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Abstract:: This article considers a method for choosing the regularization parameter of a solution to a
system of linear Volterra integral equations of the first kind with three independent variables in the space C,(G).

Various issues of solving Volterra integral equations of the first kind are widely studied in the works of such
Russian scientists as A.N. Tikhonov M.M. Lavrentiev, V.K. Ivanov, A.L. Buchheim, V.G. Romanov, and also
reviewed by Kyrgyz scientists M.l. Imanaliev, A. Asanov and others. The construction of a regularization of the
solution of the Volterra integral equation of the first kind with one unknown was considered and studied in previous
works.

Keywords: vector function, kernel, space, equations, parameter, singularly perturbed systems of equations,
theorem.

PaccmarpuBaercsa cucrtema

t t x
jK(t,x, y,s)u(s,x, y)ds+ [ [N(t,x,y,s,z)u(s,z, y)dzds +
00

txy
+[[[M(t.x,y,s,2,W)u(s, z,w)dwdzds= f (t, X, y), (txy)<G, 1)
000
rme K(t,X,Y,5),N(t,%,¥,5,2) u M(t,X,Y,S,Z,W) — (nxn) — u3BecTHEIC MaTPHIIBI GYHKIHH,

u(t,x,y)u f(t,X,y) — coorsercrenno nckomas u 3amanHas
N — MepHbIe BekTop-(pynkuun na G = {(t, X,y): 0<t<T, 0<x<X, 0<y SY}-

[ToTpeGyeM BBIIOJIHEHHE CAEAYIONINX YCIOBUM:

a) [K(t,x,y,8)|eC(G,), [N(t,x,y,s,2)|€C(G,), [M(t,x,y,s,z,w)|eC(G,),
HK('[,X, y,t)H < Noﬁ'o () u A(t, X, y) = A, (t) = 0 1pu (tx,y)eG, 0<No —const,
/I(t; X, Y) — onpezeneHna ¢ noMomeko popmyisl (3.1.2), u3 [S] A4, (t) € L, (0,T),

G, ={(t,x,y,8): 0<s<t<T, 0<x< X, 0<y<Y},

G, ={(t,x,y,5,2): 0<s<t<T, 0<z<x<X, 0<y<Y},

G, ={(t,x,y,5,Z,W): 0<s<t<T, 0<z<x< X, 0sw<y<Y}:

6) npu t>7 1715 MHOOBIX (t,x,¥,5),(z,%,V,S) € Gl CIIPaBEIMBO

IK(t, X, y,8) — K(z,%,Y,s)| st/lo(s)ds,

rae 0<C — HeKOTOPbI MOJOKUTENBHBIN CKaIAP;
8) nipu t>7 1 JTIOOBIX (t, X, y, S, Z), (T, X, y, S, Z) € Gz CIIpaBCAIINBO

84



t
IN(t. %, y,s,2) = N(z,%,Y,5,2)| < C, [ 4,(s)ds.
rae 0<C; — nekotopas nocrostanas u N(t,X,y,t,2)=0 npu
(t,%,y,2)€G, ={(t,x,y,2): 0<t<T, 0<z<x< X, 0<y<Y};
2) ipu t>7 st M00bIX (t, X\ Y,S, Z,W), (T, X,Y,S, Z,W) € GS CIPaBEJTUBO
t
IM(t,x,y,5,2,W) =M (z,X,Y,5,2,W)| < C, [ A, (s)ds,
rae 0<C; — HekoTtopas nocrosturas u M(t,X,y,t,z,w)=0 npu
(tX Y, ZW) eG, ={(t,x,y,z,w): 0<t<T, 0<z<x<X, 0<w<y<Y};
0) BMECTO TOYHOW TIpaBOl YaCTH f(t, X, y) 33/1aH0 €€ TMPUOIMKEHHOE 3HAYCHHE
f.(t,x, y)us C(G)raxoe, uro
[ ft.xy) - f,(txy)|. <8, 6>0, (txy)<G.

Hapsiny c¢ ypaBHenuem (1) paccMOTpuUM CIEAYIOUIME CHUHTYJISIPHO-BO3MYILEHHBIE
CUCTEMBI YPaBHEHUM:

t t x
au, (t,x,y) + [K(t X, y,5)u,(s,x,y)ds+ [ [N(t,x,y,s,2)u,(s,z,y)dzds +
0 00

+ ”IM (t,x,y,s,z,w)u_(s,z,w)dwdzds = f (t,x,y) + su(0,X,y) ., (txy) G, (2)

000
Y IpUOIIKEHHO CUHTYIISIPHO-BO3MYIIEHHBIE CUCTEMBI YpaBHEHUN

t t x
U, (6 X, Y) + [K(t, X, ¥,5)U,,(5, X, Y)ds + [ [ N(t, X, y,s,2)u,,(s, 2, y)dzds +
0 00

gl

rie 0<¢— manerii mapamerp, U (t, X, Y) — pewenue cucteMsl (1) 1 HayallbHbIE YCIIOBUS pPellIeHUN

M(t, X, Y,S,z,W)u_s(s,z,w)dwdzds= f(t,X,y) + &u;(0,X,Y) (t.xy) G, (3)

O —— <

cucteMbl ypaBHeHui (1) u (3) cBs3aHbI MEX Ty COOOH CIIEAYIOITUM 00pa3oM:
lu(@, x, y) —u, (0, %, y)| < C'\/5, X€ [0,X],ye[0,Y], 4)

1
rae 0<C" — HeKkoTopasi MOCTOSHHAS.
N3 (2) oraumaewm (3), umeem

U, (6% Y) — U (6 X, Y]+ [K (X, Y, S)IU, (5, X, Y) Uy (5, X, Y)]ds +
+ | |N(, X, y,s,2)[u,(s,z,y) —u,_s(s,z,y)]dzds +

+ M(t, x,y,s,z,w)[u_(s,z,w)—u_s(s, z,w)]dwdzds=

Ot Ot~

|
|

O —_<

= f(t,x,y)— f;(t,x,y)+&[u(0,x, y) —u,0,X%, y)]. (5)
VYpaBaenue (5) mpeodpaszyeMm K CleayIoNeMy BUIY:

0, (6% Y) — Uy (6%, )+ [K(5,%, Y, 9)[U, (5, % Y) — Uy (5, X, y)]ds =
€0
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- —%j[K(t, X, ¥,8) = K(s, %, ¥, 8)][U, (s, X, ¥) —u,5(s, X, y)]ds —

—lﬁN(t,X, y,s,2)[u,(s,z,y) —u,(s,z,y)ldzds —
€00

txy

- Ej” M (t,X,Y,s,2,W)[u_(s,z,w) —u_,(s,z,w)]dwdzds +
&

000

+ l[f (t,x,y)— f,(tx y)]+u(0,xy)—-u,(0x,y).
&

Orcrozia, PUMEHHUB PE30JIbBEHTY MATPHUHOTO SIpa |:_ 1 K(s, X, Y, s):l , AHAJIOTHYHO UMEEM
&
kak B § 3.1 u3 [5].

0, (6%, Y) ~Upy (6%, Y) = [H (6, Y,5,)[U, (5,%, Y) — Uy (5, X, Y)]ds +

_|_

ot—,~

X txy
[N, (X, y,8,2,8)[u,(s,z,y) —u,,(s,z, y)ldzds+ [ [ [M,(t, X, ¥, S, Z, W) x
0 000

X

x[u_(s,z,w)—u_,(s,z,w)Jdwdzds + F (t, x, y,&) +U (t, X, ¥, &), (tx,y)eG, (6)

e H(6X, Y,5,2) =— 2 X (6.X, v, 5, £)[K (L, X, ,5)— K (5. X, y, )] -
&
—izjx t,x,y,7,&)K(z, X, ¥, 0)[K(t, X, Y,8) — K(z,X,y,8)]d 7, (t.xy) G (7
&5

t
N,(t, x,y,8,2,¢) = 1 X(t, % Y,s,&)N(t, X Y,s, z)—izj X, X Y,7,&)x
& & s
< K(z,x,y,7)[N(, X, y,s,2)—N(z, X, y,s,z)]dz, (txy)€G, (8)

M, (t, X, Y,S,Z,W,¢&) =—1X(t,x, y,s,g)M(t,x,y,s,z,w)—isz(t,x, Y,T,E) X
& E 5

xK(z,x, y,7)[M(t, X, y,s,z,w)—N(z, X%, V,s,z,w)]dz, (txy)€G, 9)

F(t,Xx,Y,&) =1[f t,x,y)— fs(t,x,y)] —%_[X(t,x, Y,S,&)K(s,X,Y,8) x
P g%y

X[f(s,%,y)— f5(s, X y)Ids, (txy) eG, (10)

U(t,xy,&)=u(0,x,y)—u,(0,X, y)—%jX(t,x,y,s,g)K(s,x, Y,S) X

x[u(0,%,y) =u;(0,x,y)]ds, (txy)eG. (11)
B nanpHeimeM UCIONb3yeM CIEAYIOIIUE OLICHKU.
Kax mokasano B nemmax 3.1.1 u3 [5], B cuity ycinoBwuii a)-0) ais GyHKuuit

H(t, x,y,&), N (t,x,y,s,¢&) 1 Mt XY,S2,We) coorBercTBeHHO crpaBeIHBLI

IH(t,x,y,5,€)|<C;, (txy.5)eGy, €50, (12)
HNl(t, X, Y,S, Z,é‘)” <C,, (txy.s,2)eGy, &0, (13)
HMl(t,X, Y,S,Z,W, 8)” <C;, (tx.y,s,2,W)eG;s, £>0, (14)
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rae G, :C\/ﬁ(e_l +N,), C, :Cl\/ﬁ(e_l +Ny), Cs :Cz\/ﬁ(e_l +N,), |\lo >0
G1={(t,x,y,s): 0<s<t<T, 0<x=X, 0<y<Y}, Go={(t,x,y,5,2): O<s<t<T, 0<z<x<X, 0<y<Y},
Gs={(t,x,y,5,2,w): 0<s<t<T, 0<z<x<X, O<w<y<Y}.
epeiinem k onenxe F (1, X, Y,&) u U(t, X, Y,¢) .

Jdemma 1. Iycts dyuxmus F (1, X, Y, €) onpenenena dopmymoit (10) u Beimommsiercs
yeiosue 0). Kpome toro, A, (t) >0 npu nouru Beex t [0, T]. Torma s F(, X, Y, €)

CIIpaBCAjinBa OLICHKA
o
[Ft %, y, ]| < =@+ Nyv/n), &0, (txy) eG. (15)
&

Jloka3arenbcTBO. [IeHCTBUTENBHO, U3 (10) MMEEM

It % y)— f(t.x, y)H
IF(t.xy, &)< .

jX(t X,¥,5,8)K (s, X, ¥,8) x

If(t,x, y)— f5(t.% Y|, . If . x,y)— f,(t% ).

e &
Ny - G xyl,

&

x[f(s,%y) = fs(s,% y)]ds<

N\/_

N n t —gfﬂo(r)dr 5
0\/_ je ) Ao (s)ds]=—(1+ \/HNO) . Jlemma 1 noka3aHa.
&

0

x[L+

Jlemma 2. TTycrs dyuxuus U (, X, Y, &) onpenenena dopmyioii (11), mpu 5Tom BekTOp-
yHKIIN u(0,x,y)u u 5(0,X,Y) crszanbt mexty coGoit cietyomum 06pasom
||u(0, X,Y) —u,(0,x, y)|| <C'J/s, xe[0,X],ye[0,Y]. Kpowme Toro, ﬂ“o (t) >0 IpH BCex
t €[0,T]. Torna ns U (t, X, Y, € ) CTIpaBe UINBa OICHKA
U (t, %, y,&)| < C'VS @+ Nyw/n), &0, (txy)eG, (16)

e 0<C'— HeKOTOpas IOCTOSHHASI, He 3aBHCSIIAS OT & U O,
JlokazarenbCcTBO. AHAJIOTMYHO JI0KA3aTeNbCTBY Mpenpiaymen jemmel 3.3.1. u3 [5], B
cuny oneHok (12), (13), (14), (15) u (16), u3 (6) numeem

|<a(t,x,y,&,0) +3C3|[\/ (s,x,Y,&,0)|ds. (17)
rac V(t,X, y,8,5) =Uu (t,X, y) - ug&(tix y)

a(t,x,y,&,6) =51+ N f)(—+c )+ﬁ C V(5,2 y,¢,6)dzds +

txy
+[[]CyV (5,2, w,¢,5)|dwdzds. (18)
Ha ocnoBanuu nemwmsr 2.1.5 [(;]OEI

t
(s,z,w, g d)|<a(t, x,y, &)+ [C.ea(s, x,y,&,5)ds.
v || ICs
0

3 (17) momydum
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Bwmecto a(t, XY, &, 5) 10JI0KUM BbIpaskeHue (18) u u3 nocienHero HepaBeHCTBA UMEEM

M.t D < VE N 03 j [ 2

] :

C, [V (5,2, w, &, 8)|| dwdzds + j Ce& s+ NOJH)(— +CH+
0 &
+

S XY

jg IV (s,.2,y,2,6)|dads, + [ [ [ Cs|V (5, 2,w, £, 5) | dwdzds }ds .

000

O Ly O t— <

[Tocnennee HEpaBEHCTBO HHTErpUpYyeM U ipuMeHnM (opmyny Jupuxie, 3atem 3ameHuB t Ha T

IIUIIIEM B BUJIC

Js

IV (t, ., £,8)]| < /5 1+ Ngy/n) (X2 + C1)ee +ﬁc4ecﬂ IV (s,2,y,& 6)|dzds +
€ 00

txy
ﬂ!c %V (s,2,w,¢,5)| dwdzds .
M

K HepasenctBy (19) npumenu

IVt %, y,&,0)| < Vo L+ NOJH)(E +ChHe% [1+ﬁ R(t, X, s, z)dzds] +
3 00

txy 4
+ j j j [C.e™ + j j Ce%"R(t, X, 5,,2,)dz,ds, ]|V (s, 2, W, &, 5) | dwdzds |
000

rne R(t,X,S,2) :Z(C eCsT) %

N3 (20) monyuum ciemyroiiee HepaBeHCTBO:

V%, v, 00 <Coler) + [ [ [C, V5,2, w6, )] s

NG

rae C,(e,8) =~/0 @+ Ny+/n)(=+CHe% [1+R(T, X,0,0)TX],
&

C, =C.e“'[1L+R(T, X,0,0)TX].
K (21) npumenus nemmy 2.1.7 [5], momydum

V€. Y.2,6)] < Cy(e,8)+

O —_—
O L <

rae R (t, x, y,S,Z,W):ZCnﬂ (t—s)" (X(n'z))3 (y- W)

Taxum 06pa3zoM, (22) MosrydyuM CIeAYIOIYIO OLEHKY:
o
|N&xy¢uﬂkSJ§a+Nme%;+C5@,
rae C, =e“ [1+R(T, X,0,0)TX][L+R (T, X,Y,0,0,0)TXY].

Teneps paccmoTpuMm ypaBHeHue (2). Ero pemienue Oynem UCKaTh B BUIE

u,(t,xy)=u(t,x,y) +&,(tX,Y), (txy) G,

88

y
IRl(t, X, Y,S,2,W)Cs(&,0)dwdzds |
0

(19)

aemmy 2.1.6 [5], u 3arem npumensis popmyny dupuxie, umeem

(20)

(21)

(22)

(23)

(24)



rae U (t, X, y) — pelieHue cuctembl ypaBuenus (1).

[Moxacrasmsis (24) B (2), mocie 3MeMEHTapHBIX MPeoOpa3oBaHU IMeeM

£X )+ L TKEX Y98 (5%, 1)ds = [IK € 1,8) ~ K(5,%,Y,5)]»

x & (s, X,y)ds — lj'Jx' N(t, X, y,s,2)&, (s, 2, y)dzds —
€00

txy
- EHIM t,x,y,s,z,W)&_(s,z,w)dwdzds—u(t, X, y) +u(0,x,y). (25)
€000

Jlanee, B cuity yCiIoBHS a), 0), 6), 2), 0) 1 Teopemsbl 3.1.1u3 [5] u (25) umeem

€. @ x )< GCy (&), txy)et, (26)
e C,(g) = 22N, + DVn|u(t, x, y)|.e *” + (N, +DVna,(e”), 0< <1,

C, =eST[1+R(T, X,0,0)TX][1+R(T, X,Y,0,0,0)TXY],

@,(e")= " sup |ule ()X y)—u(@*(©,).%.Y)|, @ (v)- obparran pymxmwms x

‘U*UO <5
(x,y)el0, X X[0,Y]

yHKIHA » = g(t) = jﬂo(s)ds >0 .

Ecnu ¢ BeiOupaem B Buzie € = \/g , TOo B cuiny (26) u (23) umeet mecTo
HU(t, X, y) - uga‘(tl X, y)Hc < HU (t, X, y) —u, (t’ X, y)HC + ‘ug (t’ X, y) —Ugs (t’ X, y)Hc <

1
Ll 1
< 202N, +DVNC,Jutt x ) e © " +Cy(Ny +Dha, (57) +
+4/8 1+ Nyv/n)(@+CHC, - (27)

Taxum 00pa3oM, JoKa3zaHa cieryronast
Teopema. ITycTh BBIIOIHSIOTCS YCIOBHS a)-0), cuctema (1) uMeeT HempephIBHOE PEIIEHHE

U(t,X, Y) Ha Cn(G) Toraa penrenue Ugﬁ(t,x, y) ypasaenus (3) wig & = \/g CXOIUTCS K

HeTnpepbIBHOMY penieHnto ypaBHenus (1) B obmactu G pu 60 u cipaBeaiiuBa orieHka (27).
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