Journal of Osh University ”Differential Equations”, 2026, Volume 1, Issue 1, P. 53-66.

UDC 517.929.7

Nonlinear Fractional-Differential-Integral Equation with Product
of Two Nonlinear Functions, Degeneration and Maxima

Zhyldyz A. Artykova
Osh State University, 331, Lenin street, Osh, Kyrgyzstan
E-mail: jartykova@oshsu.kg, https://orcid.org/0009-0005-6513-9366

Tokhirjon A. Abduvakhobov*
Tashkent State Transport University, 1, Temiryo’lchilar street, Tashkent, Ozbekistan
E-mail: tohirjonabduvahobov2603@gmail.com, https://orcid.org/0000-0003-0480-982X

Mashkhura D. Shukurova
Samarkand State University, 15, University blv, 140104, Samarkand, Ozbekistan
E-mail: shukurovamashhura77@gmail.com, https://orcid.org/0009-0001-9717-5194

Received: November 18, 2025; First on-line published: January 10, 2026

Abstract. In this article a nonlinear initial and final values problem for a Gerasimov—Caputo
type fractional differential equation with degeneration is considered in the case of differentiation
order is 0 < o < 1. The right-hand side of the equation consists product of two nonlinear
functions, Fredholm integral term and construction of maxima from unknown function. The
solution of this fractional differential-integral equation is studied in the Banach space. A nonlin-
ear integral equation is obtained by the aid of Mittag—Leffler function. The method of successive
approximations in combination with the method of contracting mapping is applied in proof of
one valued solvability of the problem. The continuous dependence of solution of the problem on
initial data also is studied.
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Introduction. Statement of the Problem

Functional differential equations containing a product of two nonlinear functions arise when
solving problems of nonlinear mechanics and nonlinear optimal control. Of theoretical interest
is the study of nonlocal problems for functional-differential equations. By today a lot of pub-
lications of studying nonlocal problems for differential equations, describing many natural and
practical processes, are appeared (see, [1]-[11]).

Some problems of mechanics turn out to be initial-boundary (mixed) problems. Many mixed

93



problems are studied in solving different problems of hydrodynamics [12]. In [13], [14] mixed
problems for linear differential equations of parabolic and hyperbolic types were studied. In
works [15, 16], mixed problems for nonlinear differential and integro-differential equations of
the second, fourth and higher orders were studied. The main equations of the theory of non-
stationary filtration in fractured-pore formations are formulated in the work of G. I. Barenblatt,
Yu. P. Zheltov and I. N. Kochina [17] (see also [18]) and, further, developed by many authors [19]-
[24]. The theory and applications of fractional calculus have been developed by many authors
(see, for example, [25]-[33]). Investigation of the well-known fractional order differentiation
operators of Riemann—Liouville type and Gerasimov—Caputo type are important, when they
describe diffusion processes [26, vol. 1, 47-85]. A physical and engineering applications of the
generalized fractional operators are given in [26, vol. 4-8]. Note that some boundary value
conditions take place in modeling problems of the flow around a profile by a subsonic velocity
stream with a supersonic zone. Different mixed and boundary value problems for differential
and integro-differential equations with identification source were studied in the works of many
authors (see, for example, in the works [34]-[54]).

The present paper is further development of the work [55]. On the segment [0,7] the
fractional-differential-integral equation of the following form is considered

T
DG, z(t) + tPx( /l ,max {z(7) : 7 € [s — hy,s]} )ds+
0
—|—g(t,x(t))f(t, z(t), max {x(7): 7 € [t,t + hg]}) (0.1)

with initial and final values conditions

x(0) = ¢o = const,
z(n) =e1(n),  ¢1(n) € C[=h1,0], (0.2)
2(§) = ¢2(8),  w2(§) € CIT, T + hy],

where (3,71 are given positive real numbers. It is well known that for the fractional order
0 < a <1 correspondents the operator

t
_ n'(
e Dgin(t) = Jo ' (t) = Ti—a) / e ds, ¢Dyn(t)=n'(t), te€(0,T),

[e=]

which is called as Gerasimov—Caputo type fractional operator,

B0 = os [ G te0.T)
0

is Riemann-Liouville integral operator, I(¢t,z(t),y(t)) € C([0,T] x X x X,R), f(t,z(t),2(t)) €
C([0,T] x X x X,R), g(t,z(t)) € C([0,T] x X,R), X is closed set in R.

Problem 0.1. To find the function z(t), which satisfies fractional-differential-integral equa-
tion (0.1), initial and final values conditions (0.2).
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1 Construction of the Solution

The equation (0.1) rewrite as
DGy a(t) = —tPx(t) + p(t), (1.1)

where we have denotation:
T
p(t) = /l(s,x(s),max{x(T) iTE[s— hl,s]})ds+
0

+g(t,z(t)) f(t,z(t), max {z(7) : 7 € [t,t + ho]} ).
It is well known, that the two-parametric Mittag—Lefller function defined as

m

Eo p(z) = mz::(]r\(amma

z,a,f €C, Re(a)>0.
The generalized Mittag—Lefler (Kilbas—Saigo) type function was defined for real a,m,l € R and
complex [ € C by Kilbas and Saigo in the following form

k-1

F(aljm+1+1)
1, = k=1,2,..
Eami(z ZW Osh oo Er(a[jm+z+1]+1)’ T

These functions belong to the class of entire functions in the complex plane.
As an analog of the initial value problem (1.1), (0.2), we consider the following auxiliary
equation
cDj(t) = —t7u(t) +p(t),  2(0) = po, (1.2)
where (3,09 € R, p(t) € C([0,T],R).
Let v € [0,1). Then we consider the class of following functions ([27], [57]):

Co (071, ) = {p(t) : 'p(t) € C((0: 7] B) |,

C3([0;T1.R) = {p(t) € C(10: T}, R) : DG p(t) € O, (10:T), R) }.

Lemma 1.1 ([25]). Let v € [0;a], 8 > 0. Then for all p(t) € C,([0;T],R) there exists a
unique solution x(t) € C’a( T),R) of the Cauchy problem (1.2). This solution has the following
form

¢
x(t) = SOOEmHgg taw +/K (1.3)
0
where
1
K K ——(t—s)*! 1.4
SR, Kalts) = st (1.4
. t
. — B+ — pye—1f. —
Ki(t,s) o) /9 (t—0)""K;,_1(0,8)dd, i=1,2, ... (1.5)
Ea71+§7§ (t‘”’ﬁ) 1s Kilbas—Saigo function.
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Lemma 1.2 ([56]). For every a € [0,1], m > 0 and t > 0 the estimate is true

1 1

T+ —ay = Perm U0 S a1,
I'(1+am)

1+

Lemma 1.3 ([57]). Let « < 2, z € C, § be real constant and o be fized number from the
interval (%,min{w,ﬂa}). Then for | argz| < o and | z| > 0 the estimate is true

Mo
1+ |z]

1
| Bagu(2) | < My(1 4 [2]) 5 eRe=™ 4

)

where My and Mo are constants, not depending from z.

Lemma 1.4 ([58]). For the kernels (1.4), v € [0,a], > 0 from (1.5) it is true that there
holds the following estimate
| K(t,s)| < Ms(t—s)*", (1.6)

where 0 < M3 = const.

2 Main Results

The right-hand side of the integral equation (1.3) we write as a nonlinear integral operator

2(t) = J(t:2() = woE, ;o o (~1777) +

t T
+0/K (t,s O/l z(0), max {z(7) : 7 € [0 — h1, 0]} )dOds+

+/K(t, s)g(s,z(s)) f(s,z(s), max {z(7) : T € [s,5 + ho]} )ds, (2.1)
0
where
J(t;z(t) - C([0, T} R) = C([0, T R),

By C([0,T],R) is denoted the Banach space with continuous function z(t) on the segment [0, T
and this space is equipped with the norm

t =
I 2(t) oo = g, | 2(2) .

We use also the vector space BD([O, T ],R), which is Banach space with the following norm

12t | ooy = 120 e + 2 12" o »

where 0 < h = const.

Theorem 2.1. Let the following conditions are fulfilled:
1). My = Orgtaggf\ f(t,z(t),2(t)) | < oo, 0< M;=const;
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2). M; = (nax [ 1(t, z(t),y(t)) | < oo, 0< M; = const;

w

0<t<
4). Fordllte 0,T], z € X there exist such functions 0 < ag(t) € C([0,T],R), 0 < bs(t) €
C([0,T],R), 0<cy(t) € C([0,T],R) that

| F(ta(t),2(0) [ < ap(t) |2(t) | +0p(t) [2(t) | + s (1);

5). For allt € [0,T], v € X there exist such functions 0 < a;(t) € C([0,T],R), 0 < b(t) €
C([0,T],R), 0<¢(t)eC([0,T],R), that

[ 1(t,2(8),y(®) | < ar(®)[2(t) |+ bu(t) [y(t) | + ca(t);

6). For allt € [0,T], € X there exist such functions 0 < a(t) € C([0,T],R), 0 < ¢4(t) €
C([0,T],R), that

)-
). My = max |g(t,z(t))| < oo, 0< My = const;
)-

[ 9(t2(1)) | < ag(t) [2(t) ]+ cy(1)-
7). p=x1+x2+ x3 <1, where we denoted

M3 [H ai(t) HC[O,T] + My| ag(t) HC[O,T] + Mgl| ay(t) HC[O,TJ <1

Ta—i—l
X2 = M3 5

1000 legoiry x5 = Ms 5 1B (8) gy

Then, if the solution of initial and final values problem (0.1), (0.2) exists, there holds the
following estimate

X4
X1+ x2 +x3)’

Iz@) o, < 1—( x1+x2+x3 <1,

where
TOC
Xa = Ms| o+ 5 Ms [T o) | ooy + Mr |l ea®) | ooy + Mg || 4 () HC[O,T}] ;

Proof. Taking into account the conditions of the theorem and estimate (1.6), for the solution
of the equation (2.1) we have estimate

| z(t) HC[QT] < | o ‘0121&% ’ Ea,1+§,§ (—to‘+'3 +Or£ta%XT /]K (t,s) / 1(0,2(0),y(0)) | dbds+

—|— max /}Kt s ‘f s,x(s),z(s)) | | g(s,2(s)) |+ | f(s,2(s), 2(s)) | ‘g(s,x(s))”dsg

20<t<T

t T
< M M (t—s)*"1d
< My | po| + Ms g / 7 ds [ (Ila® llego 129 o +
0

11008 gy 19 oz + N a®) gz ) dt+

o7



t

1 o
4 M ma / (t=5)"tds [ £(t,2(2), 20) oy (ag® oo 12 oo + 1 ea® e ) +

0
+[l9(t:2®) ooy (195 ooz 12 e + 185 ooz 128 ey + 11 ex® oy )| <
< My | po [+MiMs |1 (lau(®) oo 1) ooy + 1008 oo 198 ey + 1l et® o) +

1
+5M; (1ag® oo,z 120 gy + e ®) ooy ) +

1
+5My (s ® ooy 120 oy + 1658 oo 1 28) logoury + 1l e (2 ||C[O,T])] <

< xaf =(t) HC[O,T] + x| y(t) HC[O,T] +xsl| 2(t) ”C[O,T] + X4,
where

Ta
X1 =Mz~ [T [ a1(®) [ cro.0y + M | ag(®) [| oo,z + My || ar (2) HC[O,T}] ,

[e7

T +1 T
o H bl(t) HC[U,T]a X3 = M3 Z H bf(t) HC[O,T]’

X2 = M3

T(l
Xa = Ms| o |+ UM?) [T [ ei(t) HC[O,T] + My [| eg(t) HC[O,T] + My || s (t) HC’[O,T]} ’
t

My = Og%/(t _ s)olds < %a y() = max {a(r) : 7 € [t — h1, 4]},
0
2(t) =max {z(7) : T € [t,t+ ho| }.

Hence, we obtain

12 loi0.07 < xall2®) ooy + X2l 9O [l co.17 + x50 28 oo 1y + Xa-

We denote u(t) = max { | () H(J[o 17 | w(t) HC[O 77’ z(t) HC[O 1] }, then from last inequality ob-
tain
u(t) < (x1+ x2 + x3) u(t) + x4 (2.2)

As | z(t) o, < u(t), from (2.2) we get the proof of the theorem 2.1:

X4
X1+ X2+ X3)

() e < T ;o Xttxe+x3 <l

The theorem 2.1 is proved. O

Corollary 2.1. If the conditions of the theorem 2.1 are fulfilled, then the problem (0.1),
(0.2) has at least one solution on the segment [0,T].

Lemma 2.1 ([59]). For the difference of two functions with mazima there holds the following
estimate
[max {z(r) : 7 € [t — h1,t]} —max{y(r) : 7 € [t — h1, ]} [cpo <

< | =(t) - y(t) HC[O,T] +hall2'(t) —y'(¢) HC[O,T] = [ =(t) —y(®) HBD[O,T]’
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where 0 < hy = const.

Analogously, it is true that

| max {az(7) : 7 € [t,t + ho]} — max {y(7) : 7 € [t,t + ha} HC[O,T] <

< || =(t) —y(t) HC[O,T] +hol[ /(1) — o/ (2) HC[O,T] =|[=(®) —y(®) HBD[O,T]'

Theorem 2.2. Let the conditions of the theorem 2.1 are fulfilled.
1). For allt € [0,T], z € X there exist such function 0 < L; = const, that

)

2). For allt € [0,T], x € X there exist such function 0 < Ly = const, that

‘l(taxhyl) — U(t, 2, 92) ‘ <L (\:m — X3 ‘ +\y1 — Y2

lg(t,z1) —g(t,22) | < Lyg| 21 — 22 |;
3). Forallt € [0,T], v € X there exist such function 0 < L; = const, that

);

| f(t, 21, 21) — f(t,wo,22) | S Ly(|or — a2 |+ |21 — 22

4). p = max {711; h’721} < 1, where

[e7

T
T = Mgz(QTLl + Mng + QMQLf), Yo1 = MsgMyg (QTLI + Mng + QMQLf).

Then the initial and final values problem (0.1), (0.2) has a unique solution z(t) € BD([0,T],R),
which can be found from the iteration

0(t) = poE —tothy |
[x (1) = @B, 145 5 (<t°17) (2.3)

a™H(t) = J(t;2™(t)), m=0,1,2, ...

Proof. We use fixed point method and prove that the operator J(¢;z(t)) on the right-side
of the equation (2.1) is compressing in C[0,T]. For the zero approximation from the (2.3) we
have

1200 ooy < | w0l s | B pye s (<77) | < M5 o). (24)

0<t<T

Q[

For arbitrary m € N we obtain that

[l = 2™ (@) [leo 2y <

t T

< / (K (t,s)] / 11(6,27(8), 4™ (8)) — 1(8, 2™ (8), 4™ (8)) |dds+

29



+M3%H F(t,2™(8), 2" (1) g(t, 2™ () = £(£,2™ (1), 2™(1) 9 (£ 2™ (1)) | oy +
«+N&%;Hf(uxmajxﬁ%ﬂ)g(tﬁm‘l@ﬂ<—f(twm’lﬁ%zm_Wﬂ)g(@xm_%ﬂ)Hcmf1S

(e}

T
< M;3

2L (1270 - 20 g + 1670 = 570 g ) +
a cor T IIY Y cl0.1]

TO[
+M3jMngH a™(t) = 2™ [| ooy

Ta
+M3;M9Lf (H 2™ (t) — 2™ (t) HC[O,T] + 2 = 2" HC[O,T]) : (2.5)

According to the lemma 2.1, we have
1™ @) =y O oy < 12" =210 [l ooy + B I = &™) [l oo,z

| 2™(t) — 2"H() HC[O,T] <[lz™() - 2™ (t) HC[O,T} +h|2™() - " (t) HC[O,T]’
where h = hy + ho.

Taking into account last two estimates the inequality (2.5) we rewrite as
1
Iz 20 =™ (0) |l ooy <
Ta+1

< My——1Ly <2H a™(t) — 2™ (1) HC[O,T] +h[[@™ () — 2" () HC[o,T]) +

Ta
+MstngH a™(t) = 2™ [| ooy

T _ -m - m—
+My—M,Lg (2| a™(t) =™ [l oz + b |70 =70 | opomy) <

< ]| e™(®) = 21O gy + 2k 570 = 51O g (26)

where
(0% (63

T T
71 = M3E [QTLI + Mng + 2MgLf] , Y12 = Mg;(TLl + MgLf).
As v11 > 712, from (2.6) we get

[ a™*(E) = 2™(1) HC[O,T] <

< (H 2™ (t) — a™(t) Ho[o,T] +h || ™) — ™) HC[07T1> : (2.7)

Taking into account that K (t,t) = 0, we differentiate the equation (2.1):

i(t) = J'(t; 2(t) = o - [Ea,1+g,§ <_ta+6)}/+

t

+/K’(t,s)

0
t

+ / K'(t,s)g(s,x(s)) f (s, z(s), max {z() : T € [s,5 + ha]} )ds. (2.8)
0

1(0,z(8), max {z(7) : T € [0 — h1, 0]} )dbds+

St~
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Analogously to the estimate (2.7), from (2.8) we have
H i'mﬂ(t) —&"(t) HC[O,T] <

< 721” l’m(t) - xmil(t) HC[O,T] + Y22h H xm(t) - i’mil(t) HC[O,T} ) (2-9)
where
Va1 = MsogMao (2T Ly + MyLg + 2MyLyg), 722 = MaoMao(TL; + MyLy),

M30 = maXx
0<t<T

t
/
+8 _ /
[Ea,ug,g (—to‘ )} ‘, My = 0?%}%/}[( (t,s) }ds.
0

As 791 > 722, from (2.9) we have

171 = ™) [leo 2y <

< ([ 2™ (@) = 2™ ) gy + R 7™ @) =& ooy )- (2.10)
We multiple the (2.10) to 0 < h, and adding (2.7) and (2.10), we obtain

[ & (E) = a™(t) HBD[O,T} < plla™(t) —a™ (D) HBD[O,T]’ (2.11)

where
p =max {y11; hya1} < 1.
From the estimates (2.4) and (2.11) implies that the operator J(¢; z(¢)) on the right-side of
the equation (2.1) is contracting in the space BD([0,T],R). Hence, we deduce that the nonlinear

integral operator has a unique fixed point in the segment [0,7]. So, we proved that the initial
and final values problem (0.1), (0.2) has a unique solution in the space BD([0,T],R). O

Theorem 2.3. Let be fulfilled the conditions of the Theorem 2.2. Then the solution of the
problem (0.1), (0.2) is continuously dependent from initial data in (0.2).

Proof. Let ¢p1 and ¢p2 are two values of the initial data ¢g such that | o1 — @o2 | < d(e),
where 0 < d(¢) is small number and depends from the given small number 0 < €. Let z1(¢) and
x9(t) are two solutions of the nonlinear integral equation (2.1), corresponding to ¢g1 and @ps2.
We will prove that |z1(t) — z2(t) | <e.

So, from the integral equation (2.1) we have
[21(8) = 22(8) [| pppo,ry < Ms| wor = poz | +p- [|21(t) = 22(8) || o,y <

< Msd(e) + p- || @1(t) — 2(t) HBD[O’T].
From last estimate we obtain the proof of the theorem

M.
[21(t) = 22() | pppoy < igp&

if we put that
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Conclusion

In this article a nonlinear initial and final values problem (0.1), (0.2) for a Gerasimov—Caputo
type fractional-differential-integral equation with degeneration and maxima is considered in the
case of order 0 < « < 1. The right-hand side of the equation (0.1) consists product of two
nonlinear functions f (¢, z(t),y(t))-g(¢,z(t)). The solution of this fractional differential equation
is studied in the space BD([O,T],R). A nonlinear integral equation (2.1) is obtained by using
the Mittag—Leffler function. In proof of one valued solvability of the problem the method of
successive approximations in combination with the method of contracting mapping is applied.
The continuous dependence of solution of the problem on initial data also is studied.
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