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Abstract. This paper investigates a generalized Hutchinson population model formulated as
a nonlinear functional-differential equation involving a maximum operator. The proposed model
extends the classical delayed logistic equation by incorporating the maximum population density
attained over a recent time interval, thereby accounting for memory effects and delayed biological
responses. Such formulations arise naturally in population dynamics, ecology, economics, and
other systems characterized by hereditary behavior and feedback mechanisms.
The analytical properties of the model are examined using the method of steps, which reduces
the original nonlinear functional-differential equation to a sequence of ordinary differential equa-
tions on successive intervals. Explicit analytical solutions are derived for the initial stages of
the construction, while numerical approximations are obtained using the Euler, Runge–Kutta,
and Runge–Kutta–Merson methods. A comparison of the numerical schemes demonstrates the
superior accuracy and stability of higher-order Runge–Kutta techniques.
In addition, a more general nonlinear boundary value problem containing a maximum functional
and a product of nonlinear perturbation terms is considered. By transforming the problem into
an equivalent nonlinear Fredholm integral equation and applying the method of successive approx-
imations together with Banach’s fixed-point theorem, sufficient conditions for the existence and
uniqueness of solutions are established. The obtained results contribute to the qualitative theory
of functional-differential equations with maxima and provide effective analytical and numerical
tools for studying population models with memory.
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Introduction

Mathematical models based on differential equations play a fundamental role in describing
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dynamic processes arising in biology, ecology, physics, engineering, economics, and the social

sciences. Among these applications, population dynamics occupies a central position because

it provides a quantitative framework for understanding growth, regulation, competition, and

long-term stability of biological populations.

Classical population models, beginning with the works of Malthus and Verhulst, successfully

describe unrestricted and density-dependent population growth. Later developments by Lotka

and Volterra extended these ideas to interacting species and established the foundations of

modern theoretical ecology. Nevertheless, many biological systems exhibit hereditary effects

and delayed responses that cannot be adequately represented by ordinary differential equations.

In particular, the influence of maturation time, reproductive age, and environmental memory

often requires the incorporation of functional dependencies on past states of the population.

One of the most influential models accounting for such effects was proposed by G. E. Hutchin-

son, who introduced a delayed logistic equation in which the population growth rate depends on

the population size at an earlier time. This model revealed the crucial role of delay parameters

in determining the stability of equilibria and the emergence of oscillatory dynamics. Since then,

delayed differential equations have become an important tool in ecological modeling and related

disciplines.

In many real-world systems, however, the current state is influenced not only by a single

delayed value but also by extreme characteristics of past behavior. For example, resource de-

pletion, environmental pressure, predator response, and collective behavioral mechanisms may

depend on the maximum population size attained during a recent period. Such considera-

tions naturally lead to differential equations with maxima, which form an important subclass of

functional-differential equations.

Motivated by these observations, this paper investigates a generalized Hutchinson-type model

in which the delayed population term is replaced by the maximum value of the population over

a prescribed interval. The resulting equation combines nonlinear dynamics, memory effects, and

extremal functional dependence. The study focuses on both qualitative and numerical aspects

of the model.

First, monotone solutions of the proposed equation are analyzed and conditions governing

their existence are derived. Next, the method of steps is employed to construct solutions on

successive intervals. This approach yields analytical representations for the first stages of the

solution and provides a convenient framework for numerical implementation. Euler, Runge–

Kutta, and Runge–Kutta–Merson schemes are then applied and compared.

Finally, a more general nonlinear model involving external perturbations represented by

products of nonlinear functions is considered. By reducing the corresponding boundary value

problem to an equivalent nonlinear Fredholm integral equation, existence and uniqueness results

are obtained through the contraction mapping principle. The developed methodology extends

classical techniques for delayed population models and contributes to the broader theory of

functional-differential equations with maxima.

However, differential equations of mathematical physics have direct applications in the theory

of nanosystems (see, for example [1]–[13] and [14]). Moreover, differential equations constitute

a fundamental mathematical tool for modeling natural and social processes (see, for example,

[15]–[24] and see also [25]– [32]). In population biology and ecology, mathematical models have

played a central role since the classical works of Malthus [29], Quetelet [30], and Verhulst [31],

which introduced the basic principles of demographic regulation. These early studies laid the
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groundwork for modern population dynamics.

In the first half of the twentieth century, the pioneering contributions of Lotka [28] and

Volterra [32] to the theory of interacting species significantly advanced ecological modeling and

led to the emergence of theoretical ecology as an independent scientific discipline. Despite

extensive subsequent research, the mechanisms governing population regulation and stability

remain a central topic of contemporary studies [33].

1 Problem statement

Classical logistic-type equations successfully describe population growth under simplified as-

sumptions. However, such models do not account for maturation delays and age-structured

effects. To address this limitation, G.E. Hutchinson proposed a delayed differential equation

that explicitly incorporates the average reproductive age of a species. This model explains

the appearance of oscillatory behavior and highlights the fundamental role of reproduction pa-

rameters. In partially, to describe the population dynamics of a species, it was proposed a

mathematical model (see, [16, 22])

ẋ(t) + rx(t) + rx2(t)) = 0, t ≥ 0, (1.1)

where x(t) = N(t) + K, N(t) is the population size of the species, K is the capacity of the

habitat, r is the reproduction rate.

However, equation (1.1) describes well the dynamics of population growth of protozoan

microorganisms. In 1948, G. E. Hutchinson proposed a model described by a differential equation

with delay [24, 25]

ẋ(t) + rx(t− h) + rx(t− h)x(t) = 0, t ≥ 0, (1.2)

where x(t) = N(t) +K, h characterizes the average reproductive age of the species.

Hutchinson used equation (1.2) to describe changes in the size of a herd of cows on a pasture.

However, equation (1.2) has been used by other scientists to describe other processes (see, for

examples, [22]). Let us consider equation (1.2) with the initial condition x(t) = φ(t), t ∈
[−h, 0], x(0) = φ0. For small r > 0 the equation (1.2) has a stability domain. According to

this model, asymptotic stability of the equilibrium position occurs when N(t) ≡ K, t ≥ 0, 0 <

rh < π/2. It should be noted that periodic fluctuations appear in the mathematical model

for rh > π/2. Consequently, in Hutchinson’s model, the reproductive rate r and the average

reproductive age h of the species play a fundamental role.

In the present work, we extend Hutchinson’s approach by considering a functional-differential

equation with maxima, where the population growth rate depends on the maximum population

size over a recent time interval. Such formulations naturally arise in ecological systems with

memory effects and delayed feedback. We analyze analytical properties of the proposed model

and construct numerical solutions using standard time-stepping techniques.

So, we propose the following model to describe the population dynamics of the species

ẋ(t) + r max
τ∈[t−δ,t]

x(τ) + r x(t) max
τ∈[t−δ,t]

x(τ) = 0, t ≥ 0, (1.3)

where x(t) = N(t) + K, τ is a variable value that provides the maximum number of species

on the segment [t − δ, t], δ characterizes the size of the reproductive age of the species, r is

reproduction rate.
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This paper is further development of the work [34]–[36].

Boundary value problems for fractional order functional-differential equations are studied

in [37], [38]. Theoretically, differential equations with maxima are considered, in partially, in

[39]–[45].

2 Monotone solutions of the differential equation (1.3)

We check out of existence of monotone solutions of the differential equation (1.3). The

increasing solutions of the differential equations (1.3) we are looking in the following standard

form

x(t) = eλt, 0 < λ = const.

Then from the nonlinear differential equation (1.3) we obtain

λ+ r + r eλt = 0, t ≥ 0.

This equation we rewrite as

λ+ r + r (N(t) +K) = 0, t ≥ 0.

Hence, we obtain that

N(t) = −λ+ r

r
−K, t ≥ 0,

where N(t) is the population size of the species, K is the capacity of the habitat, r > 0 is the

reproduction rate.

It is interesting that −λ+r
r − K > 0 or rK + r < −λ. Hence, we get the condition λ <

−r(K + 1) for the increasing solution of the differential equation (1.3). The solution of the

equation (1.3) depends from the r > 0. It is clear, that lim
r→0

x(t) = 0. Since r > 0, K > 0, then

the equation (1.3) has no monotone increasing solution.

The decreasing solutions of the differential equations (1.3) we are looking in the form

x(t) = e−λt, 0 < λ = const.

Then from the equation (1.3) we obtain

−λ+ reλδ + reλδ e−λt = 0, t ≥ 0.

According the our assumption this equation we rewrite as

−λ+ reλδ + reλδ (N(t) +K) = 0, t ≥ 0.

From the last equation, we obtain that

N(t) =
λ− reλδ

reλδ
−K, t ≥ 0.

We consider the following estimate λ−reλδ

reλδ
− K > 0 or reλδK + reλδ < λ. Hence, we get the

condition 0 < r < λ/e−λδ(K + 1) for the decreasing solution of the differential equation (1.3).

The solution of the equation (1.3) depends from the r ̸= 0. It is clear, that lim
r→0

x(t) = 0.

Consequently, for all λ > reλδ(K + 1) the solutions of differential equation (1.3) are decreasing.
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This condition is possible, for example, if r = e−λδ. In this case, the population size N(t) of the

species is decreasing. So, for r = e−λδ, the decreasing solution of the equation (3) has the form

x(t) = exp
{
− (N(t) +K + 1)t

}
.

Thus, monotonicity of population size N(t) change is true only in the case of population

decline. An increasing population size N(t) is associated with non-monotonicity (oscillatory).

From the condition λ > reλδ(K +1) we obtain the condition for reproductive age of the species

δ <
(

λ
r(K+1)

) 1
λ
. Hence, we deduce that population size N(t) is decreasing, when reproductive

age δ of the species is smaller than
(

λ
r(K+1)

) 1
λ
.

3 Method of steps for solving equation (1.3)

The method of steps for solving nonlinear equation (1.3) is good that after application of this

method the equation (1.3) is reduced to the linear equation. Further, one can solve the linear

equation by analytical or numerical methods. To solve numerically linear equation, Runge–Kutta

and Runge–Kutta–Merson methods give excellent results.

Initial value conditions have the forms

x(t) = φ(t), t ∈ [−δ, 0], x(0) = φ(0) = φ0.

We suppose that the solution at every point of the beginning every interval is continuous:

x+((n− 1)δ) = x−((n− 1)δ).

Without loss of generality, we set, r = δ = 1, φ0(t) = t.

Zero step. On the initial interval [−1, 0] the solution has the form

x(t) = φ(t) = φ0(t) = t. (3.1)

First step. On the interval [0, 1] we have max
τ∈[t−1,t]

x(τ) = max
τ∈[t−1,t]

φ0(τ) = t. We consider the

equation (1.3) with condition (3.1): x(t) = φ0(t) = t. Then we get

ẋ(t) = max
τ∈[t−1,t]

φ0(τ)(1 + x(t)), t ∈ [0, 1]. (3.2)

Since φ0(0) = 0, H1(s) = max
τ∈[s−1,s]

φ0(τ) = max
τ∈[s−1,s]

τ = s, from (3.2) we obtain

x(t) = −
t∫

0

s(1 + x(s))ds. (3.3)

Analytical solution of the equation (3.3) is: x(t) = exp
{

−t2

2

}
− 1. So, on the interval [0, 1]

we have solution of the equation (1.3)

x(t) = φ1(t) = exp

{
−t2

2

}
− 1, t ∈ [0, 1]. (3.4)
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Second step. Function x(t) = φ1(t) = exp
{

−t2

2

}
− 1, t ∈ (0, 1) is strictly decreasing. There-

fore, on the segment [t − 1, t] the maximum is reached at the left point τ ∈ t − 1. We consider

the condition x(1) = φ1(1) = exp
{

−12

2

}
− 1 = exp

{−1
2

}
− 1. Then, we have the equation

ẋ(t) = − max
τ∈[t−1,t]

φ1(τ)(1 + x(t)), t ∈ [1, 2]. (3.5)

Since on the interval [1, 2] from the function (3.4) we have

H2(t) = max
τ∈[t−1,t]

x(τ) =

= φ1(t− 1) = max
τ∈[t−1,t]

[
exp

{
−(t− 1)2

2

}
− 1

]
= exp

{
−(t− 1)2

2

}
− 1,

then from the differential equation (3.5) we obtain

x(t) = 1−
t∫

1

[
exp

{
−(s− 1)2

2

}
− 1

]
(1 + x(s))ds.

Separating variables in an equation (3.5), we obtain

d

dt
ln(1 + x(t)) = −

[
exp

{
−(t− 1)2

2

}
− 1

]
.

We integrate from 1 till t:

ln
1 + x(t)

1 + x(1)
= −

t∫
1

[
exp

{
−(s− 1)2

2

}
− 1

]
ds. (3.6)

Using substitution u = s− 1, we get

t∫
1

exp

{
−(s− 1)2

2

}
ds =

t−1∫
0

exp

{
−u2

2

}
du =

√
π

2
erf

(
t− 1√

2

)
. (3.7)

Since 1+x(1.1) = 1+φ1(1.1), then substituting (3.7) into (3.6) we obtain an analytical solution

x(t) = φ2(t) = e−1/2 exp

{
t− 1−

√
π

2
erf

(
t− 1√

2

)}
− 1, t ∈ [1, 2]. (3.8)

So, the function (3.8) is an analytical solution of the equation (1.3) on the interval [1, 2].

Third step. Now we will solve the equation (1.3) on the interval [2, 3] From formula (3.8) we

have that x(2) = φ2(2) = −0.299264. So, on the interval [2, 3] we get

max
τ∈[t−1,t]

x(τ) = max
τ∈[t−1,t]

φ2(τ) = e−1/2 exp

{
t− 2−

√
π

2
erf

(
t− 2√

2

)}
− 1.

Then, by integrating the equation

ẋ(t) = −
{
e−1/2 exp

{
t− 2−

√
π

2
erf

(
t− 2√

2

)}
− 1

}
(1 + x(t)), t ∈ [2, 3] (3.9)
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with the condition x(2) = φ2(2) = −0.299264, we obtain

x(t) = φ3(t) = −0.299264−
t∫

2

H3(s)(1 + x(s))ds,

where

H3(s) = max
τ∈[s−1,s]

φ2(τ) = e−1/2 exp

{
s− 2−

√
π

2
erf

(
s− 2√

2

)}
− 1.

So, on the interval [2, 3] as a solution of the equation (3.9) we have integral equation

x(t) = −0.299264−

−e−1/2

t∫
2

[
exp

{
s− 2−

√
π

2
erf

(
s− 2√

2

)}
− 1

]
(1 + x(s))ds, t ∈ [2, 3]. (3.10)

The integral equation we solve numerically.

Table 1. Numerical results (step h = 0.1)

t Euler RK4 RK-Merson

2.000000 -0.299264 -0.299264 -0.299264

2.100000 -0.278294 -0.279037 -0.279037

2.200000 -0.258885 -0.260687 -0.260687

2.300000 -0.241639 -0.244854 -0.244854

2.400000 -0.227233 -0.232242 -0.232242

2.500000 -0.216443 -0.223795 -0.223795

2.600000 -0.209433 -0.219730 -0.219730

2.700000 -0.206453 -0.220566 -0.220566

2.800000 -0.207866 -0.229327 -0.229326

2.900000 -0.214181 -0.248392 -0.248392

3.000000 -0.243940 -0.266402 -0.266401

Table 1 shows that Euler method has the lowest accuracy. The fourth-order Runge–Kutta

and Runge–Kutta–Merson methods yield similar and more stable results.

k−step. Continuing the process (3.4), (3.8) and (3.10) and integrating the following equation

ẋ(t) = − max
τ∈[t−1,t]

φk−1(τ)(1 + x(t)), t ∈ [(k − 1), k]

with condition x((k − 1)) = φk−1((k − 1)), we obtain

x(t) = φk(t) = φk−1((k − 1))−
t∫

(k−1)

Hk(s)(1 + x(s))ds,

where Hk(s) = max
τ∈[s−1,s]

φk−1(τ).

Further, we can use the numerical methods:

1). Euler method: h = 0.1, xn+1 = xn + h · f(tn, xn).
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2). Runge–Kutta method:

k1n = f(tn, xn), k2n = f

(
tn +

h

2
, xn +

h

2
k1n

)
, k3n = f

(
tn +

h

2
, xn +

h

2
k2n

)
,

k4n = f (tn + h, xn + hk3n) , xn+1 = xn +
h

6
(k1n + 2k2n + 2k3n + k4n) .

3). Runge–Kutta–Merson method:

k1n = hf(tn, xn), k2n = hf

(
tn +

h

3
, xn +

k1n
3

)
, k3n = hf

(
tn +

h

3
, xn +

k1n + k2n
6

)
,

k4n = hf

(
tn +

h

2
, xn +

k1n + 3k3n
8

)
, k5n = hf

(
tn + h, xn +

k1n − 3k3n + 4k4n
8

)
,

xn+1 = xn +
1

6
(k1n + 4k4n + k5n) .

4 Main result. Existence theorem

If in the model (1.3) we take into account the heterogeneous habitat, migration factors asso-

ciated with the amount of available food, and the influence of predators, then the mathematical

model takes on a more complex form

ẋ(t) + r max
τ∈[t−h,t]

x(τ) + rx(t) max
τ∈[t−h,t]

x(τ) = g(t, x(t))f(t, x(t)), t ≥ 0, (4.1)

where g and f are the external disturbing influence on the population dynamics of a species.

We will consider equation (4.1) with the following conditions

x(t) = φ(t), t ∈ [−h, 0], x(0) + x(T ) = φ0. (4.2)

We integrate the initial-boundary value problem (4.1), (4.2) on the interval (0, t) :

x(t) = x(0)+

+

t∫
0

[
−r max

τ∈[s−h,s]
x(τ)− rx(s) max

τ∈[s−h,s]
x(τ) + g(s, x(s))f(s, x(s))

]
ds. (4.3)

Taking into account condition (4.2), from the equation (4.3) we obtain

x(0) =
φ0

2
−

−1

2

T∫
0

[
−r max

τ∈[s−h,s]
x(τ)− rx(s) max

τ∈[s−h,s]
x(τ) + g(s, x(s))f(s, x(s))

]
ds. (4.4)

Substituting (4.4) into equation (4.3), we obtain the nonlinear Fredholm integral equation

x(t) = J(t;x(t)) ≡ φ0

2
+
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+
K0

2

T∫
0

[
−r max

τ∈[s−h,s]
x(τ)− rx(s) max

τ∈[s−h,s]
x(τ) + g(s, x(s))f(s, x(s))

]
ds, (4.5)

where

K0 =

{
−1

2 , t ≤ s ≤ T,
1
2 , 0 ≤ s < t.

We use a Banach space C
(
[0, T ],R

)
, that contains a function u(t), defined and continuous

on a segment [0, T ], with the norm

∥u(t) ∥C[0,T ] = max
0≤t≤T

|u(t) | .

Let us also consider the Banach space

BD
(
[0, T ],R

)
=

{
u : [0, T ] → R; u(t) ∈ C

(
[0, T ],R

)}
,

in which the function exists and is bounded by the norm

∥u(t) ∥BD[0,T ] = ∥u(t) ∥C[0,T ] + h ∥ u̇(t) ∥C[0,T ] ,

where 0 < h = const.

Lemma 4.1 ([43], [44]). For the difference of two functions with maxima there holds the

following estimate∥∥∥∥ max
τ∈[t−h,t]

x(τ)− max
τ∈[t−h,t]

y(τ)

∥∥∥∥
C[0,T ]

= ∥x(t)− y(t) ∥C[0,T ] + h ∥ ẋ(t)− ẏ(t) ∥C[0,T ] .

Theorem 4.1. Let be fulfilled the following conditions:

1). Mg = ∥ g(t, x) ∥C[0,T ] , Mf = ∥ f(t, x) ∥C[0,T ] , 0 < Mg,Mf = const;

2). | g(t, x1)− g(t, x2) | ≤ Lg |x1 − x2 | , 0 < Lg = const;

3). | f(t, x1)− f(t, x2) | ≤ Lf |x1 − x2 | , 0 < Lf = const;

4). ρi = max
{
ρi1;hρi2

}
< 1, i = 1, 2, ..., n− 1.

Then for the equation (4.5) has a unique solution in the class BD ([0, T ],R), which can be

found by following iteration process:

x0(t) =
φ0

2
, xn(t) = J(t;xn−1(t)), n = 1, 2, 3, ... (4.6)

Proof. According to the conditions of the theorem, for the first approximation from (4.5) and

(4.6) we have

∥x1(t) ∥ ≤ |φ0|
2

+

+
1

4

T∫
0

[
| r |

∥∥∥∥ max
τ∈[s−h,s]

x0(τ)

∥∥∥∥+ | r | ∥x0(s) ∥
∥∥∥∥ max
τ∈[s−h,s]

x0(τ)

∥∥∥∥+
+ ∥ g(s, x0(s)) ∥ ∥ f(s, x0(s)) ∥] ds ≤

|φ0|
2

+

+
T

4

[
| r |max

{
∥φ(t) ∥ , |φ0|

2

}
+ | r | |φ0|

2
max

{
∥φ(t) ∥ , |φ0|

2

}
+MgMf

]
=
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=
|φ0|
2

+ ρ01 < ∞, (4.7)

where

ρ01 =
T

4

[
| r |max

{
∥φ(t) ∥ , |φ0|

2

}
+ | r | |φ0|

2
max

{
∥φ(t) ∥ , |φ0|

2

}
+MgMf

]
.

Taking into account estimate (4.7) from (4.6) we have estimate

∥x1(t)− x0(t) ∥ ≤ 1

4

T∫
0

[
| r |

∥∥∥∥ max
τ∈[s−h,s]

x0(τ)

∥∥∥∥+
+ | r | ∥x0(s) ∥

∥∥∥∥ max
τ∈[s−h,s]

x0(τ)

∥∥∥∥+ ∥ g(s, x0(s)) ∥ ∥ f(s, x0(s)) ∥
]
ds ≤ ρ01. (4.8)

Analogously, from (4.1) we have

∥ ẋ1(t)− ẋ0(t) ∥ ≤ | r |
∥∥∥∥ max
τ∈[s−h,s]

x0(τ)

∥∥∥∥+
+ | r | ∥x0(s) ∥

∥∥∥∥ max
τ∈[s−h,s]

x0(τ)

∥∥∥∥+ ∥ g(s, x0(s)) ∥ ∥ f(s, x0(s)) ∥ ≤

≤ | r |max

{
∥φ(t) ∥ , |φ0|

2

}
+ | r | |φ0|

2
max

{
∥φ(t) ∥ , |φ0|

2

}
+MgMf = ρ02. (4.9)

From (4.8) and (4.9) we obtain that there holds the estimate

∥x1(t)− x0(t) ∥BD[0,T ] ≤ ρ01 + h ρ02.

For the second difference we have

∥x2(t)− x1(t) ∥ ≤ T | r |
4

∥∥∥∥ max
τ∈[t−h,t]

x1(τ)− max
τ∈[t−h,t]

x0(τ)

∥∥∥∥+
+
T | r |
4

∥x1(t) ∥
∥∥∥∥ max
τ∈[t−h,t]

x1(τ)− max
τ∈[t−h,t]

x0(τ)

∥∥∥∥+
+
T |r|
4

∥x1(t)− x0(t)∥
∥∥∥∥ max
τ∈[t−h,t]

x0(τ)

∥∥∥∥+
T

4
∥g(t, x1(t))∥ ∥f(t, x1(t))− f(t, x0(t))∥+

+
T

4
∥ f(t, x0(t)) ∥ ∥ g(t, x1(t))− g(t, x0(t)) ∥ .

Applying lemma to the last inequality, we derive:

∥x2(t)− x1(t) ∥ ≤ T | r |
4

(∥x1(t)− x0(t) ∥+ h ∥ ẋ1(t)− ẋ0(t) ∥)+

+
T | r |
4

(
|φ0|
2

+ ρ01

)
(∥x1(t)− x0(t) ∥+ h ∥ ẋ1(t)− ẋ0(t) ∥)+

+
T | r |
4

∥x1(t)− x0(t) ∥
|φ0|
2

+
T

4
[MgLf +MfLg] ∥x1(t)− x0(t) ∥ .
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Hence, we obtain

∥x2(t)− x1(t) ∥ ≤ χ11 ∥x1(t)− x0(t) ∥+ χ12h ∥ ẋ1(t)− ẋ0(t) ∥ , (4.10)

where

χ11 =
T

4

[
| r |

(
1 +

(
|φ0|
2

+ ρ01

)
+max

{
∥φ(t) ∥ , |φ0|

2

})
+MgLf +MfLg

]
,

χ12 =
T | r |
4

(
1 +

|φ0|
2

+ ρ01

)
.

Since χ11 ≥ χ12, the estimate (4.10) we rewrite as

∥x2(t)− x1(t) ∥C[0,T ] ≤ ρ11

(
∥x1(t)− x0(t) ∥C[0,T ] + h ∥ ẋ1(t)− ẋ0(t) ∥C[0,T ]

)
≤

≤ ρ11 (ρ01 + h ρ02) , (4.11)

where ρ11 = χ11.

Analogously we have

∥ ẋ2(t)− ẋ1(t) ∥C[0,T ] ≤ | r | (∥x1(t)− x0(t) ∥+ h ∥ ẋ1(t)− ẋ0(t) ∥)+

+ | r |
(
|φ0|
2

+ ρ01

)
(∥x1(t)− x0(t) ∥+ h ∥ ẋ1(t)− ẋ0(t) ∥)+

+ | r | ∥x1(t)− x0(t) ∥max

{
∥φ(t) ∥ , |φ0|

2

}
+ [MgLf +MfLg] ∥x1(t)− x0(t) ∥ ≤

≤ χ21 ∥x1(t)− x0(t) ∥+ χ22h ∥ ẋ1(t)− ẋ0(t) ∥ ,

χ21 = | r |
(
1 +

(
|φ0|
2

+ ρ01

)
+max

{
∥φ(t) ∥ , |φ0|

2

})
+MgLf +MfLg,

χ22 = | r |
(
1 +

|φ0|
2

+ ρ01

)
.

From last estimate we get

∥ ẋ2(t)− ẋ1(t) ∥C[0,T ] ≤ ρ12

(
∥x1(t)− x0(t) ∥C[0,T ] + h ∥ ẋ1(t)− ẋ0(t) ∥C[0,T ]

)
≤

≤ ρ12 (ρ01 + h ρ02) , (4.12)

where ρ12 = χ21.

From the estimates (4.11) and (4.12) we obtain that there hold the estimates

∥x2(t)− x1(t) ∥BD[0,T ] ≤ ρ1 ∥x1(t)− x0(t) ∥BD[0,T ] ,

where ρ1 = max{ρ11;hρ12} < 1;

∥x2(t)− x1(t) ∥BD[0,T ] ≤ ρ11 (ρ01 + h ρ02) + h ρ12 (ρ01 + h ρ02) =

= (ρ11 + h ρ12) (ρ01 + h ρ02) . (4.13)
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We need in the following estimate

∥x2(t) ∥ ≤ |φ0|
2

+
1

4

T∫
0

[
| r |

∥∥∥∥ max
τ∈[s−h,s]

x1(τ)

∥∥∥∥+
+ | r | ∥x1(s) ∥

∥∥∥∥ max
τ∈[s−h,s]

x1(τ)

∥∥∥∥+ ∥ g(s, x1(s)) ∥ ∥ f(s, x1(s)) ∥
]
ds+

≤ |φ0|
2

+
T

4

[
| r |

(
max

{
∥φ(t) ∥ , |φ0|

2

}
+ ρ01

)
+

+ | r |
(
|φ0|
2

+ ρ01

)(
max

{
∥φ(t) ∥ , |φ0|

2

}
+ ρ01

)
+MgMf

]
=

=
|φ0|
2

+
T

4

[
| r |

(
|φ0 |
2

+ ρ01

)(
1 +

|φ0|
2

+ ρ01

)
+MgMf

]
< ∞. (4.14)

Taking into account (4.14), analogously to (4.12) and (4.13) we consider estimating next differ-

ence

∥x3(t)− x2(t) ∥C[0,T ] ≤
T | r |
4

∥∥∥∥ max
τ∈[t−h,t]

x2(τ)− max
τ∈[t−h,t]

x1(τ)

∥∥∥∥+
+
T | r |
4

∥x2(t) ∥
∥∥∥∥ max
τ∈[t−h,t]

x2(τ)− max
τ∈[t−h,t]

x1(τ)

∥∥∥∥+
T | r |
4

×

×∥x2(t)− x1(t) ∥
∥∥∥∥ max
τ∈[t−h,t]

x1(τ)

∥∥∥∥+
T

4
∥ g(t, x2(t)) ∥ ∥ f(t, x2(t))− f(t, x1(t)) ∥+

+
T

4
∥ f(t, x1(t)) ∥ ∥ g(t, x2(t))− g(t, x1(t)) ∥ ≤

≤ ρ21

(
∥x2(t)− x1(t) ∥C[0,T ] + h ∥ ẋ2(t)− ẋ1(t) ∥C[0,T ]

)
, (4.15)

where we used denotation

ρ21 =
T

4

[
| r |

(
∥x2(t) ∥+

∥∥∥∥ max
τ∈[t−h,t]

x1(τ)

∥∥∥∥)+MgLf +MfLg

]
.

Similarly, from (4.12) and (4.13) we obtain the estimate

∥ ẋ3(t)− ẋ2(t) ∥C[0,T ] ≤ ρ22

(
∥x2(t)− x1(t) ∥C[0,T ] + h ∥ ẋ2(t)− ẋ1(t) ∥C[0,T ]

)
, (4.16)

where

ρ22 = | r |
(
∥x2(t) ∥+

∥∥∥∥ max
τ∈[t−h,t]

x1(τ)

∥∥∥∥)+MgLf +MfLg.

From the estimates (4.15) and (4.16) we derive that there hold the estimates

∥x3(t)− x2(t) ∥BD[0,T ] ≤ ρ2 ∥x2(t)− x1(t) ∥BD[0,T ] ,

where ρ2 = max{ρ21;hρ22} < 1;

∥x3(t)− x2(t) ∥BD[0,T ] ≤ ρ21 (ρ11 + h ρ12) (ρ01 + h ρ02) + h ρ22 =
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= (ρ21 + h ρ22) (ρ11 + h ρ12) (ρ01 + h ρ02) . (4.17)

Continuing the process (4.17), we obtain an estimate for arbitrary n:

∥xn(t)− xn−1(t) ∥BD[0,T ] ≤ ρn−1 ∥xn−1(t)− xn−2(t) ∥BD[0,T ] ,

where ρn−1 = max{ρ(n−1)1;hρ(n−1)2} < 1;

∥xn(t)− xn−1(t) ∥BD[0,T ] ≤

≤
(
ρ(n−1)1 + h ρ(n−1)2

)
· · · (ρ21 + h ρ22) (ρ11 + h ρ12) (ρ01 + h ρ02) , (4.18)

where

ρ(n−1)1 =
T

4

[
| r |

(
∥xn−1(t) ∥+

∥∥∥∥ max
τ∈[t−h,t]

xn−2(τ)

∥∥∥∥)+MgLf +MfLg

]
,

ρ(n−1)2 = | r |
(
∥xn−1(t) ∥+

∥∥∥∥ max
τ∈[t−h,t]

xn−2(τ)

∥∥∥∥)+MgLf +MfLg.

From (4.18) we obtain the following estimate:

∥xn(t)− xn−1(t) ∥BD[0,T ] ≤ ρ0ρ1ρ2 · ... · ρn−2ρn−1, (4.19)

where ρi = max
{
ρi1;hρi2

}
< 1, i = 1, 2, ..., n− 1.

The quantities r, h, Lf we choose such that from (4.19) implies

lim
n→∞

∥xn(t)− xn−1(t) ∥BD[0,T ] = 0.

Hence, we deduce that the right-hand side of the equation (4.5) is contracting operator and the

problem (4.1), (4.2) has a unique solution in the space BD ([0, T ],R).

5 Examples

Example 5.1. On the interval [1, 4] we consider the equation

x′(t) + 0.5 max
τ∈[t−1,t]

x(τ) + 0.5x(t) max
τ∈[t−1,t]

x(τ) = 2t+ (x(t)− 0.5t2)x(t). (5.1)

We will consider equation (5.1) with the following initial condition

x(t) = φ(t) = t+ 1, t ∈ [0, 1], x(1) = 2. (5.2)

The function x(t) = 1 + t2 is the exact solution of the problem (5.1), (5.2).

Example 5.2. On the segment [0, 3] consider the equation

x′(t) + 0.2 max
τ∈[t−1,t]

x(τ) + 0.2x(t) max
τ∈[t−1,t]

x(τ) =
0.2(t2 + 1)

x(t)− 1
x2(t). (5.3)

We will consider equation (5.3) with the following initial condition

x(t) = φ(t) =
1

0.5t+ 2
, t ∈ [−1, 0], x(0) = φ(0) =

1

2
. (5.4)

The function x(t) = 1
t+2 is the exact solution of the problem (5.3), (5.4).
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Conclusion

In this paper, a generalized Hutchinson population model involving a maximum functional

has been investigated. The proposed formulation extends the classical delayed logistic equation

by allowing the population growth dynamics to depend on the largest population level attained

within a recent time interval. Such a modification provides a natural mathematical framework

for describing memory-dependent processes in biological and ecological systems.

The qualitative analysis of the model demonstrated that monotone increasing solutions do

not occur under the considered assumptions, whereas monotone decreasing solutions exist under

appropriate restrictions on the reproductive and model parameters. These results reveal the

significant influence of memory length and reproduction intensity on the long-term behavior of

the population.

To construct solutions, the method of steps was applied, reducing the original functional-

differential equation to a sequence of ordinary differential equations on successive intervals.

Explicit analytical solutions were obtained for the initial stages of the process, illustrating

the effectiveness of the proposed approach. Numerical computations performed using Euler,

Runge–Kutta, and Runge–Kutta–Merson schemes showed that higher-order methods provide

considerably improved accuracy and stability when compared with the classical Euler method.

A generalized nonlinear model containing external perturbation terms was also studied. By

transforming the corresponding boundary value problem into an equivalent nonlinear Fredholm

integral equation and employing the method of successive approximations together with Banach’s

fixed-point theorem, sufficient conditions ensuring the existence and uniqueness of solutions were

established.

The obtained results enrich the theory of functional-differential equations with maxima and

provide new analytical and computational tools for the study of nonlinear population models

with memory effects. Future research may focus on stability analysis, bifurcation phenomena,

periodic solutions, stochastic extensions, fractional-order generalizations, and applications to

ecological, economic, and engineering systems where extremal memory effects play a significant

role.
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