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Abstract. This article investigates two problems with mixed Dirichlet and Neumann conditions
for a three-dimensional degenerate elliptic equation. Fundamental solutions of the named equa-
tion are expressed through a triple Lauricella hypergeometric function and explicit solutions of
the mixed problems in the first octant are written out through a double Appell hypergeometric
function. The energy integral method is used to prove the uniqueness of the solutions to the
problems under consideration. In the course of proving the existence of the problem solution,
differentiation formulas, decomposition formulas, some adjacent relations formulas and the auto-
transformation formula of hypergeometric functions are used. The Gauss—Ostrogradsky formula
is used to express problem’s solutions in an explicit forms.
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Introduction

Special functions are used for solving many problems of mathematical physics. These include the
Gauss hypergeometric series, Bessel and Hermite functions, double Appell functions, multiple Lauricella
hypergeometric functions, etc. The Hermite functions are actively applied in algorithms and information
systems that are used in medical diagnostics [1]. The Bessel functions are used in solving a number of
problems of hydrodynamics, radiophysics, and thermal conductivity [2]. Some functions that are used in
astronomy can be arranged in hypergeometric series [3]. Multidimensional hypergeometric functions are
used in the superstrings theory [4]. The theory of boundary value problems for degenerate equations is
one of the important directions of the modern theory of partial differential equations, which has many
applications in aerodynamics and gas dynamics [5]-[7] and irrigation problems [8]. A new properties and
applications of Lauricella functions also are found in [9]-[11].

93



In formulation of local and nonlocal boundary value problems and construction of their explicit
solutions, the main role are played fundamental solutions of the considered equations. In particular,
boundary value problems for the degenerate elliptic equations

were the subject of interest of many mathematicians, such as Tricomi, Gellerstedt, Holmgren, Frankl,
Pulkin and others (for instance, see [12]).

The theory of boundary value problems for the equation for the two-dimensional degenerate equation
Y Uy + 2 Uy =0, m >0, n>0, >0, y>0
was developed in the last quarter of the twentieth century by Salakhitdinov and Hasanov [13] and Amanov
[14].
1 Problems statement

In this paper, we first investigate two mixed Dirichlet—-Neumann problems to a following three-
dimensional degenerate equation

Eop(w) =y "2 up, + 2" 2 uy, + 2"y u, =0, m >0, n>0, k>0 (1.1)

in the octant @ = {(z,y,2) : @ > 0, y > 0, z > 0}. Note, a solution to the classic Dirichlet problem
in the first octant for equation (1.1) is constructed in the explicit form [15]. In our recent work, we also
obtained a solution to the classical Neumann problem for the equation (1.1) in explicit form, which is
now awaiting publication in a scientific journal.

We introduce the notation:
J={(z,y,2): =0, 0<y, z<oo},

Jo={(z,y,2): y=0, 0<z, 2<oc},
J3:{($,y,2’): Z:07 0<Ji,y<oo};
_n+2 m+2 k42

_ — ! 1.2
(=5 P 5 5 (1.2)

1 1 1
R:\/2x2q+2y2p+2z21, z>0,y>0, z>0.
q p !

Dirichlet—-Neumann problem D3N3. Find a regular solution v € C' (Q) NC* (QU J;) N C%(Q) of
equation (1.1), satisfying the following conditions

u($7y72)|2=0:7_1 (xay)a 0§I,y<OO, (13)

uw(z,y,2)|,—g =72 (2,2), 0<m,2<o00, (1.4)

- Ou(x,y,z)

EL%T =u3(y,z), 0<y,z< o0, (1.5)
lim u(z,y,2) =0, (1.6)
R—o00

where 71 (z,y), 72 (z,2) ,v3 (y, 2) are given continuous functions, and for sufficiently large values of R the
following inequalities are satisfied

71 (2, 9)

) 7~-1
1 1 e
L+ —a2 + 2y2p>
q D

(xz,y) € C(0 < z,y < 0), (1.7)

(2, y) =
(
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7:2 (I,Z)
1 1 27
(1 + ?ZL'Q(I + l222l>

vs (y, 2) = U5 (y, 2) 75(y,2) € C(0 < y, 2 < 00), (1.9)

1 1 1/2—a+es”’
1 _ 2p 21
( TR e )

and €1, €9, €3 are some positive numbers.

7o (1, 2) = To(x,2) € C(0 <z, 2 < 00), (1.8)

In addition, the functions 71 (z,y) and 7 (z, z) satisfy the matching conditions at the origin: 71(0,0) =
72(0,0) and at the lateral edge of domain Q: 71 (z,0) = 72(2,0), 0 < z < 0.

Neumann—Dirichlet problem N3Dj. Find a regular solution v € C' (Q2)NC* (QU J, U J3)NC?(Q)
of equation (1.1), satisfying the condition (1.6) and the following conditions

o ou(z,y, 2)

ll—>0 9 =u(z,y), 0<z,y<oo, (1.10)
0

;%U(ngyz) =w(x,z), 0<x,2z< o0, (1.11)

u(x,y,z)|x20 = T3 (y,Z) ) 0 § Y,z < 00, (112)

where v1(t,s), va(t,s), 73(t,s) are given functions, and for sufficiently large values of R the following
inequalities are satisfied

1;1 (x,y)

vy (2,y) = . ; e (z,y) € C0< z,y < 0), (1.13)
(1 + ?a:Q‘I + prQP>
Uy (x, 2) -
ve (z,2) = " VP a(x,2) € C(0 < z,2 < 00), (1.14)
<1 + q7$2q + 1222l>
7 (v, 2) F3(y,2) € C(0 < y, 2 < 00), (1.15)

T3 (y) Z) = €3
1 + inp + lz2l
p2 12

and €1, €9, €3 are some positive numbers.

2 The uniqueness theorems

One can readily check the validity of the following relation

0 v ou 0] v Ju 0 Ov Ju
. — ,m kY v Y n k 2 et n,m ~ et
uBv) —vE(w) =y oz <u8x ”833) v dy <u8y v8y> Y a <u8z v62>'

We denote by Dpg the finite part of the region D, bounded by the planes z =0, y = 0, z = 0 and the
half-quarter part

1 1 1
Sk = {(w,y,z) : ?12q+ﬁy2p+ﬁ22l =R’ ¢>1,p>1,1> 1}

of the higher-order ellipsoid.

Let Dg . be a sub-domain of Dp at a distance ¢ > 0 from its boundary and cos(N, z)dS = dydz,
cos(N,y)dS = dzdz, cos(N, z)dS = dzdy, N is the outer normal to Dg .. Integrate both sides of above
given equality on the domain D and use the classical formula of Gauss—Ostrogradsky:

(uE(v) — vE(u))dzdydz = ymak u@ — v@ cos(N, z)+
iy
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Using the equality

0 0 0
By g () +y™ 2 ut + x”zku2 + 2yt =y (uuy) + 22— (uuy) + 2"y - (uuy)
o or dy 0z
we obtain
/// uE(u)dzdydz + /// ymzku2 + x”zku2 +x”ymu2] drdydz =
DR,E DR,E

0 0
n k
/// [y 2P uug;) +a"z Bm (uuy) + z™y™ E (uuz)} dxdydz.

Applying again the formula of Gauss—Ostrogradskii to this equality and letting ¢ — 0, we get

/// ymzku2 + ac"zkuz + x"ymu2) drdydz = // 2"y (x, y) (z, y)dedy
D S

//a: Py, 2)vo (2, 2)dadz + // Yy rs(y, 2 ug(y,z)dydz—l—// uClu)dSg, (2.1)
Skr

where Clu] = y™2*u, cos(N, x) + 2" 2%u, cos(N, y) + 2"y™u, cos(N, 2).
Theorem 2.1. The Dirichlet-Neumann problem D3N with conditions (1.3)—(1.6) for equation (1.1)
can have at most one solution.

Proof. To prove the uniqueness of the solution, as usual, we suppose that the problem has two v, w
solutions. Denoting u = v — w we have that u satisfies homogeneous Dirichlet-Neumann problem D3N}
(1 =0,72=0,v3 =0, hm u = 0). Further we have to prove that the homogeneous problem has only

trivial solution. In this case from (2.1) one can easily get
/// ymzkuQ + a:"zku2 + x”ymuz) dxdydz = 0.

Hence, it follows that u; = u, = u, = 0, which implies that , u is a constant function. Considering the
conditions (1.3) and (1.4), we conclude that u(x,y,z) =0 in D. O

Theorem 2.2. The Neumann—Dirichlet problem N3D3 with conditions (1.6), (1.10)—(1.12) for equa-
tion (1.1) can have at most one solution.

Proof. The Theorem 2.2 is proved similarly with the Theorem 2.1. O

3 Existence of a solution to Dirichlet-Neumann problem D3N3

Consider a function

(z,y,2 //t"smﬁ (t,s) 4 —qoo (z,y,2;t,5,C) dtds+
0 0 % =0
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dtds — //tmsky3 (t,8) g22 (x,y,z;f,t,s)|€zo dtds, (3.1)

(o olNe o]
t" sty (t, z,y, ztn,
+// s°7 ( saCm(y n,5)

00

where a9 (2,9, 2;£,1, () is a fundamental solution defined in [15]:

n=0

)
kaoyzng 3 sta—-fF—-7al1-01 )
22 (2,Y, 2:€,1, C) Zmﬂg) 2 B g T p o6, (3.2)
r 20,2 — 23,2 — 27;
n P m k
a= = = ;
2(n+2) om+2) T 2(k+2)
Al 4yPnP 421¢t 5, 1 g 1 2 1, N2

- _— B= 28 2o () ()t () (33
P= T g = A S ) g (- C) s (33

the numbers ¢, p and [ are defined in (1.2);

26-2)27-2 L(@)T(1-8)T(1—v)T(4+2a—26—2y)

koo = ¢~ : 3.4
2=4 P 20 (20) 0 (2 —28)0(2—2)T(2+a— 6 —7) (34)
It is obvious that
0<2a<1, 0<28<1, 0<2y<]l; ¢g>1,p>1,1>1.
Here Ff’) denotes a famous Lauricella hypergeometric function [16]:
b, ba, bs; — (@) (01),, (b2),, (B3), &™ y"
F® | @ 01,02,08 z, ,z} _ m+4n+tp m n L x|+ |y + 2] < 1,
A om0V ME;:O @)y, (@) (), mlnl gl | [+ Iyl + 12
where (A),, is a Pochhammer symbol: (A), = A(A+1)..(A+n—-1), n=1,2,...; (A\)p=1.
Applying the differentiation formula [17, p. 19, Eq. (20)]
gmtnte 3| a, by, bo, b3; (a)m+ﬂ+17 (bl)m (b2)n (b3)p
————F x,y,z| =
8l‘may"62p C1,C2,C3; (Cl)m (62)77, (03)1)
xF,ff’) a+m+n+p, by +m,b2 +n,b3 + p; 29,7,
€1 +m,c2 +n,c3 + p;
from (3.1) we get the following function:
u (:Ca Y, Z) = U1 (:E7 Y, Z) + uz (ZL', Y, Z) + u3 (I7 Y, Z) ) (35)
where
oo o0 5
() t"s™ | S pa— By, a1 B AxTtT dyPs?
uy (x,y,2) = kggyzo/O/ T5+2a S o — [ 2. 2 26: q27"2 =y = dtds, (3.6)
=k // 2 () [0 0y el dattn sl dtds,  (3.7)
u2\%,Y, = Yz R Py o 40 2 B ’ 5 9 9 T35 9 t S, 3.
2 (2,9, 2 22 5¥2a- T 5t2a—28—2y *2 20,2 — 2, 22’ 212
us (xv Y, Z) =
) Ll
vs (t,s) tmTish+l Sta—-B-v,1-8,1—7; 4yPtP 4z2's
= —k‘22y2// | 2 ’ ’ b— ,——5— | dtds, (3.8)
5+2a 28—2y 9 _ Qﬁ, 9_ 27’ p2,r-?2) l2r§
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1 1 1

2 = — (a9 — )% 4 — (3" — sP)? + 3221’ (3.9)
q p l
1 1 1 2

Ao Lo Ly L, 10
q p
1 1 1 2

=g — ) 455 (=) (3.11)

Here F; is Appell hypergeometric function defined as follows [18]:

P { a, by, bo; x,y] _ i (@min (1), (b2), @

C1, C2; (Cl)m (62)n m'

s el + < 1,

m,n=0
which satisfies the following system of partial differential equations [19, p. 234, Eq. 5.9(10)]:
0*F, a Fy OF, OF,

IE(I*I) 8,7,‘2 — a 8 [ 17(a+b1+1) }aifbly 8y 7ab1F2 —O (3 12)
82F2 82F2 8F2 aFQ .
y(lfy)Tnyxyaxay—ng%+[02—(a+b2+l) ]TyfabgFng

Lemma 3.1. If the function 11 (x,y) can be represented as (1.7), then the function uy (z,y, z) defined
in (3.6) is a regular solution of the equation (1.1) in the domain Q satisfying the conditions (1.6) and

ur(x,y,0) =11 (z,y), wui(x,0,2) =0, u1(0,y,2)=0. (3.13)

Proof. First let us prove that the function (3.6) satisfies the degenerate elliptic equation (1.1). For this
purpose, we consider the auxiliary function

Yz
W(x,y,zt,s) = mw(ﬁ»@» (3.14)
1
where 5
2 - 1— 3 Apatd 4yP 5P
w(ﬁ,g)::Fz 2+O( ﬂ v @, 67 ﬂ’g , 9 =— 227§_ %
2a, 2 — 20, Ty by

We calculate the necessary derivatives of the auxiliary function W with respect to the variables
x, y, z and substitute them into the degenerate elliptic equation (1.1), we obtain the following system of
hypergeometric equations

H1 — Dwyy — Yswye + [Qa—<;+2a—ﬂ—7>ﬂ}wﬁ—a(g+a—6—7)w:0,
(1 = ¢)wee — Fswye + [22ﬂ<z+a2[37>§}w<(15) <;+Ozﬂ’y>w0.

Comparing the last system of equations with the system of equations (3.12) for the Appell function Fs,
we can conclude that the function (3.14) is a solution of the corresponding degenerate elliptic equation.
Consequently, the function u;(z, y, z) defined by (3.6) satisfies the degenerate elliptic equation (1.1).

Now we prove that the function u;(z,y, z) satisfies the boundary conditions (3.13). Indeed, applying
a famous expansion formula [20]

. a); (b o ' i
F2|:a7b17b27 x’y:|:Z( )](1)( )ijyJF(a+j7b1+]a )F(a+jab2+]a y)

C1, C2; ]'(Cl) ( ) C1 +]77 C2 +]7
to the Appell function F5 in the double integral (3.6), we get
- 0); OOOOT (t,s)tmsm+!
=k X
u (7Y, 2) 222/22 2 _ 25); O/O/ r5+2a T 5+2a—2B-2y
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5 —_— 5 - )
2a+ 75 2—-28+7;

where F(a,b;c; z) is a famous Gaussian hypergeometric function defined as follows [19, p.56, Eq. 2.1(2)]

F(a,b;c;z)EF( ) Z , |zl < L

=0

Now we apply the well-known transformation formula [19, p.105, Eq. 2.9(4)]

Flabic;z) = (1=2)""F (C‘ a,b;c; Zil)

to each Gauss hypergeometric function in (3.15), as a result of which we obtain

ﬁ) oo c>o7_1 ¢, S tn m+1 w B
Ul (LL',y, = kggyzz ] 2 — 2B)j] // 252 (1 - 19) (1 — ()ﬂ 1y
0 0

9\’ ¢\’ 200 — 6o, v +5; 0 2-28—=062,1=-8+7; ¢
_ |\ F > | F T T— . 1
X(ﬂ—l) (g—l) ( 20 + j; 19—1) ( 2 - 28+ j; <—1>dtds (8.16)

Introducing in the integrand in (3.16) instead of ¢ and s new variables

1(19 — 24 1(sP — P
PICET o)
qz! p2!
and knowing the equalities

1n\1/a L a2 2, 2
t:(xq+uqz/l) ,s:(yp—l—ypz/l) , rlzl—2(1—|—,u —l-V),

1 B 1 )
dt = Tzl (xq +qul/l)(1 a)/q du, ds = Tzl (yp n szl/l)(l »)/p i,

2% (14 2 +v2) + 41227 (29 + pg2 /1) _ v} + 429 (29 + pg2' /1) /¢

1-9= =
%22 (14 p2 +v?) r2 ’
l—cm p2z2 (1 +pu? + 1/2) + 41%yP (yp + z/pzl/l) _ r? 4+ dyP (yp + z/pzl/l) /p?
p222 (1+ p? +1v?) a rt ’
we obtain
kaoy s (02); ( Tl xq+“qzl/l) ’ (yp+’/pzl/l)1/p}
u1($,y, ) 1271 (204 2_2ﬂ / / 1+‘UJ2+1/2)(3_2’Y)/2 X
lz?  IyP
qzl pzl
Hg 2 vp 9 ’ S !
q 4 M4 p £ v s
. (m+ Z) (y+zz)(z9—1) -1 y
520 g 520 AyP vp 1-8
[12 (1+p2+0v2)+ (xq+lzl)} [12 (1+u2+u2)+p—2(y1’+ z zl)]
> L0 1 | s
xp Tptetftyvaty U A p( —goa- B l=fag S Vg (347)
20 + jy ; 9-1 228+ 7; c—1



Now on the right side of the equality (3.17) we pass to the limit at z — 0. Taking into account
obvious equalities

i fim 41229 (29 + pgz' /1)
509 -1 2=0q222 (1 4 p2 + v2) + 412z9 (a:quuqzl/l)

) . 412yP (yp + qul/l)
B0 —1 zl—>0p 220 (1 4 p? 4+ v2) + 412yP (yp—i—qul/l)
using the summation formula [19, p. 61, Eq. 2.1(14)]

F(e)'(c—a—10)

F(CLb,C,].) = mv

Re(c) > Re(a+b), ¢ #0,—-1,-2, ...,

considering the formula for calculating the double improper integral [21, p. 633, Eq. 4.623]

7r
//<p (a®z® + b*y?) dady = Tab /ap(m)dm
00 0

and Legendre’s duplication formula [19, p. 5, Eq. 1.2(15)]

I(22) = 22z\/;1“(2)f‘ (2 + ;)

by virtue of the expression (3.4) of the coefficient ka2, we obtain

ll_I)I%) uy (z,y,2) =711 (2,y). (3.18)

Using the similar transformations, we have

ilir%) uy (z,y,2) =0, z}g% uy (z,y,2) =0. (3.19)

Therefore, based on equalities (3.18) and (3.19) we conclude that the function us (z,y, z), defined by (3.6),
satisfies conditions (3.13).
Let us show that if given function 7 has representation (1.7), then the function uq(z,y, z) defined in

(3.6) tends to zero at infinity. Using the transformation formula for Appell function F5 [19, p. 240, Eq.
5.11(8)]

£, a,bl,bz.; 2y = (1—2—y)°F a761—b1,C2'—b2; Y 7
C1, C2; C1, C2; z+y—1 z+y—-1

we write the function (3.6) in the form

5
+ o — ﬂ v, o, 1-— ﬁ 4x9t? 4yPsP
Uy (LE, Yy, z) = kQQyZ 5+200—28— 27 F2 2 %0 9 — 2ﬂ q2p2 ) p2p

oo
/T1 (t,s)t"tlsgmtl
0

] dtds,  (3.20)

where . ) .
p2 == (29 +tq)2 + = (yP + Sp)Q + 72221'
q D l
It is easy to see that in (3.20) the following inequality holds
4x9t9  4yPsP

202 p2p2<1’ >0, y>0, 2>0, t>0, s>0.
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Let us prove that when the point (z,y,z) tends to infinity, i.e. when R — oo, the function (3.20)
tends to zero. It known from the theory of Appell functions [18], that, if ||+ |y| < 1, then for any values
of the numerical parameters the Appell hypergeometric function F5 is bounded:

|F2(a7b1,b2;61762;l‘,y) |S Cla ‘Jf|+|y|<1

Next, applying the representation (1.7) for given function 7 (z,y), we obtain

TT ttlsmtldids
lup] < CQyZ// ! YN — (3.21)
00

1 ,\"[1 s 1 2
1
(1 + —t2q + p52p> Lﬁ (x4 +19)° + o (WP +57)° + 52

Substituting ¢ and s for

1 1
=—t1 v=—sP
: qR pR

in the last double improper integral (3.21), we get

wCs  x
R281+2(x—26—27—2 R

- K (z,y; R), (3.22)

o<
=S TR

lur] <

where 1 > 1 — a + 8+ v (see condition in (1.7)) and

+ =+

_ pvdpdy
00 2 142 4 12
(o) (oo T55)

It is easy to show that the double improper integral on the right-hand side (3.23) is bounded as
R — o0. Indeed, using the formula [22]

+oo +oo 1 1
/ o abe T ey day,

[(riz)? + ... + (rnxn)q"]t 1+ (riz)?™ + ... + (rpzn) ™)’

0
———

n

_L@/a) U pn/an) PR -0 (s +t=P) . p1 Pn

q1q2 q 7,.1;719?1 . rgnan P) 1'\ (S) ? . Q1 qn’

where pg, g, 7, and s are positive numbers (k =1,n),0 < P —t < s, and passing in (3.23) to the limit
as R — oo, we obtain

Fr2—-e)lT(1/24+a—-B—v+e¢1)
Ar(5/2+a—p—7)

Rlim K (z,y;R) = , l—a+B+v<e <2 (3.24)
—00

Thus, by virtue of (3.22) and (3.24) the following estimate is valid:

C
|U1|§Wﬁa—%,l—a+ﬂ+7<€1<2,R—>OO. (325)

Considering (3.25), we conclude that the function (3.6) vanishes at infinity. Lemma 3.1 is proved. O

Remark 3.1. Repeating the arguments given in Lemma 3.1, one can prove two lemmas concerning
the functions wus(x,y, z) and uz(z,y, z) defined by the equalities (3.7) and (3.8), respectively. Thus, if
the representations (1.8) and (1.9) are valid for the given functions 72(x, z) and v5(y, z), then each of the
functions wus(x,y, z) and uz(x,y, 2) is a solution to the degenerate elliptic equation (1.1) that vanishes at
infinity and satisfies the set of conditions

u2(x,y,0) =0, UQ(I,O,Z) = TQ(I,Z), u2(03y72) =0,
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auS (Ia Y, Z)
ox =0

8“3(I7y72) _ au?)(I,wa)
0z z2=0 ay y=0

respectively.

Theorem 3.1. If given functions 71(x,y), 72(x,2) and v3(y, z) have the representations (1.7), (1.8)
and (1.9), respectively, then the function u(z,y,z) defined in (3.5) is a regular solution of the equation
(1.1) in the domain § satisfying the conditions (1.3)- (1.6).

Proof of Theorem 3.1 follows from the Lemma 3.1 and Remark 3.1.

4 Existence of a solution to Dirichlet-Neumann problem N2Di

Consider a function

u(z,y,z //t”smul (t.s) q1 (z,y, 23,8, Q)| oo dtds
00
n k m k 0
,//tsz/g (t,s) q1 (z,y, z;t,m, )\n Odtds+//t s"rs (t, s) agql(:v Y, 26,1, 8) dtds, (4.1)
00 £=0
where q1 (z,y, 2;£,m, () is a fundamental solution defined in [15]:
a1 (2,9, €1,C) L 2_‘”6”’1_0"&7%09 (4.2)
1 y Yy <5 S T = 3 o9arag+o~1 A s Oy ) .
r3—2a+2B+2y 2~ 20,282+

p, o and 0 are defined in (3.3);

fey — g20—2,—28]—27 L(1—a)l(B)T(7)I(2 - 2a + 253 + 27)
TP 2 20) T @A a4 )

By applying the reasoning from the previous section to the expression (4.1), one can to
construct a solution of the Neumann—Dirichlet problem N32D§ in the explicit form:

oo oo 3
vy (t,s)t"Hsm S At B4y, l—a, B Aand AyPsP
u(z,y, 2) _klw// TRy 3 at2siey 12| 2 o3 5o | dtds—
00

2 — 2, 25: ¢2ry’ pr?
7 001/ (t,s) t 1k 3 +B8+n7,1 42917 42t
5 7> - Q,7;
_]{3133// 3 20128127 FQ ]dtd5+
0 0

2 — 2a, 2v; q27"2 g
T3t3tmk §—a+ﬁ—|—7ﬁfy' 4yPtP 4218
+kiz // 3 satopra L2| 2 28, 27: - P l2 dtds, (4.3)

where 71, 79 and 73 are defined in (3.9), (3.10) and (3.11), respectively.

Theorem 4.1. If given functions vi(z,y), va(z,2z) and 13(y,z) have the representations
(1.13), (1.14) and (1.15), respectively, then the function u(x,y,z) defined in (4.3) is a regular
solution of the equation (1.1) in the domain  satisfying the conditions (1.6) and (1.10)—(1.12).

Proof of Theorem 4.1 is carried out similarly to the proof of Theorem 3.1.
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Conclusion

Thus, in this work and in [15], the main boundary value problems in an infinite domain (in
the first octant) are solved. Note that using the fundamental solutions defined in (3.2) and (4.2),
one can find a simple and double layer potentials, volume potentials, and also Green’s functions
associated with the equation (1.1), which are used in solving boundary value problems in the
finite domains.

In recent paper [23] all fundamental solutions of the multidimensional degenerate elliptic

equation
n n 2
S I ] (ka +pk8m> 0,0 <pr <1, mp > —2p
k=1 j=1,j#k k k
in the domain R"} = { (X1, ey Tp) sy >0, ooy Ty > 0} are constructed in explicit forms which

are expressed through the multiple Lauricella hypergeometric function Ff(ln). Using the method
used in [23], one can construct fundamental solutions of the equation

n n

1 92
Y 1 [g:;”ﬂ}a—z’:o, m; >0, 2, >0, j=1,n,
k=1j=1,j7k Tk

which is a multidimensional analogue of the equation (1.1) discussed in this paper.

Data availability This manuscript has no associated data.
Ethical Conduct Not applicable.

Conflicts of interest The authors declare that there is no conflict of interest.

References

1. N.V. Mamayev, A.S. Lukin, "HeNLM-LA3D: A three-dimensional locally adaptive Hermite func-
tions expansion based non-local means algorithm for CT applications”, Pattern Recognition and
Image Analysis 25 (4), 658-668 (2015). https://doi.org/10.1134/S105466181504015X

2. B.G. Korenev, Bessel functions and their applications, Analytical methods and special functions,
Boca Raton, London, New York, Washington D.C., A CRC Press Company, 2002.

3. U.M. Smart, Celestial mechanics. London, New York, Toronto, Longmans, Green and Co, 1953.

4. P. Candelas, X. de la Ossa, P. Greene, L. Parkes, ” A pair of Calabi-Yau manifolds as an exactly
soluble super conformal theory”, Nucl. Phys. B539, 21-74 (1991). https://doi.org,/10.1016/0550-
3213(91)90292-6

5. L. Bers, Mathematical aspects of subsonic and transonic gas dynamics. Wiley, New York, 1958.

6. A.W. Niukkanen, ”Generalised hypergeometric series arising in physical and quantum chemi-
cal applications”, J. Phys. A: Math. Gen. 16, 1813-1825 (1983). https://doi.org,/10.1088/0305-
4470/16/9/007

7.  H.M. Srivastava, B.R. K. Kashyap, Special functions in queuing theory and related stochastic pro-
cesses. Academic Press, New York, San Francisco, London, 1982.

103



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

104

L.I. Serbina, ” A problem for the linearized Boussinesq equation with a nonlocal Samarskii condition”,
Differential equations 38 (8), 1187-1194 (2002). https://doi.org/10.1023/A:1021684524701

T. G. Ergashev, ” Generalized Holmgren problem for an elliptic equation with several singular coeffi-
cients”, Differential Equations 56 (7), 842-856 (2020). https://doi.org/10.1134/S0012266120070046.

A. Hasanov, T. G. Ergashev, "New decomposition formulas associated with the Lauricella multivari-
able hypergeometric functions”, Montes Taurus Journal of Pure and Applied Mathematics 3 (3),
317-326 (2021). https://doi.org/MTJIJPAM-D-20-00049

A. Ryskan, T. Ergashev, ”On some formulas for the Lauricella function”, Mathematics 11 (24),
(4938), 1-10 (2023). https://doi.org/10.3390/math11244978

E. Holmgren, ”Sur un porleme aux limites pour 'eqution” Arkiv for matematik, astronomi och fysik
19B (14), 1-3 (1927).

M.S. Salakhiddinov, A. Hasanov, ”The Tricomi problem for an equation of mixed type with a
nonsmooth line of degeneracy”, Differential Equations 19(1), 110-119 (1983). [in Russian]

D. Amanov, ”Some boundary value problems for a degenerate elliptic equation in an unbounded
domain”. Izv. AN UzSSR, Ser. Fiz.-Mat. Nauki 1, 8-13 (1984). [in Russian]

A. Hasanov, T. G. Ergashev, N. Djuraev, ” Lauricella hypergeometric function FIE,“) with applications
to the solving Dirichlet problem for three-dimensional degenerate elliptic equation”, Uzbek Mathe-
matical Journal 69 (3), 73— 82 (2025). https://doi.org/10.29229 /uzmj.2025-3-7

G. Lauricella, ”Sulle funzione ipergeometriche a piu variabili”, Rend. Circ. Mat. Palermo 7, 111-158
(1983).

P. Appell, J. Kampé de Fériet, Fonctions Hypergéometriques et Hypersphériques: Polyndomes
d’Hermite. Paris, Gauthier—Villars, 1926.

P. Appell, ”Sur les séries hypergéométriques de deux variables, et sur des équations différentielles
linéaires aux dérivées partielles”, C.R. Acad. Sci., Paris 90, 296 —298 (1880).

A. Erdelyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Higher transcendental functions. McGraw-
Hill, New York, Toronto, London, 1953.

J.L. Burchnall, T.W. Chaundy, ”Expansions of Appell’s double hypergeometric functions”, The
Quarterly J. of Mathematics, Ozford 11, 249-270 (1940).

1. S. Gradshteyn, I. M. Ryzhik, Table of integrals, series, and products. Academic Press, Amsterdam,
2007.

T.G. Ergashev, Z.R. Tulakova, ”A problem with mixed boundary conditions for a singu-
lar elliptic equation in an infinite domain”, Russian Mathematics 66 (7), 51-63 (2022).
https://doi.org/10.3103/51066369X22070039

T.G. Ergashev, A. Hasanov, M. A. Hidoyatova, "Fundamental solutions of a multidimensional
degenerate elliptic equation”, Complez Variables and Elliptic Equations 21 (2), 213-234 (2026).
https://doi.org/10.1080/17476933.2025.2600498



