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Abstract. In this paper, we consider a boundary value problem for a seventh order partial dif-
ferential equation. It is used Samarskii—Ionkin type boundary value conditions on spatial variable
x. The non-self-adjoint spectral problem and adjoint spectral problem are studied. The systems
of eigenvalues and eigenfunctions are determined. By the biorthogonal systems of eigenvalues,
the Fourier series method of separation of variables is applied. Consequently, the unique solu-
tion of the boundary value problem is obtained in the form of Fourier series. Absolutely and
uniformly convergence of Fourier series is proved.
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Introduction. Problem statement

Differential equations of mathematical physics have a wide range of applications in the sci-
ences and technology (see, for examples [1]-[8]). According to applications this field of mathe-
matics is developing at a rapid pace and a lot of works are being published (see, for examples
9)-[15)).

The main equations of the theory of non-stationary filtration in fractured-pore formations
are formulated in the work of G.I. Barenblatt, Yu.P. Zheltov and I. N. Kochina [16] (see, also
[17]) and, further, developed by many authors [18]-[23]. Boussinesq type partial differential
equations with boundary conditions are studied partially, in [24]-[27].

In the works [28]-[30], the similar equation is studied by Cauchy and Dirichlet conditions.
So, our new work, which presents in this paper, is further development of the works [28]-[30].
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In this paper, we study the classical solvability of the boundary value problem for a seventh
order partial differential equation. In the rectangular domain, Q@ = {0 <t <T,0 <z < 1} we
consider the following partial differential equation

9 o7 , 0
983 T 980 Y g0

U(t,x) = f(t,x), (0.1)

where T is given positive number, w is nonzero real parameter.

In solving partial differential equation (0.1) we use Samarskii-Tonkin type boundary value
conditions

U(t,1) =0, Ug(t,0) =0, Ug(t,0) =U,(t,1), Ugygze(t,0) = Upsr(t,1), 0<t<T (0.2)
and two-point boundary value conditions
U,z) = ¢1(x), U(T,z)=p2(x), U(0,x)=s3(x), (0.3)

where @;(x) is enough smooth on the segment [0, 1].
Problem 0.1. To find a function U(t,z) € C(2) N Cgf(Q), which satisfies differential
equation (0.1) and the conditions (0.2), (0.3), where @ = {0 <t < T, 0 <z < 1}.

1 Spectral Problems

We consider homogeneous differential equation

oU3(t,x) n o"U(t,x) +w384U(t,x)
ot3 ot30xt 0zt

= 0. (1.1)

We will look for a non-trivial particular solution of the equation in the form U (¢, x) = u(t) -
J(x). Substituting this product of functions, depending from different variables, into equation
(1.1), we obtain

u’”(t) JUv) (l,)

Cw () +WBu(t) T O(x)

Hence, equating second fraction into A we obtain

IV (2) = XI(z) =0, A >0. (1.2)

Using conditions (0.2), from product of two functions we obtain conditions for the eigenvalues
A and eigenfunctions ¥(z):

9(1) =0, 9"(0)=0, ¥(0)=9(1), 9"7(0)=9"(1). (1.3)
Solving the spectral problem (1.2), (1.3), we derive the eigenvalues [31]—[33]
A= (2mn)t, n=0,1,2,... (1.4)

Eigenfunctions, corresponding to the eigenvalues (1.4), have the forms

e2mnT _ e?ﬂ'n(l—x)

Yo(z) = 2(1 —x), Op(z) = —2sin2mnx, dop(x) = 1 — Cos 2mn. (1.5)
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The spectral problem (1.2), (1.3) is not self-adjoint and it is easy to see that the following
problem with the eigenvalues (1.4) will be adjoint to it

cUV)(z) = Xo(z) =0, 0<z<1, (1.6)
o(0) =0o(1), o'(1)=0, o"(0)=0"(1), "(0)=0. (1.7)

We also consider adjoint to it problem (1.6), (1.7). Solving this problem, it is not difficult
to see that the eigenfunctions, corresponding to eigenvalues (1.4), have the form

e2mnz + 627rn(1—1’)

oo(z) =1, op(z) = S 1 —sin2mnz, o,(x) = —2cos2mne. (1.8)

Lemma 1.1 ([34]). Systems of functions (1.5) and (1.8) are biorthogonal systems in Lo[0, 1]:

1, k=n, i=j .
(190’00)0:1, (ﬁik,o’jn)O:{ 0, ktn, itj ° i,7=1,2, nk=1,2,...

Lemma 1.2 ([34]). The systems of functions (1.5) and (1.8) are minimal in L2[0, 1].
Lemma 1.3 ([34]). The system of functions (1.5) and (1.8) is complete in the space L2[0,1].
Lemma 1.4 ([34]). The system of functions (1.5) and (1.8) forms the Riesz basis in L2[0, 1].

2 Formal solution of the problem (0.1)-(0.3)

Taking into account the formulas (1.5) and (1.8) we look for a solution to the problem
(0.1)—(0.3) in the form of following Fourier series:

Ut x) = uo(t) do(w) + Y (w1,0(t) 91.0(2) + uz,n(t) V2n(@)), (2.1)
n=1
where
1 1
/Utyao Yy,  Uen(t :/Utya,.m( )dy, k=1,2. (2.2)
0 0
Similarly, the function f(¢,x) we write as
F(t2) = fo®) 90(@) + Y (fral®) 91a(@) + fon(t) V2 @), (2.3)
n=1
where
1
/ft Doy, fun®) = [ 1t 0)onn )y, =12 (24)
0

Let the function U(t,z) in (2.1) be a solution to boundary problem (0.1)—(0.3). Then,
substituting representations (2.1), (2.3) into equation (0.1) and taking (2.2), (2.4) into account,
we obtain

Z(ua”n ) I1.n(@) + (1) V() )+
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+Z)\ (w1 () V1.0(2) + s (D) 02n(2)) + Zw)\ (1.(5) 91,0(2) + w20 (92,0(2))

+Z(f1n D2.0(2) + Fan(t) V2(@))-

Hence, we obtain two differential equations: scalar differential equation and a countable

system of third order ordinary differential equations

ug () = fo(t),
K, t
) + i) = $2)
First, we solve the equation (2.5):
t? t—s)?
up(t) = Cro +tCo + 503,0 +/ ( 5 ) fo(s)ds

0

To find Cjo(j = 1,2,3), we rewrite the conditions (0.3) as
uo(0) = @10, uo(T) =20, up(0) = @30,
where

vio= [ vi(woo(y)dy, j=1,2,3.

O\H

By virtue of (2.8), from (2.7) we obtain that

T

2 2
Cio0=¥10, C20=¥20, C30=30— T2P10 ~ Tsﬁzo T2/ s)ds.

0

Substituting (2.9) into the representation (2.7), derived

uo(t) = 1,0 [1 - <;>2

2 2 "
+ ¥20 [t - ;} + <;> ©3,0 +/K0(757 s) fo(s)ds
0

where ) )
t— T —
(t—s)7 ( 28),0§3<t,
KO(tvs) = 2 T

=Y t<s<T.

(2.5)

(2.6)

(2.7)

(2.10)

Next, we will integrate the countable system of third-order differential equations (2.6). We
consider roots of the characteristic equation 73 + p,w® = 0 for the homogeneous differential

equation u)),, (t) + ftnw?uy , (t) = 0:

1 V3.
r= =, o = <z * 21> Vit
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So, the general solution of the homogeneous equation presents as [28]—[30]

3 /J’ w
un,n(tyw) = An,l,nbl,n(tvw) + Am,Z,an,n(taw) + AI{,S,TL b3,n(ta W)a k=12, Tn(w) = 2” s

where A, (7 =1,2,3) are yet arbitrary coefficients, which will be determined from (2.8),
bin(t,w) =e 2™t by (tw) = €™ cos VBT, (W)t bsp(t,w) = e™ @ sin /37, (w)t.

The solution that satisfies the equation (2.6) with the boundary conditions (2.8) has the
form:

u/{,n(ta W) = Aﬁ,l,n (t, U-)) bl,n (t, W) + An,2,n(ta W) b2,n(ta W) + Aﬁ,S,n (ta U.)) bS,n (t, w)"’

+Bl€,l,nb1,n(t7 w) + Bn,2,nb2,n(t7 (U) + Bn,S,nb?),n(ta CU), R = 17 27 (211)
where
t
27 (w _
Apin(t,w) 127_2 /e g,{n s)ds, k=12, (2.12)
0
. t
A on(t,w) = _67'3(&)) /6_7"(“)5 cos (\/ng(w)s — %) Grn(8)ds, (2.13)
0
. ¢
Axan(tw) = — g / e ™) sin (\/§Tn(w)8 - g) G (s)ds. (2.14)
0

Next, we find the following functions from (2.12)—(2.14) by differentiations

e2m (W)t , e~ Wt cog (V3r(w)t — %)
I;g@g%m@% A on(t,w) =— 6r2(@) gen(t),  (2.15)

A;,l,n(tvw) =

e~ (@)t gin (V3 (w)t — 3)
lan(tw) = — . 32 G (). 2.16
N,S,n( 7w) 67’%(&1) Gk, ( ) ( )
To find the unknown (arbitrary) coefficients By ; ,, (i = 1,2, 3) in the presentation (2.11), we
use the values of the functions (2.12)—(2.16) at the points t =0, ¢ =T. So, taking into account

values (2.12)—(2.14), from (2.11) we derived

g0,€717n(w) = UHJL(O,LU) = A,.i 1 n(O w)b1 n(O w) + A,i 2n( )bg n( w)—l—

+An,3,n(07 w) b3,n(07 w) + B/@,l,n(w) bl,n(ov w) + Bn,?,n(w) bZ,n(Ov w) + BH,?),n(w) bS,n(07 w) =
=040+ 0+ Bin(w) + Ban(w) + 0.

Hence, we have
Bﬁ,lm(w) + BR,Q,H(W) = (Pn,l,n(w)- (2.17)

Similarly, we derive
Pr2n(w) = (T, w) =

—Anln( )bl n( )+AK,2,TL(T;W) b2,n( )+Aﬁ3n( )bSn( W)+
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+Bn,l,n(w> bl,n(T7 w) + BH,Q,?’L(w) b2,n(Ta w) + B/ﬁ,3,n(w) b3,n(T7 w) =
= B;§717n<W) b17n(T7 w) + B"‘iv21n(w) bQ,n(T7 w) + BH,3,n(w) b3,n(T7 w) + an7n(T, w), K = 17 2,
where

aﬁ,n(Taw) :An,l,n( )bl n( )"’AnZn( )b2n( )+Aﬁ3n( )bSn( W)-
Hence, we obtain
bl,n(Ta W) Bn,l,n(w) + b2,n(T7 W) Bn,2,n(w) + b3,n(Ta w) B/{,B,n(”) =
= ron(w) —agn(T,w), k=12 (2.18)
We differentiate the function
u;,n(t? w) = g1 n(t w) bl n(t U)) + AN 1 Tl(t OJ) bl n(t OJ) + A,‘i 2 n(t>w) b27n(t7w)+
+AH,2,n(t7 w) /2,n(t7 w) + An )3, n(ta w) b37n(t7 w) + AH,3,n(t7 w) g,n(tﬂ w)+
+ By 1,n(w) llm(t,w) + By2n(w) é,n(tvw) + BH,?},TL(‘U) bg,n(ta w).
Hence, by virtue of functions (2.15)-(2.16) at the point ¢ = 0 we derive
Pr3n(w) = u;,n(()? w) = ;1 n( w) b1, (0, w) + A1, (0, w) /17n(O,CU)—|—
+A/€ 2 n(07 w) b27n(07 O.)) + AH727N(07 w) /2,n(0 ) + AK ,3, n(o ) 1)37”(0, w)+
+Ak,3n(0,w) 3,n(07"‘)) + Byin(w) ll,n(oa w) + By an(w) 2,n(07w) + By3n(w) bg,n(oa w).
From last relation, we obtain
—27p(w) Brin(w) + Tn(w) Bean(w) + V37 (W) Bi3n(w) = ¢ran(w), k=1,2. (2.19)
The algebraic equations (2.17)-(2.19) we write as a system of linear equations

BH,LTL( ) + B/@ 2 n(w) = (Pﬁ,l,n( )
bl,n( ) K,1 n( ) + by ( ) BH,2,n(w) + b3,n(T7 W) Bn,3,n<w) =
= ‘Pn,Z,n( ) Apon w)

(T (2.20)
=275 (w) B (w) + T (W) Br2.n(w) + \/ng(W) By 3n(w) = 0r3n(w).

To solve the system (2.20) with respect to By in(w) (i = 1;2;3), k= 1,2, we will calculate
the main determinant of the system (2.20):

1 1 0
An = bl,n(T7w) bQ,n(T7w) b3,n<T7w) =
—27,(w) Tn(w) V37 (w)

= V37 (w) b2 (T, w) — T (w) b3, (T, w) — V370 (w) b1 (T, w) — Ti(w) b3, (T, w) =

= V37, (w) ( 2T 4 9™ ()T gip (\an( )T — %)), Tn(w) = 3l;nw.

The value of the parameter w, for which the equation A, = 0 will have no solutions and
|A,| > g9 > 0, we call as regular values of the parameter w, and we will denote its set of
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solutions by Ag and other values of parameter w, we call as irregular values of the parameter:
we R\ (AgU{0}).

For regular values w € Ay we will continue to solve the linear system (2.20) and obtain:

Bul) = 08 (Var@1 + ) (w) + — (w)+
k,1n\W) = — K,1,n W — 5 Pr,2,n W
b \/§X07n(T7w) ol XOW(T?w)(p ?
Tn(w)T & 3 - T
+€ Ssin ([T ((.U) )(pn73’n(W) . #a’%n(T’ w)7
\/g'rn (W)XO n(Tv OJ) XO,n(Ta w)
V3e 2m@T 4 2emn@)T gin (V/37, (w)T) 1
Bion(w) = k1n(W) — ——Fm < Pr2n(W)+
»27 ( ) )(07'”‘(117 ) ()0 ,1, ( ) X07n(T,W><p ,2, ( )
Tn(W)T & \/g T 1
e sin T (W
WSmT) | o )+ —L —apn(@w),
V370 (w) X0 (T, w) Xo,n(w)
e 2T 4 2™ @)T cos (v/37, (w)T') V3
Bn,S,n W)= — PrinW) + ——F——<Pr2n W)+
) Vaxon(T,w) )t @y P2 )
efZTn(w)T Tn(w oS \[Tn w \/g
+ ( ( ) )SDN,?),TL(W) - 70%,71(1—‘,‘*))7
\an (w)XO,n(Ta W) XO,TL(T7 W)
where
3
XO,n(Ta ) _2Tn(w)T + 2€Tn(w sin <f7n( )T - %) s Tn(w) = 'L;nw'

Substituting the values of By jn(w) (j = 1;2;3) into (2.11) and rearranging the sum with
respect to ¢, jn(w) (j = 1;2;3), we obtain the following:

Bn,l,n(w) bl,n(ta UJ) + Bli,2,n(w) b2,n(t7 w) + B/@,3,n(w) b3,n(t7 w) =

26T (@(T=2t) cog <\/§Tn(w)T + %)

e V3Xom (T, w) *
(\[eTn JE=21) 4 2e™ (T sin (v/37,(w)T)) cos (V37 (w)t) B
\/>X0,n( ,w)
(D) 4 2O cos (VB ()T)) sin (VBr()) |
V3x0n(T,w) Pr1n(w)+
e 2@t — e (@)t [cos (V3T (w)t) — VBsin (V37 (w)t)]
N Xo,n (T, w) Pr,2n(W)+

o™ (@) (T=2t) gip (V37 (w)T) + e (W) (T+8) gipy (V37 (w)T) cos (V37 (w)t) N
\/ng (W)XO,n(Ta w)

( e (@) (E=2T) _ ymn(@)(t+T) oog (V37 (w)T)) sin (V37 (w)t)
\/ng (w) X0,n (T’ w)

_'_

+

] Pk,3,n (W) +
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—e (W)t 4 gmnlw)t [cos (V37 (w)t) — V3 sin (V37 (w)t)]
Xo,n(Ta w)
Taking (2.21) into account, we write the solution of the problem (0.1)—(0.3):

+ (T w). (2.21)

(L, T, w) Zunntw rn(T) =

Mg

A1 n(t,w) by n(t,w) + Ak on(t,w)ban(t,w) + Ak 30 (t,w) ban(t,w)+

n:l
+B'€’1’n(w) blvn(t’ w) + B"%Z”(w) me(t? w) + B/@,3,n(w) b3,n(tv w)] ﬂn,n(x) =
— [)a n(t,w) @k 1n (W) + Xon(t,w) @r2n (W) + X350t W) Orsn(w)+
t T
i +1)\n /Klv” (t,5,w) fanls, w)ds + - /fﬁ,n(ﬂ 5,w) fn,n(s,w)ds] Irm(@),
0 0
where
26T (W) (T+1) ¢in (\/§Tn(w)(T _ t))
Xl,n(tv O.)) = ,
\/§XO,H(T7 w)
e~ 2 (Wt _ 92eTn(@)t cog <\/§Tn(w)t + %)
n ta = , n t7 —
X2n(tw) Yom(T>) X3.n(t,w)

e @ T=2) gin (/37 (w)T) + ™2 gin (V/37, (w)t) + €™ @ T+ sin (V37 (w)(T — 1))
V37 (w) xon(T, w) ’

1 us
Tn(W)(t=s) (oTn(W)(t—s) _ _ z
Ky ,(t,s,w) = 272w )Xo,n(T,w)e (e 2 cos <\/§Tn(w)(t s) + 3>> ,
- _ Xoa(tw) 2 (W) (T—8) _ oy 7 (w)(T—s) B s
Kin(T,s,w) = 272 (@)xon(T,0) <e 2e cos <\/§Tn(w)(T s) + 3>) .
Taking (2.10) into account, the last series we rewrite as
Ult,z,w) =2(1 —x)x
t\’ £ t\? r
X {p1o [1— (T) + %20 [t— T] + <T> ©3,0 + /Ko(t, s)fo(s)ds | +
co 2
+ZZ |:X1n t w @li,l,n( )+X2n(t W)SOKQn( )+X3n(t w)@/{i}n( )+
n=1kr=1
+1 1A /Km(t,s,w) f,w(s)ds] Dpm(x), ®=1,2, (2.22)
"0

where
Kin(ts,w), t<s<T,

Ko p(t = ~
2,71( 7S’w) { Kl,n(t,s,w) —|—K17n(t,S,CU), 0 <s<t.
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3 Unique solvability of the problem (0.1)-(0.3)

Theorem 3.1. If there exists a solution of Problem (0.1)—(0.3), then it is unique for reqular
values of the parameter w from the set Ag.

Proof. We consider the regular values of the parameter w from the set Ag. Suppose that
there exist two different solutions Uy (t,z) and Usz(t,x) to the problem (0.1)—(0.3). Then the
difference U (¢, z) = Uy (¢, z) —Ua(t, x) is a solution of the equation (0.1), satisfying the conditions
(0.2) and (0.3) with functions ¢(z) =0, f(t,x) = 0. Then, it follows from formulas (2.7)—(2.9)
and (2.21) that

1
Ugn(t) = /U(t, Y)orn(y)dy =0, k=1,2.
0

From this, due to the completeness of the system (1.5) and (1.8) in the space L2[0, 1], it follows
that U(t,x) = 0 almost everywhere on [0,1] for any ¢t € [0,T]. Since U(t,z) € C(f), it follows
that U(z,t) = 0 in Q. The Theorem 3.1 is proved. O

Smoothness condition. Let in the domain [0, 1] the functions ¢;(z) (j = 1,2, 3) and f(¢, x)
satisfied the conditions

; e !
pi(x) € C[0,1], ¢;(1) = @@j(o) = @@j(l) =0,
d d d3 d3
%@j(o) = %%’(1); @‘P;‘(O) = @%(1),
c%2([0, 7] x [0,1 1—d2 o—d4 =0
f(t,$)€ t,:p([v ]X[) ])7 f(t7 )_@f(t )_@f(ta )_ )

d d d? d?

Then, we integrate by parts

1
Prjn = /Soj(y)ali(y)dy? R = 1727 ] = 17 273
0

five times on the variable z, respectively, and obtain

117 ¢l
,7,M .
gplzjzn == <27T> né Y j = 172737

1
5 2rny _ 2mn(l—y)
V) /8 2140 (6 € + cos 27rny> dy,

SOlmjvn - ayS 627'("’1 _ 1
0
5 (V) 1
¥2,5n = on ) 5 0 Yo in = 783;5 sin 2mnyay.
0
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Similarly, we have

1
L\, 0 f(t,y) (€™ — 2m(1=v)
fin(t) = — (27T> s fiat) = / 2 ] + cos2mny | dy,
0

n2

1
1\? f5,(t) O fty) .
fon(t) = — <27r> ;:2 , fon(t) = / Wsm%nydy.
0
In addition, we have
5
vV iz
|27, < (11”8{5)) :
2 z L2[0,1]
O?f(t
max t <y ax M , 0<(C;=const, k=1,2.
0<t<T P 0<t<T Oz L
2 2[0,1]

4 Convergence of the series

Theorem 4.1. Let the smoothness conditions be satisfied. Then, for the reqular values of
the parameter w from the set Ay the function (2.22) will be belonged to the class U(t,z) €
C@Q)NCH(Q).

Proof. We consider the series (2.22) and

66

Fgm Y (how) =

oo 2
Y [xl,n@, ) Pt n() X2 () Przn () + X () P () +

n=1rxr=1
1 T n
b [ Fanltiso)fun(o)ds| 0 (a), (4.1)
" 0
87
815381'4[](]573}700) -
co 2
+ Z Z |:X1,n(t7 w) (Pn,l,n(w) + X2,n(t7 w) @n,?,n(w) + X3,n(t7 O.)) (Pm,B,n(w)+
n=1kr=1
1 T "
+1 ) /K27n(t,s,w)f,€7n(s)ds ﬁ,&l,‘{)(x) (4.2)
0

The proofs of convergence of the series (4.1) and (4.2) are similar. So, we will prove of
convergence for the following series

[oe)
> ot [x’{,’n(t, W) ©1,1,n(W) + Xl (b, ) P1,20(W) + X5 (t W) 9130 (W) +

n=1
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T

4/ Ky, (t, s,w an(s)ds} sin 27, (4.3)
0

o0
> o [X/f/n (t,w) P2,1,0(W) + X (t,w) Y221 (w) + X5 (t,w) P2,3.0(w)+

n=1

1 T e2mnz _ 627‘{'72(17{17)
+ . /Kéﬂn(t s w)fQ,n(s)ds] g —cos2mne | . (4.4)
0

1+n —1

Applying the smoothness conditions and Bessel inequalities to (4.3), we have:

n=

oo oo
max | X1 (t,w) | Z n* | o11n(w) |+ _max | Xom(t,w) | Zn4 | o12n(w) |+
n=1 n=1

+ max \Xg/ntw‘znhﬁsn |+Zn1+ /|Ké”nt8w‘|f1n )| ds <

& w&VB (@) & ¢§VQ ()
< n 7,7’5 n
< g |xa(tw)| 2 n' + o, g e | 2 o *
Y1 3) ( ) =
n "
- e | o e g [ KL s ds D21 o) <
n—=
3 o0 1 o0
SIENN SN S EVAEISTAEND SEND SE AP ACI
j=1 n=1 n=1
2 P 0% f(t
< T 0125 H %( 2) + Co0k (w) || max Léx) < 00,
6 Lo[0,1] 0<t<T O L[0,1]
where
. — " P . _ "
3 (w) max Orgta%XT‘X (tw)|, j=1,2,3; Ox(w) nﬂ?ﬁﬁ%@%/”ﬁn (t,s,w) | ds.

Similarly, one can prove that the second series (4.4) is converges

o
Jmax | (tw) \Zn4|<ﬁ2,1,n )+ max Xt w \ZHA‘I«pz,z,n(w)lJr

+ max ‘Xg/n t,w) }Zn | p2.3.n(w |+Z/\Ké”n (t,s,w ||f27n(s)]ds < 0.
The theorem 4.1 is proved. O
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Conclusion

In the domain Q = {(¢,2)]0 <t < T, 0 < = < I} the unique classical solvability of the
boundary value problem (0.1)—(0.3) for a seventh-order partial differential equation is considered.
The equation depend from two independent arguments. First argument is time argument and
with respect to this argument is considered nonlocal conditions. Second argument is spatial and
the equation with respect to this argument is differential equation of fourth order and considered
with Samarskii—Ionkin conditions. Spectral problems and adjoint spectral problems are studied.
The Fourier series method is used. The unique solvability of boundary value problem (0.1)—(0.3)
is derived in the form of the Fourier series. It is proved the convergence of series.
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