t, A t, A4 t
(t,A)= (01‘:”1( )+\/—¢’2l/’2( )+\/;¢3l//3()

(16)
Q(t,S,i)%{e%“ K 2e2 N L\/_J_(t s)+_ﬂ
(17)
wgnz):%{ J7+2e2 cosdrVFE}
(18)
s/Zt
w,(t,4) =l{e% —2e? sin[ﬁéﬁt +£ﬂ,
3 2 6
(19)
g/zt
v )= e e sin| Byz-_7]|
| 3 2 6 o0

There is another unknown quantity in (15). To find it we substitute (15) into (4), and
obtain a system of algebraic equations (SAE)

p
g :sz-jq)i,j(ﬂ’)_'_\Pi(X’ﬂ')l i=12,--,p,
j=1

(21)
1 T S
D, (A)= ﬁj‘ﬂi(S)IQ(S,H,ﬂ)aJ.(H)d@ds,
0 0 (22)
T 1 T S
Wi A) =4 (s)P(s,/l)ds+Tjﬁi(s)jQ(s,.9,z) x
0 /10 0
T
xF(Q,J‘G(é)X(f,ﬂ)dg‘jdes.
0 (23)
To solve the SAE we consider the following determinants
1-v®d, vo, A
vO 1-v®d . vd
Z(v, 1) = a 22 o, (24)
v, v, ... 1-vOo
1-vdy, .. vO,, Y, vO,, .. vO,
Z(xv 1) = vy, L v Dy Y, vy, e VO, @5
vy V@uigy Ty vy o 1-v@y,

where @, =@ (1), ¥, =Y (X 1), k= 1,p.
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SAE (21) is uniquely solvable for any finite right-hand sides, if the following non-
degeneracy condition for the Fredholm determinant is satisfied: Z (v, 1) # 0. The determinant

(24) z(v,A) is a polynomial with respect to v of degree not higher P. The equation
Z(v,A)=0 has at most P different real roots. We denote them by

0,(¢=1,p,, 1<p,<p).Then v=v, =0, called the irregular values of the parameter v .

Other values of the parameter v # 6,, for which | Z(v,A) | >0 are called regular.

For regular values of the parameter v the solution of the SAE (21) has the form
Z (X,v,A —
TK(V,ﬂ,):_ K( ), K‘=1, p, (26)
Z(v,A)
where ZK(VJ,) is defined from (25). Substituting for regular values of the parameter v the
presentation of solution (26) of the SAE (21) into representation (15), we derive a nonlinear
system of functional integral equations (NSFIE)

X(t,A) = P(t, 1) + ZZZ((X VA)’” j Q(t,s,A)a;(s)ds +

t
+%jqa,s,z) F (s,jG(@)x(@,Z)d@]ds.
0 0 (27)
We note that the functions in (17)-(20) become zero at some values of parameter 4. We
obtain the following transcendental equation

-3
sin[£y+£}=—1e2y, y=32(t-s)>0

2 6

for the case of function (17), and
=3
cosgyz—%ezy, yzi‘/zt>0

for the case of function (18), respectively. Functions in the formulas (19) and (20) become zero
at some values of parameter 4. We replace these equations by the following transcendental

equations
-3y
sin[£y+zj E 2 \/_t>0

2 6 2
) \/§ T 1 =
sinf —y—=|==e2, y=3At>0,
(Zy =3¢ y=1

respectively.

The values of parameter A, for which the functions (17)-(20) become zero, we denote by
A, 1=12,3,4, respectively. However, from the fact A, NA,NA;NA, =D we
deduce that the problem (1)-(2) is correct.

Solvability of the NSFIE (27)
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To prove the unique solvability of the mixed problem (1)-(2) we require in some
properties of the given functions (17)-(20).
Theorem 1. Let the following conditions be fulfilled:

0Z:Z(X WV, A)

t
Z0.2) < J,, aO:maxjaj(s)ds, 0<9,,a,=const < w;
k=1

0<t<T

2). | F(t,)| <8, 0<&, =const<o;
3). |F(t,u)—F(tu,)|<l,|u —u,|, 0<I,=const <o;

4). p <1, where p determines from (32) below.

Then for regular values of the parameter v NSFIE (27) has a unique solution in the space
C[0,T] of continuous functions.
Proof. We define the successive approximations for NSFIE (27) as:

{xo(t,v,ﬂ,) =P(t,v, 1),

m+1 _ ey M _ (28)
X" (t,v,A)=J(t;x"), m=0,1,2,3,...

We estimate the zero approximation. By virtue of formulas (17)-(20),
we can put

max{max\ Q(t,s, 4) \;[nlaz><3max\ v, (t, 1) \} <M, <o, 0<M,=const <o,
t =12, t
Taking into account (16), for the first approximation, from (28) we have

1 1
(01‘*'%‘(02"*'%‘@3 ‘:| (29)

Due to the conditions of the Theorem 1, for the first difference of consecutive

H x°(t,v, 1) H < max
C[OT]  ost<T

P(t,A)|< M, D

approximation functions X'(t) — x°(t) we obtain

Z.(xX°v,2) ||
Z(v,A) J‘Q(t’s”l)\%(s)d%

0

[0 2 =R D), <

k=1

ds < Mq0, (‘V |6, +§1). (30)

g/z

Now we consider the arbitrary consecutive difference X ™ (t) —x™(t) . Taking into

+%I\Q(t,s,z)\

F (s,]@(e) x°(6?,/1)d¢9}

account the formulas (22) and (23), we obtain the following estimate
| X" (tv, A) = x"(t,v, 2) H

C[OT]
Z (X" v,A)-Z, (x",
Z(v,A)

S
<

i=1
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l, | =]
+— x"(8,v,A)—x""(0,v,A) |dO|ds <
7! |
m-+1 m
<p-|x™ (v, 2) - x (t,v,z)Hc[Oﬂ, (31)
where
My s Z0A| o7 _
p—ﬁ(‘v‘é‘oaOHOG) | Zon O<.([G(s)ds_Go<oo, (32)
1-vd, .. VCD1(K_1) 1 v@ypyy - VO,
7 (1) = v, ov®, 1 vD, e VD,
vod v oy 1 v® 1-vo,,

From the estimates (29)-(31) it follows that the operator J (t;X) on the right-hand side
of (27) is contracting and there is unique fixed point. So, the existence and uniqueness of the
solution X(t) € C[0,T] to NSFIE (27) are proved. The theorem is proved.

Continuously dependence of the solution to NSFIE from parameter A
In this section we use the following obvious lemma.

Lemma. For two values 4,4, of positive parameter A there true the following
estimates

<Ly |4 -4, 0<Ly =const;

€ —€

‘ oY) _ YR

<Lg| A4 -4, |, 0< Ly, =const;

< Lg| A =4, |, 0< Ly =const;

cos—f(t S) — cosif(t—s)

<Lgp| 4 -4, | 0<Ly,=const;

<Lyl A=A |, Ly, =const;

\F \/_2
\/7 \/; < Lgs| A=A, |, Lo =const.

Theorem 2. Let be fulfilled the conditions of the Theorem 1. Then the following estimate
| x(t,A) =Xt 2) || oy < L | A =4 |, O<L,, =const (33)

holds.
Proof. By virtue of the Lemma for the function (17) we obtain
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t,s,4)—Q(t,s, 31 o Tats) _ g9
Q(t.s,4) - Q(t,s, 4,)| 3\

2 @(vs) %(t,s) 2 @ms)
—le?2 —e? 2 X

: sin(ﬁﬁ(tshz] +
2 6
sin[gs/z(t—s)+%]—sin[§§/ﬂj(t—s)+%j

X

<L|h-4| @4

where
L1 = L01 + Los + eS/IzT Loz-

By virtue of Lemma, for the function (18) we obtain

{a, Jﬂ_
VAt A4) it A) [ < \‘”1 e 2ot e Cos—ft
2 ¥,
+3e2 cos—\/7t c:osi\/7t<L1M1 A |- (35)

By similarly way for the functions (19) and (20) we obtain
it ) -y ) |<L|4-4] j=23. (36)

By the aid of the estimates (34)-(36), taking properties of the functions (22), (23) and
matrix (25), for the NSFIE (27) we derive

” X(t’v’ﬂl) B X(t'V’ZZ) ||C[O,T] - max| P(t 21) P(t 12) |+

0<t<T

Z,(%v, A)
Z(v, 4)

>

K=l

1 t

max || Q(t,s, 4) |&;(s)ds +
4Py e[ 0(.4)
Z (X,v,2)
Z(v,4)

i
312 k=1

+

maxj.\ Q(t,s,4) —Q(t,s, 4,) |ar;(s) ds +

0<t<T
0

<y, 1
oMo, &l e Tyl &

||

+a,M,
"

1
Z(v,4,) |%

Z|z XV, 4) = Z (xv, 4) |+

P

maxIQ(t s,2)| F(s,-)|ds+

0<t<T
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) || F(s.)|ds +

\/7 ost<T

M, , |
+Wlop“6(t)Hx(t,ﬂi)—x(t,/lz)\dt. (37)

2 0
By the aid of Lemma, estimates (34)-(37) and conditions of the Theorem 1, we obtain

XV, A4) = XA 2) [ oy < Mo L] 01 [+ (L + L), [+ (L + L) 3 []] 4= 2, | +

v Mdibon = 2+ LM 2 - 7

7

2 |V 1 . [v]
+6,M, %{%4“—1%}%—%“%%@'\40 WO

+'V'oLo4T|F(tr)HﬂrﬁzIwJﬂF(t~)||ﬂriz|+

X" (t,4) = X" (t, 4,) | dt +

I,M, ¢
+ 222 [G ()] x(t,4) = x(t, 4,) [dt, (38)
Y 5
where
By =
1-vA, VA, o VA,
= VA 1-vA ... VA I :
Zwv)=| & 22 A :jﬂi(s)jaj(e)deds.
- - L - : ’
VA, vA, ... 1-vA

It is not difficult to check that from (38) we obtain
H x(t,v,4)—x(t,v,4,) HC[O,T] < M4‘ A=A, ‘+ foX H X(t,v,A4) —x(t,v,4,) HC[O’T] , (39)

where

=MLy |+ (L + L)l s |+ (L + Ls) s ]+

4 24 1
+‘V‘M050L04+§/1_2M050L1+50M03/Z L°4+ng/1_2 =

I F ()]

P

+M, Ly T F ()] + L
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From the estimate (39) we obtain (33). Theorem 2 is proved.

Conclusion

It is considered a third order nonlinear Fredholm integro-differential equation (1) with
initial value conditions (2) and with two real parameters v,@. A nonlinear Volterra-Fredholm

functional integral equation (27) is derived. Theorem on a uniqueness and existence of the
solution of initial value problem (1), (2) is proved for regular values of parameter v . The
method of compressing mapping is applied for the equation (27) in Banach space C[0,T] of
continuous functions. For the solution of the problem (1), (2) is studied continuous dependence
on parameter A .

We hope that this work can serve as a basis for further development of the theory of
partial differential and integro-differential equations of the third and higher orders.
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