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Abstract. We investigate a boundary value problem for a fifth-order partial differential equa-
tion with a real parameter in a rectangular domain. The equation contains third-order differ-
entiation with respect to time and a mized fifth-order derivative with respect to the temporal
and spatial variables. The problem is supplemented by homogeneous boundary conditions of
Samarskii—Ionkin type with respect to the spatial variable and by three nonstandard two-point
conditions with respect to time. The principal objective is to establish a constructive representa-
tion of the solution, determine the parameter values for which the problem is regular, and justify
the convergence of the resulting Fourier series.

The method of separation of variables reduces the spatial part of the problem to a Sturm—Liouville
spectral problem. Its eigenvalues and normalized eigenfunctions are obtained explicitly, and the
eigenfunctions form a complete orthonormal system in L2(0,1). Ezpansion of the unknown solu-
tion and the Tight-hand side with respect to this system transforms the original partial differential
equation into a countable family of third-order ordinary differential equations. These equations
are solved by the method of variation of parameters. The three temporal boundary conditions
lead, for each Fourier mode, to a finite-dimensional linear algebraic system whose characteristic
determinant depends on the parameter w.

The zeros of the corresponding characteristic expression determine an exceptional set of param-
eter values. Outside this set, the algebraic systems are uniquely solvable and an explicit Fourier
representation of the solution is obtained. It is proved that, for reqular values of the parameter,
the boundary value problem can have at most one solution. Under additional smoothness and
compatibility assumptions on the boundary data and the right-hand side, estimates of the Fourier
coefficients together with Bessel’s inequality yield absolute and uniform convergence of the solu-
tion series and of the derivatives required by the differential equation. Consequently, the formal
Fourier representation defines a classical solution of the boundary value problem. The obtained
results clarify the role of the spectral parameter in the solvability of higher-order boundary value
problems and provide a constructive framework that can be adapted to related partial differential
equations with nonstandard temporal and spatial conditions.

Key words: fifth-order partial differential equation; boundary value problem; spectral param-
eter; Fourier method; eigenfunctions; reqular parameter values; uniqueness; classical solvability;
Samarskii—Ionkin type conditions.
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Introduction

Higher-order partial differential equations arise in a variety of problems of mathematical
physics and continuum mechanics. Such equations appear, in particular, in mathematical models
involving filtration processes, dispersive phenomena, elasticity, hydrodynamics, and higher-order
evolutionary effects. Their mathematical analysis is often considerably more complicated than
that of standard second-order equations because the order of differentiation, the interaction
between temporal and spatial derivatives, and the form of the prescribed boundary conditions
strongly influence both solvability and regularity of solutions.

An important class of such problems is formed by partial differential equations containing
a spectral or physical parameter. In this situation, solvability may depend essentially on the
value of the parameter: for certain exceptional values the corresponding algebraic or operator
equations may become singular, whereas outside this exceptional set the problem may possess a
unique solution. Therefore, one of the central questions is not only to construct a formal solution
but also to identify the set of regular parameter values and to establish conditions under which
the formal representation actually defines a classical solution.

Boundary conditions of nonstandard type create an additional difficulty. Classical initial
or Dirichlet conditions frequently lead to well-established self-adjoint spectral problems and
standard Fourier expansions. In contrast, mixed conditions prescribed at different points of the
temporal interval may produce characteristic determinants whose zeros determine resonance-
type parameter values. This makes it necessary to combine spectral analysis, ordinary differential
equation techniques, finite-dimensional algebraic systems, and convergence estimates for Fourier
series

0? o 3 0?

o+ amar T g Vb = fta),

where 7' > 0 is fixed and w # 0 is a real parameter.

With respect to the spatial variable, the equation is supplemented by the boundary conditions
U(t,1) =0, U.(t,0) =0,
while the temporal variable is subject to the conditions
U(T,z) = p1(x), Ui (0, z) = pa(z), U0,z) + Uyu(0,2) = p3(x).

The data are assumed to satisfy the natural compatibility conditions inherited from the spatial
boundary conditions.

The structure of the differential operator makes the Fourier method particularly effective.
Applying separation of variables to the homogeneous spatial part gives the spectral problem

V' (z) + N (z) = 0, 9(1) =0, ?'(0) = 0.
Its eigenvalues are

T 2
)\n:<§+7m) , n=0,1,2,...,

and the corresponding normalized eigenfunctions are
On(x) = V2cos(v/ An, ).
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These functions form a complete orthonormal system in L2(0,1). Consequently, both the un-
known function and the right-hand side can be expanded in Fourier series with respect to this
system.

The Fourier transformation reduces the original fifth-order partial differential equation to a
countable family of third-order ordinary differential equations of the form

uy (8) + 2 (W) un(t) = gn(?),

where p,(w) depends explicitly on w and on the spatial eigenvalue A,. The homogeneous
equation possesses one real exponential mode and two oscillatory exponential modes. Using
variation of parameters, an explicit representation of uy(t) is derived. The constants occurring
in this representation are then determined from the three temporal conditions.

A central feature of the analysis is the determinant of the resulting 3 x 3 algebraic system.
Its vanishing corresponds to singular or resonant values of the parameter. Analysis of the
characteristic equation allows us to separate the exceptional parameter set from the regular set.
For parameter values belonging to the regular set, the algebraic system is uniquely solvable for
every Fourier mode, and the coefficients of the solution can therefore be written explicitly.

The first principal result of the paper establishes uniqueness of the solution for regular
parameter values. Indeed, if two solutions existed, their difference would solve the corresponding
homogeneous problem with zero boundary data and zero right-hand side. All Fourier coefficients
of this difference would vanish, and completeness of the eigenfunction system would then imply
that the difference itself is identically zero.

The construction of a formal Fourier series, however, does not by itself establish classical
solvability. It is also necessary to justify convergence of the series and of the derivatives appearing
in the original differential equation. For this purpose, additional smoothness assumptions are
imposed on the functions ¢; and f. Repeated integration by parts yields appropriate decay
estimates for their Fourier coefficients. These estimates, combined with Bessel’s inequality and
bounds for the temporal coefficient functions and the integral kernel, provide absolute and
uniform convergence of the relevant series.

Thus, the purpose of the present work is threefold: to obtain an explicit Fourier representa-
tion of the solution, to identify the regular values of the parameter w, and to establish sufficient
smoothness conditions ensuring that the formal solution is a classical one. The resulting analysis
develops further the Fourier approach to higher-order partial differential equations with param-
eters and nonstandard boundary conditions and provides a basis for studying related problems
with more general differential operators and boundary data.

The obtained results extend earlier investigations devoted to higher-order equations with
classical boundary conditions and demonstrate the effectiveness of spectral methods in the study
of nonlinear nonlocal equations with Samarskii—Ionkin type constraints. The developed approach
may also be useful for a wider class of nonlocal evolution problems governed by higher-order
differential operators.

However, differential equations of mathematical physics have a wide range of applications
in the sciences and technology (see, for examples [1]-[8]). According to applications this field
of mathematics is developing at a rapid pace and a lot of works are being published (see, for
examples [9]-[15]).

The main equations of the theory of non-stationary filtration in fractured-pore formations
are formulated in the work of G.I. Barenblatt, Yu.P. Zheltov and I.N. Kochina [16] (see, also
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[17]) and, further, developed by many authors [18]-[23]. Boussinesq type partial differential
equations with boundary conditions are studied partially, in [24]-[27].

The spectral problems are considered in the works [28]-[31].

In the works [32]-[34], the similar equation is studied by Cauchy and Dirichlet conditions.
So, our new work, which presents in this paper, is further development of the works [32]—[34].

1 Formulation of the problem statement

In this paper, we study the solvability of the mixed problem for a fifth order differential
equation. In the rectangular domain, Q = {0 <t < T, 0 <z < 1} we consider the following
partial differential equation

873 B 85 _w3 82
ot3  0t30x2 ox

S| Ut,2) = f(t,2), (1.1)

where f(t,z) € C(Q), Q<{0<t<T, 0<z <1}, T is given positive number, w is nonzero
real parameter.

In solving partial differential equation (1.1), with respect to spatial variable x we use
Samarskii-Ionkin type boundary value conditions

U(t,1) =0, U,(t,00=0, 0<t<T, (1.2)
With respect to time variable ¢ we use another boundary value conditions
U(T7 l’) = 901(-'1:)7 Ut(o,l') = @2(1")7 U(Ov :l:) + Utt(07x) = 803(‘,17)7 (13)

where ¢;(x) are enough smooth functions on the segment [0, 1].
For this function the following conditions are fulfilled ¢;(1) = ¢;(0) =0, i=1,2,3.

Problem statement. To find a function U(t,z) € C(Q) N Cz zQ(Q), which satisfies differential
equation (1.1) and the specified conditions (1.2) and (1.3).

2 Formal solution of the problem (1.1)-(1.3)

We will look for a non-trivial particular solution of the equation in the form U(t,z) =
u(t)d(x). Substituting this product of functions, depending from different variables, into equa-
tion (1.1), we obtain

U/”(t) B ,'9//(1:)
u”(t) + wdu(t)  I(x)

Hence, we obtain ordinary differential equation

9 (x) + M () =0, 0< A

with boundary conditions
(1) = ¥'(0) = 0.

Eigenfunctions and eigenvalues of this spectral problem has the forms:
2
O (2) = V2cos /A, Ay = (g+7m) , n=0,1,2, ..,

These eigenfunctions are complete and orthonormal in the space L2|0, 1].
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The solution of the problem (1.1)—(1.3) we search in the form of Fourier series

o0

Ut,z) =Y un(t) In(), (2.1)

n=1
where )
O (2) = V2cos /A, Ay = (g + 7m) , n=0,1,2,..,
1

%@:/U@@m@m. (2.2)
0

Substituting the Fourier series (2.1) into the given differential equation (1.1), we obtain a count-
able system of third order ordinary differential equations

A, 1
n(t) = ——
un(t) = 15

up, (t) + fa(t), (2.3)

where
1
fult) = / F(t,2)0n (2)da.
0

For the Fourier coefficients (2.2) the differential equation (2.3) we rewrite as

uy, () + (zﬂn(w))g un(t) = gn(t), (2.4)

An 1
pn(0) = 5 4 T amdn(t) = oy Falh). (2.5)

The characteristic equation k% 4+ (24, (w))® = 0 for the homogeneous equation

where

uy (8) + (2pn () un(t) = 0 (2.6)

has the roots
ki = —2ptn,  kays = (1 + \/§z) i

The system of fundamental solutions of the homogeneous equation (2.6) consists of the following
functions

Uy (t) = 72t g, (1) = et cos VBunt,  uzn(t) = e sin V3u,t. (2.7)

Lemma 2.1. For the system of fundamental solutions (2.7) the following

)™ = (— 2m) s (®yana | 220 )" o (2.8)
1,n = Hn 1,n U37n(t) = Uy, .
equalities hold, where A = ( _1/5 ) , which

S

A% = (-8)*AF, keN

also satisfies the equality.
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The proof is done by mathematical induction.

According to Lemma 2.1, we calculate up to the third-order derivative of the system of
fundamental solutions (2.7):

Uy (1) = —2ppun (), uff ,(t) = dppuin(t),
ulz,n(t) = pnuzn(t) — \/gﬂnu?),n(t)7 ug,n(t) = *2:“%“2,71(75) - 2\/§N121U3,n(t)7
Ué,n(t) = \/gﬂnuln(t) + pntuz n(t); Ué’,n(t) = 2\/§N%u2m(t) - 2N%u3,n(t)§

"

u'y (1) = =81 n(t),
ug/n(t) = —8#2’&2’”(15),
ugly (t) = =8y uzn(t).

It is known that the solution of the homogeneous equation (2.6) is of the form

ﬁn(t) = A17nu17n(t) + A27nu27n(t) + Agjn U,37n(t) (2.9)

and to find the solution of the non-homogeneous equation (2.4) we obtain by variation method
of variables
un(t) = Arn(t)urn(t) + Az n()uzn(t) + Az n(t) us n(t)-

(2.10)
Unknown functions A; ,, (),

i =1,2,3 in the equation (2.10)

1n(Hurn(t) + 2 9.n () u2n(t) + A3, (Duzn(t) =0,
(t)ull,n( ) + A5 (B)us (1) + A3, () uz o (8) = 0,
1L (Oul o (8) + Ay, (D), (1) + Az (8) ug (1) = gn ()

we find from the system of algebraic differential equations:

urn(t) uzn(t) usn
W tt, g, tiz] = | vy, () b, (t) ub,(t) | =12v3u),
ui (1) uy, (1) us,(t)

—~
~
~—

0 u9 n(t) us n(t)
SO B e ) = VB 1)

uLn (t) 0 us n(t)
Bag, = | W) O, (0) | = (= 3tntttn (s n(t) = V3t (t)zn(t)) ga(t) =
1n(t) gn(t) ug,(t)
—V/3ppe Hnt (\@sm V3int + cos V3 )gn( ) = —2V3pune # 't sin (\[unt + 6)
uLn(t) ug,n(t)
BDag, = | W) ) 0| = (St a(uza(t) = Vi atusa(t)) gu(t) =
uf (t) ug,(t) gn(t)

= \/gune_“"t (\/§COS \/g,unt — sin \/g,unt> gn(t) = 2\/§,une_“”t coS (\/g,unt + %) .

According to Cramer’s formula, we find A;m(t), 1=1,2,3:

g2Hnt e Hrtsin (v/3pupt + T
All,n(t) - Wgn(t%A,Z,n(t) - = é/l? G)Qn(t)a
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, e Hnt cog (\/g,unt + %)
3n(t) = 5 In(t).
6pu,

We integrate each Agm(t), i =1,2,3 on the interval (0,t) to find A;,(t), i=1,2,3:

t
A e2nsg, B 2.11
Lt 12%/ 8)ds + Bin, (211)
0
. t
Ay p(t) = _W /e_“"s sin (\/guns + %) gn(s)ds + Bap, (2.12)
"0
. t
Az p(t) = 62 / e HnS cog (\/guns + %) gn(s)ds + Bz p, (2.13)
n
0

where B;,,(t), i = 1,2,3 are constants (2.11)—(2.13), we take them to (2.10) and simplify to
obtain the following general solution:

t
Ult,x) = [12 / 2“”(5 t) — 2etn(t=9) gin (\/g,un (s—1t)+ %)) gn(s)ds+
= 2w
+ Blmefz"”t + Bgvne“"t cos V3t + Bgme“nt sin \/g,unt} Up (). (2.14)

We find the unknown constants B; ,,(¢), @ = 1,2, 3 in this series (2.14) using the initial conditions
(1.3). Since it is necessary for the following calculations, we also calculate A, (t), i=1,2,3:

1
Af () = 12,2 [2pne* g (t) + €t gr,(1)]

n

1
"
Ay, (1) = 62

[(—,une*“”t sin (\@Mnt + E) + \/g,unef“"t cos (\/gunt + %)) gn(t)+

6
+e Mt gin <\/§,unt + %) 97/1(’5)] )

%) + V3pupe Fnt sin (\/gunt - %)) gn(t)+

1
Ag,n (t) = 6 [(/Jne_unt COs (\/gﬂnt +

+e 't cos (\@unt + %) g;(t)} .

We also calculate each u; »(0), w;,(0), uf,(0)and A;,(0), A;in(0), Ain(0) i=1,2,3:

n )

u15(0) =1, 1.0(0) = —2pp, uf ,(0) = 4pz,
uzn(0) =1, q u,(0) = pin, uj  (0) = =247,
uzn(0) =0, | uf,(0) = V3un, | uf,(0)=2v32.

In that case, we will have:

A1n(0) = Br oy, [ A10(0) = 52900,
AQ#’Z(O) = B2,n7 AIQ n(o) = _ﬁgn(o)a
Asn(0) = Byny | 44,,(0) = 132 9a(0)
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Alll,n(o) = 12M (2Mngn(0) + g%(o)) )
A5 ,(0) = 12u (21n9n (0) + 9,,(0)) ,
Ag,n((]) = 12# (2\fﬂngn( ) - \/ggil(())) .

Using the eigenfunctions v, (z), we expand the initial functions (1.3) into a Fourier series to

obtain the following:
1
= / U(T,x) Y,
0

1
ul, (0) = /Ut(O,a:) In(z)dx
0

1
/Lpl z)dr = @1, (2.15)
0

<P2(JU) On(x)dr = pan, (2.16)

I
o —__

1

1
n (0) +u//n(0)/ (U(O x) + Uu(0, :c /@3 z)dr = 3 p. (2.17)
0 0

Taking into account the values, calculated above, and the formulas (2.15)—(2.17), we obtain the
following expressions:

Un(t) = Arn(t)urn(t) + Az (t)uzn(t) + Agn(t)usa(t) + Bipuin(t) + Banuzn(t) + Bspusn(t).

(2.18)
From the equation (2.18) we find the unknowns B;,,(t), i =1,2,3. To do this, we consider the
following equation:

un<T) - Al,n(T)ul,n<T) + A2,n(T)u2,n<T) + AS,n(T)US,n<T) + Bl,nul,n(T) + BQ,n“?,n(T)+

+B3nuzn(T) = (1) + u1n(T)Bin + u2n(T)Ban + usn(T) B3 = 1,05 (2.19)

where
a(T) = A1 (T)urn(T) + Az (T)uz n(T) + Az n(T)uz n(T),
u (0) = A1, (0)u1,n(0) + A1n(0)u ,(0) + A, (0)uzn(0) + Az (0)u , (0)+
+A5 5, (0)uz,n(0) + Az 5 (0)us 1, (0) + Byl (0) + Baptug (0) + Bs s, (0) =
= —20, By + pinBayn + V3B = 0on. (2.20)
By similar way
wa0) + 0) = (42 + 1) B — (202 — 1) Bo+ 22 Bo = s (221
and by the equations (2.19), (2.20) we obtain a system of equations for B;, (i = 1;2;3):

ul,n(T>Bl,n + U2,n(T)B2,n + u3,n(T)B3,n = @Pin — Oé(T),
_Q,UnBl,n + ,UnB2,n + \/gﬂnBB,n = P2.n, (2'22)
(4M$L + 1)Bl,n - (2M$L - 1)B2,n + 2\/5/14%33,71 = @3 n-

We solve the system of linear equations (2.22) using Cramer’s method:

(1) ugn(T)  uzn(T)
A= —2in Hn \/g:un = \/§Mn<4lu'%z - 1)U1’n(T)+
dpp +1 1 =27 V3up
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VB (842 + Ltz (T) — Btz n(T). (2.23)

We will analyze the case where A = 0 in more depth. Using (2.7), we substitute the appropriate
expressions for u; ,(T"), i = 1;2;3 and obtain the equation A = p, F'(p1,) = 0, where

Flpn) = V3(442 — 1)e~2nT 4 ehnT [\/?? (82 + 1) cos (\/§unT) ~ 3sin (\/gunTﬂ . (2.24)

Since j1,, # 0 Let’s look at the equation F'(u,,) = 0. It is known that in n — oo, pp, — % so instead
of equation (77) F (%) = V3(w?—1)e T ye2T (V3 (2w? + 1) cos (V34T) — 3sin (V34T)] = 0.
Let’s look at the equation, from this

V3w —1) — 3sin (\/ggT) — V3 (2w? 4 1) cos <\/§%T) (2.25)

el,5wT

we will have equality.

The equations (2.25) have a finite number of solutions with respect to the parameter w . If
we denote the set of these solutions by A; , then we search for the solution of the problem (1.1)—
(1.3) for the w belonging to the set Ay = (—00,0) U (0,00)/A1 . To do this, we first calculate
the corresponding determinants:

o1 —a(T) ugn(T) uzn(T)
ABl,n = P2.n Hn \/gﬂn = \/gﬂn(4ﬂ721 - 1)(901,71 - a(T))—
Pan 1—2u%  2V/3u7

— (2VBp2uzn(T) + (212 = Vusa(D)) 20 + o (VBuza(T) = us(T)) @50

urn(T) 10— a(T) uzn(T)
ABz,n = —2pn ©2,n \/gﬂn = \/gﬂn(&ui + 1)(301,71 - O‘(T))+
g +1 Y3.n 233

+ (2\/3,&%%17”(7‘) - (4,U72-L + 1)”3,n(T)) P2,n — Hn <\/§u1,n(T) + 2“3,n(T)) ¥3,n)

urn(T) 10— a(T) ugn(T)
AB;:,JI = —2pn ¥Y2,n \/g,ufn = _3Mn(W1,n - a(T))+
Ay, +1 P3,n 2V/3py,

+ (262 = 1) ur,n(T) + (42 + Dusn(T)) 02,0 + i (u1,0(T) + 2u2,(T)) 3.

Then, using Cramer’s rule, we find the unknown quantities:

2 2 2

Bl,n = \/giu'n(él’“n 1) Qol,n _ 2\/§“nu2n(T)_‘_A(2:u‘n 1)u3,’ﬂ(T) 802777,—’_
/ln(\/guln(T)_“S,n(T)) V3a(T) pn (4u2 —1)
=+ A P3n — A )

2 2 _ 2
Boy = ﬁun(iunﬂ) o1n + 2v/3p2 w1, (T) A<4un+1>ua,n<T> Do

N

#n (V31,5 (T)+2u3,(T)) V3o(T)pin (8123 +1)
- A P3n — A

)

(207 =1 )ur,n (T)+(4p3 +1)uz,n (T)

§02,n+
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The values can be written as follows:

\/g n 4 31_ 1
Bl,nul,n(t) = K (AM )ul,n(t)sol,n -

2v/3pipuzn (T) + (2015 — Dusn(T)
A

L (\/ﬁuzn(? ~ tan(T) U1 ()30 — \/ga(T)MZ(ZLH% — 1)U1,n(t),

V31 (82 + 1 232y o (T) — (42 + Vug (T
B2,nu2,n(t) = E (AM )U2,n(t)901,n+ Fn®, () A( a ) % ( )UZ,n(t)(PQ,n_

i (PBaD) £ 200 M) ), - VDS ED) ),

3 202 — 1) uy n(T) + (42 + Dug n(T)
B3 puzn(t) = _%u&n(t)@l,n + (2 = 1) rn )A - " uzn(t)pant

n n(T) + 2us (T Supa(T
% (Ul, ( )A U, ( ))U3,n(t)903,n+'uz()u3,n(t)-

Ul,n (t)SOZ,n"‘

_|_
We write the above B;,, n =1,2,3 by grouping them by ¢;,, n=1,2,3:
Pn<t7w) = Bl,nul,n(t> + BQ,nUQ,n(t) + B3,nu3,n(t) =

= wl,n(t)@l,n + 1/}2,n(t)§02,n + ¢3,n(t)803,n + (I)(t), (226)

where

3pn (4p? —1 3pn (82 +1 3
Drn(t) = V3in( A“n ) o~2unt | fﬂn(Aﬂnﬂeunt cos v/t — % et sin v/3punt,

Pon(t) = (‘ (2v3p2ugn(T) + (262 — 1)ug (1)) 2t

B A

(2v3ppurn(T) = (4pp + uz (1))

+ et cos V3 t—

9

A
2 2
((2,un 1) ulﬂl(T)Z (4,U,n + 1)u2’n<T)) eunt sin \/gﬂnt>

et cos \/gunt—

wgm(t) = ('un (\/guzv”(i) - u3,n(T)) e~ 2unt Hn (\/gul,n(TA) + QU37n(T))

A

VBT (Ap = 1) o0 V3a(T)pin (85, +1)
A A
una(T)

+Te“"t sin v/3punt.

_ Hn (ULn (T) + 2u27n(T)) eFnt sin \/§/~Lnt> )

D, (t) = — et cos V3t +

We introduce the following notation

Kt — s,00) = % [(e72 @09 9@ gin (Vo) (s )+ £))] . (22)
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Taking into account the definitions (2.5), (2.26) and (2.27), we write the solutions of the system
of finite equations (2.4) in the form of the following function:

up(t,w) = Py(t,w) + K, (t —s,w)gn(s)ds, we€ Ay (2.28)

=
St
—~~| =
£
O\H

or by taking into account (2.5) and putting (2.1) in the row, we get the formal solution of the
problem (1.1)—(1.3)

t

2, 1
0
Theorem 2.1. If there exists a solution of Problem (1.1)—(1.3), then it is unique for regular

values of the parameter w from the set As.

Proof. We consider the regular values of the parameter w from the set Ay. Suppose that there
exist two different solutions U (¢, z) and Us(t, z) to the problem (1.1)—(1.3). Then the difference
U(t,x) = Ui(t,z) — Us(t,x) is a solution of the equation (1.1), satisfying the conditions (1.2)—
(1.3) with functions p(z) = 0, f(t,z) = 0. Then, it follows from formulas (2.2) and (2.28)

that
1
- vty =0
0

From this, due to the completeness of the system of eigenfunctions in the space L2[0, 1], it follows
that U(t, z) = 0 is almost everywhere on [0, 1] for any ¢ € [0,T]. Since U € C(fQ), it follows that
U(t,z) =0 in Q. The Theorem 2.1 is proved. O

Smoothness conditions. Let in the domain [0,1] the functions ¢;(x) and f(t,z) satisfying

the conditions p

dz
f(tvx) € Cgf<ﬁ)7 f(t7 1) =

ei(z) € C3[0,1],  @i(1) = —¢;(0) =0, i=1,2,3,

d
—f(t.0)=0.

Then, we integrate by parts ¢;, = fgoz y)dy, @ = 1,2,3 three times and f,(t) =

f(t,y)V,(y)dy two times on the variable z, respectively, and obtain

O —r

9 3
Gin=|—o) Q. i=123
o (77(1+2n)) by 8559

/// \[/(9 pily sin\/xyd% 1=1,2,3,

fn<t>=—((2))2f,’{<t), = V2 / Y cos /3y dy.

(14 2n
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Moreover, from smoothness conditions we have

3 .
loll, <o | )
X L2[071}
= 0% f(t
H f(t) ‘ < Cy max L;x) , 0<C;=const, i =1,2.
Bs 0<t<T ox La[0,1]

Theorem 2.2. Let the smoothness conditions be satisfied. Then, for the reqular values of
the parameter w from the set Ay the series (2.29) continuously differentiable and convergences
absolute and smooth.

Proof. We consider the series (2.29) and

0* S 2
@U(ta T,w) = Z (7T(1;2n)> Un () [1,0(t w) o1 + Yon(t, w)p2nt

n=1

Fsn(t,0)psn + Baltyw) + 2 ff e 1+>\ By /K fuls)ds| . (2.30)

85 (1 + 2n) "

where
By () = — ﬁa(T)un(wi(ﬁlui(w) — D) eyt
- \/ga(T),un(w)(E%,u,%(w) + 1) etrt cos \/§M (w)t + Me#nt sin \/§H (w)t
A " An(w) e

=0 = (00 20 (e~ )]

We take into account that 0 < p,(w) < 4§ and the functions ¢, (t,w), i =1,2,3, ®,(t,w), Kp(t—
s,w) are continuously differentiable many times, the proofs of convergence of the series (2.29)-
(2.31) are similar. So, we will prove, for instance, of convergence for the series (2.30).

Appling the smoothness conditions to (2.30), we have:

0? (1+2
|yl < V2 Z(*m) bt ) o |11+ 2 [ 220 +

E/HK W) lle | fals) | ds | <

2\/5 > 1 /1 2\/§ > 1 n 2\/5 = 1 "
<a0[ T ;1+2n}¢1’” + T ;1+2n‘¢2’" + T ;1—!—2 ‘ ‘+1

1 3nlt,w) ol wsn
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izm/nx s,0) lle | /()| ds <

Sao a6, + | N, + e |, +1] + | PO [ 150G ) e,
0

where

ap = max {H wl,n(t7w) HC: H wQ,n(t7w) HC? H w3,n(t7w) ”Cv H (bn(t7w) HC} )

e}

V2 11 _2 Z
n= nz2 |3 1+)\ (14 Ap)iAld
Further, using Bessel inequalities, we obtain
62
' @U(t,x,w) ‘ <
93 1 (x 03 po(x 03 p3(x
< ag |a;Cy 80713() +a1Cy H @723() + a1Cy H 80733() + 1|+
0% Ly, R AT 0% Ly
82
+a2Co max H Ky(t—s,w)|ds < oo.
0<t<T 8952 L
2[0, 1]
Theorem 2.2 is proved. ]
Discussion

The results obtained in this paper illustrate how the solvability of a higher-order boundary
value problem can be reduced to the interaction of three essentially different mathematical com-
ponents: the spectral structure of the spatial operator, the solvability of the temporal ordinary
differential equations, and the convergence properties of the resulting Fourier expansion.

The spatial spectral problem is comparatively simple but plays a fundamental role in the
entire construction. The boundary conditions

lead to an explicitly computable sequence of eigenvalues and to the cosine eigenfunctions

On(z) = V2 cos(yv/ Auz).

Completeness and orthonormality of this system allow the partial differential equation to be
decomposed into independent modal equations. This decomposition is particularly advantageous
because it separates the dependence on the spatial variable from the more complicated third-
order dynamics in time.

For every spatial mode, the original problem reduces to a third-order ordinary differential
equation whose coefficients depend on the parameter w. The fundamental solutions contain
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one exponentially decreasing term and two exponentially modulated trigonometric terms. This
structure is reflected directly in the determinant arising from the temporal boundary condi-
tions. Consequently, the spectral parameter does not enter the solvability theory only as a mul-
tiplicative constant in the original equation; it affects the invertibility of the finite-dimensional
boundary system associated with every Fourier mode.

The analysis of the characteristic determinant is therefore one of the key points of the paper.
The parameter values for which this determinant vanishes constitute an exceptional set. At such
values the boundary conditions become algebraically degenerate for at least one modal equation,
and the formulas derived by Cramer’s rule are no longer applicable. By excluding these values
and introducing the regular parameter set, the solution coefficients become well defined. This
separation between regular and exceptional values provides a natural spectral interpretation of
the solvability condition.

The uniqueness theorem is an important consequence of this construction. It does not re-
quire an independent energy estimate. Instead, uniqueness follows directly from the Fourier
representation. For the difference of two possible solutions, the forcing and all boundary data
vanish. Regularity of the parameter implies that the coefficients of the corresponding homoge-
neous modal problems vanish, and completeness of the eigenfunctions then gives the vanishing of
the entire solution. This argument shows that the regularity condition imposed on w is directly
connected with uniqueness.

Another substantial part of the analysis concerns the transition from a formal solution to a
classical solution. A Fourier representation obtained by separation of variables is initially only
formal. Since the differential operator contains derivatives up to third order in ¢ and second
order in z, including the mixed derivative

U
ot30x2’

termwise differentiation must be justified. The smoothness assumptions imposed on the data
are specifically designed for this purpose.

In particular, three integrations by parts in the Fourier coefficients of the functions ; yield
additional powers of the spatial eigenvalues in the denominator, while two integrations by parts
provide the required decay for the Fourier coefficients of f. The resulting estimates are then
combined with Bessel’s inequality. This mechanism explains why the regularity assumptions are
not merely technical: they provide precisely the coefficient decay necessary to compensate for
the powers of A, introduced when the Fourier series is differentiated with respect to x.

Theorem 2.2 therefore complements the uniqueness result in an essential way. The first
theorem addresses the algebraic and spectral obstruction associated with the parameter, whereas
the second theorem addresses analytic convergence and smoothness. Taken together, the two
results provide the main components needed for classical solvability: regularity of the parameter,
uniqueness of the modal solution, and convergence of the Fourier representation together with
the required derivatives.

The method also has a constructive character. Once a regular value of w is fixed, the
eigenvalues \,, the quantities u,(w), the characteristic determinant, and the functions entering
the Fourier coefficients can all be calculated explicitly. The solution is therefore represented in
a form suitable not only for theoretical analysis but also, at least in principle, for numerical
truncation of the Fourier series.
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At the same time, the present approach has several natural limitations. First, the theory is
developed only for parameter values outside the exceptional set. The resonant case, in which
the determinant vanishes, requires a separate analysis involving compatibility conditions and
possibly nonuniqueness. Second, the coefficients of the differential equation are constant, which
makes explicit separation of variables possible. Variable coefficients would generally destroy
the simple modal structure and would require more sophisticated spectral or operator methods.
Third, the rectangular geometry and the specific homogeneous spatial conditions are important
for obtaining the explicit orthonormal basis used in the proof.

These limitations also suggest several directions for further research. Of particular inter-
est is the solvability of the problem at exceptional parameter values, including Fredholm-type
compatibility conditions and the structure of the corresponding solution space. One may also
study the continuous dependence of the solution on w, especially when the parameter approaches
the exceptional set. Further extensions could include variable coefficients, nonhomogeneous or
nonlocal spatial boundary conditions, higher-dimensional domains, inverse problems for the pa-
rameter, and numerical approximations based on truncated Fourier expansions.

From a broader perspective, the results confirm the usefulness of the spectral Fourier method
for higher-order partial differential equations with mixed temporal and spatial differentiation.
The combination of explicit spectral analysis, variation of parameters, finite-dimensional deter-
minant conditions, and Fourier coefficient estimates provides a coherent framework in which
both algebraic solvability and analytic regularity can be treated within the same construction.

Conclusion

A boundary value problem for a fifth-order partial differential equation with a real parameter
has been investigated in a rectangular domain. The equation combines a third-order derivative
with respect to time, a fifth-order mixed derivative with respect to time and space, and a second-
order spatial term containing the parameter w3. The problem is supplemented by homogeneous
boundary conditions in the spatial variable and by three nonstandard conditions involving values
of the solution and its time derivatives at t =0 and t =T

The Fourier method reduces the spatial part of the problem to an explicitly solvable Sturm-—
Liouville problem. Its eigenfunctions form a complete orthonormal system in Ly(0, 1), which
makes it possible to expand the solution and the right-hand side in Fourier series. The corre-
sponding Fourier coefficients satisfy a countable family of third-order ordinary differential equa-
tions. Using the method of variation of parameters, explicit representations of their solutions
were derived.

The temporal boundary conditions lead to a three-dimensional algebraic system for each
Fourier mode. Its characteristic determinant determines the admissible values of the parameter.
The zeros of the corresponding characteristic expression form an exceptional set, while the
complement defines the set of regular parameter values. For parameters belonging to this regular
set, the algebraic systems are invertible and the Fourier coefficients of the solution are uniquely
determined.

It has been shown that, for regular values of w, the boundary value problem has at most
one solution. The proof follows from the uniqueness of the Fourier coeflicients and completeness
of the spatial eigenfunction system. Thus, the parameter restriction is not merely a technical
assumption but represents the spectral nonresonance condition underlying uniqueness.

Under additional smoothness and compatibility assumptions on the boundary functions and
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the right-hand side, the Fourier coefficients possess sufficient decay. Repeated integration by
parts and Bessel-type estimates make it possible to establish absolute and uniform convergence
of the Fourier series and of the derivatives required by the fifth-order differential operator. Con-
sequently, the formal Fourier representation becomes a classical solution whenever the existence
conditions are fulfilled.

The analysis therefore separates the solvability problem into two complementary parts. The
first is spectral and algebraic: the parameter must avoid the exceptional values determined by the
characteristic determinant. The second is analytic: the data must possess sufficient regularity
to guarantee convergence and termwise differentiation of the Fourier series. This separation
clarifies the mechanism by which the parameter and the smoothness of the data influence the
boundary value problem.

The obtained results extend the Fourier analysis of higher-order partial differential equations
with nonstandard temporal conditions and provide an explicit constructive representation of the
solution. Further investigations may address the resonant parameter case, existence and compat-
ibility conditions at exceptional values, stability with respect to the parameter, inverse problems,
variable-coefficient equations, and numerical realization of the derived Fourier representation.
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