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Introduction. Problem statement

Let (to,T) C RT = [0,00) be a finite interval on the set of positive real numbers, and let
a > 0. The Riemann-Liouville a—order fractional integral of a function 7(t) is defined as follows:

T2 () = F(la) / (t— ) n(s)ds, a>0, t€ (to,T),

to

where I'(«) is Gamma function [1, p. 112].

For n — 1 < a <n, n € N, Riemann—Liouville a—order fractional derivative of a function
n(t) is defined as follows [2, Vol. 1, p. 27]:

mn

(07 d n—o
Digin(t) = g tot n(t), te€ (to;T).
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The Gerasimov—Caputo aw—order fractional derivative of a function n(t) is defined [2, Vol. 1, p.
34] by

Fopm)
eDn(0) = T ) = oo [ ey e ().
to

By another point, differential equations are a tool for mathematical modeling of processes
and studying their properties (see, for example, [3]-[6] and see also [7]-[15]). Mathematical
modelling in ecology has a long history leading back to the famous works of Malthus [11],
Quetelet [12] and Verhulst [13] on principals of demographic regulation. In the first part of the
20th century, the classical works of Lotka [10] and Volterra [14] on dynamics of interacting species
radically transformed the entire idea of modelling in ecology. Their works for a short history of
the implementation of mathematics in ecology (see, [15]), eventually resulted in the emergence
of theoretical ecology as a new science. Note that the questions on the main mechanisms of
populations regulation addressed by Lotka and Volterra are still in the focus of theoretical
ecology! In partially, to describe the population dynamics of a species, it was proposed a
mathematical model (see, [3], [5])

@(t) +ra(t) +ra(t) =0, t>0, (0.1)

where z(t) = N(t) + K, N(t) is the population size of the species, K is the capacity of the
habitat, r is the reproduction rate.

Equation (0.1) describes well the dynamics of population growth of protozoan microorgan-
isms. In this regard, in 1948, G. E. Hutchinson proposed a model described by a differential
equation with delay [7], [8]

z(t) +rx(t —h)+rax(t—h)z(t) =0, t>0, (0.2)

where z(t) = N(t) + K, h characterizes the average reproductive age of the species.

Hutchinson used equation (0.2) to describe changes in the size of a herd of cows on a pasture.
However, equation (0.2) has been used by other scientists to describe other processes (see,
for examples, [4]). Let us consider equation (0.2) with the initial condition z(t) = ¢(t), t €
[—h,0], x(0) = ¢p. For small » > 0 the equation (0.2) has a stability domain. According to
this model, asymptotic stability of the equilibrium position occurs when N(t) = K, t >0, 0 <
rh < m/2. It should be noted that periodic fluctuations appear in the mathematical model
for rh > /2. Consequently, in Hutchinson’s model, the reproductive rate r and the average
reproductive age h of the species play a fundamental role.

In this paper we propose the following model to describe the population dynamics of the
species
cDgx(t) +r max x(r)+rz(t) max x(r)=0, t>0, (0.3)
T€[q1t,921] TE[q1t,q21]
where z(t) = N(t)+ K, 7 is a variable value that provides the maximum number of species on the
segment [q1t, qat], g2 characterizes the increasing size of the reproductive age, ¢1 characterizes
the decreasing size of the reproductive age of the species in different time, r is reproduction rate,
cDg; is Gerasimov—Caputo fractional operator, For the quantities g1, g2 it is possible three cases:
D0<qg1 <@<l;2)0<q1 <1, 1 <g2<00;3)1<q1 <qa<oo. We will study the second
case. Ather cases will be studied similarly.
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Theoretically, differential equations with maxima are considered, in partially, in [16]-[21].

The equation (0.3) we consider with initial-final (0.4) condition
z(0) =xzg, x(t) = po(t), t e (T,qT). (0.4)
The solution of the differential equation (0.3) with condition (0.4) is represented as follows

z(t) = S(t; x) = xo—

max z(7)+x(s) max z(7)|ds, t€ (0,T). (0.5)
T€[q15,q25] T€[q15,q25)]

1 The generalized spectral Jakobi-Galerkin method

Now, to the problem (0.3), (0.4), we apply the generalized spectral Jacobi-Galerkin method
as a numerical realization of solution (0.5). This solution (0.5) is nonlinear Volterra type frac-
tional integral equation. On the interval (—1,1) for the given numbers f;, 2 > —1 we con-
sider standard Jacobi polynomial J}f 1,P 2)(f) of degree n with weight function A(%1.82)(¢) =
(1 —€)P1(1 + €)P2. For the standard Jacobi polynomial there is true the following relation

)

1
/ TR ) T () AP (€)dg = P b, (L1)
-1

where 6,5, is the Kronecker function and

25184 (B + 1) T (B2 + 1)

(B1:B2) (¢} — LBt p2+2) 7
T () 2PN (mt fr+ DT (mt fot1)

Cm+pr1+P2+1)m!T (m+ 1+ B2+ 2)] >

m =0,

From the (1.1) we note that the set of standard Jacobi polynomial JPrP 2)(5) is a complete
orthogonal system in the space Li(ﬁl’@)(—l, 1) with weight function A(1:52)(¢). In particular,
JéﬂlyﬁQ)(é‘) -1
The shifted Jacobi polynomial of variable ¢ and degree n is defined by the following formula
~ 2t
JP1B2) (1) = J(Pr:2) (T - 1) , t€(0,7). (1.2)
We note that the set of shifted Jacobi polynomial JNT(lB 1.8 2)(t) is a complete orthogonal system

with weight function Ag?l’&)(t) = (T —t)P1t?2 in the space L3 (5,55 (0, T) and by the aid of (1.2)
we have the analog of the (1.1)

" T\ Prtba+l
/ B2 (1) JB182) (1) AP (1)t — <2) BB () Gy (1.3)
N
For any integer N > 0 we denote by {fj(ﬂ LR 2), nj(ﬂ L.P 2)}. . the nodes and the corresponding
j:

Christoffel numbers of the standard Jacobi—Gauss interpolation on the interval (—1,1). By the
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ZBN(O, T) we denote the set of polynomials of degree at most N on the interval (0,7) and by
the téﬁ 1%2) e denote the shifted Jacobi-Gauss quadrature nodes on the interval (0,7):

T
t§ﬁ1ﬁ2) =3 (5](51762) + 1) , 0<j<N.

By virtue of the property of the standard Jacobi-Gauss quadrature, implies that for any ¢(t) €
Py Nn+1(0,7T) we have

T Bi+B2+1 N
gf)(t) A,EQBI”BQ)(t)dt _ <2) qu (tgﬁhﬁb)) n](ﬂl,ﬁb). (1'4)
=0

St~

By virtue of (1.10) from (1.3), we have for any 0 <n +m < 2N + 1:

M-

Il
o

jT(r?hBZ) (t§517ﬁ2)> jT(Lﬁlﬁﬂ (tgﬁhﬁ?)) 77](‘/81”82) _ '77(51’52)

G-

J

By the aid of shifted Jacobi polynomial JPrP 2)(t) we define the shifted generalized Jacobi
function of degree n as (see, [22], [23])

PBLO (1) = P2 JBB (1) By By > —1, t e (0,T). (1.5)

According to (1.3) and (1.11), we see that

’)/7(;?1’62)5m n

n-

T
_ T\ Prtha+l
PBLB2) () p(Br.B2) (4) AP1—F2) e
[ B0 P 0 AP a = (
0

By virtue of (1.10), for any ¢(t) = t?%2¢(t) we have

i\f: (tgﬁlyﬁz)) —202 0 (t§51’52)> 77;51,,32)‘ (1.6)
=0

T

B1+B2+1
[eoaf = wa = (3)
0

By the aid of (1.12) we introduce the inner product and norm in Li(ﬁl’_ﬁZ) (0,7) as
T

Bi+B2+1 N _
b= (5 R () () o ()
7=0

H f ”N,A(fl’_[b) = <f> f>A§LBl’_ﬂ2)'

We need to introduce finite N —dimensional fractional polynomial space [22], [23]
FP(0,7) = {2 0(t) : (1) € PP (0,7) ) = span { PP () 0<n< N}

Then we note that for any ¢, ¢ € F ](Vﬁ 2)(0, T') hold the equalities

(d)a ¢)A(7§1,—ﬁ2) = <¢7 ¢>A¥31’_ﬂ2) )
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101l go1-s = 119l . o1, -

12
Now we make in integral equation (0.5) variable transformation s = T 0 € (0,7). Then the

integral equation (0.5) we describe as

xz(t) =xg— Va(t) =

t
£\ t0
=20 — <> r/ (T —6)*! max x(7)+x <> max _xz(7)| db. (1.7)
Ty e[t 5] T/ re[ot ]
For the fractional operator’s order 0 < a < 1 we denote @« —1 = —pu, where 0 < y = const. Then

for U, ¢ € F ](Vl —H) (0,T) we apply the generalized spectral Jacobi-Galerkin method to equation
(1.13):
(U, )5, 7Y = (w0, )5, = (VU )Y (18)

T

We set N
Ut) =Y am(t) BTIM(1), ot) = PUH71(t), 0<m, n<N.
m=0

Then for (1.14) we have

- <x0, p{-mi=m (t)) .

Hence, we come to nonlinear system

where we introduced designations:

r= (55071'17 ceey jN) , B= (bn,m)ggnvaN,

2—-2
b = (P00, 0 0) = (D)

Arp 2
= (_ ’ _1)
G = (Go,G1, -, Gw)T Gult) = (w0, PU () "
Ar
- (_ ) _1)
9 (@) = (Do, 01, ., 9N)" s () = (VU@ BTH0w)
Ar
where by (99, %4, ..., 19N)T we denoted the transposition of the matrix (Jg, 1, ..., In).

We use the following quadrature formula

PrtB2+1 N -
ow. V)S\B;rﬁﬁ _ (g) 1452+ 2% (tg,ﬁl’@)) 282 W (t§51,62)> v (tj-(ﬁl’BQ)) 77]('61”82)
j=
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to obtain approximate formulas:

(7 ) 71)
Gn(t) = (o, P{170(1)) " =
Ar
T\ o (—p1-p)) 22 (—p1—p) —p,1— —p,1—
. ) . (—pl—p) ((=p1=p)\ (—p,1—p)
—(2> ()T () i (),
§=0
—op N/ (—pl-p)\ 1T
_ (T)2 21 t B
9 ~ L i T — 9y
@)~ o z_: T ( ) (o (D (o) () z(r)+
.3=0 TE {lh t T g2 7 }
Hpl=p) (=1, 0)
ta | J max x(T) | %
T (o) (—0) (=) (—,0)
TE |:q1 : T z » 42 ‘ T J :|

x P(=1=n) (tlﬁfu,lfu)) ngfﬂzlfﬂ)nj(fﬂvo).

In approximately solving the system (1.15) one can use the Newton iterative method.

If in the model (0.3) we take into account the heterogeneous habitat, migration factors asso-
ciated with the amount of available food, and the influence of predators, then the mathematical
model takes on a more complex form

cDgz(t) +r max z(r)+rz(t) max z(r) = f(t,z(t)), t>0, (1.10)
T€la1t,921] T€[a1t,q21]

where f is an external disturbing influence on the population dynamics of a species.

We will consider equation (1.10) with the following conditions
z(0) + z(T) = co, x(t) = @o(t), t e (T,qT). (1.11)

We integrate the problem (1.10), (1.11) on the interval (0,¢) :

x(t) = z(0)+
. ¢
+— /(t . [—T max x(7) —rz(s) max z(7)+ f(s,a:(s))] ds. (1.12)
I'(a) ] T€[q15,925] T€[q18,q25]
Taking into account condition (1.11), from equation (1.12) we obtain
_ 9
z(0) = 5
. T
— T—sal{—r max x(7)—rx(s) max xz(7)+ f(s,x(s }ds. 1.13
e / (=9t = max a(r) = ra(s)_max o(r) + fls.a(s) (1.13)

Substituting (1.13) into equation (1.12), we obtain the nonlinear Fredholm integral equation

2(t) = J(t;z(t) = %°+
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T

+/K0(t,5) [—r max x(7) —rz(s) max x(7)+ f(s,z(s))| ds, (1.14)
J T€[q15,q23] T€[q18,q23]
where )
- —s)l t<s<
- QF(a)(T $)7, t<s<T,
KO(t’ S) N 1 t a—1 1 T a—1 0< t
o)~ T ap T ) O st

We use a Banach space C ([0,7],R), that contains a function u(t), defined and continuous
on a segment [0, 7], with the norm

) llegom = s, |u(®)]

Let us also consider the Banach space
BD([0,T],R) = {u: [0,7] — K: u(t) € C ([0, T, R)},
in which the function exists and is bounded by the norm

[w(®) Igpom = lul®) oo, + R 1a@) e

where 0 < h = const.

Lemma 1.1 ([18], [19]). For the difference of two functions with mazima there holds the
following estimate

max (1) — max y(7)

oha o < (@) = y(@) lejo.ry + 2l 2E) = 5@) e -

co,1]

Theorem 1.1. Let be fulfilled the following conditions:
1). My = f@t=)llcpor, 0<Ms=const;
2). | f(t,z1) — f(t,z2)| < Ly|ay — 22|, 0< Ly = const;
3). pi=max{pi;hpie} <1, i=1,2, .., n—1
Then for the equation (1.14) has a unique solution in the class BD (]0,T],R), which can be
found by following iteration process:

xo(t) = —, zp(t) = J(txn-1(t)), n=1,2,3,... (1.15)

Proof. For the first approximation from the equation (1.14) and approximations (1.15) we

have

atey ) < L0

max  xo(7)

max  xo(T)
TE[q18,925]

TE[q15,q25]

T
+5 [1Koes) 1]
0

| col
<7
<t

41t |

+ 1 £(5,20(5)) @ ds <

DN |

e { o)1 12+ 1 5 e e ,j’}+Mf]O/TKo<t,s>ds
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= <o + po1 < 00, (1.16)

where

po1 =

N |

[ max {1 2+ 5 ma {nto 'CO'}+Mf]/T|Ko<t,s>|ds.
0

Taking into account estimate (1.16) from approximations (1.15) we have estimates
T
1
laa(®) - a0 < 5 [ 1Ka(t.)|
0

max  xo(T)

max Iol7T
0( ) TE[q18,925]

T€[q15,929]

«<ir

Analogously, from (1.10) we have

i) |

’ + || f(s,z0(s)) H] ds = po1. (1.17)

[@1(2) = 2o(t) || <

<irl| max cotm)||+ 17l zo@ ]| max xo<r>\+||f<t,xo<t>>u§
TE€[q1t,q2t] TE[q1t,921]
C
§|T|maX{|lvo()|| '0’}+| |"max{uso<>u Lo |}+Mf:f302- (1.18)

From (1.17) and (1.18) we obtain that there holds the estimate

[ 21(t) = 2o (t) lcpo,r) < Po1 + P po2-
For the second difference we have

]

xo(t) — 1 (¢ < |— max xi1(7)— max xo(7)||+
la2(0) = 010) legory < |5 | o 1) o an(r)|
’ | H:E )l max x1(7) — max xo(7T) ‘—I—
T€[q1t,q2t] T€[q1t,q21]

a0 — a0

max o(7)
T€[q1t,q2t]

T
5 1 0) - s [ 1K) as
0

We apply the lemma to the last inequality:

K

[ 22(t) = 21(t) lleo,r) < [2 (l21(®) —2o(®) || + R [ 22(8) = 20(t) ) +

JJg‘ <| 20’ +po 1) (121 (t) = @o(t) || + b || £1(t) — do(t) [1) +

T
+12l1(0) = 2000 e {oto) 1 51| + 525 116) — auto) 1] [ 1Fole,o) s,
0
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Hence, we obtain that there holds

[22(t) = 21(t) oo, < Xarll@1(t) — 2o (@) [l o,y + X2k ([ £1() = Z0(t) [l cpo,ry » (1.19)

where

X11 = % [|7“| <1+ (’20‘ +001> +max{||900(t) ||,‘020’}> +Lf:| /T|Ko(t,8)d8>
0
’< )/|K0ts\ds

Since x11 > X12, the estimate (1.19) we rewrite as

l22(t) = 21(8) oo < 1 (1(8) = 20(8) legoizy + B 11(6) = d0() legory) <

< p11 (po1 + h po2) , (1.20)

where p11 = x11.
Analogously we derive that

1 a(t) — 1) legozs < 17| (1 21() — 20(8) | + o | d1(6) — do() ) +
i ('0’ n pm) (s (t) = 2ot) ||+ | d1(t) — () ) +

] aa(t) — xo(t) ||max{|rsoo< y, Lol } Ly oa(t) — o(t) | <

< xat || @1(t) = 2o(t) [l oo,y + X22h [ 41() — Eo(t) || cpo,ry »

=l (14 (12 ) max {1, L2 ) 4 2,
X22_’7“|<1 |2’+Po>

l2(t) = #1(6) legoury < 12 (11 21(0) = 20 logoizy + e 181(8) = (1) o) <

From last estimate we get

< p12 (po1 + h po2) , (1.21)

where p12 = xo21.
From (1.20) and (1.21) we obtain that there hold the estimates

[ z2(t) = 21(t) | gpjo,r) < P11 21(t) — 20 (t) | Bppo,7y »

where p1 = max{p11; hp12} < 1;
[ 22(t) — 21(t) [l < P11 (Po1 + e po2) + hpra (por + hpo2) =
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= (p11 + hp12) (po1 + h po2) - (1.22)

We need in the following estimate

co
20 oo < 12+
1 T
w1 [ 11| e o[+ el max o) | 1) 1] as <
J T€[g15,q25] T€[q15,925]

1
<1 Lt (max { w1, 151} oo ) +

T
C C C
+|7” <|20|+p01> <max{||g00(t) H,|20|} +p01> +Mf:| /|K()(t,8)|d8: |20‘+
0

o |1t (ma{ oo 1 520 b ) (141504 ) 0 /T | Ko(t,s) [ ds < co. (1.23)
0

Taking into account (1.23), analogously to (1.21) and (1.22) we consider next difference

]

t) — ao(t < U] -
| z5(t) = 22(t) e < [ 5 Teﬁ%ﬁﬁfh(ﬂ Tef[?lff;?t]xl(ﬂ ’Jf

7| ‘

+— |l z2(t max — max = +
2 220} TE[Qlt,};zt] 2(7) TG[Qlt,);zt] 1(7)
, T
,
il o)~ ]| x|+ 31 a0 = ma()1] [ 1Kot 15 <
T€[q1t,92t] 2 5
< par ([l 22(8) = 21(8) lcpour) + b 200 = #18) o) (1.24)

where we denoted

max x1(7)
T€[q1t,q2t]

N |

P21 =

T
/Ko(t,s)yds.
0

[!T! (Hf@(t) e + > + Ly
0,7

Similarly, from (1.21) and (1.22) we obtain

(1) = 2(8) legoury < o2 (I 22(0) = 210 gy + 1 18208) = i1(8) gy ) - (1:26)
where

max x1(T)
T€lq1t,q21]

) L
clo,1)

From the estimates (1.24) and (1.25) we obtain that there hold the estimates

po = |7 (n e2(®) ooz + \

| z3(t) — x2() | gpjo,ry < P2 | 22(t) — 21(8) [l ppjo,ry »
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where po = max{pa1; hpaa} < 1;
[ 23(t) — 22(t) lloo,ry < po1 (P11 + hpr2) (por + i poz) + h paz =

= (p21 + h p22) (p11 + h p12) (po1 + h poz) - (1.26)

Continuing the process (1.26), we obtain an estimate for arbitrary n:
[ 2n(t) = 2n-1() [ pppo,r) < Pr—1 | Tn-1(t) = 2n—2(t) | 5pjo.17 »
where p,_1 = max {P(n—1)1§ hp(n_l)Q} < 1;
|2 (t) = 201 () ooy <

< (Pn—1)1 + 1 pn-1)2) - - - (pa1 + hpa2) (p11 + P p12) (por + h po2) , (1.27)

T
D—l—Lf]/\Kot s) | ds,
0
)+ L

| Zn(t) = 2n—1(t) llcpo,r) < POPLP2 - - - Pr—2pn—1, (1.28)

where

1
poein = 171 (w014

max Xp_— 2
TE[q11,921]

max Zn—o(T)
T€lq1t,q21]

P = |71 (|| ()] +

From (1.28) we obtain the following estimate:

where p; = max{pﬂ;hpig} <1l, +=1,2,....,n—1.
The quantities 7, h, Ly we choose such that from (1.28) implies

Jim [z, (t) = 20-1(t) [ pppo.r) = 0-

Hence, we deduce that the right-hand side of the equation (1.14) is contracting operator and
the problem (1.10), (1.11) has a unique solution in the space BD ([0, T],R). O
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