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Abcmpakm. B smoii cmamve paccmampusaromcs paculupeHus euwjeCmeeHHo NOAHbIX MUXOHOGCKUX U
PABHOMEPHBIX NPOCMPAHCME, A MAKJCe JNOKANbHO KOMNAKMHO NAPAKOMNAKMHbIE U JOKAIbHO KOMAAKMHO
TUHOENEDOBbIE PACUUPEHUS, MUXOHOBCKUX U PABHOMEPHBIX NPOCMPAHCS.

Knrouegvle cnoga: Pasnomepro eeujecmeeHHo nonnoe pacuiupenue, 10KaibHo KOMAAKMHbIL NAPaAKOMNaKm,
JIOKATbHO KOMNAKMHOe TUHOeného8o pacuiupeHue.
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Abcmpaxkm. byn makanada uvlHblebl MOAYK MUXOHOBOYK JCAHA OUp Kanvinmazel MeuKuHOUKmepou
KeHeUumyynep, OuoHOOU 37ie MUXOHOBOYK JHCAHA OUP KATbINMA2bl MEUKUHOUKMEPOUH HCEPSUTUKINYY KOMIAKIMMYY
NApaKOMRAKMMYy HCAHA HCEPLUTUKMYY KOMRAKMMYY TUHOETODMYK KeHelmyyaop Kapaiam.
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Ypyummyy cezoep. bBup kanvinmacel ublHblebl MONYK KEHEUMYY, JHCEPSUTUKMYY KOMNAKMMYY
NApAKOMNAKMN, HCEPSUTUKIMYY KOMNAKMMYY JUHOeIOPMYK KeHeUmyy.

The maximal real complete Tychonoff spaces extensions called the Hewitt extension. The
real complete spaces introduced by Edwin Hewitt [1]. Uniform analogues analysis of other
important classes topological spaces and formation all extensions of such Tychonoff spaces
classes considered ([2],[3]).

Real complete extensions are considered in [4].

Let Cy(X)- the set of all uniformly continuous functions f: (X,U) = (R,Eg) and Eg-
natural uniformity of the number line R.

Definition 1. A uniform space (X, U) is called a uniformly functional space, and the
uniformity U is functional if the uniformity U is generated by some family of functions Cy(X),
i.e. U is generated by a family of coverings of the form (f ~ta: feCy(X), aeER).

Proposition 1. For every uniformity of U on X existence, uniformity of Ug on X such that
Uk is the maximum functional uniformity contained in the uniformity of U.

Definition 2. A uniform space (X, U) is called uniformly real complete if it is uniformly
functionally and complete.

Theorem 1. Let (X, U) be a uniformly function space. Then its completion (X, U) is
uniformly real complete, and its topological space (X,t,) will be real complete spaces.

Let (X, U) be an arbitrary uniform space. Then, by Proposition 1, there exists maximal
functional uniformity Uy contained in U. By Theorem 1, the completions (X, U) of the uniform
space (X, U) are uniformly real complete, and its topological space (X, U)is a real complete
space. We denote it by ;X and call it the Hewitt extension of the uniform space (X, U).

If U is the maximal uniformity of the Tychonoff space X, then VX coincides with the
classical Hewitt extension VX of the Tychonoff space X.

Let X be an arbitrary real complete space. By C (X) we denote the set of all continuous
functions f: X — R, which generates the maximum functional uniformity of Ur. We show that
the uniformity of Ur is complete. By the external characteristic, the real-complete space X is a
closed subspace of the product [T{(R’, f € C(X)} of the set of copies R of the real line R ([2]).

We denote by U the uniformity on X induced by the product H{(Ef,f € C(X)} the set of
natural uniformities E}; of the real line RY. . The uniform space (X, U) is complete as a closed

subspace of the complete of the uniform space H{(Rf,E,’;):f € C(X)}. The uniformity U is
generated by the restriction family by the projection pry [T{R/: f € C(X)} = R/. Since pry €
C(X), for each f € C(X), then U < Ug. Hense, Uy is the complete functional uniformity on X.
Then the topology of the space X is also determined by this maximal functional uniformity Us.

Definition 3. A uniform space (X, U) is called a pre-maximal functionally uniform space if
its completion ()? U) is uniformly real complete and uniformity U is an maximal functional
uniformity.

Let X be an arbitrary Tychonoff space. Now we construct real complete extensions of the
Tychonoff space by means of uniform structures.

We denote by V (X) the set of all pre-maximal uniformities of the Tychonoff space X. The
sets V (X) are partially ordered by inclusion. We denote by H (X) the set (identifying the
equivalent extension) of all real complete extensions of the Tychonoff space X. The set H (X) is
also partially ordered in a natural way [2], [3].

248



On every real complete extension HX of the Tychonoff space X, there exists a unique
complete maximal functional uniformity 9. It induces on X the pre-maximal functional
uniformity 9€V (X). Each uniformity corresponds to a unique real complete extension (Hy, X)
obtained as a completion of the uniform space (X, U). It is easy to see that this correspondence
between the partially ordered sets H (X) and V (X) preserves a partial order.

So, we have obtained the following theorem

Theorem 2. Partially ordered sets V (X) and H (X) are isomorphic.

Lemma. Every uniformly real complete space is uniformly homeomorphic to a closed
subspace of the product of some set of copies of a real line with natural uniformity.

Theorem 3. For each uniform space (X, U) there is exactly one (up to a uniform
homeomorphism) uniformly real-complete space (9,X,9y) with the following properties:

(1) There is a uniformly homeomorphic enclosure i:(X,Ur) = (9yX,9y), for which
Iy X, Yy) is the completion of the uniform space (X, Ur), where Up is the maximum functional
uniformity contained in U.

(2) For any continuous function f:(X,U) — (R, Eg), there is a uniformly continuous
function f: (9yX,9y) = (R, Eg) suchthat fi = f .

The spaces (9,X,9) also satisfy the condition:

(3) For each uniformly continuous mapping f: (X, U) — (y, M) of the uniform space (X, U)
into an arbitrary uniformly real complete space (y, M), there is a uniform mapping
f:(0yX,9,) = (y,M) suchthat fi = f.

A uniformly real complete space (Jy,X,9y) is called the Hewitt completion of the

uniform space (X, U). Generally, it differs from the completion (X, U) of the uniform space
(XV).
Consider Lindeloff extensions on Tichonoff and uniform space.

Definition 4. Let (X, %) be a uniform space. The uniformity 2 is called:

1) preparacompact if every cover y of the set X suchthat y ~& = & forany & € go(% )
belongs to % ;

2) strongly preparacompact if % is a preparacompact and has a base consisting of a star-
finite coverings;

3) preLindeloff if 2 is a preparacompact and has a base consisting of countable
coverings.

We denote by %,(X) (respectively % (X), % (X), % (X)) the set of all preuniversal
(respectively preparacompact, strongly preparacompact, preLindeloff) uniformities of the
Tychonoff space X . The sets %, (X ), % (X), % (X) are partially ordered by inclusion.

Theorem 4. For any Tychonoff space X the following partially ordered sets
( ) and ( C);

2) (P(X),s) and (% (X).<);
3)(8(X).<) and (% (X),<);
4)(L(X).) and (% (X),<).

are |somorph|c.
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Proposition 3. A Tychonoff space X is locally compact and paracompact (respectively
Lindeloff) if and only if it contains a universal uniformity 2~ contains a cover (countable cover
respectively) consisting of compact subsets.

Remark 1. Let (X, %)-be a uniform space, and (x, )- be its completion. If (A%, ) is a

precompact subspace of the space (X, %), then the subspace ([A] %[A]x) of the space (X, #)

!
IS compact.

Theorem 5. There is an isomorphism between the partially ordered the set of all locally
compact paracompact (locally compact Lindeldff) extensions of the given Tychonoff space X
and partially ordered set of all preuniversal uniformities of the space X containing a uniform
cover (respectively countable uniform cover) consisting of precompact subsets.

A partially ordered set (D(X), S) has the greatest element. This element is the extension
t%.* > X corresponding to the universal uniformity %" of the space X . The rest partially ordered
sets (P(X), <), (P(X), <) and (L(X), <) generally speaking, do not have greatest elements.

Theorem 6. For Tychonoff space X the following conditions are equivalent:
(1) Partially ordered set (P (X ), <) has a greatest element.

(2) Universal uniformity U” of the space X is preparacompact.

If Uy is a universal (the maximal) uniform of a Tychonoff space X, then a maximal
locally compact paracompact (locally compact Lindeloff, respectively) extension of a uniform
space (X, Uy) is a maximal locally compact paracompact (maximal locally compact Lindeloff,
respectively) extension of the Tychonoff space X.

From the above results, one can get the following theorem.

Theorem 7. Among all locally compact paracompact (locally compact Lindeloff,
respectively) extensions of a Tychonoff space X there is a maximal extension.

Let uX be a maximal Dieudonne complete extension of the space X and pX $(spX, lX) a
maximal locally compact paracompact (a maximal locally compact strongly paracompact, a
maximal locally compact Lindeloff respectively) extension of the space X. Then we get the
following inclusions u X € pX € spX € IX € B X$.

If vX$ is a maximal real compact Hewitt extension of a space X, then the following
inclusions u X € vX € IX € B X. hold.

Remark 2. Locally compact paracompact space is strongly paracompact. The locally
compact strongly paracompact extensions coincide with locally compact paracompact extensions
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