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Abstract. This paper is devoted to solve I-capture and evasion problems for a differential game of two players,
a pursuer and an evader, with inertial motions. We impose geometric constraints on controls of the players.
Originally, we devise an l-approach strategy, on the basis of Chikrii’s method of resolving functions, for a pursuer
and we present new sufficient conditions of I-capture. Here as I-capture, we refer the moment when a pursuer
approaches an evader at the range 1>0. In the evasion problem we define the strategy guaranteeing an evader to
diverge from a pursuer at the distance greater than 1>0. Besides that, new sufficient conditions of evasion have been
shown.
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Annomayusn: B smoii cmamve paccmompena npotaemor uem |-noumxa u ybeeanus ona oug@epenyuanvroix
uzp ¢ 08YMS USPOKAMU, HA3BIBAECMCs npeciiedogamens U yoe2arowuil, umeen uHepyuoHHvle Ogudicenus. Mol
HANLONCUNIU 2e0MEMPUYECKUe 0ZPAHUYEHUS. HA YRpasieHue uepoxamu. Mol nocmpounu cmpame2uio cXxooumMocmu Ha
ocroge memooa paszpeuwtarowux Gyuxyuu A.A.Qukpus ons npeciedogamens u npedCmasuiu Hogbie 00CMamoyHble
yenosust  |-noumxu. 30ecw, noo |-3axeamom mvi nonumaem momenm, Ko20a npecie0osamens npubIUNCam- ¢ K
yoeaarougemy na paccmosnue 1>0. B 3a0aue 06 ykionenuu mbl Onpedesuiu Cmpamezuio, 2apaHmupyiowyio YKioHeHue
ybeaaroujeeo om npeciedosameinst Ha paccmosnue boavuiee, yem 1>0. Kpome moeo, nokaszamnsl Hogble docmamounvle
VC08USL YKIOHEHUSL.

Kniouesvie chosa: ouggepenyuanvras uepa, l-noumxa, ybeeanus, npecnedosa-
menb, yoeearowull, 2e0Mempuyeckoe 02panuieHie, Cmpameaus, 2apaHmuposantoe gpems |-noumxa.

Introduction. Differential game problems were first comprehensively looked into by
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American mathematician R.Isaacs [1, p. 340] in the 1950th. Subsequently, Pontryagin [2, p. 551]
and Krasovsky-Subbotin [3, p. 517] set the fundamental approaches of Theory of Differential
Games.

The problem for the case of l-approach [5, p. 272] was first proposed and explained by Indian
mathematician Ramchundra. Later, Pshenichnyi [6, p. 484-485], Petrosyan [4, p. 31-38], Satimov
[7, p. 203], Azamov [8, p. 38-43], Samatov [9, 10] and others studied that problem, and interesting
results were obtained by them. In the work of Petrosyan and Dutkevich [4, p. 31-38], the |-capture
problem was investigated for the players moving at the limited velocities by coordinates on the
plane and also, a lifeline game was solved by geometrical method. Later on, by virtue of Chikrii’s
method of resolving functions, B.T.Samatov [9, p. 907-921; 10, p. 94-107] solved the problem of
group pursuit for the case of I-capture in a simple motion of the players under integral constraints
on controls. In [11, p. 574-579], Khaidarov considered the problem of positional I-capture of one
evader by a group of pursuers provided that each of the players has a simple movement.

In the paper, we have studied the I-capture and evasion problems in a differential game with
inertial players whose controls are subject to geometrical constraints. In the I-capture problem, an
approach strategy is formulated for a pursuer and sufficient conditions of I-capture are obtained.
In the evasion problem, a specific strategy is suggested for an evader and sufficient conditions of
evasion are found. Furthermore, it is shown how the distance between the players changes during
the evasion game.

1. Statement of problems. Suppose that in the finite-dementional space R", the pursuer
chases the evader. Let their motions be based on the differential equations with initial conditions
X=U, X(0)=x, X(0)=X,, 1)

y=v, y(0) =y, y(0)=Yo 2)
correspondingly, where x, y, u, ve R", n>2; %, Yo are the initial states of the players for
which it is supposed that |x0 —y0| >1, 1>0; x, vy, are their initial velocity vectors accordingly,

and assume X, =y, ; the acceleration vectors u, v function as control parameters of the players,
respectively and they depend on the time t >0.

The controls U, V are single out as measurable functions u(-): R">R"and v():R" > R"
, and they are subject to the constraints
u(t)| < & for almost every t >0, 3)
v(t)| < B for almost every t >0, (4)
which are usually said the geometric constraints (in short, G -constraints), where «, S are

the given positive parametric numbers which express maximal acceleration values of the players
appropriately. The family of all the measurable functions satisfying (3) is denoted by Ug,, and

the family of all the measurable functions satisfying (4) is denoted by Vg, .

Definition 1. A measurable function u(-) eUg, (V(-) €Ve, ) is said an acceptable control of
the pursuer (of the evader).

For some u(-) eUg; and v(-) €Vg,, from the equations (1), (2) the triplets (X, %,u(-)) and

(Yo, Y1, V(?)) describe the trajectories



X(t) =X, + X t+ J(t —s)u(s)ds, y(t) =y, + y1t+j(t—s)v(s)ds
0 0

of the players.
The chief target of the pursuer is to converge the evader at the distance | >0 (l-capture
problem), i.e., to attain the relation

|X(77)_y(77)|3| (5)

at some finite time 7~ 0. As for the evader struggles to get out of the occurrence of (5)
(evasion problem), i.e., to continue the inequality

|x(t)—y(t)| > ©)

forall t>0 or if it is impossible, to put off the instant 77 when the inequality (5) holds.
Obviously, for the pursuer, control functions depending only on the time t >0 are not
adequate to solve the I-capture problem, and suitable types of controls should be strategies.

Let us introduce the denotations: 20 =X =Y. 2(0)=2,, 20)=2 146 e have
Zy =X~ You lexl_yl_
Due to (1), (2), come to the unique Cauchy problem in the form
Z=u-v, 2(0)=0, z(0)=z,. (7)
2. The main results.
Definition 2. For a > , we say the function

azy+Vl

u(v,z0)=v—-A(v, ZO)—a TERT

(8)
the convergence strategy of the pursuer or TII,-strategy in the differential game (1)-
(4), where A(v, zo)=i{<v, Zo)+al +\/(<v, zo>+al)2+h2(a2—|v|2)}, h’ :|zo|2—I2.
h

Note that the function A(v,z,) is generally called the resolving function. Below we will

provide some important properties for the strategy (8) and the resolving function A(v, z,).
Proposition 1. If & > f holds, then the strategy (8) is defined and continuous for any

v, [v|]< B, and the equality ‘u(v, 2, )‘ = a holds during the I-capture game.
Proposition 2. If a = £ is valid, then the function A(v, z,) is defined, non- negative and

continuous for any v, |v|< /3, and it is bounded as

(a=B)/(|2o]-1) < AV, 20) < (ar+ B) [(|0] 1) (9)

Definition 3. In I-capture (1)-(4), we say that IT, -strategy (8) guarantees to occur I-capture

in some time interval [O’T'] if, for any v(-) eVg,:

a) some moment t. [0,T, ], occurs |z(t.)

<1, is likely to be found,
b) in the time interval [0, t.], the inclusion u(v,z,) eUg, is satisfied,
where the number T, is called a guaranteed time of I-capture.

Theorem 1. Let ¢~ B . Then 11, -strategy (8) guarantees to occur I-capture on the interval



0T the |-capture problem (1)-(4), where

T =2(z|-1)/(@- ).

Definition 4. We call the control function

Ve(t) = - (10)

2o
2]
a strategy of the evader.

Definition 5. We say that the strategy v.(t) is winning if, for any control u(-) eUg,, the

solution () of
Z=u(t)—-w(t), 2(0)=0, z(0) =z, (11)
fulfills the inequality (6) forall t, t>0.

Theorem 2. Let </ Then in the evasion game (1)-(4), the strategy v.(t) is winning in
the time interval [0, +oo) , and the distance between the pursuer and the evader varies in terms of
the function

E(t):ﬂ—;at2+|zo|—l.
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