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Abstract. This paper investigates a boundary value problem for a nonlinear seventh-order par-
tial differential equation with a nonlocal integral term. The problem is considered in a rectangular
domain and is supplemented with Samarskii—Ionkin type boundary conditions with respect to the
spatial variable and two-point boundary conditions with respect to time. Owing to the non-self-
adjoint nature of the associated spatial operator, the corresponding spectral and adjoint spectral
problems are studied in detail. Ezxplicit representations of eigenvalues and eigenfunctions are
obtained, and the biorthogonality, completeness, minimality, and Riesz basis properties of the
resulting systems are established.

By employing the Fourier method based on the biorthogonal systems of eigenfunctions, the origi-
nal boundary value problem is reduced to a countable system of nonlinear integral equations. Suf-
ficient conditions guaranteeing the existence and uniqueness of solutions are derived by means of
the method of successive approximations and the contraction mapping principle. Furthermore,
convergence of the constructed Fourier series and its derivatives is rigorously justified. As a con-
sequence, a classical solution to the boundary value problem is obtained in an explicit series form.
The results contribute to the theory of nonlocal higher-order partial differential equations with
non-self-adjoint boundary conditions and provide an effective analytical framework for related
nonlinear mathematical models.

Key words: Boundary value problem, seventh order nonlinear equation, adjoint spectral prob-
lem, eigenfunctions, biorthogonal systems, unique solvability.

MSC 2020: 35A01, 35A02, 35S15.

Introduction. Problem statement

Higher-order partial differential equations arise naturally in many branches of mathemati-
cal physics, continuum mechanics, filtration theory, hydrodynamics, elasticity, and engineering
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sciences. The mathematical analysis of such equations is often complicated by the presence of
nonlocal terms, non-standard boundary conditions, and nonlinear interactions. These factors
significantly influence both the qualitative behavior of solutions and the mathematical methods
required for their investigation.

Particular interest has recently been devoted to boundary value problems involving non-
self-adjoint operators and nonlocal conditions. Such problems frequently appear in applications
where conservation laws, memory effects, spatial interactions, or integral constraints must be
incorporated into the mathematical model. In these situations, classical orthogonal eigenfunction
expansions are generally unavailable, and alternative approaches based on biorthogonal systems
become necessary.

The present paper studies a nonlinear seventh-order partial differential equation containing
an integral functional with respect to the spatial variable. The equation is supplemented by
Samarskii-lonkin type boundary conditions and two-point conditions in time. Problems of this
type can be viewed as higher-order generalizations of mathematical models arising in filtration
processes in fractured porous media and in related nonlocal evolution phenomena.

The principal difficulty of the problem lies in the non-self-adjoint character of the correspond-
ing spectral operator. Therefore, a detailed spectral analysis is carried out. The associated ad-
joint problem is constructed, and the corresponding systems of eigenfunctions are investigated.
It is shown that these systems form biorthogonal Riesz bases in the underlying functional space,
which provides the foundation for the application of the Fourier method.

Using the method of separation of variables and biorthogonal Fourier expansions, the original
boundary value problem is transformed into a countable system of nonlinear integral equations.
The solvability of this system is studied by fixed-point techniques. Appropriate sufficient con-
ditions are established to guarantee existence and uniqueness of solutions, while convergence
properties of the resulting Fourier series are analyzed in detail.

The obtained results extend earlier investigations devoted to higher-order equations with
classical boundary conditions and demonstrate the effectiveness of spectral methods in the study
of nonlinear nonlocal equations with Samarskii-Ionkin type constraints. The developed approach
may also be useful for a wider class of nonlocal evolution problems governed by higher-order
differential operators.

However, differential equations of mathematical physics have a wide range of applications
in the sciences and technology (see, for examples [1]-[8]). According to applications this field
of mathematics is developing at a rapid pace and a lot of works are being published (see, for
examples [9]-[15]).

The main equations of the theory of non-stationary filtration in fractured-pore formations
are formulated in the work of G.I. Barenblatt, Yu.P. Zheltov and I. N. Kochina [16] (see, also
[17]) and, further, developed by many authors [18]-[23]. Boussinesq type partial differential
equations with boundary conditions are studied partially, in [24]-[27].

The spectral problems are considered in the works [28]-[31].

In the works [32]-[34], the similar equation is studied by Cauchy and Dirichlet conditions.
So, our new work, which presents in this paper, is further development of the works [32]-[34].

In this paper, we study the classical solvability of the boundary value problem for a seventh
order partial differential equation. In the rectangular domain, @ = {0 <t <T,0 <z < 1} we
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consider the following partial differential equation

93 97 5 o 1
o3 T 9130 24 Tw Er U(t,z) = f tax,/Q(y)U(t,y)dy , (0.1)
0

where T is given positive number, w is nonzero real parameter.

In solving partial differential equation (0.1) we use Samarskii-Tonkin type boundary value
conditions

U(t,1) =0, Ug(t,0) =0, Ug(t,0) =Uy(t,1), Ugyzs(t,0) = Upsr(t,1), 0<t<T (0.2)
and two-point boundary value conditions
U(va) = Wl(x)v U(T7 JI) = @2(x)’ U/(O,I) = (,03(%), (03)

where p;(z) is enough smooth on the segment [0, 1].
Problem 0.1. To find a function U(t,z) € C(2) N Cz f(Q), which satisfies differential
equation (0.1) and the conditions (0.2), (0.3), where Q = {0 < ¢ < T,0 <z < 1}.

This problem is further development of the work [35].

1 Spectral Problems

We consider homogeneous differential equation

oU3(t,x) O'U(t,x) 304U (t, )
BIE 030zt T gt

= 0. (1.1)

We will look for a non-trivial particular solution of the equation in the form U(¢,x) = u(t) -
¥(x). Substituting this product of functions, depending from different variables, into equation
(1.1), we obtain

u”’(t) ﬂ(IV)(:U)

Cu(t) + () I(x)

Hence, equating second fraction into A we obtain

IV (2) = X9(z) =0, A >0. (1.2)

Using conditions (0.2), from product of two functions we obtain conditions for the eigenvalues
A and eigenfunctions 9(z):

9(1) =0, 9"(0)=0, 9'(0)=9(1), 9"(0)=29"(1). (1.3)
Solving the spectral problem (1.2), (1.3), we derive the eigenvalues [36]—[38]
A= (2mn)Y, n=0,1,2,... (1.4)

Eigenfunctions, corresponding to the eigenvalues (1.4), have the forms

e2mnT _ e?ﬂ'n(l—x)

Yo(z) =2(1 — x), Op(z) = —2sin2mnx, dop(x) = 1 — Cos 2mn. (1.5)
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The spectral problem (1.2), (1.3) is not self-adjoint and it is easy to see that the following
problem with the eigenvalues (1.4) will be adjoint to it

cUV)(z) = Xo(z) =0, 0<z<1, (1.6)
o(0) =0o(1), o'(1)=0, o"(0)=0"(1), ¢"(0)=0. (1.7)

We also consider adjoint problem (1.6), (1.7). Solving this problem, it is not difficult to see
that the eigenfunctions, corresponding to eigenvalues (1.4), have the form

e2mn + 627rn(1—:r)

oo(x) =1, op(x) = T —sin2mnx, oop(r) = —2cos 2mne. (1.8)

Lemma 1.1 ([39]). Systems of functions (1.5) and (1.8) are biorthogonal systems in L2[0,1]:

1, k=n, i=3j ..
(190700)0:17 (197;’670-jn)0_{ 07 k‘#n, Z;éj ’ Zaj:1727 nak::l?z?"'

Lemma 1.2 ([39]). The systems of functions (1.5) and (1.8) are minimal in L2[0, 1].
Lemma 1.3 ([39]). The system of functions (1.5) and (1.8) is complete in the space Ls|0,1].

Lemma 1.4 ([39]). The system of functions (1.5) and (1.8) forms the Riesz basis in L2[0, 1].

2 Formal solution of the problem (0.1)-(0.3)

Taking into account the formulas (1.5) and (1.8) we look for a solution to the problem
(0.1)—(0.3) in the form of following Fourier series:

Ut 2) = uo(t) do(w) + Y (w1,0(t) 91.0(2) + w2.n(t) V2n(2)), (2.1)
n=1

where . .
uo(t) = / Ut 9)ou)dy, tn(®) = [ Ut 0)onn(u)dy, <= 1.2 (2.2

0

Similarly, the function f <t, x, fl q(y y)dy> we write as
0

f t,a:, aly o(t, ) Vo (@ +Z (fron(t:0) V1.0(2) + Frn(ts ) Van()), (23)

n=1

1 1 1 1
folt,u) = / 7ty / (DU 2)dz | oo(y)dy,  Fanlt,u) = / 7t / (U1, 2)dz | on(y)dy, »
0 0 0 0



Let the function U(t,z) in (2.1) be a solution to boundary problem (0.1)—(0.3). Then,
substituting representations (2.1), (2.3) into equation (0.1) and taking (2.2), (2.4) into account,
we obtain

+Z(u’1"n ) O1n(2) + U (1) D20 (2) )+
+Z)\ (ull,/n ) U1 n( )—l—u’Q”n 79271 ) Zw An (uln 791 n( )+U27n(t)1927n($)> =

= f()(t u 190 —|— Z (fln t, U 792 n( )+ f2,n(t’u) 192,n(£))

Hence, we obtain two differential equations: scalar differential equation and a countable
system of third order ordinary differential equations

1
A = folt, / a(@)uo(t)00(2)). (2.5)
0

fo (t,j‘qm 5t ()00)d

e . 3 () = =1 2.6
0 (0) - P (1) — , (2.6
First, we solve the equation (2.5):
t
t? (t — 5)?
up(t) = Cro +tCo + 50370 + 5 fo(s, | q(z)up(s)do(z)dz)ds. (2.7)
0 0

To find Cjo(j = 1,2, 3), we rewrite the conditions (0.3) as

uo(0) = @10, uo(T) = w20, up(0) = @3, (2.8)

where

1
wm=/%@@@@,ﬁﬂ%&
0

By virtue of (2.8), from (2.7) we obtain that

Cio=¥10, C20= 20,
T
2 2
Cs 9030—T29010—*9020—T2 (s,
0

q(x)up(s)do(z)dx)ds. (2.9)

O\H

Substituting (2.9) into the representation (2.7), derived

w(t) = 1o [1 - (;)2

2
+¥2,0 [t - T] +
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9 T 1
" (t> o30+ 0/ Kolt, ) fols, 0/ a(@)uo(s)do(x)dx) ds, (2.10)

T
where ) )
t— T—
(DT P
Ko(t,S) = (/12"* _ 5)2 T
—T7 t S S S T.
Theorem 2.1. Let the conditions are fulfilled:
’ftfq ﬁo()dx)}§M0<oo;
1
2). ‘f(t,fq(ac)um( )190( ) (t,fq UOQ dIL‘ ‘ < Lofq }um(t)—uog } ‘190 }dl’
0 0

0 < Lo = const;
T

3). p= 2L001%1tag>%/ ! Koy(t,s) |ds < 1.
0

Then the equation (2.10) has a unique solution.

The proof of the theorem 2.1 is easy to see it. So, we do not show the proof of this theorem.
We will integrate the countable system of third-order differential equations (2.6) (see, [?]).

The solution that satisfies the equation (2.6) with the boundary conditions (2.8) we find as
follows. The value of the parameter w, for which the equation

A, = —V37,(w) (6_27"(“) + 2e™ W7 gin <\an( )T — %)) =0, 7(w)= #

will have no solutions and | A, | > €p > 0, we call as regular values of the parameter w, and we
will denote its set of solutions by Ag and other values of parameter w, we call as irregular values
of the parameter: w € R\ (Ag U {0}).

For regular values w € Ay we will continue to solve the countable system (2.6) and obtain:

Un,n(ta w) = Xl,n(ta w) ‘Pli,l,n(w) + X2,n(t» w) SOH,2,n(W) =+ X3,7L(t7 w) ‘PH,&n(W)‘i'

t
1
oW /Kljn(t,s,w) frn(s,w,u)ds + .
0

+1 ;) /I_(Ln(T,s,w) f,i,n(s,w,u)ds, (2.11)
"0
where
2e™ (W) (T+) gin (V37 (w)(T — 1))
Xl,n(tvw) = 9
\/§XO,TL(T7W)
e 2m(W)t _ 96T (W)t cog (\/ng(w)t + %)
n t, — ) n t? =
X2 (tw) Xon(T,w) X3n(t,w)

e @T=2) gin (V/37, (w)T) + e™ @20 gin (V/37, (w)t) + €™ @ T+ sin (V37 (w)(T — 1))
\/ng (W> XO,n(Ta w)

1 0
Kin(t s,w) = 1272(w) o (T, )e (e 2 cos <\/§Tn(w)(t s)+ 3)) ,

9
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_ X0 n(ta w) 27 (w)(T—s) Tn (W) (T —5) T
= — : n - " n T - 5y °
Ky n(T,s,w) 1272 (w)xom(T. ) <e 2e cos <\/§T (w)( s) + 3))

The equation (2.11) we rewrite as

un,n(tu W) = Xl,n(ta W) (Pn,l,n(w) + X27n(t7 W) @ﬁ,Z,n(w) + X3,n(t7 w) (Pri,?),n(w)"’_

(t,s,w) fun s,w,/q Zu,.m Vn(x)de | ds, (2.12)

where
Kyt s,w), t<s<T,
K = ’ 7%
Q,Tl(t?S?w) { Kl,n(t,S,W) + Kl,n(ta va)7 0 <s<t

Taking (2.12) into account, we have the following series

U(t,z,w) =2(1 —x)x

+ 2,0 [t - t;} + (;)2%,0 +/TK0(ta s).fo <57/1Q(($)W7U0(5)790($)d$> ds] +
0

0

O]

oo 2
+ZZ |:X1n (t,w) Pran(W) + Xon(t, w) Pran(w) + X3n(t,w) Prgn(w)+
n=1xr=1

(t,s,w) fun (s,w,/q Zu”” Von dy) ds]ﬁ (), k=1,2. (2.13)

3 Unique solvability of the countable system of integral
equations (2.12)

Smoothness condition. Let in the domain [0, 1] the functions ¢;(z) (j = 1,2, 3) and f(t, x)
satisfied the conditions

; 42 dt
(p](.’B) S Cx[oa 1]7 (pj(l) dz2 (pJ(O) dz? (pJ( ) =0,
d d a3 a3
%%‘(0) = %%‘(1)7 @‘Pj(o) = @ij(l)a
d? dt
Flt,u) € CR20(0, 7] [0,1] < R), (b 1,u) = =5 (6,0,) = = [(1,1) =0,
d d d3 d3
%f(tovu): %f(t,l,U), @f(t 0 U) dx 3f(t,1,U)~

Then, we integrate by parts
1
trgn = [y, w=12 j=12.3
0
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five times on the variable y, respectively, and obtain

(V)

gplzjzn == <27T> n5 Y j = 172737

1

5 . 2rny _ ,2nn(l—y)

v D pily) (e —e

(p;j’)n - 8;5 < ] + cos 2mny | dy,
0

1\ #hin  w) [0 i)
). 7n .
P2,4,n = <27r) n?’ s Poin = 2/ T:;E) sin 2mnydy.
0

Similarly, we have

1
1 2 {/n(t u) 82 f(t, n U) e27my . 627m(1—y)
fin(t,u) = — () — {’n(t u) = / 092 LT + cos2mny | dy,

2T n
0

1
1\? f3,(t,w) O f(t,y,U) .
fon(t,u) = — <) — é:n(t, u) = / (8y2) sin 2mnydy.
0

2 n

In addition, we say that the following estimates are true

_;(V) H H o ng(aj‘)
8$5 L2[071]
2
7 t
max f, (t,u) < N2 || max L;C’U) , 0< N, =const, k=1,2.
0<t<T Bo 0<t<T Ox La[0,1]

Theorem 3.1. Let the conditions are fulfilled:
1) ’fﬁ,n(tuuﬁ,n(t)) } < Mg < 0, k= 172;
2) ’ f/-c,n (t, Uﬁ,n,l(t)) - fﬁ,n (ta Un,n,Z(t))
1

3. 0= CL@C 00) | 0y [ ey < 1.
0

m)‘ U1 (8) — Uiem2(t) ’, 0 < Ly(x) € L[0,1];

Then the countable system of integral equations (2.12) has a unique solution.

Proof. We estimate the successive approximations for (2.12):

|ttt w)|

IN

B3[0,T

fli,n S,UJ,/q ZUH’L dl‘ dS
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V) V) )
1\5 e Son,l,n (W) SOH,Q,TL( ) 805,3,%( )
= Co(w)<27r) zjl [‘ nd ‘ ’ n® ‘ ’ no u+
o0 tla/,n <t7wa}q($) i ugz(t)ﬁﬁyl(x)d'x) '
oD D e o <

< Co(w) CQ[JZ(P'@L” ‘2‘1‘\]5‘3@5271 ’2+Ji<ﬁ%),n(w)1+
1 n=1

// m .
+C1(w)C3 Jnax (t,w,/q(w)Zum(t)"&w(x)dx) <
n= 0 =1
14 14 14
< Cow)Ce||e@) |, + |k @ |, + ||t |+
2 2 2
1 o
" m .
+CO1(w)Cs max | f (t,w,m, / q(y)zuﬁ,i(t)ﬁn,z(y)dy> - <o, (3.1)
0 =1 L(9)
where
Co(w) = mac{ s, s |xan(te0) |+ o, max Dxaalt = )y

T 1\5 | o 1
Cy(w) = Orgtag%nn%aZX 0f|K2n(t s,w)|ds, Co = (277) El o> C3 = (27T) nglﬁ

For the difference of the two successive approximations we obtain

@+t w) — @ (8, w) | yjo.r) < CL(w)Cax

1 [o¢]
Xo?%}% fr (t,w,x,/q(y)z;ugfi(t)ﬁ,{,i(y)dy) —fu (t,w,x /q Zu Vi ( dy) ) <
0 1= 0 2
1
< Cl(w)é?m max f (t W, Y, | 4z Zunz Z) -
ogtho/ 0/
! [o.¢]
~f (t,w,y,/q(Z)ZUZZl(t)ﬁn,i(z)dZ) or(y)dy <
9 i—1
1 1
< Ciw)Cs [ Lion(widy [ a) Y [ ©esle) a2 (00s(2) |z <
0 0 =1
- 1
<ciy|un o - o) [ e <
=1 0
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(3.2)

where

From the estimates (3.1) and (3.2) implies that the Theorem 3.1 is true. O

4 Uniqueness of the solution to problem (0.1)-(0.3)

Theorem 4.1. If there exists a solution of Problem (0.1)—(0.3), then it is unique for reqular
values of the parameter w from the set Ag.

Proof. We consider the regular values of the parameter w from the set Ag. Suppose that
there exist two different solutions Ui (t,z) and Us(t,z) to the problem (0.1)—(0.3). Then the
difference U (t,z) = Uy (t,z) —Us(t, x) is a solution of the equation (0.1), satisfying the conditions
(0.2) and (0.3) with functions ¢(x) =0, f(¢t,z) = 0. Then, it follows from formulas (2.7)—(2.9)
and (2.13) that

1
Upn(t) = /U(t,y)a,{7n(y)dy =0, k=1,2.
0
From this, due to the completeness of the system (1.5) and (1.8) in the space Ls]0, 1], it follows
that U(t,z) = 0 almost everywhere on [0, 1] for any ¢ € [0,T]. Since U(t,z) € C(Q), it follows
that U(x,t) = 0 in . The Theorem 4.1 is proved. O

5 Convergence of the series (2.13)

Theorem 5.1. Let the smoothness conditions be satisfied. Then, for the reqular values of
the parameter w from the set Ao the function (2.13) will be belonged to the class U(t,z) €
C@Q)NCH Q).

Proof. We consider the series (2.13) and

3

@U(t? ﬂj‘,UJ) =

co 2
+ZZ[X/1”nt W) Pr,1,n(w )+X/2”n<t W) Pr,2,n (W )+xg/n(t W) Pr3n(w)+

n=1kr=1

T
)\ /Ké"n (t,s,w) frn(s)ds|Vpn(x), (5.1)
"0

4

@U(ta%w) =

oo 2
+ Z Z [Xl,n(ta w) @H,l,n(w) + X2,n(t7 w) ‘70/-@,2,n(w) =+ X3,n(t: w) ‘Pﬁ,?),n("d)‘i‘
k=1

n=1kr=
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(t,8,w) frm(s )d,s] IV (@), (5.2)

where
19%{;/) (z) = ( — 2sin2mna) vy _ (277)4n41917n(x),
2mnx _ L 2mn(l—x) (v)
19&17‘1/)(3:) = (6 5 ¢ 1 — cos 27rnx> = (27r)4n4192 n(z).
) e ™ __ )

The proof of convergence of the series (2.13) and (5.1) are implies from the estimates (3.1) and
(3.2). So, we show the convergence of the series (5.2).

To proof of convergence of the series (5.2), we will prove the convergence for the following
series

Z [x’{’n (£,w) @110 (W) + X (£, ) P1.20(W) + X5l (W) Q1,3.0(w)+

T
T /Ké"n (t,s,w an(s)ds} sin 2mnzx, (5.3)
0

nmn "

n4 |:X/1”n(t w) 902,l,n( )+X2 n(t w) 302271( )+X3 n(t w) 902371( )+

WE

3
Il
N

T 2mne 2mn(l1—x)
1+ — /Ké"n (t,s,w fgm(s)ds] (6 62;16_ 1 — cos 27rnx) . (5.4)
0

Applying the smoothness conditions and Bessel inequalities to (5.3), we have:

n=1,2

oo oo
max | Xin(t,w) ‘ Zn4 | 1,10 (w) | + _max | Xan(t,w ‘ Zn4 | o12n(w) |+
n=1 n=1

+ maX ‘Xg/ntw ’Zn |9013n |+Zn 1+ /}Ké”ntsw Hfl,n(sau”dSS

9011n (w) ‘Plzn

< max max‘xln !Z

+ max max E
n=1,2,... 0<t<T ’X2" ‘

n=1,2,...0<t<T

+ max max ‘x3n |Z

n=1,2,... 0<t<T n=1,2,... 0<t<T

o0
‘P13n ‘ max max /‘Kﬁ”n (t,s,w) ‘dsZ|f17n(t,u)| <
n=1

e}

3 00 e’} )
1 (V) 2 1 2
< . . — <
<30 > n§:1j)so1,3,n<w>\ PO\ 3 ey 2 Og%\f | <
2

2 & () 0 f(t,x, U(t,x))
< 4 j
<35 Ny E 0 (w) H 925 |10 + Nodg (w) Jmax 52 < 00,

50



T

— " _ ) _ 1

0j(w) = max max [xJ(tw)|, j=123 Ox(w)= nﬂ?zx,...o?%’%/ | K3 (L, 5,w) | ds.
0

The prove that the second series (5.4) converges is similarly to the proof of the series (5.3). The

theorem 5.1 is proved. O

Conclusion

A boundary value problem for a nonlinear seventh-order partial differential equation with
a nonlocal integral term has been investigated. The problem was considered under Samarskii—
Tonkin type boundary conditions in the spatial variable and two-point boundary conditions in
time. Due to the non-self-adjoint nature of the underlying differential operator, special attention
was devoted to the corresponding spectral analysis.

The associated spectral and adjoint spectral problems were solved explicitly. The eigen-
values and eigenfunctions were constructed, and the resulting systems were shown to possess
biorthogonality, completeness, minimality, and Riesz basis properties. These results made it
possible to apply the Fourier method in a non-self-adjoint setting and to represent the solution
as a biorthogonal Fourier series.

The original nonlinear boundary value problem was reduced to a countable system of non-
linear integral equations. By employing the method of successive approximations and the con-
traction mapping principle, sufficient conditions ensuring existence and uniqueness of solutions
were established. In addition, convergence of the Fourier expansions and their derivatives was
rigorously justified, which guaranteed the classical solvability of the problem.

The theoretical results obtained in this work enrich the spectral theory of non-self-adjoint
boundary value problems and contribute to the analysis of higher-order nonlinear partial differ-
ential equations with nonlocal effects. The proposed methodology can be extended to broader
classes of evolution equations, including equations with variable coefficients, multidimensional
domains, nonlinear boundary conditions, and more general integral operators.

Future investigations may focus on stability analysis, asymptotic behavior of solutions, in-
verse problems, numerical implementations, and applications to mathematical models arising in
porous media, fluid mechanics, elasticity theory, and other areas of applied science.
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