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Abstract. This paper investigates an inverse boundary problem for a nonlinear fractional-order
integro-differential equation in a locally convex space. The considered model contains a nonlinear
Volterra-type integral structure together with a fractional Gerasimov–Caputo operator, which
reflects hereditary and memory effects arising in distributed parameter systems and nonlocal
dynamical processes.
Unlike the classical Banach-space framework, the analysis is developed in a locally convex setting
generated by a family of seminorms. This approach makes it possible to study a significantly
broader class of infinite-dimensional functional systems, including nonnormable spaces naturally
appearing in generalized function theory, operator analysis, and evolution equations.
The inverse problem is reduced to a coupled nonlinear system consisting of two integral equations:
one equation determines the main unknown function, while the second identifies the unknown
boundary value. Since each equation contains both unknown quantities, the resulting system
possesses a strongly nonlinear and nonlocal structure.
To establish solvability, the method of successive approximations is combined with a seminorm-
based contraction principle in locally convex spaces. Existence and uniqueness of the solution pair
are proved, and continuous dependence of the main function on the boundary data is established.
The obtained results extend several classical solvability results for fractional integro-differential
equations from Banach spaces to the wider class of locally convex spaces and provide a functional-
analytic framework for studying inverse problems with memory effects in nonnormable settings.

Key words: fractional order equation, locally convex space, equations with two unknown
quantities, method of successive approximations, contraction mapping, existence, uniqueness,
stability.
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Introduction

Fractional differential and integro-differential equations have become one of the principal

mathematical tools for describing systems with memory, hereditary effects, anomalous diffusion,

and nonlocal interactions. Such equations naturally arise in viscoelasticity, continuum mechan-

ics, control theory, mathematical biology, heat transfer, porous media, and many other areas of

applied science [1]–[22].

At the same time, inverse and boundary identification problems for fractional systems have

attracted increasing attention due to their importance in parameter reconstruction, state esti-

mation, and nonlocal observation problems. In many practical applications, unknown boundary

values or hidden parameters must be reconstructed simultaneously with the state function itself.

This leads to coupled nonlinear systems whose analysis becomes substantially more difficult in

the presence of fractional operators and nonlinear integral terms.

Most existing works on fractional inverse problems are formulated in Banach spaces and rely

on norm-based analytical methods. However, many naturally occurring functional spaces are

not normable. Typical examples include Fréchet spaces, spaces of smooth functions, spaces of

distributions, weak topologies of Banach spaces, and various inductive or projective limits. In

such situations, locally convex spaces provide the natural analytical framework.

The transition from Banach spaces to locally convex spaces is mathematically nontrivial.

Unlike normed spaces, the topology of a locally convex space is generated by a family of semi-

norms rather than by a single norm. Consequently, convergence, compactness, continuity, and

contraction properties must be analyzed simultaneously with respect to all seminorms defining

the topology.

Motivated by these considerations, the present paper studies an inverse boundary problem

for a nonlinear fractional-order integro-differential equation involving the Gerasimov–Caputo

operator in a locally convex space. The considered equation contains a nonlinear Volterra-

type integral term under the action of nonlinear mappings, which leads to additional analytical

difficulties caused by the interaction between nonlocality, nonlinearity, and fractional memory

effects.

A distinctive feature of the paper is that the state function and the unknown boundary

value are determined simultaneously from a coupled nonlinear system of integral equations. The

resulting equations are strongly interconnected because each equation contains both unknown

quantities.

The main contributions of the paper are as follows:

• reduction of the original inverse fractional boundary-value problem to an equivalent cou-

pled nonlinear integral system;

• derivation of an explicit relation for the unknown boundary value;

• development of a seminorm-based analytical framework in locally convex spaces;

• proof of existence and uniqueness of the solution pair by combining successive approxima-

tions with contraction mapping techniques;

• establishment of continuous dependence of the solution on the boundary data.

The developed approach can be applied to a broad class of inverse problems for fractional
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differential and integro-differential equations in infinite-dimensional and nonnormable functional

spaces.

1 Preliminary information and statement of the problem

Let E be a linear space over the field F of real numbers. A seminorm on E is a non-negative

function E : p → R+ satisfying the homogeneity condition p(λx) = |λ | p(x) for all λ ∈ F and

the triangle inequality p(x+ y) ≤ p(x) + p(y) for all x, y ∈ E.

Definition 1. A sequence
{
xn

}
∈ E is said to converge to an element x ∈ E if for any ε > 0

and p ∈ P there exists a positive integer N such that p(xn − x) < ε for all n ≥ N .

Definition 2. A sequence
{
xn

}
∈ E is called a Cauchy sequence if for any ε > 0 and p ∈ P

there exists a positive integer N such that p(xn − xm) < ε for all n,m ≥ N.

A locally convex space E is called complete if every Cauchy sequence is convergent.

So, let the space E be a complete locally convex space whose topology is defined by a family

of seminorms

P = {pα : α ∈ A } .

The operations of addition and multiplication by a number are continuous in any locally convex

topology of the space E.

Let Ω = [0, T ], 0 < T, and let C(Ω, E) denote the space of all continuous functions x : Ω →
E. For each seminorm pα ∈ P we define the induced seminorm on C(Ω, E):

p̃α(x) = sup
t∈Ω

pα(x(t)).

Then C(Ω, E) is a locally convex space with respect to the family of seminorms {p̃α}α∈A .

Let us consider the inverse problem for the following nonlinear integro-differential equations

of fractional order

CD
γ
0tx(t) = g(t, x(t))

t∫
0

f (s, x(s)) ds, t ∈ Ω (1.1)

with boundary condition

a x(0) + b x(T ) = xr ∈ E, (1.2)

where x(t) is the state function, xr is the override value, a, b ∈ R, a ̸= 0, b ̸= 0, a ± b ̸= 0,

u(t) is the control function, CD
γ
0t denotes the Gerasimov–Caputo fractional operator of order

0 < γ < 1:

CD
γ
0tx(t) = I1−γ

0t x′(t) =
1

Γ(γ)

t∫
0

x′(s)ds

(t− s)1−γ
, t ∈ Ω,

and the Riemann–Liouville integral of order 0 < γ < 1 is given by the expression

Iγ0tx(t) =
1

Γ(γ)

t∫
0

x(s)ds

(t− s)1−γ
, 0 < γ < 1,

Γ(γ) is Gamma function: Γ(z) =
∞∫
0

tz−1e−tdt, Re z > 0, g ∈ C(Ω× E,E), f ∈ C(Ω× E,E).
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Let us use the following internal condition

x(t1) = xr, 0 < t1 < T. (1.3)

Problem 1.1 (Statement of the problem). It is required to find the function x(t) ∈ C(Ω, E)

and redefinition value xr ∈ E, that satisfy the equation (1.1), the boundary condition (1.2) and

(1.3).

2 Reduction of the problem to the integral equations

Let x(t) ∈ C(Ω, E) be a solution to problem (1.1), (1.2). Apply the operator Iγ0 t to equation

(1.1):

Iγ0 tCD
γ
0tx(t) = Iγ0 tg(t, x(t))

t∫
0

f (s, x(s)) ds

and use the definition of the Gerasimov–Caputo fractional operator

Iγ0 tCD
γ
0 t (x(t)) = Iγ0 tI

1−γ
0 t x′(t) = I10 tx

′(t) =

t∫
0

x′(s)ds = x(t)− x(0),

Iγ0tη0 (t, x(t)) =
1

Γ(γ)

t∫
0

(t− s)γ−1η0 (s, x(s)) ds.

Then, applying these two formulas to the last fractional integro-differential equation, we obtain:

x(t) = x(0) +
1

Γ(γ)

t∫
0

(t− s)γ−1g(s, x(s))

s∫
0

f (θ, x(θ)) dθds. (2.1)

Here we use the boundary condition (1.2), then from the equality (2.1) we get that

x(0) =
xr

a+ b
− 1

Γ(γ)

b

a+ b

T∫
0

(T − s)γ−1g(s, x(s))

s∫
0

f (θ, x(θ)) dθds. (2.2)

Now, we substitute the found value of the main function at the initial point into the integral

equation (2.1):

x(t) = K1(t;x, xr) ≡
xr

a+ b
+

T∫
0

V (t, s)g(s, x(s))

s∫
0

f (θ, x(θ)) dθds, (2.3)

where

V (t, s) =
1

Γ(γ)

{
(t− s)γ−1 − b

a+b(T − s)γ−1, t ≤ s ≤ T,

(t− s)γ−1, 0 ≤ s ≤ t.

Equation (2.3) is a nonlinear Fredholm integral equation of the second kind and satisfies

problem (1.1), (1.2).
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We apply the intermediate condition (2.3) to the equation (1.3):

x(t1) =
xr

a+ b
+

T∫
0

V (t1, s)g(s, x(s))

s∫
0

f (θ, x(θ)) dθds = xr.

From here, by a simple transformation, we find that

xr = K2(t;x, xr) ≡
a+ b

a+ b− 1

T∫
0

V (t1, s)g(s, x(s))

s∫
0

f (θ, x(θ)) dθds. (2.4)

The formula (2.4) is, like (2.3), a relation between unknown functions (x, xr).

3 Key results

Let us consider the right-hand side of two operators (2.3), (2.4): Kj(t;x, xr, u), j = 1, 2, as

a system of equations.

Theorem 3.1. Assume that the following conditions are satisfied:

1). The functions g, f, satisfy the inclusions:

g ∈ C(Ω× E,E), f ∈ C(Ω× E,E),

and pα(g) < ∞, pα(f) < ∞;

2). For each seminorm pα ∈ P there exist constants 0 < L1, L2, such that the following

inequalities hold:

pα (g(t, x1)− g(t, x2)) ≤ L1pα (x1 − x2) ;

pα (f(t, x1)− f(t, x2)) ≤ L2pα (x1 − x2) ;

3). For each seminorm pα, the Schauder condition is satisfied

ρ̃α,β(x, xr) = ρ̃α(x) + ρ̃ = χ̃1 + χ̃2 < 1,

where χ̃1, χ̃2 are determined from (3.11), (3.6), (3.8), below.

Then the system of two equations (2.3) and (2.4) has a unique set of solutions {x(t) ∈ C(Ω× E), xr ∈ E}.
This pair of solutions can be found from the following iterative processes:{

xk(t) = K1(t;x
k−1, xk−1

r ), k = 1, 2, 3, ...,

x0(t) = 0, t ∈ Ω,
(3.1)

{
xkr = K2(t;x

k−1, xk−1
r ), k = 1, 2, 3, ...,

x0r = 0, t ∈ Ω,
(3.2)

Proof. We fix α ∈ A . Then, taking into account the conditions of the theorem, for the first

difference of approximations (3.1)–(3.2) the following estimate holds:

p̃α

(
xk+1(t)− x0(t)

)
≤

∣∣∣∣ x0r
a+ b

∣∣∣∣ sup
t∈Ω

T∫
0

|V (t, s) | pα
(
g(s, xk(s))

) s∫
0

pα

(
f
(
θ, xk(θ)

))
dθds ≤
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≤
∣∣∣∣ x0r
a+ b

∣∣∣∣ sup
t∈Ω

T∫
0

|V (t, s) | sdspα
(
g(t, xk(t))

)
pα

(
f
(
t, xk(t)

))
= δ1 < ∞. (3.3)

Similarly, we obtain the following estimate

∣∣∣xk+1
r − x0r

∣∣∣ ≤ ∣∣∣∣ a+ b

a+ b− 1

∣∣∣∣
T∫
0

|V (t1, s) | pα
(
g(s, xk(s))

) s∫
0

pα

(
f
(
θ, xk(θ)

))
dθds ≤

≤ b0

T∫
0

|V (t1, s) | sds pα
(
g(t, xk(t))

)
pα

(
f
(
t, xk(t)

))
= δ2 < ∞, (3.4)

where b0 =

∣∣∣∣ a+ b

a+ b− 1

∣∣∣∣ .
Now for two pairs

(
xk+1(t), xk+1

r

)
and

(
xk(t), xkr

)
from (3.1)–(3.2), using the Lipschitz con-

ditions, we obtain

p̃α

(
xk+1(t)− xk(t)

)
≤

∣∣∣∣ xkr − xk−1
r

a+ b

∣∣∣∣+ sup
t∈Ω

T∫
0

|V (t, s) | pα
(
g(s, xk(s))

)
×

×
s∫

0

L2pα

(
xk(θ)− xk−1(θ)

)
dθds+

+sup
t∈Ω

T∫
0

|V (t, s) |L1pα

(
xk(s)− xk−1(s)

) s∫
0

pα

(
f(θ, xk−1(θ))

)
dθds ≤

≤
∣∣∣∣ xkr − xk−1

r

a+ b

∣∣∣∣+ sup
t∈Ω

T∫
0

|V (t, s) | sds pα
(
g(t, xk(t))

)
L2pα

(
xk(t)− xk−1(t)

)
+

+sup
t∈Ω

T∫
0

|V (t, s) | sds pα
(
f(t, xk−1(t)(t))

)
L1pα

(
xk(t)− xk−1(t)

)
≤

≤
∣∣∣∣ xkr − xk−1

r

a+ b

∣∣∣∣+ χ1p̃α

(
xk(t)− xk−1(t)

)
, (3.5)

where

χ1 = sup
t∈Ω

T∫
0

|V (t, s) | sds
[
L2pα

(
g(t, xk(t))

)
+ L1pα

(
f(t, xk−1(t))

)]
. (3.6)

Similarly, we obtain the estimate

∣∣∣xk+1
r − xkr

∣∣∣ ≤ ∣∣∣∣ a+ b

a+ b− 1

∣∣∣∣
T∫
0

|V (t1, s) | pα
(
g(s, xk(s))

)
×
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×
s∫

0

L2pα

(
xk(θ)− xk−1(θ)

)
dθds+

+

∣∣∣∣ a+ b

a+ b− 1

∣∣∣∣
T∫
0

|V (t1, s) |L1pα

(
xk(s)− xk−1(s)

) s∫
0

pα

(
f(θ, xk−1(θ))

)
dθds ≤

≤
∣∣∣∣ a+ b

a+ b− 1

∣∣∣∣
T∫
0

|V (t1, s) | sds pα
(
g(t, xk(t))

)
L2pα

(
xk(t)− xk−1(t)

)
+

+

∣∣∣∣ a+ b

a+ b− 1

∣∣∣∣
T∫
0

|V (t1, s) | sds pα
(
f(t, xk−1(t))

)
L1pα

(
xk(t)− xk−1(t)

)
≤

≤ χ2p̃α

(
xk(t)− xk−1(t)

)
, (3.7)

where

χ2 = b0

T∫
0

|V (t1, s) | sds
[
L2pα

(
g(t, xk(t))

)
+ L1pα

(
f(t, xk−1(t))

)]
. (3.8)

We rewrite the estimates (3.5) and (3.7) as follows:

p̃α

(
xk+1(t)− xk(t)

)
≤

≤ χ̃1

[
p̃α

(
xk(t)− xk−1(t)

)
+
∣∣∣xkr − xk−1

r

∣∣∣] , (3.9)∣∣∣xk+1
r − xkr

∣∣∣ ≤ χ̃2

[
p̃α

(
xk(t)− xk−1(t)

)
+
∣∣∣xkr − xk−1

r

∣∣∣] , (3.10)

where

χ̃1 = max
{
| a+ b |−1 , χ1

}
, χ̃2 = χ2. (3.11)

Adding (3.9) and (3.10) term by term, we obtain that

p̃α

(
xk+1(t)− xk(t), xk+1

r − xkr

)
≤

≤ ρ̃αp̃α

(
xk(t)− xk−1(t)

)
+ ρ̃

∣∣∣xkr − xk−1
r

∣∣∣ ≤
≤ ρ̃αp̃α

(
xk(t)− xk−1(t), xkr − xk−1

r

)
, (3.12)

where

ρ̃α = χ̃1, ρ̃ = χ̃2.

Since ρ̃α < 1, it follows from the estimate (3.12) that the operators given by the right-hand

sides of equations (2.3) and (2.4) are contracting with respect to each seminorm of ρ̃α. Since

the space C(Ω × E) is complete, estimates (3.3)–(3.4) and (3.5), (3.7) imply the existence and

uniqueness of the functions x(t) ∈ C(Ω× E) and xr ∈ E.

Theorem 3.2. Let the conditions of Theorem 3.1 be satisfied. Then the state function

x(t) ∈ E depends continuously on the boundary condition xr.
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Proof. Now we show the continuous dependence of the solution to problem (1.1)–(1.2) on the

right-hand side of the boundary condition (1.2). Let xr, x
′
r ∈ E be two different numbers and

the functions x1(t), x2(t) ∈ C(Ω × E) be the corresponding solutions of problem (1.1)–(1.2).

Then, similarly to the estimates (3.1) from equation (2.2) we obtain that

pα (x1(t)− x2(t)) ≤ pα
(
xr − x′r

)
+ (χ̃1 + χ̃2) pα (x1(t)− x2(t)) . (3.13)

Since χ1 + χ2 ≤ ρ(x, xr) < 1, it follows from the inequality (3.13) that

pα (x1(t)− x2(t)) ≤
pα (xr − x′r)

1− ρ(x, xr)
.

The right-hand side tends to zero as xr → x′r, which proves the continuous dependence of the

solution on the boundary value. Theorem 3.2 is proved.

Conclusion

In this paper, an inverse boundary problem for a nonlinear fractional-order integro-differential

equation has been investigated in the framework of locally convex spaces. The considered prob-

lem combines several analytically challenging features simultaneously: fractional memory effects

generated by the Gerasimov–Caputo operator, nonlinear integral interactions, and the necessity

of reconstructing an unknown boundary value together with the state function.

Unlike the classical Banach-space approach, the analysis has been developed in a topology

generated by a family of seminorms. This framework allows the obtained results to remain

applicable in a substantially wider class of infinite-dimensional functional spaces, including non-

normable spaces frequently encountered in generalized analysis and operator theory.

The original inverse boundary-value problem was transformed into a coupled nonlinear sys-

tem of integral equations. One equation determines the state function, while the second recon-

structs the unknown boundary value. The strong coupling between these equations reflects the

intrinsic nonlocal structure of the inverse problem.

Existence and uniqueness of the solution pair were established by combining the method

of successive approximations with contraction arguments formulated in terms of seminorms.

In addition, continuous dependence of the solution on the boundary data was proved, which

provides a stability foundation for further theoretical and numerical investigations.

The proposed approach opens several possible directions for future research, including inverse

problems with nonlocal conditions, systems with delay and memory, fractional evolution equa-

tions in Fréchet spaces, and optimal control problems in nonnormable functional settings. The

developed methods may also be useful in the study of distributed parameter systems, hereditary

processes, and inverse identification problems in mathematical physics.
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